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• Gold standard: Markov Chain Monte Carlo (MCMC) 

• Eventually accurate but can be slow
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p(✓|y) Instead: an optimization 
approach 
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with q*
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[Bardenet, 
Doucet, 
Holmes 
2017]
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Approximate Bayesian Inference
• Gold standard: Markov Chain Monte Carlo (MCMC) 

• Eventually accurate but can be slow

q⇤(✓)

NICE

CLOSE

p(✓|y) Instead: an optimization 
approach 
• Approximate posterior 

with q*
q⇤ = argminq2Qf(q(·), p(·|y))

• Variational Bayes (VB): f is Kullback-Leibler divergence 

• VB practical success: point estimates and prediction
KL(q(·)||p(·|y))

<latexit sha1_base64="zsCueRS6IzL+o+XufrYrw70PPWU=">AAACBXicbZDLSgMxFIYz9VbrbdSlLoJFaDdlRgRdFt0IuqhgL9AOJZNJ29BMMiYZYZh248ZXceNCEbe+gzvfxrSdhbb+EPj4zzmcnN+PGFXacb6t3NLyyupafr2wsbm1vWPv7jWUiCUmdSyYkC0fKcIoJ3VNNSOtSBIU+ow0/eHlpN58IFJRwe90EhEvRH1OexQjbayufXh9U7ovdXAgdBmORjCaMRzBpFzu2kWn4kwFF8HNoAgy1br2VycQOA4J15ghpdquE2kvRVJTzMi40IkViRAeoj5pG+QoJMpLp1eM4bFxAtgT0jyu4dT9PZGiUKkk9E1niPRAzdcm5n+1dqx7515KeRRrwvFsUS9mUAs4iQQGVBKsWWIAYUnNXyEeIImwNsEVTAju/MmL0DipuE7FvT0tVi+yOPLgAByBEnDBGaiCK1ADdYDBI3gGr+DNerJerHfrY9aas7KZffBH1ucPhFqWpw==</latexit><latexit sha1_base64="zsCueRS6IzL+o+XufrYrw70PPWU=">AAACBXicbZDLSgMxFIYz9VbrbdSlLoJFaDdlRgRdFt0IuqhgL9AOJZNJ29BMMiYZYZh248ZXceNCEbe+gzvfxrSdhbb+EPj4zzmcnN+PGFXacb6t3NLyyupafr2wsbm1vWPv7jWUiCUmdSyYkC0fKcIoJ3VNNSOtSBIU+ow0/eHlpN58IFJRwe90EhEvRH1OexQjbayufXh9U7ovdXAgdBmORjCaMRzBpFzu2kWn4kwFF8HNoAgy1br2VycQOA4J15ghpdquE2kvRVJTzMi40IkViRAeoj5pG+QoJMpLp1eM4bFxAtgT0jyu4dT9PZGiUKkk9E1niPRAzdcm5n+1dqx7515KeRRrwvFsUS9mUAs4iQQGVBKsWWIAYUnNXyEeIImwNsEVTAju/MmL0DipuE7FvT0tVi+yOPLgAByBEnDBGaiCK1ADdYDBI3gGr+DNerJerHfrY9aas7KZffBH1ucPhFqWpw==</latexit><latexit sha1_base64="zsCueRS6IzL+o+XufrYrw70PPWU=">AAACBXicbZDLSgMxFIYz9VbrbdSlLoJFaDdlRgRdFt0IuqhgL9AOJZNJ29BMMiYZYZh248ZXceNCEbe+gzvfxrSdhbb+EPj4zzmcnN+PGFXacb6t3NLyyupafr2wsbm1vWPv7jWUiCUmdSyYkC0fKcIoJ3VNNSOtSBIU+ow0/eHlpN58IFJRwe90EhEvRH1OexQjbayufXh9U7ovdXAgdBmORjCaMRzBpFzu2kWn4kwFF8HNoAgy1br2VycQOA4J15ghpdquE2kvRVJTzMi40IkViRAeoj5pG+QoJMpLp1eM4bFxAtgT0jyu4dT9PZGiUKkk9E1niPRAzdcm5n+1dqx7515KeRRrwvFsUS9mUAs4iQQGVBKsWWIAYUnNXyEeIImwNsEVTAju/MmL0DipuE7FvT0tVi+yOPLgAByBEnDBGaiCK1ADdYDBI3gGr+DNerJerHfrY9aas7KZffBH1ucPhFqWpw==</latexit><latexit sha1_base64="zsCueRS6IzL+o+XufrYrw70PPWU=">AAACBXicbZDLSgMxFIYz9VbrbdSlLoJFaDdlRgRdFt0IuqhgL9AOJZNJ29BMMiYZYZh248ZXceNCEbe+gzvfxrSdhbb+EPj4zzmcnN+PGFXacb6t3NLyyupafr2wsbm1vWPv7jWUiCUmdSyYkC0fKcIoJ3VNNSOtSBIU+ow0/eHlpN58IFJRwe90EhEvRH1OexQjbayufXh9U7ovdXAgdBmORjCaMRzBpFzu2kWn4kwFF8HNoAgy1br2VycQOA4J15ghpdquE2kvRVJTzMi40IkViRAeoj5pG+QoJMpLp1eM4bFxAtgT0jyu4dT9PZGiUKkk9E1niPRAzdcm5n+1dqx7515KeRRrwvFsUS9mUAs4iQQGVBKsWWIAYUnNXyEeIImwNsEVTAju/MmL0DipuE7FvT0tVi+yOPLgAByBEnDBGaiCK1ADdYDBI3gGr+DNerJerHfrY9aas7KZffBH1ucPhFqWpw==</latexit>

[Bardenet, 
Doucet, 
Holmes 
2017]
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Approximate Bayesian Inference
• Gold standard: Markov Chain Monte Carlo (MCMC) 

• Eventually accurate but can be slow

q⇤(✓)

NICE

CLOSE

p(✓|y) Instead: an optimization 
approach 
• Approximate posterior 

with q*
q⇤ = argminq2Qf(q(·), p(·|y))

• Variational Bayes (VB): f is Kullback-Leibler divergence 

• VB practical success: point estimates and prediction, fast
KL(q(·)||p(·|y))

<latexit sha1_base64="zsCueRS6IzL+o+XufrYrw70PPWU=">AAACBXicbZDLSgMxFIYz9VbrbdSlLoJFaDdlRgRdFt0IuqhgL9AOJZNJ29BMMiYZYZh248ZXceNCEbe+gzvfxrSdhbb+EPj4zzmcnN+PGFXacb6t3NLyyupafr2wsbm1vWPv7jWUiCUmdSyYkC0fKcIoJ3VNNSOtSBIU+ow0/eHlpN58IFJRwe90EhEvRH1OexQjbayufXh9U7ovdXAgdBmORjCaMRzBpFzu2kWn4kwFF8HNoAgy1br2VycQOA4J15ghpdquE2kvRVJTzMi40IkViRAeoj5pG+QoJMpLp1eM4bFxAtgT0jyu4dT9PZGiUKkk9E1niPRAzdcm5n+1dqx7515KeRRrwvFsUS9mUAs4iQQGVBKsWWIAYUnNXyEeIImwNsEVTAju/MmL0DipuE7FvT0tVi+yOPLgAByBEnDBGaiCK1ADdYDBI3gGr+DNerJerHfrY9aas7KZffBH1ucPhFqWpw==</latexit><latexit sha1_base64="zsCueRS6IzL+o+XufrYrw70PPWU=">AAACBXicbZDLSgMxFIYz9VbrbdSlLoJFaDdlRgRdFt0IuqhgL9AOJZNJ29BMMiYZYZh248ZXceNCEbe+gzvfxrSdhbb+EPj4zzmcnN+PGFXacb6t3NLyyupafr2wsbm1vWPv7jWUiCUmdSyYkC0fKcIoJ3VNNSOtSBIU+ow0/eHlpN58IFJRwe90EhEvRH1OexQjbayufXh9U7ovdXAgdBmORjCaMRzBpFzu2kWn4kwFF8HNoAgy1br2VycQOA4J15ghpdquE2kvRVJTzMi40IkViRAeoj5pG+QoJMpLp1eM4bFxAtgT0jyu4dT9PZGiUKkk9E1niPRAzdcm5n+1dqx7515KeRRrwvFsUS9mUAs4iQQGVBKsWWIAYUnNXyEeIImwNsEVTAju/MmL0DipuE7FvT0tVi+yOPLgAByBEnDBGaiCK1ADdYDBI3gGr+DNerJerHfrY9aas7KZffBH1ucPhFqWpw==</latexit><latexit sha1_base64="zsCueRS6IzL+o+XufrYrw70PPWU=">AAACBXicbZDLSgMxFIYz9VbrbdSlLoJFaDdlRgRdFt0IuqhgL9AOJZNJ29BMMiYZYZh248ZXceNCEbe+gzvfxrSdhbb+EPj4zzmcnN+PGFXacb6t3NLyyupafr2wsbm1vWPv7jWUiCUmdSyYkC0fKcIoJ3VNNSOtSBIU+ow0/eHlpN58IFJRwe90EhEvRH1OexQjbayufXh9U7ovdXAgdBmORjCaMRzBpFzu2kWn4kwFF8HNoAgy1br2VycQOA4J15ghpdquE2kvRVJTzMi40IkViRAeoj5pG+QoJMpLp1eM4bFxAtgT0jyu4dT9PZGiUKkk9E1niPRAzdcm5n+1dqx7515KeRRrwvFsUS9mUAs4iQQGVBKsWWIAYUnNXyEeIImwNsEVTAju/MmL0DipuE7FvT0tVi+yOPLgAByBEnDBGaiCK1ADdYDBI3gGr+DNerJerHfrY9aas7KZffBH1ucPhFqWpw==</latexit><latexit sha1_base64="zsCueRS6IzL+o+XufrYrw70PPWU=">AAACBXicbZDLSgMxFIYz9VbrbdSlLoJFaDdlRgRdFt0IuqhgL9AOJZNJ29BMMiYZYZh248ZXceNCEbe+gzvfxrSdhbb+EPj4zzmcnN+PGFXacb6t3NLyyupafr2wsbm1vWPv7jWUiCUmdSyYkC0fKcIoJ3VNNSOtSBIU+ow0/eHlpN58IFJRwe90EhEvRH1OexQjbayufXh9U7ovdXAgdBmORjCaMRzBpFzu2kWn4kwFF8HNoAgy1br2VycQOA4J15ghpdquE2kvRVJTzMi40IkViRAeoj5pG+QoJMpLp1eM4bFxAtgT0jyu4dT9PZGiUKkk9E1niPRAzdcm5n+1dqx7515KeRRrwvFsUS9mUAs4iQQGVBKsWWIAYUnNXyEeIImwNsEVTAju/MmL0DipuE7FvT0tVi+yOPLgAByBEnDBGaiCK1ADdYDBI3gGr+DNerJerHfrY9aas7KZffBH1ucPhFqWpw==</latexit>

[Bardenet, 
Doucet, 
Holmes 
2017]
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Approximate Bayesian Inference
• Gold standard: Markov Chain Monte Carlo (MCMC) 

• Eventually accurate but can be slow

q⇤(✓)

NICE

CLOSE

p(✓|y) Instead: an optimization 
approach 
• Approximate posterior 

with q*
q⇤ = argminq2Qf(q(·), p(·|y))

• Variational Bayes (VB): f is Kullback-Leibler divergence 

• VB practical success: point estimates and prediction, fast, 
streaming, distributed (3.6M Wikipedia, 350K Nature)

KL(q(·)||p(·|y))
<latexit sha1_base64="zsCueRS6IzL+o+XufrYrw70PPWU=">AAACBXicbZDLSgMxFIYz9VbrbdSlLoJFaDdlRgRdFt0IuqhgL9AOJZNJ29BMMiYZYZh248ZXceNCEbe+gzvfxrSdhbb+EPj4zzmcnN+PGFXacb6t3NLyyupafr2wsbm1vWPv7jWUiCUmdSyYkC0fKcIoJ3VNNSOtSBIU+ow0/eHlpN58IFJRwe90EhEvRH1OexQjbayufXh9U7ovdXAgdBmORjCaMRzBpFzu2kWn4kwFF8HNoAgy1br2VycQOA4J15ghpdquE2kvRVJTzMi40IkViRAeoj5pG+QoJMpLp1eM4bFxAtgT0jyu4dT9PZGiUKkk9E1niPRAzdcm5n+1dqx7515KeRRrwvFsUS9mUAs4iQQGVBKsWWIAYUnNXyEeIImwNsEVTAju/MmL0DipuE7FvT0tVi+yOPLgAByBEnDBGaiCK1ADdYDBI3gGr+DNerJerHfrY9aas7KZffBH1ucPhFqWpw==</latexit><latexit sha1_base64="zsCueRS6IzL+o+XufrYrw70PPWU=">AAACBXicbZDLSgMxFIYz9VbrbdSlLoJFaDdlRgRdFt0IuqhgL9AOJZNJ29BMMiYZYZh248ZXceNCEbe+gzvfxrSdhbb+EPj4zzmcnN+PGFXacb6t3NLyyupafr2wsbm1vWPv7jWUiCUmdSyYkC0fKcIoJ3VNNSOtSBIU+ow0/eHlpN58IFJRwe90EhEvRH1OexQjbayufXh9U7ovdXAgdBmORjCaMRzBpFzu2kWn4kwFF8HNoAgy1br2VycQOA4J15ghpdquE2kvRVJTzMi40IkViRAeoj5pG+QoJMpLp1eM4bFxAtgT0jyu4dT9PZGiUKkk9E1niPRAzdcm5n+1dqx7515KeRRrwvFsUS9mUAs4iQQGVBKsWWIAYUnNXyEeIImwNsEVTAju/MmL0DipuE7FvT0tVi+yOPLgAByBEnDBGaiCK1ADdYDBI3gGr+DNerJerHfrY9aas7KZffBH1ucPhFqWpw==</latexit><latexit sha1_base64="zsCueRS6IzL+o+XufrYrw70PPWU=">AAACBXicbZDLSgMxFIYz9VbrbdSlLoJFaDdlRgRdFt0IuqhgL9AOJZNJ29BMMiYZYZh248ZXceNCEbe+gzvfxrSdhbb+EPj4zzmcnN+PGFXacb6t3NLyyupafr2wsbm1vWPv7jWUiCUmdSyYkC0fKcIoJ3VNNSOtSBIU+ow0/eHlpN58IFJRwe90EhEvRH1OexQjbayufXh9U7ovdXAgdBmORjCaMRzBpFzu2kWn4kwFF8HNoAgy1br2VycQOA4J15ghpdquE2kvRVJTzMi40IkViRAeoj5pG+QoJMpLp1eM4bFxAtgT0jyu4dT9PZGiUKkk9E1niPRAzdcm5n+1dqx7515KeRRrwvFsUS9mUAs4iQQGVBKsWWIAYUnNXyEeIImwNsEVTAju/MmL0DipuE7FvT0tVi+yOPLgAByBEnDBGaiCK1ADdYDBI3gGr+DNerJerHfrY9aas7KZffBH1ucPhFqWpw==</latexit><latexit sha1_base64="zsCueRS6IzL+o+XufrYrw70PPWU=">AAACBXicbZDLSgMxFIYz9VbrbdSlLoJFaDdlRgRdFt0IuqhgL9AOJZNJ29BMMiYZYZh248ZXceNCEbe+gzvfxrSdhbb+EPj4zzmcnN+PGFXacb6t3NLyyupafr2wsbm1vWPv7jWUiCUmdSyYkC0fKcIoJ3VNNSOtSBIU+ow0/eHlpN58IFJRwe90EhEvRH1OexQjbayufXh9U7ovdXAgdBmORjCaMRzBpFzu2kWn4kwFF8HNoAgy1br2VycQOA4J15ghpdquE2kvRVJTzMi40IkViRAeoj5pG+QoJMpLp1eM4bFxAtgT0jyu4dT9PZGiUKkk9E1niPRAzdcm5n+1dqx7515KeRRrwvFsUS9mUAs4iQQGVBKsWWIAYUnNXyEeIImwNsEVTAju/MmL0DipuE7FvT0tVi+yOPLgAByBEnDBGaiCK1ADdYDBI3gGr+DNerJerHfrY9aas7KZffBH1ucPhFqWpw==</latexit>

[Broderick, Boyd, Wibisono, Wilson, Jordan 2013]

[Bardenet, 
Doucet, 
Holmes 
2017]
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Why KL?
q⇤(✓)

NICE

CLOSE

p(✓|y)
• Variational Bayes
q⇤ = argminq2QKL (q(·)||p(·|y))

<latexit sha1_base64="9/DDYscHAkdhf/FmS2H4nFjPGDo=">AAACO3icbZDPaxNBFMdnW7U1Wk3r0cvDICQ9hN0itJdCsZeCHloxbSGbhtnJ22TozOxm5m0xbPb/8uI/4c2LFw+W4tW7kx+Itn0w8OH7fY9575vkSjoKw2/ByuqDh4/W1h/XnjzdePa8vrl16rLCCuyITGX2POEOlTTYIUkKz3OLXCcKz5LLw5l/doXWycx8pEmOPc2HRqZScPJSv/5hfLEN+xATfiKrS26HWpqqX44hlgZOqr /Ou/dVrDClJoybsRhk1ILpFPIFwxQmLYitHI6o1a83wnY4L7gL0RIabFnH/frXeJCJQqMhobhz3SjMqed3ISkUVrW4cJhzccmH2PVouEbXK+e3V/DaKwNIM+ufIZir/06UXDs30Ynv1JxG7rY3E+/zugWle71SmrwgNGLxUVoooAxmQcJAWhSkJh64sNLvCmLELRfk4675EKLbJ9+F0512FLajkzeNg7fLONbZS/aKNVnEdtkBO2LHrMME+8y+s5/sOvgS/Ahugl+L1pVgOfOC/VfB7z91bq0U</latexit><latexit sha1_base64="9/DDYscHAkdhf/FmS2H4nFjPGDo=">AAACO3icbZDPaxNBFMdnW7U1Wk3r0cvDICQ9hN0itJdCsZeCHloxbSGbhtnJ22TozOxm5m0xbPb/8uI/4c2LFw+W4tW7kx+Itn0w8OH7fY9575vkSjoKw2/ByuqDh4/W1h/XnjzdePa8vrl16rLCCuyITGX2POEOlTTYIUkKz3OLXCcKz5LLw5l/doXWycx8pEmOPc2HRqZScPJSv/5hfLEN+xATfiKrS26HWpqqX44hlgZOqr /Ou/dVrDClJoybsRhk1ILpFPIFwxQmLYitHI6o1a83wnY4L7gL0RIabFnH/frXeJCJQqMhobhz3SjMqed3ISkUVrW4cJhzccmH2PVouEbXK+e3V/DaKwNIM+ufIZir/06UXDs30Ynv1JxG7rY3E+/zugWle71SmrwgNGLxUVoooAxmQcJAWhSkJh64sNLvCmLELRfk4675EKLbJ9+F0512FLajkzeNg7fLONbZS/aKNVnEdtkBO2LHrMME+8y+s5/sOvgS/Ahugl+L1pVgOfOC/VfB7z91bq0U</latexit><latexit sha1_base64="9/DDYscHAkdhf/FmS2H4nFjPGDo=">AAACO3icbZDPaxNBFMdnW7U1Wk3r0cvDICQ9hN0itJdCsZeCHloxbSGbhtnJ22TozOxm5m0xbPb/8uI/4c2LFw+W4tW7kx+Itn0w8OH7fY9575vkSjoKw2/ByuqDh4/W1h/XnjzdePa8vrl16rLCCuyITGX2POEOlTTYIUkKz3OLXCcKz5LLw5l/doXWycx8pEmOPc2HRqZScPJSv/5hfLEN+xATfiKrS26HWpqqX44hlgZOqr /Ou/dVrDClJoybsRhk1ILpFPIFwxQmLYitHI6o1a83wnY4L7gL0RIabFnH/frXeJCJQqMhobhz3SjMqed3ISkUVrW4cJhzccmH2PVouEbXK+e3V/DaKwNIM+ufIZir/06UXDs30Ynv1JxG7rY3E+/zugWle71SmrwgNGLxUVoooAxmQcJAWhSkJh64sNLvCmLELRfk4675EKLbJ9+F0512FLajkzeNg7fLONbZS/aKNVnEdtkBO2LHrMME+8y+s5/sOvgS/Ahugl+L1pVgOfOC/VfB7z91bq0U</latexit><latexit sha1_base64="9/DDYscHAkdhf/FmS2H4nFjPGDo=">AAACO3icbZDPaxNBFMdnW7U1Wk3r0cvDICQ9hN0itJdCsZeCHloxbSGbhtnJ22TozOxm5m0xbPb/8uI/4c2LFw+W4tW7kx+Itn0w8OH7fY9575vkSjoKw2/ByuqDh4/W1h/XnjzdePa8vrl16rLCCuyITGX2POEOlTTYIUkKz3OLXCcKz5LLw5l/doXWycx8pEmOPc2HRqZScPJSv/5hfLEN+xATfiKrS26HWpqqX44hlgZOqr /Ou/dVrDClJoybsRhk1ILpFPIFwxQmLYitHI6o1a83wnY4L7gL0RIabFnH/frXeJCJQqMhobhz3SjMqed3ISkUVrW4cJhzccmH2PVouEbXK+e3V/DaKwNIM+ufIZir/06UXDs30Ynv1JxG7rY3E+/zugWle71SmrwgNGLxUVoooAxmQcJAWhSkJh64sNLvCmLELRfk4675EKLbJ9+F0512FLajkzeNg7fLONbZS/aKNVnEdtkBO2LHrMME+8y+s5/sOvgS/Ahugl+L1pVgOfOC/VfB7z91bq0U</latexit>
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Why KL?
q⇤(✓)

NICE

CLOSE

p(✓|y)
• Variational Bayes
q⇤ = argminq2QKL (q(·)||p(·|y))

<latexit sha1_base64="9/DDYscHAkdhf/FmS2H4nFjPGDo=">AAACO3icbZDPaxNBFMdnW7U1Wk3r0cvDICQ9hN0itJdCsZeCHloxbSGbhtnJ22TozOxm5m0xbPb/8uI/4c2LFw+W4tW7kx+Itn0w8OH7fY9575vkSjoKw2/ByuqDh4/W1h/XnjzdePa8vrl16rLCCuyITGX2POEOlTTYIUkKz3OLXCcKz5LLw5l/doXWycx8pEmOPc2HRqZScPJSv/5hfLEN+xATfiKrS26HWpqqX44hlgZOqr /Ou/dVrDClJoybsRhk1ILpFPIFwxQmLYitHI6o1a83wnY4L7gL0RIabFnH/frXeJCJQqMhobhz3SjMqed3ISkUVrW4cJhzccmH2PVouEbXK+e3V/DaKwNIM+ufIZir/06UXDs30Ynv1JxG7rY3E+/zugWle71SmrwgNGLxUVoooAxmQcJAWhSkJh64sNLvCmLELRfk4675EKLbJ9+F0512FLajkzeNg7fLONbZS/aKNVnEdtkBO2LHrMME+8y+s5/sOvgS/Ahugl+L1pVgOfOC/VfB7z91bq0U</latexit><latexit sha1_base64="9/DDYscHAkdhf/FmS2H4nFjPGDo=">AAACO3icbZDPaxNBFMdnW7U1Wk3r0cvDICQ9hN0itJdCsZeCHloxbSGbhtnJ22TozOxm5m0xbPb/8uI/4c2LFw+W4tW7kx+Itn0w8OH7fY9575vkSjoKw2/ByuqDh4/W1h/XnjzdePa8vrl16rLCCuyITGX2POEOlTTYIUkKz3OLXCcKz5LLw5l/doXWycx8pEmOPc2HRqZScPJSv/5hfLEN+xATfiKrS26HWpqqX44hlgZOqr /Ou/dVrDClJoybsRhk1ILpFPIFwxQmLYitHI6o1a83wnY4L7gL0RIabFnH/frXeJCJQqMhobhz3SjMqed3ISkUVrW4cJhzccmH2PVouEbXK+e3V/DaKwNIM+ufIZir/06UXDs30Ynv1JxG7rY3E+/zugWle71SmrwgNGLxUVoooAxmQcJAWhSkJh64sNLvCmLELRfk4675EKLbJ9+F0512FLajkzeNg7fLONbZS/aKNVnEdtkBO2LHrMME+8y+s5/sOvgS/Ahugl+L1pVgOfOC/VfB7z91bq0U</latexit><latexit sha1_base64="9/DDYscHAkdhf/FmS2H4nFjPGDo=">AAACO3icbZDPaxNBFMdnW7U1Wk3r0cvDICQ9hN0itJdCsZeCHloxbSGbhtnJ22TozOxm5m0xbPb/8uI/4c2LFw+W4tW7kx+Itn0w8OH7fY9575vkSjoKw2/ByuqDh4/W1h/XnjzdePa8vrl16rLCCuyITGX2POEOlTTYIUkKz3OLXCcKz5LLw5l/doXWycx8pEmOPc2HRqZScPJSv/5hfLEN+xATfiKrS26HWpqqX44hlgZOqr /Ou/dVrDClJoybsRhk1ILpFPIFwxQmLYitHI6o1a83wnY4L7gL0RIabFnH/frXeJCJQqMhobhz3SjMqed3ISkUVrW4cJhzccmH2PVouEbXK+e3V/DaKwNIM+ufIZir/06UXDs30Ynv1JxG7rY3E+/zugWle71SmrwgNGLxUVoooAxmQcJAWhSkJh64sNLvCmLELRfk4675EKLbJ9+F0512FLajkzeNg7fLONbZS/aKNVnEdtkBO2LHrMME+8y+s5/sOvgS/Ahugl+L1pVgOfOC/VfB7z91bq0U</latexit><latexit sha1_base64="9/DDYscHAkdhf/FmS2H4nFjPGDo=">AAACO3icbZDPaxNBFMdnW7U1Wk3r0cvDICQ9hN0itJdCsZeCHloxbSGbhtnJ22TozOxm5m0xbPb/8uI/4c2LFw+W4tW7kx+Itn0w8OH7fY9575vkSjoKw2/ByuqDh4/W1h/XnjzdePa8vrl16rLCCuyITGX2POEOlTTYIUkKz3OLXCcKz5LLw5l/doXWycx8pEmOPc2HRqZScPJSv/5hfLEN+xATfiKrS26HWpqqX44hlgZOqr /Ou/dVrDClJoybsRhk1ILpFPIFwxQmLYitHI6o1a83wnY4L7gL0RIabFnH/frXeJCJQqMhobhz3SjMqed3ISkUVrW4cJhzccmH2PVouEbXK+e3V/DaKwNIM+ufIZir/06UXDs30Ynv1JxG7rY3E+/zugWle71SmrwgNGLxUVoooAxmQcJAWhSkJh64sNLvCmLELRfk4675EKLbJ9+F0512FLajkzeNg7fLONbZS/aKNVnEdtkBO2LHrMME+8y+s5/sOvgS/Ahugl+L1pVgOfOC/VfB7z91bq0U</latexit>

KL (q(·)||p(·|y))
<latexit sha1_base64="H5C5uxY6VK80YaXtuxqewtzWBx8=">AAACG3icbZDJSgNBEIZ73I3bqEcvjUFILmEmCHoUvQh6UDAqZIbQ01OTNOlZ7K4RwyTv4cVX8eJBEU+CB9/GznJw+6Hh468qqusPMik0Os6nNTU9Mzs3v7BYWlpeWV2z1zcudZorDg2eylRdB0yDFAk0UKCE60wBiwMJV0H3aFi/ugWlRZpcYC8DP2btRESCMzRWy657CHeo4uLkdOBJiLBCbyoeD1Os0n6fZmOmfdqrUk+Jdg erLbvs1JyR6F9wJ1AmE5217HcvTHkeQ4JcMq2brpOhXzCFgksYlLxcQ8Z4l7WhaTBhMWi/GN02oDvGCWmUKvMSpCP3+0TBYq17cWA6Y4Yd/bs2NP+rNXOM9v1CJFmOkPDxoiiXFFM6DIqGQgFH2TPAuBLmr5R3mGIcTZwlE4L7++S/cFmvuU7NPd8tHxxO4lggW2SbVIhL9sgBOSZnpEE4uSeP5Jm8WA/Wk/VqvY1bp6zJzCb5IevjCzsSoDw=</latexit><latexit sha1_base64="H5C5uxY6VK80YaXtuxqewtzWBx8=">AAACG3icbZDJSgNBEIZ73I3bqEcvjUFILmEmCHoUvQh6UDAqZIbQ01OTNOlZ7K4RwyTv4cVX8eJBEU+CB9/GznJw+6Hh468qqusPMik0Os6nNTU9Mzs3v7BYWlpeWV2z1zcudZorDg2eylRdB0yDFAk0UKCE60wBiwMJV0H3aFi/ugWlRZpcYC8DP2btRESCMzRWy657CHeo4uLkdOBJiLBCbyoeD1Os0n6fZmOmfdqrUk+Jdg erLbvs1JyR6F9wJ1AmE5217HcvTHkeQ4JcMq2brpOhXzCFgksYlLxcQ8Z4l7WhaTBhMWi/GN02oDvGCWmUKvMSpCP3+0TBYq17cWA6Y4Yd/bs2NP+rNXOM9v1CJFmOkPDxoiiXFFM6DIqGQgFH2TPAuBLmr5R3mGIcTZwlE4L7++S/cFmvuU7NPd8tHxxO4lggW2SbVIhL9sgBOSZnpEE4uSeP5Jm8WA/Wk/VqvY1bp6zJzCb5IevjCzsSoDw=</latexit><latexit sha1_base64="H5C5uxY6VK80YaXtuxqewtzWBx8=">AAACG3icbZDJSgNBEIZ73I3bqEcvjUFILmEmCHoUvQh6UDAqZIbQ01OTNOlZ7K4RwyTv4cVX8eJBEU+CB9/GznJw+6Hh468qqusPMik0Os6nNTU9Mzs3v7BYWlpeWV2z1zcudZorDg2eylRdB0yDFAk0UKCE60wBiwMJV0H3aFi/ugWlRZpcYC8DP2btRESCMzRWy657CHeo4uLkdOBJiLBCbyoeD1Os0n6fZmOmfdqrUk+Jdg erLbvs1JyR6F9wJ1AmE5217HcvTHkeQ4JcMq2brpOhXzCFgksYlLxcQ8Z4l7WhaTBhMWi/GN02oDvGCWmUKvMSpCP3+0TBYq17cWA6Y4Yd/bs2NP+rNXOM9v1CJFmOkPDxoiiXFFM6DIqGQgFH2TPAuBLmr5R3mGIcTZwlE4L7++S/cFmvuU7NPd8tHxxO4lggW2SbVIhL9sgBOSZnpEE4uSeP5Jm8WA/Wk/VqvY1bp6zJzCb5IevjCzsSoDw=</latexit><latexit sha1_base64="H5C5uxY6VK80YaXtuxqewtzWBx8=">AAACG3icbZDJSgNBEIZ73I3bqEcvjUFILmEmCHoUvQh6UDAqZIbQ01OTNOlZ7K4RwyTv4cVX8eJBEU+CB9/GznJw+6Hh468qqusPMik0Os6nNTU9Mzs3v7BYWlpeWV2z1zcudZorDg2eylRdB0yDFAk0UKCE60wBiwMJV0H3aFi/ugWlRZpcYC8DP2btRESCMzRWy657CHeo4uLkdOBJiLBCbyoeD1Os0n6fZmOmfdqrUk+Jdg erLbvs1JyR6F9wJ1AmE5217HcvTHkeQ4JcMq2brpOhXzCFgksYlLxcQ8Z4l7WhaTBhMWi/GN02oDvGCWmUKvMSpCP3+0TBYq17cWA6Y4Yd/bs2NP+rNXOM9v1CJFmOkPDxoiiXFFM6DIqGQgFH2TPAuBLmr5R3mGIcTZwlE4L7++S/cFmvuU7NPd8tHxxO4lggW2SbVIhL9sgBOSZnpEE4uSeP5Jm8WA/Wk/VqvY1bp6zJzCb5IevjCzsSoDw=</latexit>

:=

Z
q(✓) log

q(✓)

p(✓|y)d✓
<latexit sha1_base64="AuLHZm9aAb8EPu8yud88+RW7WTE=">AAACK3icbVDLSsNAFJ34rPUVdelmsAh1UxIRFEEodeOygn1AE8pkOmmHTh7O3Agh9n/c+CsudOEDt/6H0zaL2npg4Nxz7mXuPV4suALL+jSWlldW19YLG8XNre2dXXNvv6miRFLWoJGIZNsjigkesgZwEKwdS0YCT7CWN7we+60HJhWPwjtIY+YGpB9yn1MCWuqatcsr7PAQ8H3ZgQEDcoIdEfWx40tCsxl1lOE4L/AjTrWAe9Oya5asijUBXiR2TkooR71rvjq9iCYBC4EKolTHtmJwMyKBU8FGRSdRLCZ0SPqso2lIAqbcbHLrCB9rpYf9SOqn156osxMZCZRKA093BgQGat4bi/95nQT8CzfjYZwAC+n0Iz8RGCI8Dg73uGQURKoJoZLrXTEdEJ0S6HiLOgR7/uRF0jyt2FbFvj0rVWt5HAV0iI5QGdnoHFXRDaqjBqLoCb2gd/RhPBtvxpfxPW1dMvKZA/QHxs8v5G2lqQ==</latexit><latexit sha1_base64="AuLHZm9aAb8EPu8yud88+RW7WTE=">AAACK3icbVDLSsNAFJ34rPUVdelmsAh1UxIRFEEodeOygn1AE8pkOmmHTh7O3Agh9n/c+CsudOEDt/6H0zaL2npg4Nxz7mXuPV4suALL+jSWlldW19YLG8XNre2dXXNvv6miRFLWoJGIZNsjigkesgZwEKwdS0YCT7CWN7we+60HJhWPwjtIY+YGpB9yn1MCWuqatcsr7PAQ8H3ZgQEDcoIdEfWx40tCsxl1lOE4L/AjTrWAe9Oya5asijUBXiR2TkooR71rvjq9iCYBC4EKolTHtmJwMyKBU8FGRSdRLCZ0SPqso2lIAqbcbHLrCB9rpYf9SOqn156osxMZCZRKA093BgQGat4bi/95nQT8CzfjYZwAC+n0Iz8RGCI8Dg73uGQURKoJoZLrXTEdEJ0S6HiLOgR7/uRF0jyt2FbFvj0rVWt5HAV0iI5QGdnoHFXRDaqjBqLoCb2gd/RhPBtvxpfxPW1dMvKZA/QHxs8v5G2lqQ==</latexit><latexit sha1_base64="AuLHZm9aAb8EPu8yud88+RW7WTE=">AAACK3icbVDLSsNAFJ34rPUVdelmsAh1UxIRFEEodeOygn1AE8pkOmmHTh7O3Agh9n/c+CsudOEDt/6H0zaL2npg4Nxz7mXuPV4suALL+jSWlldW19YLG8XNre2dXXNvv6miRFLWoJGIZNsjigkesgZwEKwdS0YCT7CWN7we+60HJhWPwjtIY+YGpB9yn1MCWuqatcsr7PAQ8H3ZgQEDcoIdEfWx40tCsxl1lOE4L/AjTrWAe9Oya5asijUBXiR2TkooR71rvjq9iCYBC4EKolTHtmJwMyKBU8FGRSdRLCZ0SPqso2lIAqbcbHLrCB9rpYf9SOqn156osxMZCZRKA093BgQGat4bi/95nQT8CzfjYZwAC+n0Iz8RGCI8Dg73uGQURKoJoZLrXTEdEJ0S6HiLOgR7/uRF0jyt2FbFvj0rVWt5HAV0iI5QGdnoHFXRDaqjBqLoCb2gd/RhPBtvxpfxPW1dMvKZA/QHxs8v5G2lqQ==</latexit><latexit sha1_base64="AuLHZm9aAb8EPu8yud88+RW7WTE=">AAACK3icbVDLSsNAFJ34rPUVdelmsAh1UxIRFEEodeOygn1AE8pkOmmHTh7O3Agh9n/c+CsudOEDt/6H0zaL2npg4Nxz7mXuPV4suALL+jSWlldW19YLG8XNre2dXXNvv6miRFLWoJGIZNsjigkesgZwEKwdS0YCT7CWN7we+60HJhWPwjtIY+YGpB9yn1MCWuqatcsr7PAQ8H3ZgQEDcoIdEfWx40tCsxl1lOE4L/AjTrWAe9Oya5asijUBXiR2TkooR71rvjq9iCYBC4EKolTHtmJwMyKBU8FGRSdRLCZ0SPqso2lIAqbcbHLrCB9rpYf9SOqn156osxMZCZRKA093BgQGat4bi/95nQT8CzfjYZwAC+n0Iz8RGCI8Dg73uGQURKoJoZLrXTEdEJ0S6HiLOgR7/uRF0jyt2FbFvj0rVWt5HAV0iI5QGdnoHFXRDaqjBqLoCb2gd/RhPBtvxpfxPW1dMvKZA/QHxs8v5G2lqQ==</latexit>
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Why KL?

=

Z
q(✓) log

q(✓)p(y)

p(✓, y)
d✓ = log p(y)�

Z
q(✓) log

p(✓, y)

q(✓)
d✓

q⇤(✓)

NICE

CLOSE

p(✓|y)
• Variational Bayes
q⇤ = argminq2QKL (q(·)||p(·|y))

<latexit sha1_base64="9/DDYscHAkdhf/FmS2H4nFjPGDo=">AAACO3icbZDPaxNBFMdnW7U1Wk3r0cvDICQ9hN0itJdCsZeCHloxbSGbhtnJ22TozOxm5m0xbPb/8uI/4c2LFw+W4tW7kx+Itn0w8OH7fY9575vkSjoKw2/ByuqDh4/W1h/XnjzdePa8vrl16rLCCuyITGX2POEOlTTYIUkKz3OLXCcKz5LLw5l/doXWycx8pEmOPc2HRqZScPJSv/5hfLEN+xATfiKrS26HWpqqX44hlgZOqr /Ou/dVrDClJoybsRhk1ILpFPIFwxQmLYitHI6o1a83wnY4L7gL0RIabFnH/frXeJCJQqMhobhz3SjMqed3ISkUVrW4cJhzccmH2PVouEbXK+e3V/DaKwNIM+ufIZir/06UXDs30Ynv1JxG7rY3E+/zugWle71SmrwgNGLxUVoooAxmQcJAWhSkJh64sNLvCmLELRfk4675EKLbJ9+F0512FLajkzeNg7fLONbZS/aKNVnEdtkBO2LHrMME+8y+s5/sOvgS/Ahugl+L1pVgOfOC/VfB7z91bq0U</latexit><latexit sha1_base64="9/DDYscHAkdhf/FmS2H4nFjPGDo=">AAACO3icbZDPaxNBFMdnW7U1Wk3r0cvDICQ9hN0itJdCsZeCHloxbSGbhtnJ22TozOxm5m0xbPb/8uI/4c2LFw+W4tW7kx+Itn0w8OH7fY9575vkSjoKw2/ByuqDh4/W1h/XnjzdePa8vrl16rLCCuyITGX2POEOlTTYIUkKz3OLXCcKz5LLw5l/doXWycx8pEmOPc2HRqZScPJSv/5hfLEN+xATfiKrS26HWpqqX44hlgZOqr /Ou/dVrDClJoybsRhk1ILpFPIFwxQmLYitHI6o1a83wnY4L7gL0RIabFnH/frXeJCJQqMhobhz3SjMqed3ISkUVrW4cJhzccmH2PVouEbXK+e3V/DaKwNIM+ufIZir/06UXDs30Ynv1JxG7rY3E+/zugWle71SmrwgNGLxUVoooAxmQcJAWhSkJh64sNLvCmLELRfk4675EKLbJ9+F0512FLajkzeNg7fLONbZS/aKNVnEdtkBO2LHrMME+8y+s5/sOvgS/Ahugl+L1pVgOfOC/VfB7z91bq0U</latexit><latexit sha1_base64="9/DDYscHAkdhf/FmS2H4nFjPGDo=">AAACO3icbZDPaxNBFMdnW7U1Wk3r0cvDICQ9hN0itJdCsZeCHloxbSGbhtnJ22TozOxm5m0xbPb/8uI/4c2LFw+W4tW7kx+Itn0w8OH7fY9575vkSjoKw2/ByuqDh4/W1h/XnjzdePa8vrl16rLCCuyITGX2POEOlTTYIUkKz3OLXCcKz5LLw5l/doXWycx8pEmOPc2HRqZScPJSv/5hfLEN+xATfiKrS26HWpqqX44hlgZOqr /Ou/dVrDClJoybsRhk1ILpFPIFwxQmLYitHI6o1a83wnY4L7gL0RIabFnH/frXeJCJQqMhobhz3SjMqed3ISkUVrW4cJhzccmH2PVouEbXK+e3V/DaKwNIM+ufIZir/06UXDs30Ynv1JxG7rY3E+/zugWle71SmrwgNGLxUVoooAxmQcJAWhSkJh64sNLvCmLELRfk4675EKLbJ9+F0512FLajkzeNg7fLONbZS/aKNVnEdtkBO2LHrMME+8y+s5/sOvgS/Ahugl+L1pVgOfOC/VfB7z91bq0U</latexit><latexit sha1_base64="9/DDYscHAkdhf/FmS2H4nFjPGDo=">AAACO3icbZDPaxNBFMdnW7U1Wk3r0cvDICQ9hN0itJdCsZeCHloxbSGbhtnJ22TozOxm5m0xbPb/8uI/4c2LFw+W4tW7kx+Itn0w8OH7fY9575vkSjoKw2/ByuqDh4/W1h/XnjzdePa8vrl16rLCCuyITGX2POEOlTTYIUkKz3OLXCcKz5LLw5l/doXWycx8pEmOPc2HRqZScPJSv/5hfLEN+xATfiKrS26HWpqqX44hlgZOqr /Ou/dVrDClJoybsRhk1ILpFPIFwxQmLYitHI6o1a83wnY4L7gL0RIabFnH/frXeJCJQqMhobhz3SjMqed3ISkUVrW4cJhzccmH2PVouEbXK+e3V/DaKwNIM+ufIZir/06UXDs30Ynv1JxG7rY3E+/zugWle71SmrwgNGLxUVoooAxmQcJAWhSkJh64sNLvCmLELRfk4675EKLbJ9+F0512FLajkzeNg7fLONbZS/aKNVnEdtkBO2LHrMME+8y+s5/sOvgS/Ahugl+L1pVgOfOC/VfB7z91bq0U</latexit>

KL (q(·)||p(·|y))
<latexit sha1_base64="H5C5uxY6VK80YaXtuxqewtzWBx8=">AAACG3icbZDJSgNBEIZ73I3bqEcvjUFILmEmCHoUvQh6UDAqZIbQ01OTNOlZ7K4RwyTv4cVX8eJBEU+CB9/GznJw+6Hh468qqusPMik0Os6nNTU9Mzs3v7BYWlpeWV2z1zcudZorDg2eylRdB0yDFAk0UKCE60wBiwMJV0H3aFi/ugWlRZpcYC8DP2btRESCMzRWy657CHeo4uLkdOBJiLBCbyoeD1Os0n6fZmOmfdqrUk+Jdg erLbvs1JyR6F9wJ1AmE5217HcvTHkeQ4JcMq2brpOhXzCFgksYlLxcQ8Z4l7WhaTBhMWi/GN02oDvGCWmUKvMSpCP3+0TBYq17cWA6Y4Yd/bs2NP+rNXOM9v1CJFmOkPDxoiiXFFM6DIqGQgFH2TPAuBLmr5R3mGIcTZwlE4L7++S/cFmvuU7NPd8tHxxO4lggW2SbVIhL9sgBOSZnpEE4uSeP5Jm8WA/Wk/VqvY1bp6zJzCb5IevjCzsSoDw=</latexit><latexit sha1_base64="H5C5uxY6VK80YaXtuxqewtzWBx8=">AAACG3icbZDJSgNBEIZ73I3bqEcvjUFILmEmCHoUvQh6UDAqZIbQ01OTNOlZ7K4RwyTv4cVX8eJBEU+CB9/GznJw+6Hh468qqusPMik0Os6nNTU9Mzs3v7BYWlpeWV2z1zcudZorDg2eylRdB0yDFAk0UKCE60wBiwMJV0H3aFi/ugWlRZpcYC8DP2btRESCMzRWy657CHeo4uLkdOBJiLBCbyoeD1Os0n6fZmOmfdqrUk+Jdg erLbvs1JyR6F9wJ1AmE5217HcvTHkeQ4JcMq2brpOhXzCFgksYlLxcQ8Z4l7WhaTBhMWi/GN02oDvGCWmUKvMSpCP3+0TBYq17cWA6Y4Yd/bs2NP+rNXOM9v1CJFmOkPDxoiiXFFM6DIqGQgFH2TPAuBLmr5R3mGIcTZwlE4L7++S/cFmvuU7NPd8tHxxO4lggW2SbVIhL9sgBOSZnpEE4uSeP5Jm8WA/Wk/VqvY1bp6zJzCb5IevjCzsSoDw=</latexit><latexit sha1_base64="H5C5uxY6VK80YaXtuxqewtzWBx8=">AAACG3icbZDJSgNBEIZ73I3bqEcvjUFILmEmCHoUvQh6UDAqZIbQ01OTNOlZ7K4RwyTv4cVX8eJBEU+CB9/GznJw+6Hh468qqusPMik0Os6nNTU9Mzs3v7BYWlpeWV2z1zcudZorDg2eylRdB0yDFAk0UKCE60wBiwMJV0H3aFi/ugWlRZpcYC8DP2btRESCMzRWy657CHeo4uLkdOBJiLBCbyoeD1Os0n6fZmOmfdqrUk+Jdg erLbvs1JyR6F9wJ1AmE5217HcvTHkeQ4JcMq2brpOhXzCFgksYlLxcQ8Z4l7WhaTBhMWi/GN02oDvGCWmUKvMSpCP3+0TBYq17cWA6Y4Yd/bs2NP+rNXOM9v1CJFmOkPDxoiiXFFM6DIqGQgFH2TPAuBLmr5R3mGIcTZwlE4L7++S/cFmvuU7NPd8tHxxO4lggW2SbVIhL9sgBOSZnpEE4uSeP5Jm8WA/Wk/VqvY1bp6zJzCb5IevjCzsSoDw=</latexit><latexit sha1_base64="H5C5uxY6VK80YaXtuxqewtzWBx8=">AAACG3icbZDJSgNBEIZ73I3bqEcvjUFILmEmCHoUvQh6UDAqZIbQ01OTNOlZ7K4RwyTv4cVX8eJBEU+CB9/GznJw+6Hh468qqusPMik0Os6nNTU9Mzs3v7BYWlpeWV2z1zcudZorDg2eylRdB0yDFAk0UKCE60wBiwMJV0H3aFi/ugWlRZpcYC8DP2btRESCMzRWy657CHeo4uLkdOBJiLBCbyoeD1Os0n6fZmOmfdqrUk+Jdg erLbvs1JyR6F9wJ1AmE5217HcvTHkeQ4JcMq2brpOhXzCFgksYlLxcQ8Z4l7WhaTBhMWi/GN02oDvGCWmUKvMSpCP3+0TBYq17cWA6Y4Yd/bs2NP+rNXOM9v1CJFmOkPDxoiiXFFM6DIqGQgFH2TPAuBLmr5R3mGIcTZwlE4L7++S/cFmvuU7NPd8tHxxO4lggW2SbVIhL9sgBOSZnpEE4uSeP5Jm8WA/Wk/VqvY1bp6zJzCb5IevjCzsSoDw=</latexit>
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<latexit sha1_base64="AuLHZm9aAb8EPu8yud88+RW7WTE=">AAACK3icbVDLSsNAFJ34rPUVdelmsAh1UxIRFEEodeOygn1AE8pkOmmHTh7O3Agh9n/c+CsudOEDt/6H0zaL2npg4Nxz7mXuPV4suALL+jSWlldW19YLG8XNre2dXXNvv6miRFLWoJGIZNsjigkesgZwEKwdS0YCT7CWN7we+60HJhWPwjtIY+YGpB9yn1MCWuqatcsr7PAQ8H3ZgQEDcoIdEfWx40tCsxl1lOE4L/AjTrWAe9Oya5asijUBXiR2TkooR71rvjq9iCYBC4EKolTHtmJwMyKBU8FGRSdRLCZ0SPqso2lIAqbcbHLrCB9rpYf9SOqn156osxMZCZRKA093BgQGat4bi/95nQT8CzfjYZwAC+n0Iz8RGCI8Dg73uGQURKoJoZLrXTEdEJ0S6HiLOgR7/uRF0jyt2FbFvj0rVWt5HAV0iI5QGdnoHFXRDaqjBqLoCb2gd/RhPBtvxpfxPW1dMvKZA/QHxs8v5G2lqQ==</latexit><latexit sha1_base64="AuLHZm9aAb8EPu8yud88+RW7WTE=">AAACK3icbVDLSsNAFJ34rPUVdelmsAh1UxIRFEEodeOygn1AE8pkOmmHTh7O3Agh9n/c+CsudOEDt/6H0zaL2npg4Nxz7mXuPV4suALL+jSWlldW19YLG8XNre2dXXNvv6miRFLWoJGIZNsjigkesgZwEKwdS0YCT7CWN7we+60HJhWPwjtIY+YGpB9yn1MCWuqatcsr7PAQ8H3ZgQEDcoIdEfWx40tCsxl1lOE4L/AjTrWAe9Oya5asijUBXiR2TkooR71rvjq9iCYBC4EKolTHtmJwMyKBU8FGRSdRLCZ0SPqso2lIAqbcbHLrCB9rpYf9SOqn156osxMZCZRKA093BgQGat4bi/95nQT8CzfjYZwAC+n0Iz8RGCI8Dg73uGQURKoJoZLrXTEdEJ0S6HiLOgR7/uRF0jyt2FbFvj0rVWt5HAV0iI5QGdnoHFXRDaqjBqLoCb2gd/RhPBtvxpfxPW1dMvKZA/QHxs8v5G2lqQ==</latexit><latexit sha1_base64="AuLHZm9aAb8EPu8yud88+RW7WTE=">AAACK3icbVDLSsNAFJ34rPUVdelmsAh1UxIRFEEodeOygn1AE8pkOmmHTh7O3Agh9n/c+CsudOEDt/6H0zaL2npg4Nxz7mXuPV4suALL+jSWlldW19YLG8XNre2dXXNvv6miRFLWoJGIZNsjigkesgZwEKwdS0YCT7CWN7we+60HJhWPwjtIY+YGpB9yn1MCWuqatcsr7PAQ8H3ZgQEDcoIdEfWx40tCsxl1lOE4L/AjTrWAe9Oya5asijUBXiR2TkooR71rvjq9iCYBC4EKolTHtmJwMyKBU8FGRSdRLCZ0SPqso2lIAqbcbHLrCB9rpYf9SOqn156osxMZCZRKA093BgQGat4bi/95nQT8CzfjYZwAC+n0Iz8RGCI8Dg73uGQURKoJoZLrXTEdEJ0S6HiLOgR7/uRF0jyt2FbFvj0rVWt5HAV0iI5QGdnoHFXRDaqjBqLoCb2gd/RhPBtvxpfxPW1dMvKZA/QHxs8v5G2lqQ==</latexit><latexit sha1_base64="AuLHZm9aAb8EPu8yud88+RW7WTE=">AAACK3icbVDLSsNAFJ34rPUVdelmsAh1UxIRFEEodeOygn1AE8pkOmmHTh7O3Agh9n/c+CsudOEDt/6H0zaL2npg4Nxz7mXuPV4suALL+jSWlldW19YLG8XNre2dXXNvv6miRFLWoJGIZNsjigkesgZwEKwdS0YCT7CWN7we+60HJhWPwjtIY+YGpB9yn1MCWuqatcsr7PAQ8H3ZgQEDcoIdEfWx40tCsxl1lOE4L/AjTrWAe9Oya5asijUBXiR2TkooR71rvjq9iCYBC4EKolTHtmJwMyKBU8FGRSdRLCZ0SPqso2lIAqbcbHLrCB9rpYf9SOqn156osxMZCZRKA093BgQGat4bi/95nQT8CzfjYZwAC+n0Iz8RGCI8Dg73uGQURKoJoZLrXTEdEJ0S6HiLOgR7/uRF0jyt2FbFvj0rVWt5HAV0iI5QGdnoHFXRDaqjBqLoCb2gd/RhPBtvxpfxPW1dMvKZA/QHxs8v5G2lqQ==</latexit>
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<latexit sha1_base64="9/DDYscHAkdhf/FmS2H4nFjPGDo=">AAACO3icbZDPaxNBFMdnW7U1Wk3r0cvDICQ9hN0itJdCsZeCHloxbSGbhtnJ22TozOxm5m0xbPb/8uI/4c2LFw+W4tW7kx+Itn0w8OH7fY9575vkSjoKw2/ByuqDh4/W1h/XnjzdePa8vrl16rLCCuyITGX2POEOlTTYIUkKz3OLXCcKz5LLw5l/doXWycx8pEmOPc2HRqZScPJSv/5hfLEN+xATfiKrS26HWpqqX44hlgZOqr /Ou/dVrDClJoybsRhk1ILpFPIFwxQmLYitHI6o1a83wnY4L7gL0RIabFnH/frXeJCJQqMhobhz3SjMqed3ISkUVrW4cJhzccmH2PVouEbXK+e3V/DaKwNIM+ufIZir/06UXDs30Ynv1JxG7rY3E+/zugWle71SmrwgNGLxUVoooAxmQcJAWhSkJh64sNLvCmLELRfk4675EKLbJ9+F0512FLajkzeNg7fLONbZS/aKNVnEdtkBO2LHrMME+8y+s5/sOvgS/Ahugl+L1pVgOfOC/VfB7z91bq0U</latexit><latexit sha1_base64="9/DDYscHAkdhf/FmS2H4nFjPGDo=">AAACO3icbZDPaxNBFMdnW7U1Wk3r0cvDICQ9hN0itJdCsZeCHloxbSGbhtnJ22TozOxm5m0xbPb/8uI/4c2LFw+W4tW7kx+Itn0w8OH7fY9575vkSjoKw2/ByuqDh4/W1h/XnjzdePa8vrl16rLCCuyITGX2POEOlTTYIUkKz3OLXCcKz5LLw5l/doXWycx8pEmOPc2HRqZScPJSv/5hfLEN+xATfiKrS26HWpqqX44hlgZOqr /Ou/dVrDClJoybsRhk1ILpFPIFwxQmLYitHI6o1a83wnY4L7gL0RIabFnH/frXeJCJQqMhobhz3SjMqed3ISkUVrW4cJhzccmH2PVouEbXK+e3V/DaKwNIM+ufIZir/06UXDs30Ynv1JxG7rY3E+/zugWle71SmrwgNGLxUVoooAxmQcJAWhSkJh64sNLvCmLELRfk4675EKLbJ9+F0512FLajkzeNg7fLONbZS/aKNVnEdtkBO2LHrMME+8y+s5/sOvgS/Ahugl+L1pVgOfOC/VfB7z91bq0U</latexit><latexit sha1_base64="9/DDYscHAkdhf/FmS2H4nFjPGDo=">AAACO3icbZDPaxNBFMdnW7U1Wk3r0cvDICQ9hN0itJdCsZeCHloxbSGbhtnJ22TozOxm5m0xbPb/8uI/4c2LFw+W4tW7kx+Itn0w8OH7fY9575vkSjoKw2/ByuqDh4/W1h/XnjzdePa8vrl16rLCCuyITGX2POEOlTTYIUkKz3OLXCcKz5LLw5l/doXWycx8pEmOPc2HRqZScPJSv/5hfLEN+xATfiKrS26HWpqqX44hlgZOqr /Ou/dVrDClJoybsRhk1ILpFPIFwxQmLYitHI6o1a83wnY4L7gL0RIabFnH/frXeJCJQqMhobhz3SjMqed3ISkUVrW4cJhzccmH2PVouEbXK+e3V/DaKwNIM+ufIZir/06UXDs30Ynv1JxG7rY3E+/zugWle71SmrwgNGLxUVoooAxmQcJAWhSkJh64sNLvCmLELRfk4675EKLbJ9+F0512FLajkzeNg7fLONbZS/aKNVnEdtkBO2LHrMME+8y+s5/sOvgS/Ahugl+L1pVgOfOC/VfB7z91bq0U</latexit><latexit sha1_base64="9/DDYscHAkdhf/FmS2H4nFjPGDo=">AAACO3icbZDPaxNBFMdnW7U1Wk3r0cvDICQ9hN0itJdCsZeCHloxbSGbhtnJ22TozOxm5m0xbPb/8uI/4c2LFw+W4tW7kx+Itn0w8OH7fY9575vkSjoKw2/ByuqDh4/W1h/XnjzdePa8vrl16rLCCuyITGX2POEOlTTYIUkKz3OLXCcKz5LLw5l/doXWycx8pEmOPc2HRqZScPJSv/5hfLEN+xATfiKrS26HWpqqX44hlgZOqr /Ou/dVrDClJoybsRhk1ILpFPIFwxQmLYitHI6o1a83wnY4L7gL0RIabFnH/frXeJCJQqMhobhz3SjMqed3ISkUVrW4cJhzccmH2PVouEbXK+e3V/DaKwNIM+ufIZir/06UXDs30Ynv1JxG7rY3E+/zugWle71SmrwgNGLxUVoooAxmQcJAWhSkJh64sNLvCmLELRfk4675EKLbJ9+F0512FLajkzeNg7fLONbZS/aKNVnEdtkBO2LHrMME+8y+s5/sOvgS/Ahugl+L1pVgOfOC/VfB7z91bq0U</latexit>

KL (q(·)||p(·|y))
<latexit sha1_base64="H5C5uxY6VK80YaXtuxqewtzWBx8=">AAACG3icbZDJSgNBEIZ73I3bqEcvjUFILmEmCHoUvQh6UDAqZIbQ01OTNOlZ7K4RwyTv4cVX8eJBEU+CB9/GznJw+6Hh468qqusPMik0Os6nNTU9Mzs3v7BYWlpeWV2z1zcudZorDg2eylRdB0yDFAk0UKCE60wBiwMJV0H3aFi/ugWlRZpcYC8DP2btRESCMzRWy657CHeo4uLkdOBJiLBCbyoeD1Os0n6fZmOmfdqrUk+Jdg erLbvs1JyR6F9wJ1AmE5217HcvTHkeQ4JcMq2brpOhXzCFgksYlLxcQ8Z4l7WhaTBhMWi/GN02oDvGCWmUKvMSpCP3+0TBYq17cWA6Y4Yd/bs2NP+rNXOM9v1CJFmOkPDxoiiXFFM6DIqGQgFH2TPAuBLmr5R3mGIcTZwlE4L7++S/cFmvuU7NPd8tHxxO4lggW2SbVIhL9sgBOSZnpEE4uSeP5Jm8WA/Wk/VqvY1bp6zJzCb5IevjCzsSoDw=</latexit><latexit sha1_base64="H5C5uxY6VK80YaXtuxqewtzWBx8=">AAACG3icbZDJSgNBEIZ73I3bqEcvjUFILmEmCHoUvQh6UDAqZIbQ01OTNOlZ7K4RwyTv4cVX8eJBEU+CB9/GznJw+6Hh468qqusPMik0Os6nNTU9Mzs3v7BYWlpeWV2z1zcudZorDg2eylRdB0yDFAk0UKCE60wBiwMJV0H3aFi/ugWlRZpcYC8DP2btRESCMzRWy657CHeo4uLkdOBJiLBCbyoeD1Os0n6fZmOmfdqrUk+Jdg erLbvs1JyR6F9wJ1AmE5217HcvTHkeQ4JcMq2brpOhXzCFgksYlLxcQ8Z4l7WhaTBhMWi/GN02oDvGCWmUKvMSpCP3+0TBYq17cWA6Y4Yd/bs2NP+rNXOM9v1CJFmOkPDxoiiXFFM6DIqGQgFH2TPAuBLmr5R3mGIcTZwlE4L7++S/cFmvuU7NPd8tHxxO4lggW2SbVIhL9sgBOSZnpEE4uSeP5Jm8WA/Wk/VqvY1bp6zJzCb5IevjCzsSoDw=</latexit><latexit sha1_base64="H5C5uxY6VK80YaXtuxqewtzWBx8=">AAACG3icbZDJSgNBEIZ73I3bqEcvjUFILmEmCHoUvQh6UDAqZIbQ01OTNOlZ7K4RwyTv4cVX8eJBEU+CB9/GznJw+6Hh468qqusPMik0Os6nNTU9Mzs3v7BYWlpeWV2z1zcudZorDg2eylRdB0yDFAk0UKCE60wBiwMJV0H3aFi/ugWlRZpcYC8DP2btRESCMzRWy657CHeo4uLkdOBJiLBCbyoeD1Os0n6fZmOmfdqrUk+Jdg erLbvs1JyR6F9wJ1AmE5217HcvTHkeQ4JcMq2brpOhXzCFgksYlLxcQ8Z4l7WhaTBhMWi/GN02oDvGCWmUKvMSpCP3+0TBYq17cWA6Y4Yd/bs2NP+rNXOM9v1CJFmOkPDxoiiXFFM6DIqGQgFH2TPAuBLmr5R3mGIcTZwlE4L7++S/cFmvuU7NPd8tHxxO4lggW2SbVIhL9sgBOSZnpEE4uSeP5Jm8WA/Wk/VqvY1bp6zJzCb5IevjCzsSoDw=</latexit><latexit sha1_base64="H5C5uxY6VK80YaXtuxqewtzWBx8=">AAACG3icbZDJSgNBEIZ73I3bqEcvjUFILmEmCHoUvQh6UDAqZIbQ01OTNOlZ7K4RwyTv4cVX8eJBEU+CB9/GznJw+6Hh468qqusPMik0Os6nNTU9Mzs3v7BYWlpeWV2z1zcudZorDg2eylRdB0yDFAk0UKCE60wBiwMJV0H3aFi/ugWlRZpcYC8DP2btRESCMzRWy657CHeo4uLkdOBJiLBCbyoeD1Os0n6fZmOmfdqrUk+Jdg erLbvs1JyR6F9wJ1AmE5217HcvTHkeQ4JcMq2brpOhXzCFgksYlLxcQ8Z4l7WhaTBhMWi/GN02oDvGCWmUKvMSpCP3+0TBYq17cWA6Y4Yd/bs2NP+rNXOM9v1CJFmOkPDxoiiXFFM6DIqGQgFH2TPAuBLmr5R3mGIcTZwlE4L7++S/cFmvuU7NPd8tHxxO4lggW2SbVIhL9sgBOSZnpEE4uSeP5Jm8WA/Wk/VqvY1bp6zJzCb5IevjCzsSoDw=</latexit>
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<latexit sha1_base64="AuLHZm9aAb8EPu8yud88+RW7WTE=">AAACK3icbVDLSsNAFJ34rPUVdelmsAh1UxIRFEEodeOygn1AE8pkOmmHTh7O3Agh9n/c+CsudOEDt/6H0zaL2npg4Nxz7mXuPV4suALL+jSWlldW19YLG8XNre2dXXNvv6miRFLWoJGIZNsjigkesgZwEKwdS0YCT7CWN7we+60HJhWPwjtIY+YGpB9yn1MCWuqatcsr7PAQ8H3ZgQEDcoIdEfWx40tCsxl1lOE4L/AjTrWAe9Oya5asijUBXiR2TkooR71rvjq9iCYBC4EKolTHtmJwMyKBU8FGRSdRLCZ0SPqso2lIAqbcbHLrCB9rpYf9SOqn156osxMZCZRKA093BgQGat4bi/95nQT8CzfjYZwAC+n0Iz8RGCI8Dg73uGQURKoJoZLrXTEdEJ0S6HiLOgR7/uRF0jyt2FbFvj0rVWt5HAV0iI5QGdnoHFXRDaqjBqLoCb2gd/RhPBtvxpfxPW1dMvKZA/QHxs8v5G2lqQ==</latexit><latexit sha1_base64="AuLHZm9aAb8EPu8yud88+RW7WTE=">AAACK3icbVDLSsNAFJ34rPUVdelmsAh1UxIRFEEodeOygn1AE8pkOmmHTh7O3Agh9n/c+CsudOEDt/6H0zaL2npg4Nxz7mXuPV4suALL+jSWlldW19YLG8XNre2dXXNvv6miRFLWoJGIZNsjigkesgZwEKwdS0YCT7CWN7we+60HJhWPwjtIY+YGpB9yn1MCWuqatcsr7PAQ8H3ZgQEDcoIdEfWx40tCsxl1lOE4L/AjTrWAe9Oya5asijUBXiR2TkooR71rvjq9iCYBC4EKolTHtmJwMyKBU8FGRSdRLCZ0SPqso2lIAqbcbHLrCB9rpYf9SOqn156osxMZCZRKA093BgQGat4bi/95nQT8CzfjYZwAC+n0Iz8RGCI8Dg73uGQURKoJoZLrXTEdEJ0S6HiLOgR7/uRF0jyt2FbFvj0rVWt5HAV0iI5QGdnoHFXRDaqjBqLoCb2gd/RhPBtvxpfxPW1dMvKZA/QHxs8v5G2lqQ==</latexit><latexit sha1_base64="AuLHZm9aAb8EPu8yud88+RW7WTE=">AAACK3icbVDLSsNAFJ34rPUVdelmsAh1UxIRFEEodeOygn1AE8pkOmmHTh7O3Agh9n/c+CsudOEDt/6H0zaL2npg4Nxz7mXuPV4suALL+jSWlldW19YLG8XNre2dXXNvv6miRFLWoJGIZNsjigkesgZwEKwdS0YCT7CWN7we+60HJhWPwjtIY+YGpB9yn1MCWuqatcsr7PAQ8H3ZgQEDcoIdEfWx40tCsxl1lOE4L/AjTrWAe9Oya5asijUBXiR2TkooR71rvjq9iCYBC4EKolTHtmJwMyKBU8FGRSdRLCZ0SPqso2lIAqbcbHLrCB9rpYf9SOqn156osxMZCZRKA093BgQGat4bi/95nQT8CzfjYZwAC+n0Iz8RGCI8Dg73uGQURKoJoZLrXTEdEJ0S6HiLOgR7/uRF0jyt2FbFvj0rVWt5HAV0iI5QGdnoHFXRDaqjBqLoCb2gd/RhPBtvxpfxPW1dMvKZA/QHxs8v5G2lqQ==</latexit><latexit sha1_base64="AuLHZm9aAb8EPu8yud88+RW7WTE=">AAACK3icbVDLSsNAFJ34rPUVdelmsAh1UxIRFEEodeOygn1AE8pkOmmHTh7O3Agh9n/c+CsudOEDt/6H0zaL2npg4Nxz7mXuPV4suALL+jSWlldW19YLG8XNre2dXXNvv6miRFLWoJGIZNsjigkesgZwEKwdS0YCT7CWN7we+60HJhWPwjtIY+YGpB9yn1MCWuqatcsr7PAQ8H3ZgQEDcoIdEfWx40tCsxl1lOE4L/AjTrWAe9Oya5asijUBXiR2TkooR71rvjq9iCYBC4EKolTHtmJwMyKBU8FGRSdRLCZ0SPqso2lIAqbcbHLrCB9rpYf9SOqn156osxMZCZRKA093BgQGat4bi/95nQT8CzfjYZwAC+n0Iz8RGCI8Dg73uGQURKoJoZLrXTEdEJ0S6HiLOgR7/uRF0jyt2FbFvj0rVWt5HAV0iI5QGdnoHFXRDaqjBqLoCb2gd/RhPBtvxpfxPW1dMvKZA/QHxs8v5G2lqQ==</latexit>
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<latexit sha1_base64="9/DDYscHAkdhf/FmS2H4nFjPGDo=">AAACO3icbZDPaxNBFMdnW7U1Wk3r0cvDICQ9hN0itJdCsZeCHloxbSGbhtnJ22TozOxm5m0xbPb/8uI/4c2LFw+W4tW7kx+Itn0w8OH7fY9575vkSjoKw2/ByuqDh4/W1h/XnjzdePa8vrl16rLCCuyITGX2POEOlTTYIUkKz3OLXCcKz5LLw5l/doXWycx8pEmOPc2HRqZScPJSv/5hfLEN+xATfiKrS26HWpqqX44hlgZOqr /Ou/dVrDClJoybsRhk1ILpFPIFwxQmLYitHI6o1a83wnY4L7gL0RIabFnH/frXeJCJQqMhobhz3SjMqed3ISkUVrW4cJhzccmH2PVouEbXK+e3V/DaKwNIM+ufIZir/06UXDs30Ynv1JxG7rY3E+/zugWle71SmrwgNGLxUVoooAxmQcJAWhSkJh64sNLvCmLELRfk4675EKLbJ9+F0512FLajkzeNg7fLONbZS/aKNVnEdtkBO2LHrMME+8y+s5/sOvgS/Ahugl+L1pVgOfOC/VfB7z91bq0U</latexit><latexit sha1_base64="9/DDYscHAkdhf/FmS2H4nFjPGDo=">AAACO3icbZDPaxNBFMdnW7U1Wk3r0cvDICQ9hN0itJdCsZeCHloxbSGbhtnJ22TozOxm5m0xbPb/8uI/4c2LFw+W4tW7kx+Itn0w8OH7fY9575vkSjoKw2/ByuqDh4/W1h/XnjzdePa8vrl16rLCCuyITGX2POEOlTTYIUkKz3OLXCcKz5LLw5l/doXWycx8pEmOPc2HRqZScPJSv/5hfLEN+xATfiKrS26HWpqqX44hlgZOqr /Ou/dVrDClJoybsRhk1ILpFPIFwxQmLYitHI6o1a83wnY4L7gL0RIabFnH/frXeJCJQqMhobhz3SjMqed3ISkUVrW4cJhzccmH2PVouEbXK+e3V/DaKwNIM+ufIZir/06UXDs30Ynv1JxG7rY3E+/zugWle71SmrwgNGLxUVoooAxmQcJAWhSkJh64sNLvCmLELRfk4675EKLbJ9+F0512FLajkzeNg7fLONbZS/aKNVnEdtkBO2LHrMME+8y+s5/sOvgS/Ahugl+L1pVgOfOC/VfB7z91bq0U</latexit><latexit sha1_base64="9/DDYscHAkdhf/FmS2H4nFjPGDo=">AAACO3icbZDPaxNBFMdnW7U1Wk3r0cvDICQ9hN0itJdCsZeCHloxbSGbhtnJ22TozOxm5m0xbPb/8uI/4c2LFw+W4tW7kx+Itn0w8OH7fY9575vkSjoKw2/ByuqDh4/W1h/XnjzdePa8vrl16rLCCuyITGX2POEOlTTYIUkKz3OLXCcKz5LLw5l/doXWycx8pEmOPc2HRqZScPJSv/5hfLEN+xATfiKrS26HWpqqX44hlgZOqr /Ou/dVrDClJoybsRhk1ILpFPIFwxQmLYitHI6o1a83wnY4L7gL0RIabFnH/frXeJCJQqMhobhz3SjMqed3ISkUVrW4cJhzccmH2PVouEbXK+e3V/DaKwNIM+ufIZir/06UXDs30Ynv1JxG7rY3E+/zugWle71SmrwgNGLxUVoooAxmQcJAWhSkJh64sNLvCmLELRfk4675EKLbJ9+F0512FLajkzeNg7fLONbZS/aKNVnEdtkBO2LHrMME+8y+s5/sOvgS/Ahugl+L1pVgOfOC/VfB7z91bq0U</latexit><latexit sha1_base64="9/DDYscHAkdhf/FmS2H4nFjPGDo=">AAACO3icbZDPaxNBFMdnW7U1Wk3r0cvDICQ9hN0itJdCsZeCHloxbSGbhtnJ22TozOxm5m0xbPb/8uI/4c2LFw+W4tW7kx+Itn0w8OH7fY9575vkSjoKw2/ByuqDh4/W1h/XnjzdePa8vrl16rLCCuyITGX2POEOlTTYIUkKz3OLXCcKz5LLw5l/doXWycx8pEmOPc2HRqZScPJSv/5hfLEN+xATfiKrS26HWpqqX44hlgZOqr /Ou/dVrDClJoybsRhk1ILpFPIFwxQmLYitHI6o1a83wnY4L7gL0RIabFnH/frXeJCJQqMhobhz3SjMqed3ISkUVrW4cJhzccmH2PVouEbXK+e3V/DaKwNIM+ufIZir/06UXDs30Ynv1JxG7rY3E+/zugWle71SmrwgNGLxUVoooAxmQcJAWhSkJh64sNLvCmLELRfk4675EKLbJ9+F0512FLajkzeNg7fLONbZS/aKNVnEdtkBO2LHrMME+8y+s5/sOvgS/Ahugl+L1pVgOfOC/VfB7z91bq0U</latexit>

KL (q(·)||p(·|y))
<latexit sha1_base64="H5C5uxY6VK80YaXtuxqewtzWBx8=">AAACG3icbZDJSgNBEIZ73I3bqEcvjUFILmEmCHoUvQh6UDAqZIbQ01OTNOlZ7K4RwyTv4cVX8eJBEU+CB9/GznJw+6Hh468qqusPMik0Os6nNTU9Mzs3v7BYWlpeWV2z1zcudZorDg2eylRdB0yDFAk0UKCE60wBiwMJV0H3aFi/ugWlRZpcYC8DP2btRESCMzRWy657CHeo4uLkdOBJiLBCbyoeD1Os0n6fZmOmfdqrUk+Jdg erLbvs1JyR6F9wJ1AmE5217HcvTHkeQ4JcMq2brpOhXzCFgksYlLxcQ8Z4l7WhaTBhMWi/GN02oDvGCWmUKvMSpCP3+0TBYq17cWA6Y4Yd/bs2NP+rNXOM9v1CJFmOkPDxoiiXFFM6DIqGQgFH2TPAuBLmr5R3mGIcTZwlE4L7++S/cFmvuU7NPd8tHxxO4lggW2SbVIhL9sgBOSZnpEE4uSeP5Jm8WA/Wk/VqvY1bp6zJzCb5IevjCzsSoDw=</latexit><latexit sha1_base64="H5C5uxY6VK80YaXtuxqewtzWBx8=">AAACG3icbZDJSgNBEIZ73I3bqEcvjUFILmEmCHoUvQh6UDAqZIbQ01OTNOlZ7K4RwyTv4cVX8eJBEU+CB9/GznJw+6Hh468qqusPMik0Os6nNTU9Mzs3v7BYWlpeWV2z1zcudZorDg2eylRdB0yDFAk0UKCE60wBiwMJV0H3aFi/ugWlRZpcYC8DP2btRESCMzRWy657CHeo4uLkdOBJiLBCbyoeD1Os0n6fZmOmfdqrUk+Jdg erLbvs1JyR6F9wJ1AmE5217HcvTHkeQ4JcMq2brpOhXzCFgksYlLxcQ8Z4l7WhaTBhMWi/GN02oDvGCWmUKvMSpCP3+0TBYq17cWA6Y4Yd/bs2NP+rNXOM9v1CJFmOkPDxoiiXFFM6DIqGQgFH2TPAuBLmr5R3mGIcTZwlE4L7++S/cFmvuU7NPd8tHxxO4lggW2SbVIhL9sgBOSZnpEE4uSeP5Jm8WA/Wk/VqvY1bp6zJzCb5IevjCzsSoDw=</latexit><latexit sha1_base64="H5C5uxY6VK80YaXtuxqewtzWBx8=">AAACG3icbZDJSgNBEIZ73I3bqEcvjUFILmEmCHoUvQh6UDAqZIbQ01OTNOlZ7K4RwyTv4cVX8eJBEU+CB9/GznJw+6Hh468qqusPMik0Os6nNTU9Mzs3v7BYWlpeWV2z1zcudZorDg2eylRdB0yDFAk0UKCE60wBiwMJV0H3aFi/ugWlRZpcYC8DP2btRESCMzRWy657CHeo4uLkdOBJiLBCbyoeD1Os0n6fZmOmfdqrUk+Jdg erLbvs1JyR6F9wJ1AmE5217HcvTHkeQ4JcMq2brpOhXzCFgksYlLxcQ8Z4l7WhaTBhMWi/GN02oDvGCWmUKvMSpCP3+0TBYq17cWA6Y4Yd/bs2NP+rNXOM9v1CJFmOkPDxoiiXFFM6DIqGQgFH2TPAuBLmr5R3mGIcTZwlE4L7++S/cFmvuU7NPd8tHxxO4lggW2SbVIhL9sgBOSZnpEE4uSeP5Jm8WA/Wk/VqvY1bp6zJzCb5IevjCzsSoDw=</latexit><latexit sha1_base64="H5C5uxY6VK80YaXtuxqewtzWBx8=">AAACG3icbZDJSgNBEIZ73I3bqEcvjUFILmEmCHoUvQh6UDAqZIbQ01OTNOlZ7K4RwyTv4cVX8eJBEU+CB9/GznJw+6Hh468qqusPMik0Os6nNTU9Mzs3v7BYWlpeWV2z1zcudZorDg2eylRdB0yDFAk0UKCE60wBiwMJV0H3aFi/ugWlRZpcYC8DP2btRESCMzRWy657CHeo4uLkdOBJiLBCbyoeD1Os0n6fZmOmfdqrUk+Jdg erLbvs1JyR6F9wJ1AmE5217HcvTHkeQ4JcMq2brpOhXzCFgksYlLxcQ8Z4l7WhaTBhMWi/GN02oDvGCWmUKvMSpCP3+0TBYq17cWA6Y4Yd/bs2NP+rNXOM9v1CJFmOkPDxoiiXFFM6DIqGQgFH2TPAuBLmr5R3mGIcTZwlE4L7++S/cFmvuU7NPd8tHxxO4lggW2SbVIhL9sgBOSZnpEE4uSeP5Jm8WA/Wk/VqvY1bp6zJzCb5IevjCzsSoDw=</latexit>

:=

Z
q(✓) log

q(✓)

p(✓|y)d✓
<latexit sha1_base64="AuLHZm9aAb8EPu8yud88+RW7WTE=">AAACK3icbVDLSsNAFJ34rPUVdelmsAh1UxIRFEEodeOygn1AE8pkOmmHTh7O3Agh9n/c+CsudOEDt/6H0zaL2npg4Nxz7mXuPV4suALL+jSWlldW19YLG8XNre2dXXNvv6miRFLWoJGIZNsjigkesgZwEKwdS0YCT7CWN7we+60HJhWPwjtIY+YGpB9yn1MCWuqatcsr7PAQ8H3ZgQEDcoIdEfWx40tCsxl1lOE4L/AjTrWAe9Oya5asijUBXiR2TkooR71rvjq9iCYBC4EKolTHtmJwMyKBU8FGRSdRLCZ0SPqso2lIAqbcbHLrCB9rpYf9SOqn156osxMZCZRKA093BgQGat4bi/95nQT8CzfjYZwAC+n0Iz8RGCI8Dg73uGQURKoJoZLrXTEdEJ0S6HiLOgR7/uRF0jyt2FbFvj0rVWt5HAV0iI5QGdnoHFXRDaqjBqLoCb2gd/RhPBtvxpfxPW1dMvKZA/QHxs8v5G2lqQ==</latexit><latexit sha1_base64="AuLHZm9aAb8EPu8yud88+RW7WTE=">AAACK3icbVDLSsNAFJ34rPUVdelmsAh1UxIRFEEodeOygn1AE8pkOmmHTh7O3Agh9n/c+CsudOEDt/6H0zaL2npg4Nxz7mXuPV4suALL+jSWlldW19YLG8XNre2dXXNvv6miRFLWoJGIZNsjigkesgZwEKwdS0YCT7CWN7we+60HJhWPwjtIY+YGpB9yn1MCWuqatcsr7PAQ8H3ZgQEDcoIdEfWx40tCsxl1lOE4L/AjTrWAe9Oya5asijUBXiR2TkooR71rvjq9iCYBC4EKolTHtmJwMyKBU8FGRSdRLCZ0SPqso2lIAqbcbHLrCB9rpYf9SOqn156osxMZCZRKA093BgQGat4bi/95nQT8CzfjYZwAC+n0Iz8RGCI8Dg73uGQURKoJoZLrXTEdEJ0S6HiLOgR7/uRF0jyt2FbFvj0rVWt5HAV0iI5QGdnoHFXRDaqjBqLoCb2gd/RhPBtvxpfxPW1dMvKZA/QHxs8v5G2lqQ==</latexit><latexit sha1_base64="AuLHZm9aAb8EPu8yud88+RW7WTE=">AAACK3icbVDLSsNAFJ34rPUVdelmsAh1UxIRFEEodeOygn1AE8pkOmmHTh7O3Agh9n/c+CsudOEDt/6H0zaL2npg4Nxz7mXuPV4suALL+jSWlldW19YLG8XNre2dXXNvv6miRFLWoJGIZNsjigkesgZwEKwdS0YCT7CWN7we+60HJhWPwjtIY+YGpB9yn1MCWuqatcsr7PAQ8H3ZgQEDcoIdEfWx40tCsxl1lOE4L/AjTrWAe9Oya5asijUBXiR2TkooR71rvjq9iCYBC4EKolTHtmJwMyKBU8FGRSdRLCZ0SPqso2lIAqbcbHLrCB9rpYf9SOqn156osxMZCZRKA093BgQGat4bi/95nQT8CzfjYZwAC+n0Iz8RGCI8Dg73uGQURKoJoZLrXTEdEJ0S6HiLOgR7/uRF0jyt2FbFvj0rVWt5HAV0iI5QGdnoHFXRDaqjBqLoCb2gd/RhPBtvxpfxPW1dMvKZA/QHxs8v5G2lqQ==</latexit><latexit sha1_base64="AuLHZm9aAb8EPu8yud88+RW7WTE=">AAACK3icbVDLSsNAFJ34rPUVdelmsAh1UxIRFEEodeOygn1AE8pkOmmHTh7O3Agh9n/c+CsudOEDt/6H0zaL2npg4Nxz7mXuPV4suALL+jSWlldW19YLG8XNre2dXXNvv6miRFLWoJGIZNsjigkesgZwEKwdS0YCT7CWN7we+60HJhWPwjtIY+YGpB9yn1MCWuqatcsr7PAQ8H3ZgQEDcoIdEfWx40tCsxl1lOE4L/AjTrWAe9Oya5asijUBXiR2TkooR71rvjq9iCYBC4EKolTHtmJwMyKBU8FGRSdRLCZ0SPqso2lIAqbcbHLrCB9rpYf9SOqn156osxMZCZRKA093BgQGat4bi/95nQT8CzfjYZwAC+n0Iz8RGCI8Dg73uGQURKoJoZLrXTEdEJ0S6HiLOgR7/uRF0jyt2FbFvj0rVWt5HAV0iI5QGdnoHFXRDaqjBqLoCb2gd/RhPBtvxpfxPW1dMvKZA/QHxs8v5G2lqQ==</latexit>
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Why KL?

=

Z
q(✓) log

q(✓)p(y)

p(✓, y)
d✓ = log p(y)�

Z
q(✓) log

p(✓, y)

q(✓)
d✓

q⇤(✓)

NICE

CLOSE

p(✓|y)
• Variational Bayes
q⇤ = argminq2QKL (q(·)||p(·|y))

<latexit sha1_base64="9/DDYscHAkdhf/FmS2H4nFjPGDo=">AAACO3icbZDPaxNBFMdnW7U1Wk3r0cvDICQ9hN0itJdCsZeCHloxbSGbhtnJ22TozOxm5m0xbPb/8uI/4c2LFw+W4tW7kx+Itn0w8OH7fY9575vkSjoKw2/ByuqDh4/W1h/XnjzdePa8vrl16rLCCuyITGX2POEOlTTYIUkKz3OLXCcKz5LLw5l/doXWycx8pEmOPc2HRqZScPJSv/5hfLEN+xATfiKrS26HWpqqX44hlgZOqr /Ou/dVrDClJoybsRhk1ILpFPIFwxQmLYitHI6o1a83wnY4L7gL0RIabFnH/frXeJCJQqMhobhz3SjMqed3ISkUVrW4cJhzccmH2PVouEbXK+e3V/DaKwNIM+ufIZir/06UXDs30Ynv1JxG7rY3E+/zugWle71SmrwgNGLxUVoooAxmQcJAWhSkJh64sNLvCmLELRfk4675EKLbJ9+F0512FLajkzeNg7fLONbZS/aKNVnEdtkBO2LHrMME+8y+s5/sOvgS/Ahugl+L1pVgOfOC/VfB7z91bq0U</latexit><latexit sha1_base64="9/DDYscHAkdhf/FmS2H4nFjPGDo=">AAACO3icbZDPaxNBFMdnW7U1Wk3r0cvDICQ9hN0itJdCsZeCHloxbSGbhtnJ22TozOxm5m0xbPb/8uI/4c2LFw+W4tW7kx+Itn0w8OH7fY9575vkSjoKw2/ByuqDh4/W1h/XnjzdePa8vrl16rLCCuyITGX2POEOlTTYIUkKz3OLXCcKz5LLw5l/doXWycx8pEmOPc2HRqZScPJSv/5hfLEN+xATfiKrS26HWpqqX44hlgZOqr /Ou/dVrDClJoybsRhk1ILpFPIFwxQmLYitHI6o1a83wnY4L7gL0RIabFnH/frXeJCJQqMhobhz3SjMqed3ISkUVrW4cJhzccmH2PVouEbXK+e3V/DaKwNIM+ufIZir/06UXDs30Ynv1JxG7rY3E+/zugWle71SmrwgNGLxUVoooAxmQcJAWhSkJh64sNLvCmLELRfk4675EKLbJ9+F0512FLajkzeNg7fLONbZS/aKNVnEdtkBO2LHrMME+8y+s5/sOvgS/Ahugl+L1pVgOfOC/VfB7z91bq0U</latexit><latexit sha1_base64="9/DDYscHAkdhf/FmS2H4nFjPGDo=">AAACO3icbZDPaxNBFMdnW7U1Wk3r0cvDICQ9hN0itJdCsZeCHloxbSGbhtnJ22TozOxm5m0xbPb/8uI/4c2LFw+W4tW7kx+Itn0w8OH7fY9575vkSjoKw2/ByuqDh4/W1h/XnjzdePa8vrl16rLCCuyITGX2POEOlTTYIUkKz3OLXCcKz5LLw5l/doXWycx8pEmOPc2HRqZScPJSv/5hfLEN+xATfiKrS26HWpqqX44hlgZOqr /Ou/dVrDClJoybsRhk1ILpFPIFwxQmLYitHI6o1a83wnY4L7gL0RIabFnH/frXeJCJQqMhobhz3SjMqed3ISkUVrW4cJhzccmH2PVouEbXK+e3V/DaKwNIM+ufIZir/06UXDs30Ynv1JxG7rY3E+/zugWle71SmrwgNGLxUVoooAxmQcJAWhSkJh64sNLvCmLELRfk4675EKLbJ9+F0512FLajkzeNg7fLONbZS/aKNVnEdtkBO2LHrMME+8y+s5/sOvgS/Ahugl+L1pVgOfOC/VfB7z91bq0U</latexit><latexit sha1_base64="9/DDYscHAkdhf/FmS2H4nFjPGDo=">AAACO3icbZDPaxNBFMdnW7U1Wk3r0cvDICQ9hN0itJdCsZeCHloxbSGbhtnJ22TozOxm5m0xbPb/8uI/4c2LFw+W4tW7kx+Itn0w8OH7fY9575vkSjoKw2/ByuqDh4/W1h/XnjzdePa8vrl16rLCCuyITGX2POEOlTTYIUkKz3OLXCcKz5LLw5l/doXWycx8pEmOPc2HRqZScPJSv/5hfLEN+xATfiKrS26HWpqqX44hlgZOqr /Ou/dVrDClJoybsRhk1ILpFPIFwxQmLYitHI6o1a83wnY4L7gL0RIabFnH/frXeJCJQqMhobhz3SjMqed3ISkUVrW4cJhzccmH2PVouEbXK+e3V/DaKwNIM+ufIZir/06UXDs30Ynv1JxG7rY3E+/zugWle71SmrwgNGLxUVoooAxmQcJAWhSkJh64sNLvCmLELRfk4675EKLbJ9+F0512FLajkzeNg7fLONbZS/aKNVnEdtkBO2LHrMME+8y+s5/sOvgS/Ahugl+L1pVgOfOC/VfB7z91bq0U</latexit>

KL (q(·)||p(·|y))
<latexit sha1_base64="H5C5uxY6VK80YaXtuxqewtzWBx8=">AAACG3icbZDJSgNBEIZ73I3bqEcvjUFILmEmCHoUvQh6UDAqZIbQ01OTNOlZ7K4RwyTv4cVX8eJBEU+CB9/GznJw+6Hh468qqusPMik0Os6nNTU9Mzs3v7BYWlpeWV2z1zcudZorDg2eylRdB0yDFAk0UKCE60wBiwMJV0H3aFi/ugWlRZpcYC8DP2btRESCMzRWy657CHeo4uLkdOBJiLBCbyoeD1Os0n6fZmOmfdqrUk+Jdg erLbvs1JyR6F9wJ1AmE5217HcvTHkeQ4JcMq2brpOhXzCFgksYlLxcQ8Z4l7WhaTBhMWi/GN02oDvGCWmUKvMSpCP3+0TBYq17cWA6Y4Yd/bs2NP+rNXOM9v1CJFmOkPDxoiiXFFM6DIqGQgFH2TPAuBLmr5R3mGIcTZwlE4L7++S/cFmvuU7NPd8tHxxO4lggW2SbVIhL9sgBOSZnpEE4uSeP5Jm8WA/Wk/VqvY1bp6zJzCb5IevjCzsSoDw=</latexit><latexit sha1_base64="H5C5uxY6VK80YaXtuxqewtzWBx8=">AAACG3icbZDJSgNBEIZ73I3bqEcvjUFILmEmCHoUvQh6UDAqZIbQ01OTNOlZ7K4RwyTv4cVX8eJBEU+CB9/GznJw+6Hh468qqusPMik0Os6nNTU9Mzs3v7BYWlpeWV2z1zcudZorDg2eylRdB0yDFAk0UKCE60wBiwMJV0H3aFi/ugWlRZpcYC8DP2btRESCMzRWy657CHeo4uLkdOBJiLBCbyoeD1Os0n6fZmOmfdqrUk+Jdg erLbvs1JyR6F9wJ1AmE5217HcvTHkeQ4JcMq2brpOhXzCFgksYlLxcQ8Z4l7WhaTBhMWi/GN02oDvGCWmUKvMSpCP3+0TBYq17cWA6Y4Yd/bs2NP+rNXOM9v1CJFmOkPDxoiiXFFM6DIqGQgFH2TPAuBLmr5R3mGIcTZwlE4L7++S/cFmvuU7NPd8tHxxO4lggW2SbVIhL9sgBOSZnpEE4uSeP5Jm8WA/Wk/VqvY1bp6zJzCb5IevjCzsSoDw=</latexit><latexit sha1_base64="H5C5uxY6VK80YaXtuxqewtzWBx8=">AAACG3icbZDJSgNBEIZ73I3bqEcvjUFILmEmCHoUvQh6UDAqZIbQ01OTNOlZ7K4RwyTv4cVX8eJBEU+CB9/GznJw+6Hh468qqusPMik0Os6nNTU9Mzs3v7BYWlpeWV2z1zcudZorDg2eylRdB0yDFAk0UKCE60wBiwMJV0H3aFi/ugWlRZpcYC8DP2btRESCMzRWy657CHeo4uLkdOBJiLBCbyoeD1Os0n6fZmOmfdqrUk+Jdg erLbvs1JyR6F9wJ1AmE5217HcvTHkeQ4JcMq2brpOhXzCFgksYlLxcQ8Z4l7WhaTBhMWi/GN02oDvGCWmUKvMSpCP3+0TBYq17cWA6Y4Yd/bs2NP+rNXOM9v1CJFmOkPDxoiiXFFM6DIqGQgFH2TPAuBLmr5R3mGIcTZwlE4L7++S/cFmvuU7NPd8tHxxO4lggW2SbVIhL9sgBOSZnpEE4uSeP5Jm8WA/Wk/VqvY1bp6zJzCb5IevjCzsSoDw=</latexit><latexit sha1_base64="H5C5uxY6VK80YaXtuxqewtzWBx8=">AAACG3icbZDJSgNBEIZ73I3bqEcvjUFILmEmCHoUvQh6UDAqZIbQ01OTNOlZ7K4RwyTv4cVX8eJBEU+CB9/GznJw+6Hh468qqusPMik0Os6nNTU9Mzs3v7BYWlpeWV2z1zcudZorDg2eylRdB0yDFAk0UKCE60wBiwMJV0H3aFi/ugWlRZpcYC8DP2btRESCMzRWy657CHeo4uLkdOBJiLBCbyoeD1Os0n6fZmOmfdqrUk+Jdg erLbvs1JyR6F9wJ1AmE5217HcvTHkeQ4JcMq2brpOhXzCFgksYlLxcQ8Z4l7WhaTBhMWi/GN02oDvGCWmUKvMSpCP3+0TBYq17cWA6Y4Yd/bs2NP+rNXOM9v1CJFmOkPDxoiiXFFM6DIqGQgFH2TPAuBLmr5R3mGIcTZwlE4L7++S/cFmvuU7NPd8tHxxO4lggW2SbVIhL9sgBOSZnpEE4uSeP5Jm8WA/Wk/VqvY1bp6zJzCb5IevjCzsSoDw=</latexit>

:=

Z
q(✓) log

q(✓)

p(✓|y)d✓
<latexit sha1_base64="AuLHZm9aAb8EPu8yud88+RW7WTE=">AAACK3icbVDLSsNAFJ34rPUVdelmsAh1UxIRFEEodeOygn1AE8pkOmmHTh7O3Agh9n/c+CsudOEDt/6H0zaL2npg4Nxz7mXuPV4suALL+jSWlldW19YLG8XNre2dXXNvv6miRFLWoJGIZNsjigkesgZwEKwdS0YCT7CWN7we+60HJhWPwjtIY+YGpB9yn1MCWuqatcsr7PAQ8H3ZgQEDcoIdEfWx40tCsxl1lOE4L/AjTrWAe9Oya5asijUBXiR2TkooR71rvjq9iCYBC4EKolTHtmJwMyKBU8FGRSdRLCZ0SPqso2lIAqbcbHLrCB9rpYf9SOqn156osxMZCZRKA093BgQGat4bi/95nQT8CzfjYZwAC+n0Iz8RGCI8Dg73uGQURKoJoZLrXTEdEJ0S6HiLOgR7/uRF0jyt2FbFvj0rVWt5HAV0iI5QGdnoHFXRDaqjBqLoCb2gd/RhPBtvxpfxPW1dMvKZA/QHxs8v5G2lqQ==</latexit><latexit sha1_base64="AuLHZm9aAb8EPu8yud88+RW7WTE=">AAACK3icbVDLSsNAFJ34rPUVdelmsAh1UxIRFEEodeOygn1AE8pkOmmHTh7O3Agh9n/c+CsudOEDt/6H0zaL2npg4Nxz7mXuPV4suALL+jSWlldW19YLG8XNre2dXXNvv6miRFLWoJGIZNsjigkesgZwEKwdS0YCT7CWN7we+60HJhWPwjtIY+YGpB9yn1MCWuqatcsr7PAQ8H3ZgQEDcoIdEfWx40tCsxl1lOE4L/AjTrWAe9Oya5asijUBXiR2TkooR71rvjq9iCYBC4EKolTHtmJwMyKBU8FGRSdRLCZ0SPqso2lIAqbcbHLrCB9rpYf9SOqn156osxMZCZRKA093BgQGat4bi/95nQT8CzfjYZwAC+n0Iz8RGCI8Dg73uGQURKoJoZLrXTEdEJ0S6HiLOgR7/uRF0jyt2FbFvj0rVWt5HAV0iI5QGdnoHFXRDaqjBqLoCb2gd/RhPBtvxpfxPW1dMvKZA/QHxs8v5G2lqQ==</latexit><latexit sha1_base64="AuLHZm9aAb8EPu8yud88+RW7WTE=">AAACK3icbVDLSsNAFJ34rPUVdelmsAh1UxIRFEEodeOygn1AE8pkOmmHTh7O3Agh9n/c+CsudOEDt/6H0zaL2npg4Nxz7mXuPV4suALL+jSWlldW19YLG8XNre2dXXNvv6miRFLWoJGIZNsjigkesgZwEKwdS0YCT7CWN7we+60HJhWPwjtIY+YGpB9yn1MCWuqatcsr7PAQ8H3ZgQEDcoIdEfWx40tCsxl1lOE4L/AjTrWAe9Oya5asijUBXiR2TkooR71rvjq9iCYBC4EKolTHtmJwMyKBU8FGRSdRLCZ0SPqso2lIAqbcbHLrCB9rpYf9SOqn156osxMZCZRKA093BgQGat4bi/95nQT8CzfjYZwAC+n0Iz8RGCI8Dg73uGQURKoJoZLrXTEdEJ0S6HiLOgR7/uRF0jyt2FbFvj0rVWt5HAV0iI5QGdnoHFXRDaqjBqLoCb2gd/RhPBtvxpfxPW1dMvKZA/QHxs8v5G2lqQ==</latexit><latexit sha1_base64="AuLHZm9aAb8EPu8yud88+RW7WTE=">AAACK3icbVDLSsNAFJ34rPUVdelmsAh1UxIRFEEodeOygn1AE8pkOmmHTh7O3Agh9n/c+CsudOEDt/6H0zaL2npg4Nxz7mXuPV4suALL+jSWlldW19YLG8XNre2dXXNvv6miRFLWoJGIZNsjigkesgZwEKwdS0YCT7CWN7we+60HJhWPwjtIY+YGpB9yn1MCWuqatcsr7PAQ8H3ZgQEDcoIdEfWx40tCsxl1lOE4L/AjTrWAe9Oya5asijUBXiR2TkooR71rvjq9iCYBC4EKolTHtmJwMyKBU8FGRSdRLCZ0SPqso2lIAqbcbHLrCB9rpYf9SOqn156osxMZCZRKA093BgQGat4bi/95nQT8CzfjYZwAC+n0Iz8RGCI8Dg73uGQURKoJoZLrXTEdEJ0S6HiLOgR7/uRF0jyt2FbFvj0rVWt5HAV0iI5QGdnoHFXRDaqjBqLoCb2gd/RhPBtvxpfxPW1dMvKZA/QHxs8v5G2lqQ==</latexit>
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<latexit sha1_base64="9/DDYscHAkdhf/FmS2H4nFjPGDo=">AAACO3icbZDPaxNBFMdnW7U1Wk3r0cvDICQ9hN0itJdCsZeCHloxbSGbhtnJ22TozOxm5m0xbPb/8uI/4c2LFw+W4tW7kx+Itn0w8OH7fY9575vkSjoKw2/ByuqDh4/W1h/XnjzdePa8vrl16rLCCuyITGX2POEOlTTYIUkKz3OLXCcKz5LLw5l/doXWycx8pEmOPc2HRqZScPJSv/5hfLEN+xATfiKrS26HWpqqX44hlgZOqr /Ou/dVrDClJoybsRhk1ILpFPIFwxQmLYitHI6o1a83wnY4L7gL0RIabFnH/frXeJCJQqMhobhz3SjMqed3ISkUVrW4cJhzccmH2PVouEbXK+e3V/DaKwNIM+ufIZir/06UXDs30Ynv1JxG7rY3E+/zugWle71SmrwgNGLxUVoooAxmQcJAWhSkJh64sNLvCmLELRfk4675EKLbJ9+F0512FLajkzeNg7fLONbZS/aKNVnEdtkBO2LHrMME+8y+s5/sOvgS/Ahugl+L1pVgOfOC/VfB7z91bq0U</latexit><latexit sha1_base64="9/DDYscHAkdhf/FmS2H4nFjPGDo=">AAACO3icbZDPaxNBFMdnW7U1Wk3r0cvDICQ9hN0itJdCsZeCHloxbSGbhtnJ22TozOxm5m0xbPb/8uI/4c2LFw+W4tW7kx+Itn0w8OH7fY9575vkSjoKw2/ByuqDh4/W1h/XnjzdePa8vrl16rLCCuyITGX2POEOlTTYIUkKz3OLXCcKz5LLw5l/doXWycx8pEmOPc2HRqZScPJSv/5hfLEN+xATfiKrS26HWpqqX44hlgZOqr /Ou/dVrDClJoybsRhk1ILpFPIFwxQmLYitHI6o1a83wnY4L7gL0RIabFnH/frXeJCJQqMhobhz3SjMqed3ISkUVrW4cJhzccmH2PVouEbXK+e3V/DaKwNIM+ufIZir/06UXDs30Ynv1JxG7rY3E+/zugWle71SmrwgNGLxUVoooAxmQcJAWhSkJh64sNLvCmLELRfk4675EKLbJ9+F0512FLajkzeNg7fLONbZS/aKNVnEdtkBO2LHrMME+8y+s5/sOvgS/Ahugl+L1pVgOfOC/VfB7z91bq0U</latexit><latexit sha1_base64="9/DDYscHAkdhf/FmS2H4nFjPGDo=">AAACO3icbZDPaxNBFMdnW7U1Wk3r0cvDICQ9hN0itJdCsZeCHloxbSGbhtnJ22TozOxm5m0xbPb/8uI/4c2LFw+W4tW7kx+Itn0w8OH7fY9575vkSjoKw2/ByuqDh4/W1h/XnjzdePa8vrl16rLCCuyITGX2POEOlTTYIUkKz3OLXCcKz5LLw5l/doXWycx8pEmOPc2HRqZScPJSv/5hfLEN+xATfiKrS26HWpqqX44hlgZOqr /Ou/dVrDClJoybsRhk1ILpFPIFwxQmLYitHI6o1a83wnY4L7gL0RIabFnH/frXeJCJQqMhobhz3SjMqed3ISkUVrW4cJhzccmH2PVouEbXK+e3V/DaKwNIM+ufIZir/06UXDs30Ynv1JxG7rY3E+/zugWle71SmrwgNGLxUVoooAxmQcJAWhSkJh64sNLvCmLELRfk4675EKLbJ9+F0512FLajkzeNg7fLONbZS/aKNVnEdtkBO2LHrMME+8y+s5/sOvgS/Ahugl+L1pVgOfOC/VfB7z91bq0U</latexit><latexit sha1_base64="9/DDYscHAkdhf/FmS2H4nFjPGDo=">AAACO3icbZDPaxNBFMdnW7U1Wk3r0cvDICQ9hN0itJdCsZeCHloxbSGbhtnJ22TozOxm5m0xbPb/8uI/4c2LFw+W4tW7kx+Itn0w8OH7fY9575vkSjoKw2/ByuqDh4/W1h/XnjzdePa8vrl16rLCCuyITGX2POEOlTTYIUkKz3OLXCcKz5LLw5l/doXWycx8pEmOPc2HRqZScPJSv/5hfLEN+xATfiKrS26HWpqqX44hlgZOqr /Ou/dVrDClJoybsRhk1ILpFPIFwxQmLYitHI6o1a83wnY4L7gL0RIabFnH/frXeJCJQqMhobhz3SjMqed3ISkUVrW4cJhzccmH2PVouEbXK+e3V/DaKwNIM+ufIZir/06UXDs30Ynv1JxG7rY3E+/zugWle71SmrwgNGLxUVoooAxmQcJAWhSkJh64sNLvCmLELRfk4675EKLbJ9+F0512FLajkzeNg7fLONbZS/aKNVnEdtkBO2LHrMME+8y+s5/sOvgS/Ahugl+L1pVgOfOC/VfB7z91bq0U</latexit>

KL (q(·)||p(·|y))
<latexit sha1_base64="H5C5uxY6VK80YaXtuxqewtzWBx8=">AAACG3icbZDJSgNBEIZ73I3bqEcvjUFILmEmCHoUvQh6UDAqZIbQ01OTNOlZ7K4RwyTv4cVX8eJBEU+CB9/GznJw+6Hh468qqusPMik0Os6nNTU9Mzs3v7BYWlpeWV2z1zcudZorDg2eylRdB0yDFAk0UKCE60wBiwMJV0H3aFi/ugWlRZpcYC8DP2btRESCMzRWy657CHeo4uLkdOBJiLBCbyoeD1Os0n6fZmOmfdqrUk+Jdg erLbvs1JyR6F9wJ1AmE5217HcvTHkeQ4JcMq2brpOhXzCFgksYlLxcQ8Z4l7WhaTBhMWi/GN02oDvGCWmUKvMSpCP3+0TBYq17cWA6Y4Yd/bs2NP+rNXOM9v1CJFmOkPDxoiiXFFM6DIqGQgFH2TPAuBLmr5R3mGIcTZwlE4L7++S/cFmvuU7NPd8tHxxO4lggW2SbVIhL9sgBOSZnpEE4uSeP5Jm8WA/Wk/VqvY1bp6zJzCb5IevjCzsSoDw=</latexit><latexit sha1_base64="H5C5uxY6VK80YaXtuxqewtzWBx8=">AAACG3icbZDJSgNBEIZ73I3bqEcvjUFILmEmCHoUvQh6UDAqZIbQ01OTNOlZ7K4RwyTv4cVX8eJBEU+CB9/GznJw+6Hh468qqusPMik0Os6nNTU9Mzs3v7BYWlpeWV2z1zcudZorDg2eylRdB0yDFAk0UKCE60wBiwMJV0H3aFi/ugWlRZpcYC8DP2btRESCMzRWy657CHeo4uLkdOBJiLBCbyoeD1Os0n6fZmOmfdqrUk+Jdg erLbvs1JyR6F9wJ1AmE5217HcvTHkeQ4JcMq2brpOhXzCFgksYlLxcQ8Z4l7WhaTBhMWi/GN02oDvGCWmUKvMSpCP3+0TBYq17cWA6Y4Yd/bs2NP+rNXOM9v1CJFmOkPDxoiiXFFM6DIqGQgFH2TPAuBLmr5R3mGIcTZwlE4L7++S/cFmvuU7NPd8tHxxO4lggW2SbVIhL9sgBOSZnpEE4uSeP5Jm8WA/Wk/VqvY1bp6zJzCb5IevjCzsSoDw=</latexit><latexit sha1_base64="H5C5uxY6VK80YaXtuxqewtzWBx8=">AAACG3icbZDJSgNBEIZ73I3bqEcvjUFILmEmCHoUvQh6UDAqZIbQ01OTNOlZ7K4RwyTv4cVX8eJBEU+CB9/GznJw+6Hh468qqusPMik0Os6nNTU9Mzs3v7BYWlpeWV2z1zcudZorDg2eylRdB0yDFAk0UKCE60wBiwMJV0H3aFi/ugWlRZpcYC8DP2btRESCMzRWy657CHeo4uLkdOBJiLBCbyoeD1Os0n6fZmOmfdqrUk+Jdg erLbvs1JyR6F9wJ1AmE5217HcvTHkeQ4JcMq2brpOhXzCFgksYlLxcQ8Z4l7WhaTBhMWi/GN02oDvGCWmUKvMSpCP3+0TBYq17cWA6Y4Yd/bs2NP+rNXOM9v1CJFmOkPDxoiiXFFM6DIqGQgFH2TPAuBLmr5R3mGIcTZwlE4L7++S/cFmvuU7NPd8tHxxO4lggW2SbVIhL9sgBOSZnpEE4uSeP5Jm8WA/Wk/VqvY1bp6zJzCb5IevjCzsSoDw=</latexit><latexit sha1_base64="H5C5uxY6VK80YaXtuxqewtzWBx8=">AAACG3icbZDJSgNBEIZ73I3bqEcvjUFILmEmCHoUvQh6UDAqZIbQ01OTNOlZ7K4RwyTv4cVX8eJBEU+CB9/GznJw+6Hh468qqusPMik0Os6nNTU9Mzs3v7BYWlpeWV2z1zcudZorDg2eylRdB0yDFAk0UKCE60wBiwMJV0H3aFi/ugWlRZpcYC8DP2btRESCMzRWy657CHeo4uLkdOBJiLBCbyoeD1Os0n6fZmOmfdqrUk+Jdg erLbvs1JyR6F9wJ1AmE5217HcvTHkeQ4JcMq2brpOhXzCFgksYlLxcQ8Z4l7WhaTBhMWi/GN02oDvGCWmUKvMSpCP3+0TBYq17cWA6Y4Yd/bs2NP+rNXOM9v1CJFmOkPDxoiiXFFM6DIqGQgFH2TPAuBLmr5R3mGIcTZwlE4L7++S/cFmvuU7NPd8tHxxO4lggW2SbVIhL9sgBOSZnpEE4uSeP5Jm8WA/Wk/VqvY1bp6zJzCb5IevjCzsSoDw=</latexit>
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Z
q(✓) log

q(✓)

p(✓|y)d✓
<latexit sha1_base64="AuLHZm9aAb8EPu8yud88+RW7WTE=">AAACK3icbVDLSsNAFJ34rPUVdelmsAh1UxIRFEEodeOygn1AE8pkOmmHTh7O3Agh9n/c+CsudOEDt/6H0zaL2npg4Nxz7mXuPV4suALL+jSWlldW19YLG8XNre2dXXNvv6miRFLWoJGIZNsjigkesgZwEKwdS0YCT7CWN7we+60HJhWPwjtIY+YGpB9yn1MCWuqatcsr7PAQ8H3ZgQEDcoIdEfWx40tCsxl1lOE4L/AjTrWAe9Oya5asijUBXiR2TkooR71rvjq9iCYBC4EKolTHtmJwMyKBU8FGRSdRLCZ0SPqso2lIAqbcbHLrCB9rpYf9SOqn156osxMZCZRKA093BgQGat4bi/95nQT8CzfjYZwAC+n0Iz8RGCI8Dg73uGQURKoJoZLrXTEdEJ0S6HiLOgR7/uRF0jyt2FbFvj0rVWt5HAV0iI5QGdnoHFXRDaqjBqLoCb2gd/RhPBtvxpfxPW1dMvKZA/QHxs8v5G2lqQ==</latexit><latexit sha1_base64="AuLHZm9aAb8EPu8yud88+RW7WTE=">AAACK3icbVDLSsNAFJ34rPUVdelmsAh1UxIRFEEodeOygn1AE8pkOmmHTh7O3Agh9n/c+CsudOEDt/6H0zaL2npg4Nxz7mXuPV4suALL+jSWlldW19YLG8XNre2dXXNvv6miRFLWoJGIZNsjigkesgZwEKwdS0YCT7CWN7we+60HJhWPwjtIY+YGpB9yn1MCWuqatcsr7PAQ8H3ZgQEDcoIdEfWx40tCsxl1lOE4L/AjTrWAe9Oya5asijUBXiR2TkooR71rvjq9iCYBC4EKolTHtmJwMyKBU8FGRSdRLCZ0SPqso2lIAqbcbHLrCB9rpYf9SOqn156osxMZCZRKA093BgQGat4bi/95nQT8CzfjYZwAC+n0Iz8RGCI8Dg73uGQURKoJoZLrXTEdEJ0S6HiLOgR7/uRF0jyt2FbFvj0rVWt5HAV0iI5QGdnoHFXRDaqjBqLoCb2gd/RhPBtvxpfxPW1dMvKZA/QHxs8v5G2lqQ==</latexit><latexit sha1_base64="AuLHZm9aAb8EPu8yud88+RW7WTE=">AAACK3icbVDLSsNAFJ34rPUVdelmsAh1UxIRFEEodeOygn1AE8pkOmmHTh7O3Agh9n/c+CsudOEDt/6H0zaL2npg4Nxz7mXuPV4suALL+jSWlldW19YLG8XNre2dXXNvv6miRFLWoJGIZNsjigkesgZwEKwdS0YCT7CWN7we+60HJhWPwjtIY+YGpB9yn1MCWuqatcsr7PAQ8H3ZgQEDcoIdEfWx40tCsxl1lOE4L/AjTrWAe9Oya5asijUBXiR2TkooR71rvjq9iCYBC4EKolTHtmJwMyKBU8FGRSdRLCZ0SPqso2lIAqbcbHLrCB9rpYf9SOqn156osxMZCZRKA093BgQGat4bi/95nQT8CzfjYZwAC+n0Iz8RGCI8Dg73uGQURKoJoZLrXTEdEJ0S6HiLOgR7/uRF0jyt2FbFvj0rVWt5HAV0iI5QGdnoHFXRDaqjBqLoCb2gd/RhPBtvxpfxPW1dMvKZA/QHxs8v5G2lqQ==</latexit><latexit sha1_base64="AuLHZm9aAb8EPu8yud88+RW7WTE=">AAACK3icbVDLSsNAFJ34rPUVdelmsAh1UxIRFEEodeOygn1AE8pkOmmHTh7O3Agh9n/c+CsudOEDt/6H0zaL2npg4Nxz7mXuPV4suALL+jSWlldW19YLG8XNre2dXXNvv6miRFLWoJGIZNsjigkesgZwEKwdS0YCT7CWN7we+60HJhWPwjtIY+YGpB9yn1MCWuqatcsr7PAQ8H3ZgQEDcoIdEfWx40tCsxl1lOE4L/AjTrWAe9Oya5asijUBXiR2TkooR71rvjq9iCYBC4EKolTHtmJwMyKBU8FGRSdRLCZ0SPqso2lIAqbcbHLrCB9rpYf9SOqn156osxMZCZRKA093BgQGat4bi/95nQT8CzfjYZwAC+n0Iz8RGCI8Dg73uGQURKoJoZLrXTEdEJ0S6HiLOgR7/uRF0jyt2FbFvj0rVWt5HAV0iI5QGdnoHFXRDaqjBqLoCb2gd/RhPBtvxpfxPW1dMvKZA/QHxs8v5G2lqQ==</latexit>
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<latexit sha1_base64="9/DDYscHAkdhf/FmS2H4nFjPGDo=">AAACO3icbZDPaxNBFMdnW7U1Wk3r0cvDICQ9hN0itJdCsZeCHloxbSGbhtnJ22TozOxm5m0xbPb/8uI/4c2LFw+W4tW7kx+Itn0w8OH7fY9575vkSjoKw2/ByuqDh4/W1h/XnjzdePa8vrl16rLCCuyITGX2POEOlTTYIUkKz3OLXCcKz5LLw5l/doXWycx8pEmOPc2HRqZScPJSv/5hfLEN+xATfiKrS26HWpqqX44hlgZOqr /Ou/dVrDClJoybsRhk1ILpFPIFwxQmLYitHI6o1a83wnY4L7gL0RIabFnH/frXeJCJQqMhobhz3SjMqed3ISkUVrW4cJhzccmH2PVouEbXK+e3V/DaKwNIM+ufIZir/06UXDs30Ynv1JxG7rY3E+/zugWle71SmrwgNGLxUVoooAxmQcJAWhSkJh64sNLvCmLELRfk4675EKLbJ9+F0512FLajkzeNg7fLONbZS/aKNVnEdtkBO2LHrMME+8y+s5/sOvgS/Ahugl+L1pVgOfOC/VfB7z91bq0U</latexit><latexit sha1_base64="9/DDYscHAkdhf/FmS2H4nFjPGDo=">AAACO3icbZDPaxNBFMdnW7U1Wk3r0cvDICQ9hN0itJdCsZeCHloxbSGbhtnJ22TozOxm5m0xbPb/8uI/4c2LFw+W4tW7kx+Itn0w8OH7fY9575vkSjoKw2/ByuqDh4/W1h/XnjzdePa8vrl16rLCCuyITGX2POEOlTTYIUkKz3OLXCcKz5LLw5l/doXWycx8pEmOPc2HRqZScPJSv/5hfLEN+xATfiKrS26HWpqqX44hlgZOqr /Ou/dVrDClJoybsRhk1ILpFPIFwxQmLYitHI6o1a83wnY4L7gL0RIabFnH/frXeJCJQqMhobhz3SjMqed3ISkUVrW4cJhzccmH2PVouEbXK+e3V/DaKwNIM+ufIZir/06UXDs30Ynv1JxG7rY3E+/zugWle71SmrwgNGLxUVoooAxmQcJAWhSkJh64sNLvCmLELRfk4675EKLbJ9+F0512FLajkzeNg7fLONbZS/aKNVnEdtkBO2LHrMME+8y+s5/sOvgS/Ahugl+L1pVgOfOC/VfB7z91bq0U</latexit><latexit sha1_base64="9/DDYscHAkdhf/FmS2H4nFjPGDo=">AAACO3icbZDPaxNBFMdnW7U1Wk3r0cvDICQ9hN0itJdCsZeCHloxbSGbhtnJ22TozOxm5m0xbPb/8uI/4c2LFw+W4tW7kx+Itn0w8OH7fY9575vkSjoKw2/ByuqDh4/W1h/XnjzdePa8vrl16rLCCuyITGX2POEOlTTYIUkKz3OLXCcKz5LLw5l/doXWycx8pEmOPc2HRqZScPJSv/5hfLEN+xATfiKrS26HWpqqX44hlgZOqr /Ou/dVrDClJoybsRhk1ILpFPIFwxQmLYitHI6o1a83wnY4L7gL0RIabFnH/frXeJCJQqMhobhz3SjMqed3ISkUVrW4cJhzccmH2PVouEbXK+e3V/DaKwNIM+ufIZir/06UXDs30Ynv1JxG7rY3E+/zugWle71SmrwgNGLxUVoooAxmQcJAWhSkJh64sNLvCmLELRfk4675EKLbJ9+F0512FLajkzeNg7fLONbZS/aKNVnEdtkBO2LHrMME+8y+s5/sOvgS/Ahugl+L1pVgOfOC/VfB7z91bq0U</latexit><latexit sha1_base64="9/DDYscHAkdhf/FmS2H4nFjPGDo=">AAACO3icbZDPaxNBFMdnW7U1Wk3r0cvDICQ9hN0itJdCsZeCHloxbSGbhtnJ22TozOxm5m0xbPb/8uI/4c2LFw+W4tW7kx+Itn0w8OH7fY9575vkSjoKw2/ByuqDh4/W1h/XnjzdePa8vrl16rLCCuyITGX2POEOlTTYIUkKz3OLXCcKz5LLw5l/doXWycx8pEmOPc2HRqZScPJSv/5hfLEN+xATfiKrS26HWpqqX44hlgZOqr /Ou/dVrDClJoybsRhk1ILpFPIFwxQmLYitHI6o1a83wnY4L7gL0RIabFnH/frXeJCJQqMhobhz3SjMqed3ISkUVrW4cJhzccmH2PVouEbXK+e3V/DaKwNIM+ufIZir/06UXDs30Ynv1JxG7rY3E+/zugWle71SmrwgNGLxUVoooAxmQcJAWhSkJh64sNLvCmLELRfk4675EKLbJ9+F0512FLajkzeNg7fLONbZS/aKNVnEdtkBO2LHrMME+8y+s5/sOvgS/Ahugl+L1pVgOfOC/VfB7z91bq0U</latexit>

KL (q(·)||p(·|y))
<latexit sha1_base64="H5C5uxY6VK80YaXtuxqewtzWBx8=">AAACG3icbZDJSgNBEIZ73I3bqEcvjUFILmEmCHoUvQh6UDAqZIbQ01OTNOlZ7K4RwyTv4cVX8eJBEU+CB9/GznJw+6Hh468qqusPMik0Os6nNTU9Mzs3v7BYWlpeWV2z1zcudZorDg2eylRdB0yDFAk0UKCE60wBiwMJV0H3aFi/ugWlRZpcYC8DP2btRESCMzRWy657CHeo4uLkdOBJiLBCbyoeD1Os0n6fZmOmfdqrUk+Jdg erLbvs1JyR6F9wJ1AmE5217HcvTHkeQ4JcMq2brpOhXzCFgksYlLxcQ8Z4l7WhaTBhMWi/GN02oDvGCWmUKvMSpCP3+0TBYq17cWA6Y4Yd/bs2NP+rNXOM9v1CJFmOkPDxoiiXFFM6DIqGQgFH2TPAuBLmr5R3mGIcTZwlE4L7++S/cFmvuU7NPd8tHxxO4lggW2SbVIhL9sgBOSZnpEE4uSeP5Jm8WA/Wk/VqvY1bp6zJzCb5IevjCzsSoDw=</latexit><latexit sha1_base64="H5C5uxY6VK80YaXtuxqewtzWBx8=">AAACG3icbZDJSgNBEIZ73I3bqEcvjUFILmEmCHoUvQh6UDAqZIbQ01OTNOlZ7K4RwyTv4cVX8eJBEU+CB9/GznJw+6Hh468qqusPMik0Os6nNTU9Mzs3v7BYWlpeWV2z1zcudZorDg2eylRdB0yDFAk0UKCE60wBiwMJV0H3aFi/ugWlRZpcYC8DP2btRESCMzRWy657CHeo4uLkdOBJiLBCbyoeD1Os0n6fZmOmfdqrUk+Jdg erLbvs1JyR6F9wJ1AmE5217HcvTHkeQ4JcMq2brpOhXzCFgksYlLxcQ8Z4l7WhaTBhMWi/GN02oDvGCWmUKvMSpCP3+0TBYq17cWA6Y4Yd/bs2NP+rNXOM9v1CJFmOkPDxoiiXFFM6DIqGQgFH2TPAuBLmr5R3mGIcTZwlE4L7++S/cFmvuU7NPd8tHxxO4lggW2SbVIhL9sgBOSZnpEE4uSeP5Jm8WA/Wk/VqvY1bp6zJzCb5IevjCzsSoDw=</latexit><latexit sha1_base64="H5C5uxY6VK80YaXtuxqewtzWBx8=">AAACG3icbZDJSgNBEIZ73I3bqEcvjUFILmEmCHoUvQh6UDAqZIbQ01OTNOlZ7K4RwyTv4cVX8eJBEU+CB9/GznJw+6Hh468qqusPMik0Os6nNTU9Mzs3v7BYWlpeWV2z1zcudZorDg2eylRdB0yDFAk0UKCE60wBiwMJV0H3aFi/ugWlRZpcYC8DP2btRESCMzRWy657CHeo4uLkdOBJiLBCbyoeD1Os0n6fZmOmfdqrUk+Jdg erLbvs1JyR6F9wJ1AmE5217HcvTHkeQ4JcMq2brpOhXzCFgksYlLxcQ8Z4l7WhaTBhMWi/GN02oDvGCWmUKvMSpCP3+0TBYq17cWA6Y4Yd/bs2NP+rNXOM9v1CJFmOkPDxoiiXFFM6DIqGQgFH2TPAuBLmr5R3mGIcTZwlE4L7++S/cFmvuU7NPd8tHxxO4lggW2SbVIhL9sgBOSZnpEE4uSeP5Jm8WA/Wk/VqvY1bp6zJzCb5IevjCzsSoDw=</latexit><latexit sha1_base64="H5C5uxY6VK80YaXtuxqewtzWBx8=">AAACG3icbZDJSgNBEIZ73I3bqEcvjUFILmEmCHoUvQh6UDAqZIbQ01OTNOlZ7K4RwyTv4cVX8eJBEU+CB9/GznJw+6Hh468qqusPMik0Os6nNTU9Mzs3v7BYWlpeWV2z1zcudZorDg2eylRdB0yDFAk0UKCE60wBiwMJV0H3aFi/ugWlRZpcYC8DP2btRESCMzRWy657CHeo4uLkdOBJiLBCbyoeD1Os0n6fZmOmfdqrUk+Jdg erLbvs1JyR6F9wJ1AmE5217HcvTHkeQ4JcMq2brpOhXzCFgksYlLxcQ8Z4l7WhaTBhMWi/GN02oDvGCWmUKvMSpCP3+0TBYq17cWA6Y4Yd/bs2NP+rNXOM9v1CJFmOkPDxoiiXFFM6DIqGQgFH2TPAuBLmr5R3mGIcTZwlE4L7++S/cFmvuU7NPd8tHxxO4lggW2SbVIhL9sgBOSZnpEE4uSeP5Jm8WA/Wk/VqvY1bp6zJzCb5IevjCzsSoDw=</latexit>

:=

Z
q(✓) log

q(✓)

p(✓|y)d✓
<latexit sha1_base64="AuLHZm9aAb8EPu8yud88+RW7WTE=">AAACK3icbVDLSsNAFJ34rPUVdelmsAh1UxIRFEEodeOygn1AE8pkOmmHTh7O3Agh9n/c+CsudOEDt/6H0zaL2npg4Nxz7mXuPV4suALL+jSWlldW19YLG8XNre2dXXNvv6miRFLWoJGIZNsjigkesgZwEKwdS0YCT7CWN7we+60HJhWPwjtIY+YGpB9yn1MCWuqatcsr7PAQ8H3ZgQEDcoIdEfWx40tCsxl1lOE4L/AjTrWAe9Oya5asijUBXiR2TkooR71rvjq9iCYBC4EKolTHtmJwMyKBU8FGRSdRLCZ0SPqso2lIAqbcbHLrCB9rpYf9SOqn156osxMZCZRKA093BgQGat4bi/95nQT8CzfjYZwAC+n0Iz8RGCI8Dg73uGQURKoJoZLrXTEdEJ0S6HiLOgR7/uRF0jyt2FbFvj0rVWt5HAV0iI5QGdnoHFXRDaqjBqLoCb2gd/RhPBtvxpfxPW1dMvKZA/QHxs8v5G2lqQ==</latexit><latexit sha1_base64="AuLHZm9aAb8EPu8yud88+RW7WTE=">AAACK3icbVDLSsNAFJ34rPUVdelmsAh1UxIRFEEodeOygn1AE8pkOmmHTh7O3Agh9n/c+CsudOEDt/6H0zaL2npg4Nxz7mXuPV4suALL+jSWlldW19YLG8XNre2dXXNvv6miRFLWoJGIZNsjigkesgZwEKwdS0YCT7CWN7we+60HJhWPwjtIY+YGpB9yn1MCWuqatcsr7PAQ8H3ZgQEDcoIdEfWx40tCsxl1lOE4L/AjTrWAe9Oya5asijUBXiR2TkooR71rvjq9iCYBC4EKolTHtmJwMyKBU8FGRSdRLCZ0SPqso2lIAqbcbHLrCB9rpYf9SOqn156osxMZCZRKA093BgQGat4bi/95nQT8CzfjYZwAC+n0Iz8RGCI8Dg73uGQURKoJoZLrXTEdEJ0S6HiLOgR7/uRF0jyt2FbFvj0rVWt5HAV0iI5QGdnoHFXRDaqjBqLoCb2gd/RhPBtvxpfxPW1dMvKZA/QHxs8v5G2lqQ==</latexit><latexit sha1_base64="AuLHZm9aAb8EPu8yud88+RW7WTE=">AAACK3icbVDLSsNAFJ34rPUVdelmsAh1UxIRFEEodeOygn1AE8pkOmmHTh7O3Agh9n/c+CsudOEDt/6H0zaL2npg4Nxz7mXuPV4suALL+jSWlldW19YLG8XNre2dXXNvv6miRFLWoJGIZNsjigkesgZwEKwdS0YCT7CWN7we+60HJhWPwjtIY+YGpB9yn1MCWuqatcsr7PAQ8H3ZgQEDcoIdEfWx40tCsxl1lOE4L/AjTrWAe9Oya5asijUBXiR2TkooR71rvjq9iCYBC4EKolTHtmJwMyKBU8FGRSdRLCZ0SPqso2lIAqbcbHLrCB9rpYf9SOqn156osxMZCZRKA093BgQGat4bi/95nQT8CzfjYZwAC+n0Iz8RGCI8Dg73uGQURKoJoZLrXTEdEJ0S6HiLOgR7/uRF0jyt2FbFvj0rVWt5HAV0iI5QGdnoHFXRDaqjBqLoCb2gd/RhPBtvxpfxPW1dMvKZA/QHxs8v5G2lqQ==</latexit><latexit sha1_base64="AuLHZm9aAb8EPu8yud88+RW7WTE=">AAACK3icbVDLSsNAFJ34rPUVdelmsAh1UxIRFEEodeOygn1AE8pkOmmHTh7O3Agh9n/c+CsudOEDt/6H0zaL2npg4Nxz7mXuPV4suALL+jSWlldW19YLG8XNre2dXXNvv6miRFLWoJGIZNsjigkesgZwEKwdS0YCT7CWN7we+60HJhWPwjtIY+YGpB9yn1MCWuqatcsr7PAQ8H3ZgQEDcoIdEfWx40tCsxl1lOE4L/AjTrWAe9Oya5asijUBXiR2TkooR71rvjq9iCYBC4EKolTHtmJwMyKBU8FGRSdRLCZ0SPqso2lIAqbcbHLrCB9rpYf9SOqn156osxMZCZRKA093BgQGat4bi/95nQT8CzfjYZwAC+n0Iz8RGCI8Dg73uGQURKoJoZLrXTEdEJ0S6HiLOgR7/uRF0jyt2FbFvj0rVWt5HAV0iI5QGdnoHFXRDaqjBqLoCb2gd/RhPBtvxpfxPW1dMvKZA/QHxs8v5G2lqQ==</latexit>
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Why KL?

“Evidence lower 
bound” (ELBO)

=

Z
q(✓) log

q(✓)p(y)

p(✓, y)
d✓ = log p(y)�

Z
q(✓) log

p(✓, y)

q(✓)
d✓

q⇤(✓)

NICE

CLOSE

p(✓|y)
• Variational Bayes
q⇤ = argminq2QKL (q(·)||p(·|y))

<latexit sha1_base64="9/DDYscHAkdhf/FmS2H4nFjPGDo=">AAACO3icbZDPaxNBFMdnW7U1Wk3r0cvDICQ9hN0itJdCsZeCHloxbSGbhtnJ22TozOxm5m0xbPb/8uI/4c2LFw+W4tW7kx+Itn0w8OH7fY9575vkSjoKw2/ByuqDh4/W1h/XnjzdePa8vrl16rLCCuyITGX2POEOlTTYIUkKz3OLXCcKz5LLw5l/doXWycx8pEmOPc2HRqZScPJSv/5hfLEN+xATfiKrS26HWpqqX44hlgZOqr /Ou/dVrDClJoybsRhk1ILpFPIFwxQmLYitHI6o1a83wnY4L7gL0RIabFnH/frXeJCJQqMhobhz3SjMqed3ISkUVrW4cJhzccmH2PVouEbXK+e3V/DaKwNIM+ufIZir/06UXDs30Ynv1JxG7rY3E+/zugWle71SmrwgNGLxUVoooAxmQcJAWhSkJh64sNLvCmLELRfk4675EKLbJ9+F0512FLajkzeNg7fLONbZS/aKNVnEdtkBO2LHrMME+8y+s5/sOvgS/Ahugl+L1pVgOfOC/VfB7z91bq0U</latexit><latexit sha1_base64="9/DDYscHAkdhf/FmS2H4nFjPGDo=">AAACO3icbZDPaxNBFMdnW7U1Wk3r0cvDICQ9hN0itJdCsZeCHloxbSGbhtnJ22TozOxm5m0xbPb/8uI/4c2LFw+W4tW7kx+Itn0w8OH7fY9575vkSjoKw2/ByuqDh4/W1h/XnjzdePa8vrl16rLCCuyITGX2POEOlTTYIUkKz3OLXCcKz5LLw5l/doXWycx8pEmOPc2HRqZScPJSv/5hfLEN+xATfiKrS26HWpqqX44hlgZOqr /Ou/dVrDClJoybsRhk1ILpFPIFwxQmLYitHI6o1a83wnY4L7gL0RIabFnH/frXeJCJQqMhobhz3SjMqed3ISkUVrW4cJhzccmH2PVouEbXK+e3V/DaKwNIM+ufIZir/06UXDs30Ynv1JxG7rY3E+/zugWle71SmrwgNGLxUVoooAxmQcJAWhSkJh64sNLvCmLELRfk4675EKLbJ9+F0512FLajkzeNg7fLONbZS/aKNVnEdtkBO2LHrMME+8y+s5/sOvgS/Ahugl+L1pVgOfOC/VfB7z91bq0U</latexit><latexit sha1_base64="9/DDYscHAkdhf/FmS2H4nFjPGDo=">AAACO3icbZDPaxNBFMdnW7U1Wk3r0cvDICQ9hN0itJdCsZeCHloxbSGbhtnJ22TozOxm5m0xbPb/8uI/4c2LFw+W4tW7kx+Itn0w8OH7fY9575vkSjoKw2/ByuqDh4/W1h/XnjzdePa8vrl16rLCCuyITGX2POEOlTTYIUkKz3OLXCcKz5LLw5l/doXWycx8pEmOPc2HRqZScPJSv/5hfLEN+xATfiKrS26HWpqqX44hlgZOqr /Ou/dVrDClJoybsRhk1ILpFPIFwxQmLYitHI6o1a83wnY4L7gL0RIabFnH/frXeJCJQqMhobhz3SjMqed3ISkUVrW4cJhzccmH2PVouEbXK+e3V/DaKwNIM+ufIZir/06UXDs30Ynv1JxG7rY3E+/zugWle71SmrwgNGLxUVoooAxmQcJAWhSkJh64sNLvCmLELRfk4675EKLbJ9+F0512FLajkzeNg7fLONbZS/aKNVnEdtkBO2LHrMME+8y+s5/sOvgS/Ahugl+L1pVgOfOC/VfB7z91bq0U</latexit><latexit sha1_base64="9/DDYscHAkdhf/FmS2H4nFjPGDo=">AAACO3icbZDPaxNBFMdnW7U1Wk3r0cvDICQ9hN0itJdCsZeCHloxbSGbhtnJ22TozOxm5m0xbPb/8uI/4c2LFw+W4tW7kx+Itn0w8OH7fY9575vkSjoKw2/ByuqDh4/W1h/XnjzdePa8vrl16rLCCuyITGX2POEOlTTYIUkKz3OLXCcKz5LLw5l/doXWycx8pEmOPc2HRqZScPJSv/5hfLEN+xATfiKrS26HWpqqX44hlgZOqr /Ou/dVrDClJoybsRhk1ILpFPIFwxQmLYitHI6o1a83wnY4L7gL0RIabFnH/frXeJCJQqMhobhz3SjMqed3ISkUVrW4cJhzccmH2PVouEbXK+e3V/DaKwNIM+ufIZir/06UXDs30Ynv1JxG7rY3E+/zugWle71SmrwgNGLxUVoooAxmQcJAWhSkJh64sNLvCmLELRfk4675EKLbJ9+F0512FLajkzeNg7fLONbZS/aKNVnEdtkBO2LHrMME+8y+s5/sOvgS/Ahugl+L1pVgOfOC/VfB7z91bq0U</latexit>

KL (q(·)||p(·|y))
<latexit sha1_base64="H5C5uxY6VK80YaXtuxqewtzWBx8=">AAACG3icbZDJSgNBEIZ73I3bqEcvjUFILmEmCHoUvQh6UDAqZIbQ01OTNOlZ7K4RwyTv4cVX8eJBEU+CB9/GznJw+6Hh468qqusPMik0Os6nNTU9Mzs3v7BYWlpeWV2z1zcudZorDg2eylRdB0yDFAk0UKCE60wBiwMJV0H3aFi/ugWlRZpcYC8DP2btRESCMzRWy657CHeo4uLkdOBJiLBCbyoeD1Os0n6fZmOmfdqrUk+Jdg erLbvs1JyR6F9wJ1AmE5217HcvTHkeQ4JcMq2brpOhXzCFgksYlLxcQ8Z4l7WhaTBhMWi/GN02oDvGCWmUKvMSpCP3+0TBYq17cWA6Y4Yd/bs2NP+rNXOM9v1CJFmOkPDxoiiXFFM6DIqGQgFH2TPAuBLmr5R3mGIcTZwlE4L7++S/cFmvuU7NPd8tHxxO4lggW2SbVIhL9sgBOSZnpEE4uSeP5Jm8WA/Wk/VqvY1bp6zJzCb5IevjCzsSoDw=</latexit><latexit sha1_base64="H5C5uxY6VK80YaXtuxqewtzWBx8=">AAACG3icbZDJSgNBEIZ73I3bqEcvjUFILmEmCHoUvQh6UDAqZIbQ01OTNOlZ7K4RwyTv4cVX8eJBEU+CB9/GznJw+6Hh468qqusPMik0Os6nNTU9Mzs3v7BYWlpeWV2z1zcudZorDg2eylRdB0yDFAk0UKCE60wBiwMJV0H3aFi/ugWlRZpcYC8DP2btRESCMzRWy657CHeo4uLkdOBJiLBCbyoeD1Os0n6fZmOmfdqrUk+Jdg erLbvs1JyR6F9wJ1AmE5217HcvTHkeQ4JcMq2brpOhXzCFgksYlLxcQ8Z4l7WhaTBhMWi/GN02oDvGCWmUKvMSpCP3+0TBYq17cWA6Y4Yd/bs2NP+rNXOM9v1CJFmOkPDxoiiXFFM6DIqGQgFH2TPAuBLmr5R3mGIcTZwlE4L7++S/cFmvuU7NPd8tHxxO4lggW2SbVIhL9sgBOSZnpEE4uSeP5Jm8WA/Wk/VqvY1bp6zJzCb5IevjCzsSoDw=</latexit><latexit sha1_base64="H5C5uxY6VK80YaXtuxqewtzWBx8=">AAACG3icbZDJSgNBEIZ73I3bqEcvjUFILmEmCHoUvQh6UDAqZIbQ01OTNOlZ7K4RwyTv4cVX8eJBEU+CB9/GznJw+6Hh468qqusPMik0Os6nNTU9Mzs3v7BYWlpeWV2z1zcudZorDg2eylRdB0yDFAk0UKCE60wBiwMJV0H3aFi/ugWlRZpcYC8DP2btRESCMzRWy657CHeo4uLkdOBJiLBCbyoeD1Os0n6fZmOmfdqrUk+Jdg erLbvs1JyR6F9wJ1AmE5217HcvTHkeQ4JcMq2brpOhXzCFgksYlLxcQ8Z4l7WhaTBhMWi/GN02oDvGCWmUKvMSpCP3+0TBYq17cWA6Y4Yd/bs2NP+rNXOM9v1CJFmOkPDxoiiXFFM6DIqGQgFH2TPAuBLmr5R3mGIcTZwlE4L7++S/cFmvuU7NPd8tHxxO4lggW2SbVIhL9sgBOSZnpEE4uSeP5Jm8WA/Wk/VqvY1bp6zJzCb5IevjCzsSoDw=</latexit><latexit sha1_base64="H5C5uxY6VK80YaXtuxqewtzWBx8=">AAACG3icbZDJSgNBEIZ73I3bqEcvjUFILmEmCHoUvQh6UDAqZIbQ01OTNOlZ7K4RwyTv4cVX8eJBEU+CB9/GznJw+6Hh468qqusPMik0Os6nNTU9Mzs3v7BYWlpeWV2z1zcudZorDg2eylRdB0yDFAk0UKCE60wBiwMJV0H3aFi/ugWlRZpcYC8DP2btRESCMzRWy657CHeo4uLkdOBJiLBCbyoeD1Os0n6fZmOmfdqrUk+Jdg erLbvs1JyR6F9wJ1AmE5217HcvTHkeQ4JcMq2brpOhXzCFgksYlLxcQ8Z4l7WhaTBhMWi/GN02oDvGCWmUKvMSpCP3+0TBYq17cWA6Y4Yd/bs2NP+rNXOM9v1CJFmOkPDxoiiXFFM6DIqGQgFH2TPAuBLmr5R3mGIcTZwlE4L7++S/cFmvuU7NPd8tHxxO4lggW2SbVIhL9sgBOSZnpEE4uSeP5Jm8WA/Wk/VqvY1bp6zJzCb5IevjCzsSoDw=</latexit>

:=

Z
q(✓) log

q(✓)

p(✓|y)d✓
<latexit sha1_base64="AuLHZm9aAb8EPu8yud88+RW7WTE=">AAACK3icbVDLSsNAFJ34rPUVdelmsAh1UxIRFEEodeOygn1AE8pkOmmHTh7O3Agh9n/c+CsudOEDt/6H0zaL2npg4Nxz7mXuPV4suALL+jSWlldW19YLG8XNre2dXXNvv6miRFLWoJGIZNsjigkesgZwEKwdS0YCT7CWN7we+60HJhWPwjtIY+YGpB9yn1MCWuqatcsr7PAQ8H3ZgQEDcoIdEfWx40tCsxl1lOE4L/AjTrWAe9Oya5asijUBXiR2TkooR71rvjq9iCYBC4EKolTHtmJwMyKBU8FGRSdRLCZ0SPqso2lIAqbcbHLrCB9rpYf9SOqn156osxMZCZRKA093BgQGat4bi/95nQT8CzfjYZwAC+n0Iz8RGCI8Dg73uGQURKoJoZLrXTEdEJ0S6HiLOgR7/uRF0jyt2FbFvj0rVWt5HAV0iI5QGdnoHFXRDaqjBqLoCb2gd/RhPBtvxpfxPW1dMvKZA/QHxs8v5G2lqQ==</latexit><latexit sha1_base64="AuLHZm9aAb8EPu8yud88+RW7WTE=">AAACK3icbVDLSsNAFJ34rPUVdelmsAh1UxIRFEEodeOygn1AE8pkOmmHTh7O3Agh9n/c+CsudOEDt/6H0zaL2npg4Nxz7mXuPV4suALL+jSWlldW19YLG8XNre2dXXNvv6miRFLWoJGIZNsjigkesgZwEKwdS0YCT7CWN7we+60HJhWPwjtIY+YGpB9yn1MCWuqatcsr7PAQ8H3ZgQEDcoIdEfWx40tCsxl1lOE4L/AjTrWAe9Oya5asijUBXiR2TkooR71rvjq9iCYBC4EKolTHtmJwMyKBU8FGRSdRLCZ0SPqso2lIAqbcbHLrCB9rpYf9SOqn156osxMZCZRKA093BgQGat4bi/95nQT8CzfjYZwAC+n0Iz8RGCI8Dg73uGQURKoJoZLrXTEdEJ0S6HiLOgR7/uRF0jyt2FbFvj0rVWt5HAV0iI5QGdnoHFXRDaqjBqLoCb2gd/RhPBtvxpfxPW1dMvKZA/QHxs8v5G2lqQ==</latexit><latexit sha1_base64="AuLHZm9aAb8EPu8yud88+RW7WTE=">AAACK3icbVDLSsNAFJ34rPUVdelmsAh1UxIRFEEodeOygn1AE8pkOmmHTh7O3Agh9n/c+CsudOEDt/6H0zaL2npg4Nxz7mXuPV4suALL+jSWlldW19YLG8XNre2dXXNvv6miRFLWoJGIZNsjigkesgZwEKwdS0YCT7CWN7we+60HJhWPwjtIY+YGpB9yn1MCWuqatcsr7PAQ8H3ZgQEDcoIdEfWx40tCsxl1lOE4L/AjTrWAe9Oya5asijUBXiR2TkooR71rvjq9iCYBC4EKolTHtmJwMyKBU8FGRSdRLCZ0SPqso2lIAqbcbHLrCB9rpYf9SOqn156osxMZCZRKA093BgQGat4bi/95nQT8CzfjYZwAC+n0Iz8RGCI8Dg73uGQURKoJoZLrXTEdEJ0S6HiLOgR7/uRF0jyt2FbFvj0rVWt5HAV0iI5QGdnoHFXRDaqjBqLoCb2gd/RhPBtvxpfxPW1dMvKZA/QHxs8v5G2lqQ==</latexit><latexit sha1_base64="AuLHZm9aAb8EPu8yud88+RW7WTE=">AAACK3icbVDLSsNAFJ34rPUVdelmsAh1UxIRFEEodeOygn1AE8pkOmmHTh7O3Agh9n/c+CsudOEDt/6H0zaL2npg4Nxz7mXuPV4suALL+jSWlldW19YLG8XNre2dXXNvv6miRFLWoJGIZNsjigkesgZwEKwdS0YCT7CWN7we+60HJhWPwjtIY+YGpB9yn1MCWuqatcsr7PAQ8H3ZgQEDcoIdEfWx40tCsxl1lOE4L/AjTrWAe9Oya5asijUBXiR2TkooR71rvjq9iCYBC4EKolTHtmJwMyKBU8FGRSdRLCZ0SPqso2lIAqbcbHLrCB9rpYf9SOqn156osxMZCZRKA093BgQGat4bi/95nQT8CzfjYZwAC+n0Iz8RGCI8Dg73uGQURKoJoZLrXTEdEJ0S6HiLOgR7/uRF0jyt2FbFvj0rVWt5HAV0iI5QGdnoHFXRDaqjBqLoCb2gd/RhPBtvxpfxPW1dMvKZA/QHxs8v5G2lqQ==</latexit>

5

• Exercise: Show KL � 0
<latexit sha1_base64="sGzExkXRZ0jKxW7uKwXGrDIBHXo=">AAAB+nicbVDLSgNBEJz1GeNro0cvg0HwFHZF0GPQi6CHCOYByRJmJ73JkNkHM71qWPMpXjwo4tUv8ebfOEn2oIkFDUVVN91dfiKFRsf5tpaWV1bX1gsbxc2t7Z1du7TX0HGqONR5LGPV8pkGKSKoo0AJrUQBC30JTX94OfGb96C0iKM7HCXghawfiUBwhkbq2qUOwiOqMLu+GdNOH6jTtctOxZmCLhI3J2WSo9a1vzq9mKchRMgl07rtOgl6GVMouIRxsZNqSBgfsj60DY1YCNrLpqeP6ZFRejSIlakI6VT9PZGxUOtR6JvOkOFAz3sT8T+vnWJw7mUiSlKEiM8WBamkGNNJDrQnFHCUI0MYV8LcSvmAKcbRpFU0IbjzLy+SxknFdSru7Wm5epHHUSAH5JAcE5eckSq5IjVSJ5w8kGfySt6sJ+vFerc+Zq1LVj6zT/7A+vwBgeqTfA==</latexit><latexit sha1_base64="sGzExkXRZ0jKxW7uKwXGrDIBHXo=">AAAB+nicbVDLSgNBEJz1GeNro0cvg0HwFHZF0GPQi6CHCOYByRJmJ73JkNkHM71qWPMpXjwo4tUv8ebfOEn2oIkFDUVVN91dfiKFRsf5tpaWV1bX1gsbxc2t7Z1du7TX0HGqONR5LGPV8pkGKSKoo0AJrUQBC30JTX94OfGb96C0iKM7HCXghawfiUBwhkbq2qUOwiOqMLu+GdNOH6jTtctOxZmCLhI3J2WSo9a1vzq9mKchRMgl07rtOgl6GVMouIRxsZNqSBgfsj60DY1YCNrLpqeP6ZFRejSIlakI6VT9PZGxUOtR6JvOkOFAz3sT8T+vnWJw7mUiSlKEiM8WBamkGNNJDrQnFHCUI0MYV8LcSvmAKcbRpFU0IbjzLy+SxknFdSru7Wm5epHHUSAH5JAcE5eckSq5IjVSJ5w8kGfySt6sJ+vFerc+Zq1LVj6zT/7A+vwBgeqTfA==</latexit><latexit sha1_base64="sGzExkXRZ0jKxW7uKwXGrDIBHXo=">AAAB+nicbVDLSgNBEJz1GeNro0cvg0HwFHZF0GPQi6CHCOYByRJmJ73JkNkHM71qWPMpXjwo4tUv8ebfOEn2oIkFDUVVN91dfiKFRsf5tpaWV1bX1gsbxc2t7Z1du7TX0HGqONR5LGPV8pkGKSKoo0AJrUQBC30JTX94OfGb96C0iKM7HCXghawfiUBwhkbq2qUOwiOqMLu+GdNOH6jTtctOxZmCLhI3J2WSo9a1vzq9mKchRMgl07rtOgl6GVMouIRxsZNqSBgfsj60DY1YCNrLpqeP6ZFRejSIlakI6VT9PZGxUOtR6JvOkOFAz3sT8T+vnWJw7mUiSlKEiM8WBamkGNNJDrQnFHCUI0MYV8LcSvmAKcbRpFU0IbjzLy+SxknFdSru7Wm5epHHUSAH5JAcE5eckSq5IjVSJ5w8kGfySt6sJ+vFerc+Zq1LVj6zT/7A+vwBgeqTfA==</latexit><latexit sha1_base64="sGzExkXRZ0jKxW7uKwXGrDIBHXo=">AAAB+nicbVDLSgNBEJz1GeNro0cvg0HwFHZF0GPQi6CHCOYByRJmJ73JkNkHM71qWPMpXjwo4tUv8ebfOEn2oIkFDUVVN91dfiKFRsf5tpaWV1bX1gsbxc2t7Z1du7TX0HGqONR5LGPV8pkGKSKoo0AJrUQBC30JTX94OfGb96C0iKM7HCXghawfiUBwhkbq2qUOwiOqMLu+GdNOH6jTtctOxZmCLhI3J2WSo9a1vzq9mKchRMgl07rtOgl6GVMouIRxsZNqSBgfsj60DY1YCNrLpqeP6ZFRejSIlakI6VT9PZGxUOtR6JvOkOFAz3sT8T+vnWJw7mUiSlKEiM8WBamkGNNJDrQnFHCUI0MYV8LcSvmAKcbRpFU0IbjzLy+SxknFdSru7Wm5epHHUSAH5JAcE5eckSq5IjVSJ5w8kGfySt6sJ+vFerc+Zq1LVj6zT/7A+vwBgeqTfA==</latexit>

[Bishop 2006, Sec 1.6.1]



Why KL?

“Evidence lower 
bound” (ELBO)

=

Z
q(✓) log

q(✓)p(y)

p(✓, y)
d✓ = log p(y)�

Z
q(✓) log

p(✓, y)

q(✓)
d✓

q⇤(✓)

NICE

CLOSE

p(✓|y)
• Variational Bayes
q⇤ = argminq2QKL (q(·)||p(·|y))

<latexit sha1_base64="9/DDYscHAkdhf/FmS2H4nFjPGDo=">AAACO3icbZDPaxNBFMdnW7U1Wk3r0cvDICQ9hN0itJdCsZeCHloxbSGbhtnJ22TozOxm5m0xbPb/8uI/4c2LFw+W4tW7kx+Itn0w8OH7fY9575vkSjoKw2/ByuqDh4/W1h/XnjzdePa8vrl16rLCCuyITGX2POEOlTTYIUkKz3OLXCcKz5LLw5l/doXWycx8pEmOPc2HRqZScPJSv/5hfLEN+xATfiKrS26HWpqqX44hlgZOqr /Ou/dVrDClJoybsRhk1ILpFPIFwxQmLYitHI6o1a83wnY4L7gL0RIabFnH/frXeJCJQqMhobhz3SjMqed3ISkUVrW4cJhzccmH2PVouEbXK+e3V/DaKwNIM+ufIZir/06UXDs30Ynv1JxG7rY3E+/zugWle71SmrwgNGLxUVoooAxmQcJAWhSkJh64sNLvCmLELRfk4675EKLbJ9+F0512FLajkzeNg7fLONbZS/aKNVnEdtkBO2LHrMME+8y+s5/sOvgS/Ahugl+L1pVgOfOC/VfB7z91bq0U</latexit><latexit sha1_base64="9/DDYscHAkdhf/FmS2H4nFjPGDo=">AAACO3icbZDPaxNBFMdnW7U1Wk3r0cvDICQ9hN0itJdCsZeCHloxbSGbhtnJ22TozOxm5m0xbPb/8uI/4c2LFw+W4tW7kx+Itn0w8OH7fY9575vkSjoKw2/ByuqDh4/W1h/XnjzdePa8vrl16rLCCuyITGX2POEOlTTYIUkKz3OLXCcKz5LLw5l/doXWycx8pEmOPc2HRqZScPJSv/5hfLEN+xATfiKrS26HWpqqX44hlgZOqr /Ou/dVrDClJoybsRhk1ILpFPIFwxQmLYitHI6o1a83wnY4L7gL0RIabFnH/frXeJCJQqMhobhz3SjMqed3ISkUVrW4cJhzccmH2PVouEbXK+e3V/DaKwNIM+ufIZir/06UXDs30Ynv1JxG7rY3E+/zugWle71SmrwgNGLxUVoooAxmQcJAWhSkJh64sNLvCmLELRfk4675EKLbJ9+F0512FLajkzeNg7fLONbZS/aKNVnEdtkBO2LHrMME+8y+s5/sOvgS/Ahugl+L1pVgOfOC/VfB7z91bq0U</latexit><latexit sha1_base64="9/DDYscHAkdhf/FmS2H4nFjPGDo=">AAACO3icbZDPaxNBFMdnW7U1Wk3r0cvDICQ9hN0itJdCsZeCHloxbSGbhtnJ22TozOxm5m0xbPb/8uI/4c2LFw+W4tW7kx+Itn0w8OH7fY9575vkSjoKw2/ByuqDh4/W1h/XnjzdePa8vrl16rLCCuyITGX2POEOlTTYIUkKz3OLXCcKz5LLw5l/doXWycx8pEmOPc2HRqZScPJSv/5hfLEN+xATfiKrS26HWpqqX44hlgZOqr /Ou/dVrDClJoybsRhk1ILpFPIFwxQmLYitHI6o1a83wnY4L7gL0RIabFnH/frXeJCJQqMhobhz3SjMqed3ISkUVrW4cJhzccmH2PVouEbXK+e3V/DaKwNIM+ufIZir/06UXDs30Ynv1JxG7rY3E+/zugWle71SmrwgNGLxUVoooAxmQcJAWhSkJh64sNLvCmLELRfk4675EKLbJ9+F0512FLajkzeNg7fLONbZS/aKNVnEdtkBO2LHrMME+8y+s5/sOvgS/Ahugl+L1pVgOfOC/VfB7z91bq0U</latexit><latexit sha1_base64="9/DDYscHAkdhf/FmS2H4nFjPGDo=">AAACO3icbZDPaxNBFMdnW7U1Wk3r0cvDICQ9hN0itJdCsZeCHloxbSGbhtnJ22TozOxm5m0xbPb/8uI/4c2LFw+W4tW7kx+Itn0w8OH7fY9575vkSjoKw2/ByuqDh4/W1h/XnjzdePa8vrl16rLCCuyITGX2POEOlTTYIUkKz3OLXCcKz5LLw5l/doXWycx8pEmOPc2HRqZScPJSv/5hfLEN+xATfiKrS26HWpqqX44hlgZOqr /Ou/dVrDClJoybsRhk1ILpFPIFwxQmLYitHI6o1a83wnY4L7gL0RIabFnH/frXeJCJQqMhobhz3SjMqed3ISkUVrW4cJhzccmH2PVouEbXK+e3V/DaKwNIM+ufIZir/06UXDs30Ynv1JxG7rY3E+/zugWle71SmrwgNGLxUVoooAxmQcJAWhSkJh64sNLvCmLELRfk4675EKLbJ9+F0512FLajkzeNg7fLONbZS/aKNVnEdtkBO2LHrMME+8y+s5/sOvgS/Ahugl+L1pVgOfOC/VfB7z91bq0U</latexit>

KL (q(·)||p(·|y))
<latexit sha1_base64="H5C5uxY6VK80YaXtuxqewtzWBx8=">AAACG3icbZDJSgNBEIZ73I3bqEcvjUFILmEmCHoUvQh6UDAqZIbQ01OTNOlZ7K4RwyTv4cVX8eJBEU+CB9/GznJw+6Hh468qqusPMik0Os6nNTU9Mzs3v7BYWlpeWV2z1zcudZorDg2eylRdB0yDFAk0UKCE60wBiwMJV0H3aFi/ugWlRZpcYC8DP2btRESCMzRWy657CHeo4uLkdOBJiLBCbyoeD1Os0n6fZmOmfdqrUk+Jdg erLbvs1JyR6F9wJ1AmE5217HcvTHkeQ4JcMq2brpOhXzCFgksYlLxcQ8Z4l7WhaTBhMWi/GN02oDvGCWmUKvMSpCP3+0TBYq17cWA6Y4Yd/bs2NP+rNXOM9v1CJFmOkPDxoiiXFFM6DIqGQgFH2TPAuBLmr5R3mGIcTZwlE4L7++S/cFmvuU7NPd8tHxxO4lggW2SbVIhL9sgBOSZnpEE4uSeP5Jm8WA/Wk/VqvY1bp6zJzCb5IevjCzsSoDw=</latexit><latexit sha1_base64="H5C5uxY6VK80YaXtuxqewtzWBx8=">AAACG3icbZDJSgNBEIZ73I3bqEcvjUFILmEmCHoUvQh6UDAqZIbQ01OTNOlZ7K4RwyTv4cVX8eJBEU+CB9/GznJw+6Hh468qqusPMik0Os6nNTU9Mzs3v7BYWlpeWV2z1zcudZorDg2eylRdB0yDFAk0UKCE60wBiwMJV0H3aFi/ugWlRZpcYC8DP2btRESCMzRWy657CHeo4uLkdOBJiLBCbyoeD1Os0n6fZmOmfdqrUk+Jdg erLbvs1JyR6F9wJ1AmE5217HcvTHkeQ4JcMq2brpOhXzCFgksYlLxcQ8Z4l7WhaTBhMWi/GN02oDvGCWmUKvMSpCP3+0TBYq17cWA6Y4Yd/bs2NP+rNXOM9v1CJFmOkPDxoiiXFFM6DIqGQgFH2TPAuBLmr5R3mGIcTZwlE4L7++S/cFmvuU7NPd8tHxxO4lggW2SbVIhL9sgBOSZnpEE4uSeP5Jm8WA/Wk/VqvY1bp6zJzCb5IevjCzsSoDw=</latexit><latexit sha1_base64="H5C5uxY6VK80YaXtuxqewtzWBx8=">AAACG3icbZDJSgNBEIZ73I3bqEcvjUFILmEmCHoUvQh6UDAqZIbQ01OTNOlZ7K4RwyTv4cVX8eJBEU+CB9/GznJw+6Hh468qqusPMik0Os6nNTU9Mzs3v7BYWlpeWV2z1zcudZorDg2eylRdB0yDFAk0UKCE60wBiwMJV0H3aFi/ugWlRZpcYC8DP2btRESCMzRWy657CHeo4uLkdOBJiLBCbyoeD1Os0n6fZmOmfdqrUk+Jdg erLbvs1JyR6F9wJ1AmE5217HcvTHkeQ4JcMq2brpOhXzCFgksYlLxcQ8Z4l7WhaTBhMWi/GN02oDvGCWmUKvMSpCP3+0TBYq17cWA6Y4Yd/bs2NP+rNXOM9v1CJFmOkPDxoiiXFFM6DIqGQgFH2TPAuBLmr5R3mGIcTZwlE4L7++S/cFmvuU7NPd8tHxxO4lggW2SbVIhL9sgBOSZnpEE4uSeP5Jm8WA/Wk/VqvY1bp6zJzCb5IevjCzsSoDw=</latexit><latexit sha1_base64="H5C5uxY6VK80YaXtuxqewtzWBx8=">AAACG3icbZDJSgNBEIZ73I3bqEcvjUFILmEmCHoUvQh6UDAqZIbQ01OTNOlZ7K4RwyTv4cVX8eJBEU+CB9/GznJw+6Hh468qqusPMik0Os6nNTU9Mzs3v7BYWlpeWV2z1zcudZorDg2eylRdB0yDFAk0UKCE60wBiwMJV0H3aFi/ugWlRZpcYC8DP2btRESCMzRWy657CHeo4uLkdOBJiLBCbyoeD1Os0n6fZmOmfdqrUk+Jdg erLbvs1JyR6F9wJ1AmE5217HcvTHkeQ4JcMq2brpOhXzCFgksYlLxcQ8Z4l7WhaTBhMWi/GN02oDvGCWmUKvMSpCP3+0TBYq17cWA6Y4Yd/bs2NP+rNXOM9v1CJFmOkPDxoiiXFFM6DIqGQgFH2TPAuBLmr5R3mGIcTZwlE4L7++S/cFmvuU7NPd8tHxxO4lggW2SbVIhL9sgBOSZnpEE4uSeP5Jm8WA/Wk/VqvY1bp6zJzCb5IevjCzsSoDw=</latexit>

:=

Z
q(✓) log

q(✓)

p(✓|y)d✓
<latexit sha1_base64="AuLHZm9aAb8EPu8yud88+RW7WTE=">AAACK3icbVDLSsNAFJ34rPUVdelmsAh1UxIRFEEodeOygn1AE8pkOmmHTh7O3Agh9n/c+CsudOEDt/6H0zaL2npg4Nxz7mXuPV4suALL+jSWlldW19YLG8XNre2dXXNvv6miRFLWoJGIZNsjigkesgZwEKwdS0YCT7CWN7we+60HJhWPwjtIY+YGpB9yn1MCWuqatcsr7PAQ8H3ZgQEDcoIdEfWx40tCsxl1lOE4L/AjTrWAe9Oya5asijUBXiR2TkooR71rvjq9iCYBC4EKolTHtmJwMyKBU8FGRSdRLCZ0SPqso2lIAqbcbHLrCB9rpYf9SOqn156osxMZCZRKA093BgQGat4bi/95nQT8CzfjYZwAC+n0Iz8RGCI8Dg73uGQURKoJoZLrXTEdEJ0S6HiLOgR7/uRF0jyt2FbFvj0rVWt5HAV0iI5QGdnoHFXRDaqjBqLoCb2gd/RhPBtvxpfxPW1dMvKZA/QHxs8v5G2lqQ==</latexit><latexit sha1_base64="AuLHZm9aAb8EPu8yud88+RW7WTE=">AAACK3icbVDLSsNAFJ34rPUVdelmsAh1UxIRFEEodeOygn1AE8pkOmmHTh7O3Agh9n/c+CsudOEDt/6H0zaL2npg4Nxz7mXuPV4suALL+jSWlldW19YLG8XNre2dXXNvv6miRFLWoJGIZNsjigkesgZwEKwdS0YCT7CWN7we+60HJhWPwjtIY+YGpB9yn1MCWuqatcsr7PAQ8H3ZgQEDcoIdEfWx40tCsxl1lOE4L/AjTrWAe9Oya5asijUBXiR2TkooR71rvjq9iCYBC4EKolTHtmJwMyKBU8FGRSdRLCZ0SPqso2lIAqbcbHLrCB9rpYf9SOqn156osxMZCZRKA093BgQGat4bi/95nQT8CzfjYZwAC+n0Iz8RGCI8Dg73uGQURKoJoZLrXTEdEJ0S6HiLOgR7/uRF0jyt2FbFvj0rVWt5HAV0iI5QGdnoHFXRDaqjBqLoCb2gd/RhPBtvxpfxPW1dMvKZA/QHxs8v5G2lqQ==</latexit><latexit sha1_base64="AuLHZm9aAb8EPu8yud88+RW7WTE=">AAACK3icbVDLSsNAFJ34rPUVdelmsAh1UxIRFEEodeOygn1AE8pkOmmHTh7O3Agh9n/c+CsudOEDt/6H0zaL2npg4Nxz7mXuPV4suALL+jSWlldW19YLG8XNre2dXXNvv6miRFLWoJGIZNsjigkesgZwEKwdS0YCT7CWN7we+60HJhWPwjtIY+YGpB9yn1MCWuqatcsr7PAQ8H3ZgQEDcoIdEfWx40tCsxl1lOE4L/AjTrWAe9Oya5asijUBXiR2TkooR71rvjq9iCYBC4EKolTHtmJwMyKBU8FGRSdRLCZ0SPqso2lIAqbcbHLrCB9rpYf9SOqn156osxMZCZRKA093BgQGat4bi/95nQT8CzfjYZwAC+n0Iz8RGCI8Dg73uGQURKoJoZLrXTEdEJ0S6HiLOgR7/uRF0jyt2FbFvj0rVWt5HAV0iI5QGdnoHFXRDaqjBqLoCb2gd/RhPBtvxpfxPW1dMvKZA/QHxs8v5G2lqQ==</latexit><latexit sha1_base64="AuLHZm9aAb8EPu8yud88+RW7WTE=">AAACK3icbVDLSsNAFJ34rPUVdelmsAh1UxIRFEEodeOygn1AE8pkOmmHTh7O3Agh9n/c+CsudOEDt/6H0zaL2npg4Nxz7mXuPV4suALL+jSWlldW19YLG8XNre2dXXNvv6miRFLWoJGIZNsjigkesgZwEKwdS0YCT7CWN7we+60HJhWPwjtIY+YGpB9yn1MCWuqatcsr7PAQ8H3ZgQEDcoIdEfWx40tCsxl1lOE4L/AjTrWAe9Oya5asijUBXiR2TkooR71rvjq9iCYBC4EKolTHtmJwMyKBU8FGRSdRLCZ0SPqso2lIAqbcbHLrCB9rpYf9SOqn156osxMZCZRKA093BgQGat4bi/95nQT8CzfjYZwAC+n0Iz8RGCI8Dg73uGQURKoJoZLrXTEdEJ0S6HiLOgR7/uRF0jyt2FbFvj0rVWt5HAV0iI5QGdnoHFXRDaqjBqLoCb2gd/RhPBtvxpfxPW1dMvKZA/QHxs8v5G2lqQ==</latexit>
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• Exercise: Show  
• test

KL � 0
<latexit sha1_base64="sGzExkXRZ0jKxW7uKwXGrDIBHXo=">AAAB+nicbVDLSgNBEJz1GeNro0cvg0HwFHZF0GPQi6CHCOYByRJmJ73JkNkHM71qWPMpXjwo4tUv8ebfOEn2oIkFDUVVN91dfiKFRsf5tpaWV1bX1gsbxc2t7Z1du7TX0HGqONR5LGPV8pkGKSKoo0AJrUQBC30JTX94OfGb96C0iKM7HCXghawfiUBwhkbq2qUOwiOqMLu+GdNOH6jTtctOxZmCLhI3J2WSo9a1vzq9mKchRMgl07rtOgl6GVMouIRxsZNqSBgfsj60DY1YCNrLpqeP6ZFRejSIlakI6VT9PZGxUOtR6JvOkOFAz3sT8T+vnWJw7mUiSlKEiM8WBamkGNNJDrQnFHCUI0MYV8LcSvmAKcbRpFU0IbjzLy+SxknFdSru7Wm5epHHUSAH5JAcE5eckSq5IjVSJ5w8kGfySt6sJ+vFerc+Zq1LVj6zT/7A+vwBgeqTfA==</latexit><latexit sha1_base64="sGzExkXRZ0jKxW7uKwXGrDIBHXo=">AAAB+nicbVDLSgNBEJz1GeNro0cvg0HwFHZF0GPQi6CHCOYByRJmJ73JkNkHM71qWPMpXjwo4tUv8ebfOEn2oIkFDUVVN91dfiKFRsf5tpaWV1bX1gsbxc2t7Z1du7TX0HGqONR5LGPV8pkGKSKoo0AJrUQBC30JTX94OfGb96C0iKM7HCXghawfiUBwhkbq2qUOwiOqMLu+GdNOH6jTtctOxZmCLhI3J2WSo9a1vzq9mKchRMgl07rtOgl6GVMouIRxsZNqSBgfsj60DY1YCNrLpqeP6ZFRejSIlakI6VT9PZGxUOtR6JvOkOFAz3sT8T+vnWJw7mUiSlKEiM8WBamkGNNJDrQnFHCUI0MYV8LcSvmAKcbRpFU0IbjzLy+SxknFdSru7Wm5epHHUSAH5JAcE5eckSq5IjVSJ5w8kGfySt6sJ+vFerc+Zq1LVj6zT/7A+vwBgeqTfA==</latexit><latexit sha1_base64="sGzExkXRZ0jKxW7uKwXGrDIBHXo=">AAAB+nicbVDLSgNBEJz1GeNro0cvg0HwFHZF0GPQi6CHCOYByRJmJ73JkNkHM71qWPMpXjwo4tUv8ebfOEn2oIkFDUVVN91dfiKFRsf5tpaWV1bX1gsbxc2t7Z1du7TX0HGqONR5LGPV8pkGKSKoo0AJrUQBC30JTX94OfGb96C0iKM7HCXghawfiUBwhkbq2qUOwiOqMLu+GdNOH6jTtctOxZmCLhI3J2WSo9a1vzq9mKchRMgl07rtOgl6GVMouIRxsZNqSBgfsj60DY1YCNrLpqeP6ZFRejSIlakI6VT9PZGxUOtR6JvOkOFAz3sT8T+vnWJw7mUiSlKEiM8WBamkGNNJDrQnFHCUI0MYV8LcSvmAKcbRpFU0IbjzLy+SxknFdSru7Wm5epHHUSAH5JAcE5eckSq5IjVSJ5w8kGfySt6sJ+vFerc+Zq1LVj6zT/7A+vwBgeqTfA==</latexit><latexit sha1_base64="sGzExkXRZ0jKxW7uKwXGrDIBHXo=">AAAB+nicbVDLSgNBEJz1GeNro0cvg0HwFHZF0GPQi6CHCOYByRJmJ73JkNkHM71qWPMpXjwo4tUv8ebfOEn2oIkFDUVVN91dfiKFRsf5tpaWV1bX1gsbxc2t7Z1du7TX0HGqONR5LGPV8pkGKSKoo0AJrUQBC30JTX94OfGb96C0iKM7HCXghawfiUBwhkbq2qUOwiOqMLu+GdNOH6jTtctOxZmCLhI3J2WSo9a1vzq9mKchRMgl07rtOgl6GVMouIRxsZNqSBgfsj60DY1YCNrLpqeP6ZFRejSIlakI6VT9PZGxUOtR6JvOkOFAz3sT8T+vnWJw7mUiSlKEiM8WBamkGNNJDrQnFHCUI0MYV8LcSvmAKcbRpFU0IbjzLy+SxknFdSru7Wm5epHHUSAH5JAcE5eckSq5IjVSJ5w8kGfySt6sJ+vFerc+Zq1LVj6zT/7A+vwBgeqTfA==</latexit>

KL � 0 ) log p(y) � ELBO
<latexit sha1_base64="f41S1FHuz3n/2yTtdvTfYWSWhbI=">AAACInicbVDLSgMxFM34tr6qLt0Ei1A3ZUYEdSeKICj4wFahU0omvZ0GM5MhuaOWod/ixl9x40JRV4IfY/oQ1HogcDjnXG7uCRIpDLruhzMyOjY+MTk1nZuZnZtfyC8uVYxKNYcyV1Lpq4AZkCKGMgqUcJVoYFEg4TK43u/6lzegjVDxBbYTqEUsjEVTcIZWqud3fIQ71FF2dNyhfgjUpf65CFvItFa31JcqpEmxvd7zvrMHx3snnXq+4JbcHugw8QakQAY4reff/IbiaQQxcsmMqXpugrWMaRRcQifnpwYSxq9ZCFVLYxaBqWW9Ezt0zSoN2lTavhhpT/05kbHImHYU2GTEsGX+el3xP6+aYnO7lok4SRFi3l/UTCVFRbt90YbQwFG2LWFcC/tXyltMM4621Zwtwft78jCpbJQ8t+SdbRZ29wZ1TJEVskqKxCNbZJccklNSJpzck0fyTF6cB+fJeXXe+9ERZzCzTH7B+fwC+H6jSw==</latexit><latexit sha1_base64="f41S1FHuz3n/2yTtdvTfYWSWhbI=">AAACInicbVDLSgMxFM34tr6qLt0Ei1A3ZUYEdSeKICj4wFahU0omvZ0GM5MhuaOWod/ixl9x40JRV4IfY/oQ1HogcDjnXG7uCRIpDLruhzMyOjY+MTk1nZuZnZtfyC8uVYxKNYcyV1Lpq4AZkCKGMgqUcJVoYFEg4TK43u/6lzegjVDxBbYTqEUsjEVTcIZWqud3fIQ71FF2dNyhfgjUpf65CFvItFa31JcqpEmxvd7zvrMHx3snnXq+4JbcHugw8QakQAY4reff/IbiaQQxcsmMqXpugrWMaRRcQifnpwYSxq9ZCFVLYxaBqWW9Ezt0zSoN2lTavhhpT/05kbHImHYU2GTEsGX+el3xP6+aYnO7lok4SRFi3l/UTCVFRbt90YbQwFG2LWFcC/tXyltMM4621Zwtwft78jCpbJQ8t+SdbRZ29wZ1TJEVskqKxCNbZJccklNSJpzck0fyTF6cB+fJeXXe+9ERZzCzTH7B+fwC+H6jSw==</latexit><latexit sha1_base64="f41S1FHuz3n/2yTtdvTfYWSWhbI=">AAACInicbVDLSgMxFM34tr6qLt0Ei1A3ZUYEdSeKICj4wFahU0omvZ0GM5MhuaOWod/ixl9x40JRV4IfY/oQ1HogcDjnXG7uCRIpDLruhzMyOjY+MTk1nZuZnZtfyC8uVYxKNYcyV1Lpq4AZkCKGMgqUcJVoYFEg4TK43u/6lzegjVDxBbYTqEUsjEVTcIZWqud3fIQ71FF2dNyhfgjUpf65CFvItFa31JcqpEmxvd7zvrMHx3snnXq+4JbcHugw8QakQAY4reff/IbiaQQxcsmMqXpugrWMaRRcQifnpwYSxq9ZCFVLYxaBqWW9Ezt0zSoN2lTavhhpT/05kbHImHYU2GTEsGX+el3xP6+aYnO7lok4SRFi3l/UTCVFRbt90YbQwFG2LWFcC/tXyltMM4621Zwtwft78jCpbJQ8t+SdbRZ29wZ1TJEVskqKxCNbZJccklNSJpzck0fyTF6cB+fJeXXe+9ERZzCzTH7B+fwC+H6jSw==</latexit><latexit sha1_base64="f41S1FHuz3n/2yTtdvTfYWSWhbI=">AAACInicbVDLSgMxFM34tr6qLt0Ei1A3ZUYEdSeKICj4wFahU0omvZ0GM5MhuaOWod/ixl9x40JRV4IfY/oQ1HogcDjnXG7uCRIpDLruhzMyOjY+MTk1nZuZnZtfyC8uVYxKNYcyV1Lpq4AZkCKGMgqUcJVoYFEg4TK43u/6lzegjVDxBbYTqEUsjEVTcIZWqud3fIQ71FF2dNyhfgjUpf65CFvItFa31JcqpEmxvd7zvrMHx3snnXq+4JbcHugw8QakQAY4reff/IbiaQQxcsmMqXpugrWMaRRcQifnpwYSxq9ZCFVLYxaBqWW9Ezt0zSoN2lTavhhpT/05kbHImHYU2GTEsGX+el3xP6+aYnO7lok4SRFi3l/UTCVFRbt90YbQwFG2LWFcC/tXyltMM4621Zwtwft78jCpbJQ8t+SdbRZ29wZ1TJEVskqKxCNbZJccklNSJpzck0fyTF6cB+fJeXXe+9ERZzCzTH7B+fwC+H6jSw==</latexit>

[Bishop 2006, Sec 1.6.1]



Why KL?

“Evidence lower 
bound” (ELBO)

=

Z
q(✓) log

q(✓)p(y)

p(✓, y)
d✓ = log p(y)�

Z
q(✓) log

p(✓, y)

q(✓)
d✓

q⇤(✓)

NICE

CLOSE

p(✓|y)
• Variational Bayes
q⇤ = argminq2QKL (q(·)||p(·|y))

<latexit sha1_base64="9/DDYscHAkdhf/FmS2H4nFjPGDo=">AAACO3icbZDPaxNBFMdnW7U1Wk3r0cvDICQ9hN0itJdCsZeCHloxbSGbhtnJ22TozOxm5m0xbPb/8uI/4c2LFw+W4tW7kx+Itn0w8OH7fY9575vkSjoKw2/ByuqDh4/W1h/XnjzdePa8vrl16rLCCuyITGX2POEOlTTYIUkKz3OLXCcKz5LLw5l/doXWycx8pEmOPc2HRqZScPJSv/5hfLEN+xATfiKrS26HWpqqX44hlgZOqr /Ou/dVrDClJoybsRhk1ILpFPIFwxQmLYitHI6o1a83wnY4L7gL0RIabFnH/frXeJCJQqMhobhz3SjMqed3ISkUVrW4cJhzccmH2PVouEbXK+e3V/DaKwNIM+ufIZir/06UXDs30Ynv1JxG7rY3E+/zugWle71SmrwgNGLxUVoooAxmQcJAWhSkJh64sNLvCmLELRfk4675EKLbJ9+F0512FLajkzeNg7fLONbZS/aKNVnEdtkBO2LHrMME+8y+s5/sOvgS/Ahugl+L1pVgOfOC/VfB7z91bq0U</latexit><latexit sha1_base64="9/DDYscHAkdhf/FmS2H4nFjPGDo=">AAACO3icbZDPaxNBFMdnW7U1Wk3r0cvDICQ9hN0itJdCsZeCHloxbSGbhtnJ22TozOxm5m0xbPb/8uI/4c2LFw+W4tW7kx+Itn0w8OH7fY9575vkSjoKw2/ByuqDh4/W1h/XnjzdePa8vrl16rLCCuyITGX2POEOlTTYIUkKz3OLXCcKz5LLw5l/doXWycx8pEmOPc2HRqZScPJSv/5hfLEN+xATfiKrS26HWpqqX44hlgZOqr /Ou/dVrDClJoybsRhk1ILpFPIFwxQmLYitHI6o1a83wnY4L7gL0RIabFnH/frXeJCJQqMhobhz3SjMqed3ISkUVrW4cJhzccmH2PVouEbXK+e3V/DaKwNIM+ufIZir/06UXDs30Ynv1JxG7rY3E+/zugWle71SmrwgNGLxUVoooAxmQcJAWhSkJh64sNLvCmLELRfk4675EKLbJ9+F0512FLajkzeNg7fLONbZS/aKNVnEdtkBO2LHrMME+8y+s5/sOvgS/Ahugl+L1pVgOfOC/VfB7z91bq0U</latexit><latexit sha1_base64="9/DDYscHAkdhf/FmS2H4nFjPGDo=">AAACO3icbZDPaxNBFMdnW7U1Wk3r0cvDICQ9hN0itJdCsZeCHloxbSGbhtnJ22TozOxm5m0xbPb/8uI/4c2LFw+W4tW7kx+Itn0w8OH7fY9575vkSjoKw2/ByuqDh4/W1h/XnjzdePa8vrl16rLCCuyITGX2POEOlTTYIUkKz3OLXCcKz5LLw5l/doXWycx8pEmOPc2HRqZScPJSv/5hfLEN+xATfiKrS26HWpqqX44hlgZOqr /Ou/dVrDClJoybsRhk1ILpFPIFwxQmLYitHI6o1a83wnY4L7gL0RIabFnH/frXeJCJQqMhobhz3SjMqed3ISkUVrW4cJhzccmH2PVouEbXK+e3V/DaKwNIM+ufIZir/06UXDs30Ynv1JxG7rY3E+/zugWle71SmrwgNGLxUVoooAxmQcJAWhSkJh64sNLvCmLELRfk4675EKLbJ9+F0512FLajkzeNg7fLONbZS/aKNVnEdtkBO2LHrMME+8y+s5/sOvgS/Ahugl+L1pVgOfOC/VfB7z91bq0U</latexit><latexit sha1_base64="9/DDYscHAkdhf/FmS2H4nFjPGDo=">AAACO3icbZDPaxNBFMdnW7U1Wk3r0cvDICQ9hN0itJdCsZeCHloxbSGbhtnJ22TozOxm5m0xbPb/8uI/4c2LFw+W4tW7kx+Itn0w8OH7fY9575vkSjoKw2/ByuqDh4/W1h/XnjzdePa8vrl16rLCCuyITGX2POEOlTTYIUkKz3OLXCcKz5LLw5l/doXWycx8pEmOPc2HRqZScPJSv/5hfLEN+xATfiKrS26HWpqqX44hlgZOqr /Ou/dVrDClJoybsRhk1ILpFPIFwxQmLYitHI6o1a83wnY4L7gL0RIabFnH/frXeJCJQqMhobhz3SjMqed3ISkUVrW4cJhzccmH2PVouEbXK+e3V/DaKwNIM+ufIZir/06UXDs30Ynv1JxG7rY3E+/zugWle71SmrwgNGLxUVoooAxmQcJAWhSkJh64sNLvCmLELRfk4675EKLbJ9+F0512FLajkzeNg7fLONbZS/aKNVnEdtkBO2LHrMME+8y+s5/sOvgS/Ahugl+L1pVgOfOC/VfB7z91bq0U</latexit>

KL (q(·)||p(·|y))
<latexit sha1_base64="H5C5uxY6VK80YaXtuxqewtzWBx8=">AAACG3icbZDJSgNBEIZ73I3bqEcvjUFILmEmCHoUvQh6UDAqZIbQ01OTNOlZ7K4RwyTv4cVX8eJBEU+CB9/GznJw+6Hh468qqusPMik0Os6nNTU9Mzs3v7BYWlpeWV2z1zcudZorDg2eylRdB0yDFAk0UKCE60wBiwMJV0H3aFi/ugWlRZpcYC8DP2btRESCMzRWy657CHeo4uLkdOBJiLBCbyoeD1Os0n6fZmOmfdqrUk+Jdg erLbvs1JyR6F9wJ1AmE5217HcvTHkeQ4JcMq2brpOhXzCFgksYlLxcQ8Z4l7WhaTBhMWi/GN02oDvGCWmUKvMSpCP3+0TBYq17cWA6Y4Yd/bs2NP+rNXOM9v1CJFmOkPDxoiiXFFM6DIqGQgFH2TPAuBLmr5R3mGIcTZwlE4L7++S/cFmvuU7NPd8tHxxO4lggW2SbVIhL9sgBOSZnpEE4uSeP5Jm8WA/Wk/VqvY1bp6zJzCb5IevjCzsSoDw=</latexit><latexit sha1_base64="H5C5uxY6VK80YaXtuxqewtzWBx8=">AAACG3icbZDJSgNBEIZ73I3bqEcvjUFILmEmCHoUvQh6UDAqZIbQ01OTNOlZ7K4RwyTv4cVX8eJBEU+CB9/GznJw+6Hh468qqusPMik0Os6nNTU9Mzs3v7BYWlpeWV2z1zcudZorDg2eylRdB0yDFAk0UKCE60wBiwMJV0H3aFi/ugWlRZpcYC8DP2btRESCMzRWy657CHeo4uLkdOBJiLBCbyoeD1Os0n6fZmOmfdqrUk+Jdg erLbvs1JyR6F9wJ1AmE5217HcvTHkeQ4JcMq2brpOhXzCFgksYlLxcQ8Z4l7WhaTBhMWi/GN02oDvGCWmUKvMSpCP3+0TBYq17cWA6Y4Yd/bs2NP+rNXOM9v1CJFmOkPDxoiiXFFM6DIqGQgFH2TPAuBLmr5R3mGIcTZwlE4L7++S/cFmvuU7NPd8tHxxO4lggW2SbVIhL9sgBOSZnpEE4uSeP5Jm8WA/Wk/VqvY1bp6zJzCb5IevjCzsSoDw=</latexit><latexit sha1_base64="H5C5uxY6VK80YaXtuxqewtzWBx8=">AAACG3icbZDJSgNBEIZ73I3bqEcvjUFILmEmCHoUvQh6UDAqZIbQ01OTNOlZ7K4RwyTv4cVX8eJBEU+CB9/GznJw+6Hh468qqusPMik0Os6nNTU9Mzs3v7BYWlpeWV2z1zcudZorDg2eylRdB0yDFAk0UKCE60wBiwMJV0H3aFi/ugWlRZpcYC8DP2btRESCMzRWy657CHeo4uLkdOBJiLBCbyoeD1Os0n6fZmOmfdqrUk+Jdg erLbvs1JyR6F9wJ1AmE5217HcvTHkeQ4JcMq2brpOhXzCFgksYlLxcQ8Z4l7WhaTBhMWi/GN02oDvGCWmUKvMSpCP3+0TBYq17cWA6Y4Yd/bs2NP+rNXOM9v1CJFmOkPDxoiiXFFM6DIqGQgFH2TPAuBLmr5R3mGIcTZwlE4L7++S/cFmvuU7NPd8tHxxO4lggW2SbVIhL9sgBOSZnpEE4uSeP5Jm8WA/Wk/VqvY1bp6zJzCb5IevjCzsSoDw=</latexit><latexit sha1_base64="H5C5uxY6VK80YaXtuxqewtzWBx8=">AAACG3icbZDJSgNBEIZ73I3bqEcvjUFILmEmCHoUvQh6UDAqZIbQ01OTNOlZ7K4RwyTv4cVX8eJBEU+CB9/GznJw+6Hh468qqusPMik0Os6nNTU9Mzs3v7BYWlpeWV2z1zcudZorDg2eylRdB0yDFAk0UKCE60wBiwMJV0H3aFi/ugWlRZpcYC8DP2btRESCMzRWy657CHeo4uLkdOBJiLBCbyoeD1Os0n6fZmOmfdqrUk+Jdg erLbvs1JyR6F9wJ1AmE5217HcvTHkeQ4JcMq2brpOhXzCFgksYlLxcQ8Z4l7WhaTBhMWi/GN02oDvGCWmUKvMSpCP3+0TBYq17cWA6Y4Yd/bs2NP+rNXOM9v1CJFmOkPDxoiiXFFM6DIqGQgFH2TPAuBLmr5R3mGIcTZwlE4L7++S/cFmvuU7NPd8tHxxO4lggW2SbVIhL9sgBOSZnpEE4uSeP5Jm8WA/Wk/VqvY1bp6zJzCb5IevjCzsSoDw=</latexit>

:=

Z
q(✓) log

q(✓)

p(✓|y)d✓
<latexit sha1_base64="AuLHZm9aAb8EPu8yud88+RW7WTE=">AAACK3icbVDLSsNAFJ34rPUVdelmsAh1UxIRFEEodeOygn1AE8pkOmmHTh7O3Agh9n/c+CsudOEDt/6H0zaL2npg4Nxz7mXuPV4suALL+jSWlldW19YLG8XNre2dXXNvv6miRFLWoJGIZNsjigkesgZwEKwdS0YCT7CWN7we+60HJhWPwjtIY+YGpB9yn1MCWuqatcsr7PAQ8H3ZgQEDcoIdEfWx40tCsxl1lOE4L/AjTrWAe9Oya5asijUBXiR2TkooR71rvjq9iCYBC4EKolTHtmJwMyKBU8FGRSdRLCZ0SPqso2lIAqbcbHLrCB9rpYf9SOqn156osxMZCZRKA093BgQGat4bi/95nQT8CzfjYZwAC+n0Iz8RGCI8Dg73uGQURKoJoZLrXTEdEJ0S6HiLOgR7/uRF0jyt2FbFvj0rVWt5HAV0iI5QGdnoHFXRDaqjBqLoCb2gd/RhPBtvxpfxPW1dMvKZA/QHxs8v5G2lqQ==</latexit><latexit sha1_base64="AuLHZm9aAb8EPu8yud88+RW7WTE=">AAACK3icbVDLSsNAFJ34rPUVdelmsAh1UxIRFEEodeOygn1AE8pkOmmHTh7O3Agh9n/c+CsudOEDt/6H0zaL2npg4Nxz7mXuPV4suALL+jSWlldW19YLG8XNre2dXXNvv6miRFLWoJGIZNsjigkesgZwEKwdS0YCT7CWN7we+60HJhWPwjtIY+YGpB9yn1MCWuqatcsr7PAQ8H3ZgQEDcoIdEfWx40tCsxl1lOE4L/AjTrWAe9Oya5asijUBXiR2TkooR71rvjq9iCYBC4EKolTHtmJwMyKBU8FGRSdRLCZ0SPqso2lIAqbcbHLrCB9rpYf9SOqn156osxMZCZRKA093BgQGat4bi/95nQT8CzfjYZwAC+n0Iz8RGCI8Dg73uGQURKoJoZLrXTEdEJ0S6HiLOgR7/uRF0jyt2FbFvj0rVWt5HAV0iI5QGdnoHFXRDaqjBqLoCb2gd/RhPBtvxpfxPW1dMvKZA/QHxs8v5G2lqQ==</latexit><latexit sha1_base64="AuLHZm9aAb8EPu8yud88+RW7WTE=">AAACK3icbVDLSsNAFJ34rPUVdelmsAh1UxIRFEEodeOygn1AE8pkOmmHTh7O3Agh9n/c+CsudOEDt/6H0zaL2npg4Nxz7mXuPV4suALL+jSWlldW19YLG8XNre2dXXNvv6miRFLWoJGIZNsjigkesgZwEKwdS0YCT7CWN7we+60HJhWPwjtIY+YGpB9yn1MCWuqatcsr7PAQ8H3ZgQEDcoIdEfWx40tCsxl1lOE4L/AjTrWAe9Oya5asijUBXiR2TkooR71rvjq9iCYBC4EKolTHtmJwMyKBU8FGRSdRLCZ0SPqso2lIAqbcbHLrCB9rpYf9SOqn156osxMZCZRKA093BgQGat4bi/95nQT8CzfjYZwAC+n0Iz8RGCI8Dg73uGQURKoJoZLrXTEdEJ0S6HiLOgR7/uRF0jyt2FbFvj0rVWt5HAV0iI5QGdnoHFXRDaqjBqLoCb2gd/RhPBtvxpfxPW1dMvKZA/QHxs8v5G2lqQ==</latexit><latexit sha1_base64="AuLHZm9aAb8EPu8yud88+RW7WTE=">AAACK3icbVDLSsNAFJ34rPUVdelmsAh1UxIRFEEodeOygn1AE8pkOmmHTh7O3Agh9n/c+CsudOEDt/6H0zaL2npg4Nxz7mXuPV4suALL+jSWlldW19YLG8XNre2dXXNvv6miRFLWoJGIZNsjigkesgZwEKwdS0YCT7CWN7we+60HJhWPwjtIY+YGpB9yn1MCWuqatcsr7PAQ8H3ZgQEDcoIdEfWx40tCsxl1lOE4L/AjTrWAe9Oya5asijUBXiR2TkooR71rvjq9iCYBC4EKolTHtmJwMyKBU8FGRSdRLCZ0SPqso2lIAqbcbHLrCB9rpYf9SOqn156osxMZCZRKA093BgQGat4bi/95nQT8CzfjYZwAC+n0Iz8RGCI8Dg73uGQURKoJoZLrXTEdEJ0S6HiLOgR7/uRF0jyt2FbFvj0rVWt5HAV0iI5QGdnoHFXRDaqjBqLoCb2gd/RhPBtvxpfxPW1dMvKZA/QHxs8v5G2lqQ==</latexit>

5

• Exercise: Show  
• test  
• testq⇤ = argmaxq2QELBO(q)

KL � 0
<latexit sha1_base64="sGzExkXRZ0jKxW7uKwXGrDIBHXo=">AAAB+nicbVDLSgNBEJz1GeNro0cvg0HwFHZF0GPQi6CHCOYByRJmJ73JkNkHM71qWPMpXjwo4tUv8ebfOEn2oIkFDUVVN91dfiKFRsf5tpaWV1bX1gsbxc2t7Z1du7TX0HGqONR5LGPV8pkGKSKoo0AJrUQBC30JTX94OfGb96C0iKM7HCXghawfiUBwhkbq2qUOwiOqMLu+GdNOH6jTtctOxZmCLhI3J2WSo9a1vzq9mKchRMgl07rtOgl6GVMouIRxsZNqSBgfsj60DY1YCNrLpqeP6ZFRejSIlakI6VT9PZGxUOtR6JvOkOFAz3sT8T+vnWJw7mUiSlKEiM8WBamkGNNJDrQnFHCUI0MYV8LcSvmAKcbRpFU0IbjzLy+SxknFdSru7Wm5epHHUSAH5JAcE5eckSq5IjVSJ5w8kGfySt6sJ+vFerc+Zq1LVj6zT/7A+vwBgeqTfA==</latexit><latexit sha1_base64="sGzExkXRZ0jKxW7uKwXGrDIBHXo=">AAAB+nicbVDLSgNBEJz1GeNro0cvg0HwFHZF0GPQi6CHCOYByRJmJ73JkNkHM71qWPMpXjwo4tUv8ebfOEn2oIkFDUVVN91dfiKFRsf5tpaWV1bX1gsbxc2t7Z1du7TX0HGqONR5LGPV8pkGKSKoo0AJrUQBC30JTX94OfGb96C0iKM7HCXghawfiUBwhkbq2qUOwiOqMLu+GdNOH6jTtctOxZmCLhI3J2WSo9a1vzq9mKchRMgl07rtOgl6GVMouIRxsZNqSBgfsj60DY1YCNrLpqeP6ZFRejSIlakI6VT9PZGxUOtR6JvOkOFAz3sT8T+vnWJw7mUiSlKEiM8WBamkGNNJDrQnFHCUI0MYV8LcSvmAKcbRpFU0IbjzLy+SxknFdSru7Wm5epHHUSAH5JAcE5eckSq5IjVSJ5w8kGfySt6sJ+vFerc+Zq1LVj6zT/7A+vwBgeqTfA==</latexit><latexit sha1_base64="sGzExkXRZ0jKxW7uKwXGrDIBHXo=">AAAB+nicbVDLSgNBEJz1GeNro0cvg0HwFHZF0GPQi6CHCOYByRJmJ73JkNkHM71qWPMpXjwo4tUv8ebfOEn2oIkFDUVVN91dfiKFRsf5tpaWV1bX1gsbxc2t7Z1du7TX0HGqONR5LGPV8pkGKSKoo0AJrUQBC30JTX94OfGb96C0iKM7HCXghawfiUBwhkbq2qUOwiOqMLu+GdNOH6jTtctOxZmCLhI3J2WSo9a1vzq9mKchRMgl07rtOgl6GVMouIRxsZNqSBgfsj60DY1YCNrLpqeP6ZFRejSIlakI6VT9PZGxUOtR6JvOkOFAz3sT8T+vnWJw7mUiSlKEiM8WBamkGNNJDrQnFHCUI0MYV8LcSvmAKcbRpFU0IbjzLy+SxknFdSru7Wm5epHHUSAH5JAcE5eckSq5IjVSJ5w8kGfySt6sJ+vFerc+Zq1LVj6zT/7A+vwBgeqTfA==</latexit><latexit sha1_base64="sGzExkXRZ0jKxW7uKwXGrDIBHXo=">AAAB+nicbVDLSgNBEJz1GeNro0cvg0HwFHZF0GPQi6CHCOYByRJmJ73JkNkHM71qWPMpXjwo4tUv8ebfOEn2oIkFDUVVN91dfiKFRsf5tpaWV1bX1gsbxc2t7Z1du7TX0HGqONR5LGPV8pkGKSKoo0AJrUQBC30JTX94OfGb96C0iKM7HCXghawfiUBwhkbq2qUOwiOqMLu+GdNOH6jTtctOxZmCLhI3J2WSo9a1vzq9mKchRMgl07rtOgl6GVMouIRxsZNqSBgfsj60DY1YCNrLpqeP6ZFRejSIlakI6VT9PZGxUOtR6JvOkOFAz3sT8T+vnWJw7mUiSlKEiM8WBamkGNNJDrQnFHCUI0MYV8LcSvmAKcbRpFU0IbjzLy+SxknFdSru7Wm5epHHUSAH5JAcE5eckSq5IjVSJ5w8kGfySt6sJ+vFerc+Zq1LVj6zT/7A+vwBgeqTfA==</latexit>

KL � 0 ) log p(y) � ELBO
<latexit sha1_base64="f41S1FHuz3n/2yTtdvTfYWSWhbI=">AAACInicbVDLSgMxFM34tr6qLt0Ei1A3ZUYEdSeKICj4wFahU0omvZ0GM5MhuaOWod/ixl9x40JRV4IfY/oQ1HogcDjnXG7uCRIpDLruhzMyOjY+MTk1nZuZnZtfyC8uVYxKNYcyV1Lpq4AZkCKGMgqUcJVoYFEg4TK43u/6lzegjVDxBbYTqEUsjEVTcIZWqud3fIQ71FF2dNyhfgjUpf65CFvItFa31JcqpEmxvd7zvrMHx3snnXq+4JbcHugw8QakQAY4reff/IbiaQQxcsmMqXpugrWMaRRcQifnpwYSxq9ZCFVLYxaBqWW9Ezt0zSoN2lTavhhpT/05kbHImHYU2GTEsGX+el3xP6+aYnO7lok4SRFi3l/UTCVFRbt90YbQwFG2LWFcC/tXyltMM4621Zwtwft78jCpbJQ8t+SdbRZ29wZ1TJEVskqKxCNbZJccklNSJpzck0fyTF6cB+fJeXXe+9ERZzCzTH7B+fwC+H6jSw==</latexit><latexit sha1_base64="f41S1FHuz3n/2yTtdvTfYWSWhbI=">AAACInicbVDLSgMxFM34tr6qLt0Ei1A3ZUYEdSeKICj4wFahU0omvZ0GM5MhuaOWod/ixl9x40JRV4IfY/oQ1HogcDjnXG7uCRIpDLruhzMyOjY+MTk1nZuZnZtfyC8uVYxKNYcyV1Lpq4AZkCKGMgqUcJVoYFEg4TK43u/6lzegjVDxBbYTqEUsjEVTcIZWqud3fIQ71FF2dNyhfgjUpf65CFvItFa31JcqpEmxvd7zvrMHx3snnXq+4JbcHugw8QakQAY4reff/IbiaQQxcsmMqXpugrWMaRRcQifnpwYSxq9ZCFVLYxaBqWW9Ezt0zSoN2lTavhhpT/05kbHImHYU2GTEsGX+el3xP6+aYnO7lok4SRFi3l/UTCVFRbt90YbQwFG2LWFcC/tXyltMM4621Zwtwft78jCpbJQ8t+SdbRZ29wZ1TJEVskqKxCNbZJccklNSJpzck0fyTF6cB+fJeXXe+9ERZzCzTH7B+fwC+H6jSw==</latexit><latexit sha1_base64="f41S1FHuz3n/2yTtdvTfYWSWhbI=">AAACInicbVDLSgMxFM34tr6qLt0Ei1A3ZUYEdSeKICj4wFahU0omvZ0GM5MhuaOWod/ixl9x40JRV4IfY/oQ1HogcDjnXG7uCRIpDLruhzMyOjY+MTk1nZuZnZtfyC8uVYxKNYcyV1Lpq4AZkCKGMgqUcJVoYFEg4TK43u/6lzegjVDxBbYTqEUsjEVTcIZWqud3fIQ71FF2dNyhfgjUpf65CFvItFa31JcqpEmxvd7zvrMHx3snnXq+4JbcHugw8QakQAY4reff/IbiaQQxcsmMqXpugrWMaRRcQifnpwYSxq9ZCFVLYxaBqWW9Ezt0zSoN2lTavhhpT/05kbHImHYU2GTEsGX+el3xP6+aYnO7lok4SRFi3l/UTCVFRbt90YbQwFG2LWFcC/tXyltMM4621Zwtwft78jCpbJQ8t+SdbRZ29wZ1TJEVskqKxCNbZJccklNSJpzck0fyTF6cB+fJeXXe+9ERZzCzTH7B+fwC+H6jSw==</latexit><latexit sha1_base64="f41S1FHuz3n/2yTtdvTfYWSWhbI=">AAACInicbVDLSgMxFM34tr6qLt0Ei1A3ZUYEdSeKICj4wFahU0omvZ0GM5MhuaOWod/ixl9x40JRV4IfY/oQ1HogcDjnXG7uCRIpDLruhzMyOjY+MTk1nZuZnZtfyC8uVYxKNYcyV1Lpq4AZkCKGMgqUcJVoYFEg4TK43u/6lzegjVDxBbYTqEUsjEVTcIZWqud3fIQ71FF2dNyhfgjUpf65CFvItFa31JcqpEmxvd7zvrMHx3snnXq+4JbcHugw8QakQAY4reff/IbiaQQxcsmMqXpugrWMaRRcQifnpwYSxq9ZCFVLYxaBqWW9Ezt0zSoN2lTavhhpT/05kbHImHYU2GTEsGX+el3xP6+aYnO7lok4SRFi3l/UTCVFRbt90YbQwFG2LWFcC/tXyltMM4621Zwtwft78jCpbJQ8t+SdbRZ29wZ1TJEVskqKxCNbZJccklNSJpzck0fyTF6cB+fJeXXe+9ERZzCzTH7B+fwC+H6jSw==</latexit>

[Bishop 2006, Sec 1.6.1]



Why KL?

“Evidence lower 
bound” (ELBO)

=

Z
q(✓) log

q(✓)p(y)

p(✓, y)
d✓ = log p(y)�

Z
q(✓) log

p(✓, y)

q(✓)
d✓

q⇤(✓)

NICE

CLOSE

p(✓|y)
• Variational Bayes
q⇤ = argminq2QKL (q(·)||p(·|y))

<latexit sha1_base64="9/DDYscHAkdhf/FmS2H4nFjPGDo=">AAACO3icbZDPaxNBFMdnW7U1Wk3r0cvDICQ9hN0itJdCsZeCHloxbSGbhtnJ22TozOxm5m0xbPb/8uI/4c2LFw+W4tW7kx+Itn0w8OH7fY9575vkSjoKw2/ByuqDh4/W1h/XnjzdePa8vrl16rLCCuyITGX2POEOlTTYIUkKz3OLXCcKz5LLw5l/doXWycx8pEmOPc2HRqZScPJSv/5hfLEN+xATfiKrS26HWpqqX44hlgZOqr /Ou/dVrDClJoybsRhk1ILpFPIFwxQmLYitHI6o1a83wnY4L7gL0RIabFnH/frXeJCJQqMhobhz3SjMqed3ISkUVrW4cJhzccmH2PVouEbXK+e3V/DaKwNIM+ufIZir/06UXDs30Ynv1JxG7rY3E+/zugWle71SmrwgNGLxUVoooAxmQcJAWhSkJh64sNLvCmLELRfk4675EKLbJ9+F0512FLajkzeNg7fLONbZS/aKNVnEdtkBO2LHrMME+8y+s5/sOvgS/Ahugl+L1pVgOfOC/VfB7z91bq0U</latexit><latexit sha1_base64="9/DDYscHAkdhf/FmS2H4nFjPGDo=">AAACO3icbZDPaxNBFMdnW7U1Wk3r0cvDICQ9hN0itJdCsZeCHloxbSGbhtnJ22TozOxm5m0xbPb/8uI/4c2LFw+W4tW7kx+Itn0w8OH7fY9575vkSjoKw2/ByuqDh4/W1h/XnjzdePa8vrl16rLCCuyITGX2POEOlTTYIUkKz3OLXCcKz5LLw5l/doXWycx8pEmOPc2HRqZScPJSv/5hfLEN+xATfiKrS26HWpqqX44hlgZOqr /Ou/dVrDClJoybsRhk1ILpFPIFwxQmLYitHI6o1a83wnY4L7gL0RIabFnH/frXeJCJQqMhobhz3SjMqed3ISkUVrW4cJhzccmH2PVouEbXK+e3V/DaKwNIM+ufIZir/06UXDs30Ynv1JxG7rY3E+/zugWle71SmrwgNGLxUVoooAxmQcJAWhSkJh64sNLvCmLELRfk4675EKLbJ9+F0512FLajkzeNg7fLONbZS/aKNVnEdtkBO2LHrMME+8y+s5/sOvgS/Ahugl+L1pVgOfOC/VfB7z91bq0U</latexit><latexit sha1_base64="9/DDYscHAkdhf/FmS2H4nFjPGDo=">AAACO3icbZDPaxNBFMdnW7U1Wk3r0cvDICQ9hN0itJdCsZeCHloxbSGbhtnJ22TozOxm5m0xbPb/8uI/4c2LFw+W4tW7kx+Itn0w8OH7fY9575vkSjoKw2/ByuqDh4/W1h/XnjzdePa8vrl16rLCCuyITGX2POEOlTTYIUkKz3OLXCcKz5LLw5l/doXWycx8pEmOPc2HRqZScPJSv/5hfLEN+xATfiKrS26HWpqqX44hlgZOqr /Ou/dVrDClJoybsRhk1ILpFPIFwxQmLYitHI6o1a83wnY4L7gL0RIabFnH/frXeJCJQqMhobhz3SjMqed3ISkUVrW4cJhzccmH2PVouEbXK+e3V/DaKwNIM+ufIZir/06UXDs30Ynv1JxG7rY3E+/zugWle71SmrwgNGLxUVoooAxmQcJAWhSkJh64sNLvCmLELRfk4675EKLbJ9+F0512FLajkzeNg7fLONbZS/aKNVnEdtkBO2LHrMME+8y+s5/sOvgS/Ahugl+L1pVgOfOC/VfB7z91bq0U</latexit><latexit sha1_base64="9/DDYscHAkdhf/FmS2H4nFjPGDo=">AAACO3icbZDPaxNBFMdnW7U1Wk3r0cvDICQ9hN0itJdCsZeCHloxbSGbhtnJ22TozOxm5m0xbPb/8uI/4c2LFw+W4tW7kx+Itn0w8OH7fY9575vkSjoKw2/ByuqDh4/W1h/XnjzdePa8vrl16rLCCuyITGX2POEOlTTYIUkKz3OLXCcKz5LLw5l/doXWycx8pEmOPc2HRqZScPJSv/5hfLEN+xATfiKrS26HWpqqX44hlgZOqr /Ou/dVrDClJoybsRhk1ILpFPIFwxQmLYitHI6o1a83wnY4L7gL0RIabFnH/frXeJCJQqMhobhz3SjMqed3ISkUVrW4cJhzccmH2PVouEbXK+e3V/DaKwNIM+ufIZir/06UXDs30Ynv1JxG7rY3E+/zugWle71SmrwgNGLxUVoooAxmQcJAWhSkJh64sNLvCmLELRfk4675EKLbJ9+F0512FLajkzeNg7fLONbZS/aKNVnEdtkBO2LHrMME+8y+s5/sOvgS/Ahugl+L1pVgOfOC/VfB7z91bq0U</latexit>

KL (q(·)||p(·|y))
<latexit sha1_base64="H5C5uxY6VK80YaXtuxqewtzWBx8=">AAACG3icbZDJSgNBEIZ73I3bqEcvjUFILmEmCHoUvQh6UDAqZIbQ01OTNOlZ7K4RwyTv4cVX8eJBEU+CB9/GznJw+6Hh468qqusPMik0Os6nNTU9Mzs3v7BYWlpeWV2z1zcudZorDg2eylRdB0yDFAk0UKCE60wBiwMJV0H3aFi/ugWlRZpcYC8DP2btRESCMzRWy657CHeo4uLkdOBJiLBCbyoeD1Os0n6fZmOmfdqrUk+Jdg erLbvs1JyR6F9wJ1AmE5217HcvTHkeQ4JcMq2brpOhXzCFgksYlLxcQ8Z4l7WhaTBhMWi/GN02oDvGCWmUKvMSpCP3+0TBYq17cWA6Y4Yd/bs2NP+rNXOM9v1CJFmOkPDxoiiXFFM6DIqGQgFH2TPAuBLmr5R3mGIcTZwlE4L7++S/cFmvuU7NPd8tHxxO4lggW2SbVIhL9sgBOSZnpEE4uSeP5Jm8WA/Wk/VqvY1bp6zJzCb5IevjCzsSoDw=</latexit><latexit sha1_base64="H5C5uxY6VK80YaXtuxqewtzWBx8=">AAACG3icbZDJSgNBEIZ73I3bqEcvjUFILmEmCHoUvQh6UDAqZIbQ01OTNOlZ7K4RwyTv4cVX8eJBEU+CB9/GznJw+6Hh468qqusPMik0Os6nNTU9Mzs3v7BYWlpeWV2z1zcudZorDg2eylRdB0yDFAk0UKCE60wBiwMJV0H3aFi/ugWlRZpcYC8DP2btRESCMzRWy657CHeo4uLkdOBJiLBCbyoeD1Os0n6fZmOmfdqrUk+Jdg erLbvs1JyR6F9wJ1AmE5217HcvTHkeQ4JcMq2brpOhXzCFgksYlLxcQ8Z4l7WhaTBhMWi/GN02oDvGCWmUKvMSpCP3+0TBYq17cWA6Y4Yd/bs2NP+rNXOM9v1CJFmOkPDxoiiXFFM6DIqGQgFH2TPAuBLmr5R3mGIcTZwlE4L7++S/cFmvuU7NPd8tHxxO4lggW2SbVIhL9sgBOSZnpEE4uSeP5Jm8WA/Wk/VqvY1bp6zJzCb5IevjCzsSoDw=</latexit><latexit sha1_base64="H5C5uxY6VK80YaXtuxqewtzWBx8=">AAACG3icbZDJSgNBEIZ73I3bqEcvjUFILmEmCHoUvQh6UDAqZIbQ01OTNOlZ7K4RwyTv4cVX8eJBEU+CB9/GznJw+6Hh468qqusPMik0Os6nNTU9Mzs3v7BYWlpeWV2z1zcudZorDg2eylRdB0yDFAk0UKCE60wBiwMJV0H3aFi/ugWlRZpcYC8DP2btRESCMzRWy657CHeo4uLkdOBJiLBCbyoeD1Os0n6fZmOmfdqrUk+Jdg erLbvs1JyR6F9wJ1AmE5217HcvTHkeQ4JcMq2brpOhXzCFgksYlLxcQ8Z4l7WhaTBhMWi/GN02oDvGCWmUKvMSpCP3+0TBYq17cWA6Y4Yd/bs2NP+rNXOM9v1CJFmOkPDxoiiXFFM6DIqGQgFH2TPAuBLmr5R3mGIcTZwlE4L7++S/cFmvuU7NPd8tHxxO4lggW2SbVIhL9sgBOSZnpEE4uSeP5Jm8WA/Wk/VqvY1bp6zJzCb5IevjCzsSoDw=</latexit><latexit sha1_base64="H5C5uxY6VK80YaXtuxqewtzWBx8=">AAACG3icbZDJSgNBEIZ73I3bqEcvjUFILmEmCHoUvQh6UDAqZIbQ01OTNOlZ7K4RwyTv4cVX8eJBEU+CB9/GznJw+6Hh468qqusPMik0Os6nNTU9Mzs3v7BYWlpeWV2z1zcudZorDg2eylRdB0yDFAk0UKCE60wBiwMJV0H3aFi/ugWlRZpcYC8DP2btRESCMzRWy657CHeo4uLkdOBJiLBCbyoeD1Os0n6fZmOmfdqrUk+Jdg erLbvs1JyR6F9wJ1AmE5217HcvTHkeQ4JcMq2brpOhXzCFgksYlLxcQ8Z4l7WhaTBhMWi/GN02oDvGCWmUKvMSpCP3+0TBYq17cWA6Y4Yd/bs2NP+rNXOM9v1CJFmOkPDxoiiXFFM6DIqGQgFH2TPAuBLmr5R3mGIcTZwlE4L7++S/cFmvuU7NPd8tHxxO4lggW2SbVIhL9sgBOSZnpEE4uSeP5Jm8WA/Wk/VqvY1bp6zJzCb5IevjCzsSoDw=</latexit>

:=

Z
q(✓) log

q(✓)

p(✓|y)d✓
<latexit sha1_base64="AuLHZm9aAb8EPu8yud88+RW7WTE=">AAACK3icbVDLSsNAFJ34rPUVdelmsAh1UxIRFEEodeOygn1AE8pkOmmHTh7O3Agh9n/c+CsudOEDt/6H0zaL2npg4Nxz7mXuPV4suALL+jSWlldW19YLG8XNre2dXXNvv6miRFLWoJGIZNsjigkesgZwEKwdS0YCT7CWN7we+60HJhWPwjtIY+YGpB9yn1MCWuqatcsr7PAQ8H3ZgQEDcoIdEfWx40tCsxl1lOE4L/AjTrWAe9Oya5asijUBXiR2TkooR71rvjq9iCYBC4EKolTHtmJwMyKBU8FGRSdRLCZ0SPqso2lIAqbcbHLrCB9rpYf9SOqn156osxMZCZRKA093BgQGat4bi/95nQT8CzfjYZwAC+n0Iz8RGCI8Dg73uGQURKoJoZLrXTEdEJ0S6HiLOgR7/uRF0jyt2FbFvj0rVWt5HAV0iI5QGdnoHFXRDaqjBqLoCb2gd/RhPBtvxpfxPW1dMvKZA/QHxs8v5G2lqQ==</latexit><latexit sha1_base64="AuLHZm9aAb8EPu8yud88+RW7WTE=">AAACK3icbVDLSsNAFJ34rPUVdelmsAh1UxIRFEEodeOygn1AE8pkOmmHTh7O3Agh9n/c+CsudOEDt/6H0zaL2npg4Nxz7mXuPV4suALL+jSWlldW19YLG8XNre2dXXNvv6miRFLWoJGIZNsjigkesgZwEKwdS0YCT7CWN7we+60HJhWPwjtIY+YGpB9yn1MCWuqatcsr7PAQ8H3ZgQEDcoIdEfWx40tCsxl1lOE4L/AjTrWAe9Oya5asijUBXiR2TkooR71rvjq9iCYBC4EKolTHtmJwMyKBU8FGRSdRLCZ0SPqso2lIAqbcbHLrCB9rpYf9SOqn156osxMZCZRKA093BgQGat4bi/95nQT8CzfjYZwAC+n0Iz8RGCI8Dg73uGQURKoJoZLrXTEdEJ0S6HiLOgR7/uRF0jyt2FbFvj0rVWt5HAV0iI5QGdnoHFXRDaqjBqLoCb2gd/RhPBtvxpfxPW1dMvKZA/QHxs8v5G2lqQ==</latexit><latexit sha1_base64="AuLHZm9aAb8EPu8yud88+RW7WTE=">AAACK3icbVDLSsNAFJ34rPUVdelmsAh1UxIRFEEodeOygn1AE8pkOmmHTh7O3Agh9n/c+CsudOEDt/6H0zaL2npg4Nxz7mXuPV4suALL+jSWlldW19YLG8XNre2dXXNvv6miRFLWoJGIZNsjigkesgZwEKwdS0YCT7CWN7we+60HJhWPwjtIY+YGpB9yn1MCWuqatcsr7PAQ8H3ZgQEDcoIdEfWx40tCsxl1lOE4L/AjTrWAe9Oya5asijUBXiR2TkooR71rvjq9iCYBC4EKolTHtmJwMyKBU8FGRSdRLCZ0SPqso2lIAqbcbHLrCB9rpYf9SOqn156osxMZCZRKA093BgQGat4bi/95nQT8CzfjYZwAC+n0Iz8RGCI8Dg73uGQURKoJoZLrXTEdEJ0S6HiLOgR7/uRF0jyt2FbFvj0rVWt5HAV0iI5QGdnoHFXRDaqjBqLoCb2gd/RhPBtvxpfxPW1dMvKZA/QHxs8v5G2lqQ==</latexit><latexit sha1_base64="AuLHZm9aAb8EPu8yud88+RW7WTE=">AAACK3icbVDLSsNAFJ34rPUVdelmsAh1UxIRFEEodeOygn1AE8pkOmmHTh7O3Agh9n/c+CsudOEDt/6H0zaL2npg4Nxz7mXuPV4suALL+jSWlldW19YLG8XNre2dXXNvv6miRFLWoJGIZNsjigkesgZwEKwdS0YCT7CWN7we+60HJhWPwjtIY+YGpB9yn1MCWuqatcsr7PAQ8H3ZgQEDcoIdEfWx40tCsxl1lOE4L/AjTrWAe9Oya5asijUBXiR2TkooR71rvjq9iCYBC4EKolTHtmJwMyKBU8FGRSdRLCZ0SPqso2lIAqbcbHLrCB9rpYf9SOqn156osxMZCZRKA093BgQGat4bi/95nQT8CzfjYZwAC+n0Iz8RGCI8Dg73uGQURKoJoZLrXTEdEJ0S6HiLOgR7/uRF0jyt2FbFvj0rVWt5HAV0iI5QGdnoHFXRDaqjBqLoCb2gd/RhPBtvxpfxPW1dMvKZA/QHxs8v5G2lqQ==</latexit>
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• Exercise: Show  
• test  
• test 
• Why KL (in this direction)?
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[Bishop 2006, Sec 1.6.1]



Variational Bayes

q⇤(✓)

NICE

CLOSE

p(✓|y)

q⇤ = argminq2QKL (q(·)||p(·|y))
<latexit sha1_base64="9/DDYscHAkdhf/FmS2H4nFjPGDo="></latexit><latexit sha1_base64="9/DDYscHAkdhf/FmS2H4nFjPGDo="></latexit><latexit sha1_base64="9/DDYscHAkdhf/FmS2H4nFjPGDo="></latexit><latexit sha1_base64="9/DDYscHAkdhf/FmS2H4nFjPGDo="></latexit>

6



Variational Bayes

q⇤(✓)

NICE

CLOSE

p(✓|y)
Choose “NICE” distributions

q⇤ = argminq2QKL (q(·)||p(·|y))
<latexit sha1_base64="9/DDYscHAkdhf/FmS2H4nFjPGDo="></latexit><latexit sha1_base64="9/DDYscHAkdhf/FmS2H4nFjPGDo="></latexit><latexit sha1_base64="9/DDYscHAkdhf/FmS2H4nFjPGDo="></latexit><latexit sha1_base64="9/DDYscHAkdhf/FmS2H4nFjPGDo="></latexit>

6



Variational Bayes

q⇤(✓)

NICE

CLOSE

p(✓|y)
Choose “NICE” distributions

q⇤ = argminq2QKL (q(·)||p(·|y))
<latexit sha1_base64="9/DDYscHAkdhf/FmS2H4nFjPGDo="></latexit><latexit sha1_base64="9/DDYscHAkdhf/FmS2H4nFjPGDo="></latexit><latexit sha1_base64="9/DDYscHAkdhf/FmS2H4nFjPGDo="></latexit><latexit sha1_base64="9/DDYscHAkdhf/FmS2H4nFjPGDo="></latexit>

6



Variational Bayes

q⇤(✓)

NICE

CLOSE

p(✓|y)
Choose “NICE” distributions

q⇤ = argminq2QKL (q(·)||p(·|y))
<latexit sha1_base64="9/DDYscHAkdhf/FmS2H4nFjPGDo="></latexit><latexit sha1_base64="9/DDYscHAkdhf/FmS2H4nFjPGDo="></latexit><latexit sha1_base64="9/DDYscHAkdhf/FmS2H4nFjPGDo="></latexit><latexit sha1_base64="9/DDYscHAkdhf/FmS2H4nFjPGDo="></latexit>

6



Variational Bayes
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8
<
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JY

j=1

qj(✓j)

9
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• Often also exponential family 
• Not a modeling assumption

Now we have an optimization 
problem; how to solve it? 
• One option: Coordinate 

descent in q1, . . . , qJ
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QMFVB :=

8
<

:q : q(✓) =
JY

j=1

qj(✓j)

9
=

;
<latexit sha1_base64="mrsR61G+b3whIbq1KZWS7sjBpxM="></latexit><latexit sha1_base64="mrsR61G+b3whIbq1KZWS7sjBpxM="></latexit><latexit sha1_base64="mrsR61G+b3whIbq1KZWS7sjBpxM="></latexit><latexit sha1_base64="mrsR61G+b3whIbq1KZWS7sjBpxM="></latexit>

[Bishop 2006]

exact 
posterior

MFVB approx
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Approximate Bayesian inference
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Use     to approximate
Approximate Bayesian inference

q⇤
<latexit sha1_base64="SEQ3KyBYMOJ0WzNLIO0tp2ioeTQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSKIh5KIoMeiF48V7Qe0sWy2k3bpZhN3N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O0vLK6tr64WN4ubW9s5uaW+/oeNUMayzWMSqFVCNgkusG24EthKFNAoENoPh9cRvPqHSPJb3ZpSgH9G+5CFn1Fjp7vHhtFsquxV3CrJIvJyUIUetW/rq9GKWRigNE1Trtucmxs+oMpwJHBc7qcaEsiHtY9tSSSPUfjY9dUyOrdIjYaxsSUOm6u+JjEZaj6LAdkbUDPS8NxH/89qpCS/9jMskNSjZbFGYCmJiMvmb9LhCZsTIEsoUt7cSNqCKMmPTKdoQvPmXF0njrOK5Fe/2vFy9yuMowCEcwQl4cAFVuIEa1IFBH57hFd4c4bw4787HrHXJyWcO4A+czx/01o2R</latexit><latexit sha1_base64="SEQ3KyBYMOJ0WzNLIO0tp2ioeTQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSKIh5KIoMeiF48V7Qe0sWy2k3bpZhN3N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O0vLK6tr64WN4ubW9s5uaW+/oeNUMayzWMSqFVCNgkusG24EthKFNAoENoPh9cRvPqHSPJb3ZpSgH9G+5CFn1Fjp7vHhtFsquxV3CrJIvJyUIUetW/rq9GKWRigNE1Trtucmxs+oMpwJHBc7qcaEsiHtY9tSSSPUfjY9dUyOrdIjYaxsSUOm6u+JjEZaj6LAdkbUDPS8NxH/89qpCS/9jMskNSjZbFGYCmJiMvmb9LhCZsTIEsoUt7cSNqCKMmPTKdoQvPmXF0njrOK5Fe/2vFy9yuMowCEcwQl4cAFVuIEa1IFBH57hFd4c4bw4787HrHXJyWcO4A+czx/01o2R</latexit><latexit sha1_base64="SEQ3KyBYMOJ0WzNLIO0tp2ioeTQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSKIh5KIoMeiF48V7Qe0sWy2k3bpZhN3N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O0vLK6tr64WN4ubW9s5uaW+/oeNUMayzWMSqFVCNgkusG24EthKFNAoENoPh9cRvPqHSPJb3ZpSgH9G+5CFn1Fjp7vHhtFsquxV3CrJIvJyUIUetW/rq9GKWRigNE1Trtucmxs+oMpwJHBc7qcaEsiHtY9tSSSPUfjY9dUyOrdIjYaxsSUOm6u+JjEZaj6LAdkbUDPS8NxH/89qpCS/9jMskNSjZbFGYCmJiMvmb9LhCZsTIEsoUt7cSNqCKMmPTKdoQvPmXF0njrOK5Fe/2vFy9yuMowCEcwQl4cAFVuIEa1IFBH57hFd4c4bw4787HrHXJyWcO4A+czx/01o2R</latexit><latexit sha1_base64="SEQ3KyBYMOJ0WzNLIO0tp2ioeTQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSKIh5KIoMeiF48V7Qe0sWy2k3bpZhN3N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O0vLK6tr64WN4ubW9s5uaW+/oeNUMayzWMSqFVCNgkusG24EthKFNAoENoPh9cRvPqHSPJb3ZpSgH9G+5CFn1Fjp7vHhtFsquxV3CrJIvJyUIUetW/rq9GKWRigNE1Trtucmxs+oMpwJHBc7qcaEsiHtY9tSSSPUfjY9dUyOrdIjYaxsSUOm6u+JjEZaj6LAdkbUDPS8NxH/89qpCS/9jMskNSjZbFGYCmJiMvmb9LhCZsTIEsoUt7cSNqCKMmPTKdoQvPmXF0njrOK5Fe/2vFy9yuMowCEcwQl4cAFVuIEa1IFBH57hFd4c4bw4787HrHXJyWcO4A+czx/01o2R</latexit>

p(·|y)
<latexit sha1_base64="ZFD1+cP8HHNhNha/j35y7+s0n5E=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWsB/QhLLZbtqlm82yuxFC7N/w4kERr/4Zb/4bt20O2vpg4PHeDDPzQsmZNq777ZTW1jc2t8rblZ3dvf2D6uFRRyepIrRNEp6oXog15UzQtmGG055UFMchp91wcjvzu49UaZaIB5NJGsR4JFjECDZW8mXdJ8PEoCeUnQ+qNbfhzoFWiVeQGhRoDapf/jAhaUyFIRxr3fdcaYIcK8MIp9OKn2oqMZngEe1bKnBMdZDPb56iM6sMUZQoW8Kgufp7Isex1lkc2s4Ym7Fe9mbif14/NdF1kDMhU0MFWSyKUo5MgmYBoCFTlBieWYKJYvZWRMZYYWJsTBUbgrf88irpXDQ8t+HdX9aaN0UcZTiBU6iDB1fQhDtoQRsISHiGV3hzUufFeXc+Fq0lp5g5hj9wPn8A5+eQ7g==</latexit><latexit sha1_base64="ZFD1+cP8HHNhNha/j35y7+s0n5E=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWsB/QhLLZbtqlm82yuxFC7N/w4kERr/4Zb/4bt20O2vpg4PHeDDPzQsmZNq777ZTW1jc2t8rblZ3dvf2D6uFRRyepIrRNEp6oXog15UzQtmGG055UFMchp91wcjvzu49UaZaIB5NJGsR4JFjECDZW8mXdJ8PEoCeUnQ+qNbfhzoFWiVeQGhRoDapf/jAhaUyFIRxr3fdcaYIcK8MIp9OKn2oqMZngEe1bKnBMdZDPb56iM6sMUZQoW8Kgufp7Isex1lkc2s4Ym7Fe9mbif14/NdF1kDMhU0MFWSyKUo5MgmYBoCFTlBieWYKJYvZWRMZYYWJsTBUbgrf88irpXDQ8t+HdX9aaN0UcZTiBU6iDB1fQhDtoQRsISHiGV3hzUufFeXc+Fq0lp5g5hj9wPn8A5+eQ7g==</latexit><latexit sha1_base64="ZFD1+cP8HHNhNha/j35y7+s0n5E=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWsB/QhLLZbtqlm82yuxFC7N/w4kERr/4Zb/4bt20O2vpg4PHeDDPzQsmZNq777ZTW1jc2t8rblZ3dvf2D6uFRRyepIrRNEp6oXog15UzQtmGG055UFMchp91wcjvzu49UaZaIB5NJGsR4JFjECDZW8mXdJ8PEoCeUnQ+qNbfhzoFWiVeQGhRoDapf/jAhaUyFIRxr3fdcaYIcK8MIp9OKn2oqMZngEe1bKnBMdZDPb56iM6sMUZQoW8Kgufp7Isex1lkc2s4Ym7Fe9mbif14/NdF1kDMhU0MFWSyKUo5MgmYBoCFTlBieWYKJYvZWRMZYYWJsTBUbgrf88irpXDQ8t+HdX9aaN0UcZTiBU6iDB1fQhDtoQRsISHiGV3hzUufFeXc+Fq0lp5g5hj9wPn8A5+eQ7g==</latexit><latexit sha1_base64="ZFD1+cP8HHNhNha/j35y7+s0n5E=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWsB/QhLLZbtqlm82yuxFC7N/w4kERr/4Zb/4bt20O2vpg4PHeDDPzQsmZNq777ZTW1jc2t8rblZ3dvf2D6uFRRyepIrRNEp6oXog15UzQtmGG055UFMchp91wcjvzu49UaZaIB5NJGsR4JFjECDZW8mXdJ8PEoCeUnQ+qNbfhzoFWiVeQGhRoDapf/jAhaUyFIRxr3fdcaYIcK8MIp9OKn2oqMZngEe1bKnBMdZDPb56iM6sMUZQoW8Kgufp7Isex1lkc2s4Ym7Fe9mbif14/NdF1kDMhU0MFWSyKUo5MgmYBoCFTlBieWYKJYvZWRMZYYWJsTBUbgrf88irpXDQ8t+HdX9aaN0UcZTiBU6iDB1fQhDtoQRsISHiGV3hzUufFeXc+Fq0lp5g5hj9wPn8A5+eQ7g==</latexit>
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Optimization 
q⇤ = argminq2Qf(q(·), p(·|y))

Use     to approximate
Approximate Bayesian inference

q⇤
<latexit sha1_base64="SEQ3KyBYMOJ0WzNLIO0tp2ioeTQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSKIh5KIoMeiF48V7Qe0sWy2k3bpZhN3N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O0vLK6tr64WN4ubW9s5uaW+/oeNUMayzWMSqFVCNgkusG24EthKFNAoENoPh9cRvPqHSPJb3ZpSgH9G+5CFn1Fjp7vHhtFsquxV3CrJIvJyUIUetW/rq9GKWRigNE1Trtucmxs+oMpwJHBc7qcaEsiHtY9tSSSPUfjY9dUyOrdIjYaxsSUOm6u+JjEZaj6LAdkbUDPS8NxH/89qpCS/9jMskNSjZbFGYCmJiMvmb9LhCZsTIEsoUt7cSNqCKMmPTKdoQvPmXF0njrOK5Fe/2vFy9yuMowCEcwQl4cAFVuIEa1IFBH57hFd4c4bw4787HrHXJyWcO4A+czx/01o2R</latexit><latexit sha1_base64="SEQ3KyBYMOJ0WzNLIO0tp2ioeTQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSKIh5KIoMeiF48V7Qe0sWy2k3bpZhN3N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O0vLK6tr64WN4ubW9s5uaW+/oeNUMayzWMSqFVCNgkusG24EthKFNAoENoPh9cRvPqHSPJb3ZpSgH9G+5CFn1Fjp7vHhtFsquxV3CrJIvJyUIUetW/rq9GKWRigNE1Trtucmxs+oMpwJHBc7qcaEsiHtY9tSSSPUfjY9dUyOrdIjYaxsSUOm6u+JjEZaj6LAdkbUDPS8NxH/89qpCS/9jMskNSjZbFGYCmJiMvmb9LhCZsTIEsoUt7cSNqCKMmPTKdoQvPmXF0njrOK5Fe/2vFy9yuMowCEcwQl4cAFVuIEa1IFBH57hFd4c4bw4787HrHXJyWcO4A+czx/01o2R</latexit><latexit sha1_base64="SEQ3KyBYMOJ0WzNLIO0tp2ioeTQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSKIh5KIoMeiF48V7Qe0sWy2k3bpZhN3N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O0vLK6tr64WN4ubW9s5uaW+/oeNUMayzWMSqFVCNgkusG24EthKFNAoENoPh9cRvPqHSPJb3ZpSgH9G+5CFn1Fjp7vHhtFsquxV3CrJIvJyUIUetW/rq9GKWRigNE1Trtucmxs+oMpwJHBc7qcaEsiHtY9tSSSPUfjY9dUyOrdIjYaxsSUOm6u+JjEZaj6LAdkbUDPS8NxH/89qpCS/9jMskNSjZbFGYCmJiMvmb9LhCZsTIEsoUt7cSNqCKMmPTKdoQvPmXF0njrOK5Fe/2vFy9yuMowCEcwQl4cAFVuIEa1IFBH57hFd4c4bw4787HrHXJyWcO4A+czx/01o2R</latexit><latexit sha1_base64="SEQ3KyBYMOJ0WzNLIO0tp2ioeTQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSKIh5KIoMeiF48V7Qe0sWy2k3bpZhN3N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O0vLK6tr64WN4ubW9s5uaW+/oeNUMayzWMSqFVCNgkusG24EthKFNAoENoPh9cRvPqHSPJb3ZpSgH9G+5CFn1Fjp7vHhtFsquxV3CrJIvJyUIUetW/rq9GKWRigNE1Trtucmxs+oMpwJHBc7qcaEsiHtY9tSSSPUfjY9dUyOrdIjYaxsSUOm6u+JjEZaj6LAdkbUDPS8NxH/89qpCS/9jMskNSjZbFGYCmJiMvmb9LhCZsTIEsoUt7cSNqCKMmPTKdoQvPmXF0njrOK5Fe/2vFy9yuMowCEcwQl4cAFVuIEa1IFBH57hFd4c4bw4787HrHXJyWcO4A+czx/01o2R</latexit>

p(·|y)
<latexit sha1_base64="ZFD1+cP8HHNhNha/j35y7+s0n5E=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWsB/QhLLZbtqlm82yuxFC7N/w4kERr/4Zb/4bt20O2vpg4PHeDDPzQsmZNq777ZTW1jc2t8rblZ3dvf2D6uFRRyepIrRNEp6oXog15UzQtmGG055UFMchp91wcjvzu49UaZaIB5NJGsR4JFjECDZW8mXdJ8PEoCeUnQ+qNbfhzoFWiVeQGhRoDapf/jAhaUyFIRxr3fdcaYIcK8MIp9OKn2oqMZngEe1bKnBMdZDPb56iM6sMUZQoW8Kgufp7Isex1lkc2s4Ym7Fe9mbif14/NdF1kDMhU0MFWSyKUo5MgmYBoCFTlBieWYKJYvZWRMZYYWJsTBUbgrf88irpXDQ8t+HdX9aaN0UcZTiBU6iDB1fQhDtoQRsISHiGV3hzUufFeXc+Fq0lp5g5hj9wPn8A5+eQ7g==</latexit><latexit sha1_base64="ZFD1+cP8HHNhNha/j35y7+s0n5E=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWsB/QhLLZbtqlm82yuxFC7N/w4kERr/4Zb/4bt20O2vpg4PHeDDPzQsmZNq777ZTW1jc2t8rblZ3dvf2D6uFRRyepIrRNEp6oXog15UzQtmGG055UFMchp91wcjvzu49UaZaIB5NJGsR4JFjECDZW8mXdJ8PEoCeUnQ+qNbfhzoFWiVeQGhRoDapf/jAhaUyFIRxr3fdcaYIcK8MIp9OKn2oqMZngEe1bKnBMdZDPb56iM6sMUZQoW8Kgufp7Isex1lkc2s4Ym7Fe9mbif14/NdF1kDMhU0MFWSyKUo5MgmYBoCFTlBieWYKJYvZWRMZYYWJsTBUbgrf88irpXDQ8t+HdX9aaN0UcZTiBU6iDB1fQhDtoQRsISHiGV3hzUufFeXc+Fq0lp5g5hj9wPn8A5+eQ7g==</latexit><latexit sha1_base64="ZFD1+cP8HHNhNha/j35y7+s0n5E=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWsB/QhLLZbtqlm82yuxFC7N/w4kERr/4Zb/4bt20O2vpg4PHeDDPzQsmZNq777ZTW1jc2t8rblZ3dvf2D6uFRRyepIrRNEp6oXog15UzQtmGG055UFMchp91wcjvzu49UaZaIB5NJGsR4JFjECDZW8mXdJ8PEoCeUnQ+qNbfhzoFWiVeQGhRoDapf/jAhaUyFIRxr3fdcaYIcK8MIp9OKn2oqMZngEe1bKnBMdZDPb56iM6sMUZQoW8Kgufp7Isex1lkc2s4Ym7Fe9mbif14/NdF1kDMhU0MFWSyKUo5MgmYBoCFTlBieWYKJYvZWRMZYYWJsTBUbgrf88irpXDQ8t+HdX9aaN0UcZTiBU6iDB1fQhDtoQRsISHiGV3hzUufFeXc+Fq0lp5g5hj9wPn8A5+eQ7g==</latexit><latexit sha1_base64="ZFD1+cP8HHNhNha/j35y7+s0n5E=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWsB/QhLLZbtqlm82yuxFC7N/w4kERr/4Zb/4bt20O2vpg4PHeDDPzQsmZNq777ZTW1jc2t8rblZ3dvf2D6uFRRyepIrRNEp6oXog15UzQtmGG055UFMchp91wcjvzu49UaZaIB5NJGsR4JFjECDZW8mXdJ8PEoCeUnQ+qNbfhzoFWiVeQGhRoDapf/jAhaUyFIRxr3fdcaYIcK8MIp9OKn2oqMZngEe1bKnBMdZDPb56iM6sMUZQoW8Kgufp7Isex1lkc2s4Ym7Fe9mbif14/NdF1kDMhU0MFWSyKUo5MgmYBoCFTlBieWYKJYvZWRMZYYWJsTBUbgrf88irpXDQ8t+HdX9aaN0UcZTiBU6iDB1fQhDtoQRsISHiGV3hzUufFeXc+Fq0lp5g5hj9wPn8A5+eQ7g==</latexit>
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Optimization 
q⇤ = argminq2Qf(q(·), p(·|y))

Variational Bayes 
q⇤ = argminq2QKL(q(·)||p(·|y))

Use     to approximate
Approximate Bayesian inference

q⇤
<latexit sha1_base64="SEQ3KyBYMOJ0WzNLIO0tp2ioeTQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSKIh5KIoMeiF48V7Qe0sWy2k3bpZhN3N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O0vLK6tr64WN4ubW9s5uaW+/oeNUMayzWMSqFVCNgkusG24EthKFNAoENoPh9cRvPqHSPJb3ZpSgH9G+5CFn1Fjp7vHhtFsquxV3CrJIvJyUIUetW/rq9GKWRigNE1Trtucmxs+oMpwJHBc7qcaEsiHtY9tSSSPUfjY9dUyOrdIjYaxsSUOm6u+JjEZaj6LAdkbUDPS8NxH/89qpCS/9jMskNSjZbFGYCmJiMvmb9LhCZsTIEsoUt7cSNqCKMmPTKdoQvPmXF0njrOK5Fe/2vFy9yuMowCEcwQl4cAFVuIEa1IFBH57hFd4c4bw4787HrHXJyWcO4A+czx/01o2R</latexit><latexit sha1_base64="SEQ3KyBYMOJ0WzNLIO0tp2ioeTQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSKIh5KIoMeiF48V7Qe0sWy2k3bpZhN3N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O0vLK6tr64WN4ubW9s5uaW+/oeNUMayzWMSqFVCNgkusG24EthKFNAoENoPh9cRvPqHSPJb3ZpSgH9G+5CFn1Fjp7vHhtFsquxV3CrJIvJyUIUetW/rq9GKWRigNE1Trtucmxs+oMpwJHBc7qcaEsiHtY9tSSSPUfjY9dUyOrdIjYaxsSUOm6u+JjEZaj6LAdkbUDPS8NxH/89qpCS/9jMskNSjZbFGYCmJiMvmb9LhCZsTIEsoUt7cSNqCKMmPTKdoQvPmXF0njrOK5Fe/2vFy9yuMowCEcwQl4cAFVuIEa1IFBH57hFd4c4bw4787HrHXJyWcO4A+czx/01o2R</latexit><latexit sha1_base64="SEQ3KyBYMOJ0WzNLIO0tp2ioeTQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSKIh5KIoMeiF48V7Qe0sWy2k3bpZhN3N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O0vLK6tr64WN4ubW9s5uaW+/oeNUMayzWMSqFVCNgkusG24EthKFNAoENoPh9cRvPqHSPJb3ZpSgH9G+5CFn1Fjp7vHhtFsquxV3CrJIvJyUIUetW/rq9GKWRigNE1Trtucmxs+oMpwJHBc7qcaEsiHtY9tSSSPUfjY9dUyOrdIjYaxsSUOm6u+JjEZaj6LAdkbUDPS8NxH/89qpCS/9jMskNSjZbFGYCmJiMvmb9LhCZsTIEsoUt7cSNqCKMmPTKdoQvPmXF0njrOK5Fe/2vFy9yuMowCEcwQl4cAFVuIEa1IFBH57hFd4c4bw4787HrHXJyWcO4A+czx/01o2R</latexit><latexit sha1_base64="SEQ3KyBYMOJ0WzNLIO0tp2ioeTQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSKIh5KIoMeiF48V7Qe0sWy2k3bpZhN3N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O0vLK6tr64WN4ubW9s5uaW+/oeNUMayzWMSqFVCNgkusG24EthKFNAoENoPh9cRvPqHSPJb3ZpSgH9G+5CFn1Fjp7vHhtFsquxV3CrJIvJyUIUetW/rq9GKWRigNE1Trtucmxs+oMpwJHBc7qcaEsiHtY9tSSSPUfjY9dUyOrdIjYaxsSUOm6u+JjEZaj6LAdkbUDPS8NxH/89qpCS/9jMskNSjZbFGYCmJiMvmb9LhCZsTIEsoUt7cSNqCKMmPTKdoQvPmXF0njrOK5Fe/2vFy9yuMowCEcwQl4cAFVuIEa1IFBH57hFd4c4bw4787HrHXJyWcO4A+czx/01o2R</latexit>
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Optimization 
q⇤ = argminq2Qf(q(·), p(·|y))

Variational Bayes 
q⇤ = argminq2QKL(q(·)||p(·|y))

Mean-field variational Bayes
q⇤ = argminq2QMFVB

KL(q(·)||p(·|y))
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Approximate Bayesian inference
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7



Optimization 
q⇤ = argminq2Qf(q(·), p(·|y))

Variational Bayes 
q⇤ = argminq2QKL(q(·)||p(·|y))

Mean-field variational Bayes
q⇤ = argminq2QMFVB

KL(q(·)||p(·|y))

Use     to approximate
Approximate Bayesian inference

q⇤
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Optimization 
q⇤ = argminq2Qf(q(·), p(·|y))

Variational Bayes 
q⇤ = argminq2QKL(q(·)||p(·|y))

Mean-field variational Bayes
q⇤ = argminq2QMFVB

KL(q(·)||p(·|y))

Use     to approximate
Approximate Bayesian inference

• Coordinate descent

q⇤
<latexit sha1_base64="SEQ3KyBYMOJ0WzNLIO0tp2ioeTQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSKIh5KIoMeiF48V7Qe0sWy2k3bpZhN3N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O0vLK6tr64WN4ubW9s5uaW+/oeNUMayzWMSqFVCNgkusG24EthKFNAoENoPh9cRvPqHSPJb3ZpSgH9G+5CFn1Fjp7vHhtFsquxV3CrJIvJyUIUetW/rq9GKWRigNE1Trtucmxs+oMpwJHBc7qcaEsiHtY9tSSSPUfjY9dUyOrdIjYaxsSUOm6u+JjEZaj6LAdkbUDPS8NxH/89qpCS/9jMskNSjZbFGYCmJiMvmb9LhCZsTIEsoUt7cSNqCKMmPTKdoQvPmXF0njrOK5Fe/2vFy9yuMowCEcwQl4cAFVuIEa1IFBH57hFd4c4bw4787HrHXJyWcO4A+czx/01o2R</latexit><latexit sha1_base64="SEQ3KyBYMOJ0WzNLIO0tp2ioeTQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSKIh5KIoMeiF48V7Qe0sWy2k3bpZhN3N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O0vLK6tr64WN4ubW9s5uaW+/oeNUMayzWMSqFVCNgkusG24EthKFNAoENoPh9cRvPqHSPJb3ZpSgH9G+5CFn1Fjp7vHhtFsquxV3CrJIvJyUIUetW/rq9GKWRigNE1Trtucmxs+oMpwJHBc7qcaEsiHtY9tSSSPUfjY9dUyOrdIjYaxsSUOm6u+JjEZaj6LAdkbUDPS8NxH/89qpCS/9jMskNSjZbFGYCmJiMvmb9LhCZsTIEsoUt7cSNqCKMmPTKdoQvPmXF0njrOK5Fe/2vFy9yuMowCEcwQl4cAFVuIEa1IFBH57hFd4c4bw4787HrHXJyWcO4A+czx/01o2R</latexit><latexit sha1_base64="SEQ3KyBYMOJ0WzNLIO0tp2ioeTQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSKIh5KIoMeiF48V7Qe0sWy2k3bpZhN3N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O0vLK6tr64WN4ubW9s5uaW+/oeNUMayzWMSqFVCNgkusG24EthKFNAoENoPh9cRvPqHSPJb3ZpSgH9G+5CFn1Fjp7vHhtFsquxV3CrJIvJyUIUetW/rq9GKWRigNE1Trtucmxs+oMpwJHBc7qcaEsiHtY9tSSSPUfjY9dUyOrdIjYaxsSUOm6u+JjEZaj6LAdkbUDPS8NxH/89qpCS/9jMskNSjZbFGYCmJiMvmb9LhCZsTIEsoUt7cSNqCKMmPTKdoQvPmXF0njrOK5Fe/2vFy9yuMowCEcwQl4cAFVuIEa1IFBH57hFd4c4bw4787HrHXJyWcO4A+czx/01o2R</latexit><latexit sha1_base64="SEQ3KyBYMOJ0WzNLIO0tp2ioeTQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSKIh5KIoMeiF48V7Qe0sWy2k3bpZhN3N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O0vLK6tr64WN4ubW9s5uaW+/oeNUMayzWMSqFVCNgkusG24EthKFNAoENoPh9cRvPqHSPJb3ZpSgH9G+5CFn1Fjp7vHhtFsquxV3CrJIvJyUIUetW/rq9GKWRigNE1Trtucmxs+oMpwJHBc7qcaEsiHtY9tSSSPUfjY9dUyOrdIjYaxsSUOm6u+JjEZaj6LAdkbUDPS8NxH/89qpCS/9jMskNSjZbFGYCmJiMvmb9LhCZsTIEsoUt7cSNqCKMmPTKdoQvPmXF0njrOK5Fe/2vFy9yuMowCEcwQl4cAFVuIEa1IFBH57hFd4c4bw4787HrHXJyWcO4A+czx/01o2R</latexit>

p(·|y)
<latexit sha1_base64="ZFD1+cP8HHNhNha/j35y7+s0n5E=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWsB/QhLLZbtqlm82yuxFC7N/w4kERr/4Zb/4bt20O2vpg4PHeDDPzQsmZNq777ZTW1jc2t8rblZ3dvf2D6uFRRyepIrRNEp6oXog15UzQtmGG055UFMchp91wcjvzu49UaZaIB5NJGsR4JFjECDZW8mXdJ8PEoCeUnQ+qNbfhzoFWiVeQGhRoDapf/jAhaUyFIRxr3fdcaYIcK8MIp9OKn2oqMZngEe1bKnBMdZDPb56iM6sMUZQoW8Kgufp7Isex1lkc2s4Ym7Fe9mbif14/NdF1kDMhU0MFWSyKUo5MgmYBoCFTlBieWYKJYvZWRMZYYWJsTBUbgrf88irpXDQ8t+HdX9aaN0UcZTiBU6iDB1fQhDtoQRsISHiGV3hzUufFeXc+Fq0lp5g5hj9wPn8A5+eQ7g==</latexit><latexit sha1_base64="ZFD1+cP8HHNhNha/j35y7+s0n5E=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWsB/QhLLZbtqlm82yuxFC7N/w4kERr/4Zb/4bt20O2vpg4PHeDDPzQsmZNq777ZTW1jc2t8rblZ3dvf2D6uFRRyepIrRNEp6oXog15UzQtmGG055UFMchp91wcjvzu49UaZaIB5NJGsR4JFjECDZW8mXdJ8PEoCeUnQ+qNbfhzoFWiVeQGhRoDapf/jAhaUyFIRxr3fdcaYIcK8MIp9OKn2oqMZngEe1bKnBMdZDPb56iM6sMUZQoW8Kgufp7Isex1lkc2s4Ym7Fe9mbif14/NdF1kDMhU0MFWSyKUo5MgmYBoCFTlBieWYKJYvZWRMZYYWJsTBUbgrf88irpXDQ8t+HdX9aaN0UcZTiBU6iDB1fQhDtoQRsISHiGV3hzUufFeXc+Fq0lp5g5hj9wPn8A5+eQ7g==</latexit><latexit sha1_base64="ZFD1+cP8HHNhNha/j35y7+s0n5E=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWsB/QhLLZbtqlm82yuxFC7N/w4kERr/4Zb/4bt20O2vpg4PHeDDPzQsmZNq777ZTW1jc2t8rblZ3dvf2D6uFRRyepIrRNEp6oXog15UzQtmGG055UFMchp91wcjvzu49UaZaIB5NJGsR4JFjECDZW8mXdJ8PEoCeUnQ+qNbfhzoFWiVeQGhRoDapf/jAhaUyFIRxr3fdcaYIcK8MIp9OKn2oqMZngEe1bKnBMdZDPb56iM6sMUZQoW8Kgufp7Isex1lkc2s4Ym7Fe9mbif14/NdF1kDMhU0MFWSyKUo5MgmYBoCFTlBieWYKJYvZWRMZYYWJsTBUbgrf88irpXDQ8t+HdX9aaN0UcZTiBU6iDB1fQhDtoQRsISHiGV3hzUufFeXc+Fq0lp5g5hj9wPn8A5+eQ7g==</latexit><latexit sha1_base64="ZFD1+cP8HHNhNha/j35y7+s0n5E=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWsB/QhLLZbtqlm82yuxFC7N/w4kERr/4Zb/4bt20O2vpg4PHeDDPzQsmZNq777ZTW1jc2t8rblZ3dvf2D6uFRRyepIrRNEp6oXog15UzQtmGG055UFMchp91wcjvzu49UaZaIB5NJGsR4JFjECDZW8mXdJ8PEoCeUnQ+qNbfhzoFWiVeQGhRoDapf/jAhaUyFIRxr3fdcaYIcK8MIp9OKn2oqMZngEe1bKnBMdZDPb56iM6sMUZQoW8Kgufp7Isex1lkc2s4Ym7Fe9mbif14/NdF1kDMhU0MFWSyKUo5MgmYBoCFTlBieWYKJYvZWRMZYYWJsTBUbgrf88irpXDQ8t+HdX9aaN0UcZTiBU6iDB1fQhDtoQRsISHiGV3hzUufFeXc+Fq0lp5g5hj9wPn8A5+eQ7g==</latexit>
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Optimization 
q⇤ = argminq2Qf(q(·), p(·|y))

Variational Bayes 
q⇤ = argminq2QKL(q(·)||p(·|y))

Mean-field variational Bayes
q⇤ = argminq2QMFVB

KL(q(·)||p(·|y))

Use     to approximate
Approximate Bayesian inference

• Coordinate descent 
• Stochastic variational inference (SVI) [Hoffman et al 2013]

q⇤
<latexit sha1_base64="SEQ3KyBYMOJ0WzNLIO0tp2ioeTQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSKIh5KIoMeiF48V7Qe0sWy2k3bpZhN3N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O0vLK6tr64WN4ubW9s5uaW+/oeNUMayzWMSqFVCNgkusG24EthKFNAoENoPh9cRvPqHSPJb3ZpSgH9G+5CFn1Fjp7vHhtFsquxV3CrJIvJyUIUetW/rq9GKWRigNE1Trtucmxs+oMpwJHBc7qcaEsiHtY9tSSSPUfjY9dUyOrdIjYaxsSUOm6u+JjEZaj6LAdkbUDPS8NxH/89qpCS/9jMskNSjZbFGYCmJiMvmb9LhCZsTIEsoUt7cSNqCKMmPTKdoQvPmXF0njrOK5Fe/2vFy9yuMowCEcwQl4cAFVuIEa1IFBH57hFd4c4bw4787HrHXJyWcO4A+czx/01o2R</latexit><latexit sha1_base64="SEQ3KyBYMOJ0WzNLIO0tp2ioeTQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSKIh5KIoMeiF48V7Qe0sWy2k3bpZhN3N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O0vLK6tr64WN4ubW9s5uaW+/oeNUMayzWMSqFVCNgkusG24EthKFNAoENoPh9cRvPqHSPJb3ZpSgH9G+5CFn1Fjp7vHhtFsquxV3CrJIvJyUIUetW/rq9GKWRigNE1Trtucmxs+oMpwJHBc7qcaEsiHtY9tSSSPUfjY9dUyOrdIjYaxsSUOm6u+JjEZaj6LAdkbUDPS8NxH/89qpCS/9jMskNSjZbFGYCmJiMvmb9LhCZsTIEsoUt7cSNqCKMmPTKdoQvPmXF0njrOK5Fe/2vFy9yuMowCEcwQl4cAFVuIEa1IFBH57hFd4c4bw4787HrHXJyWcO4A+czx/01o2R</latexit><latexit sha1_base64="SEQ3KyBYMOJ0WzNLIO0tp2ioeTQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSKIh5KIoMeiF48V7Qe0sWy2k3bpZhN3N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O0vLK6tr64WN4ubW9s5uaW+/oeNUMayzWMSqFVCNgkusG24EthKFNAoENoPh9cRvPqHSPJb3ZpSgH9G+5CFn1Fjp7vHhtFsquxV3CrJIvJyUIUetW/rq9GKWRigNE1Trtucmxs+oMpwJHBc7qcaEsiHtY9tSSSPUfjY9dUyOrdIjYaxsSUOm6u+JjEZaj6LAdkbUDPS8NxH/89qpCS/9jMskNSjZbFGYCmJiMvmb9LhCZsTIEsoUt7cSNqCKMmPTKdoQvPmXF0njrOK5Fe/2vFy9yuMowCEcwQl4cAFVuIEa1IFBH57hFd4c4bw4787HrHXJyWcO4A+czx/01o2R</latexit><latexit sha1_base64="SEQ3KyBYMOJ0WzNLIO0tp2ioeTQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSKIh5KIoMeiF48V7Qe0sWy2k3bpZhN3N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O0vLK6tr64WN4ubW9s5uaW+/oeNUMayzWMSqFVCNgkusG24EthKFNAoENoPh9cRvPqHSPJb3ZpSgH9G+5CFn1Fjp7vHhtFsquxV3CrJIvJyUIUetW/rq9GKWRigNE1Trtucmxs+oMpwJHBc7qcaEsiHtY9tSSSPUfjY9dUyOrdIjYaxsSUOm6u+JjEZaj6LAdkbUDPS8NxH/89qpCS/9jMskNSjZbFGYCmJiMvmb9LhCZsTIEsoUt7cSNqCKMmPTKdoQvPmXF0njrOK5Fe/2vFy9yuMowCEcwQl4cAFVuIEa1IFBH57hFd4c4bw4787HrHXJyWcO4A+czx/01o2R</latexit>

p(·|y)
<latexit sha1_base64="ZFD1+cP8HHNhNha/j35y7+s0n5E=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWsB/QhLLZbtqlm82yuxFC7N/w4kERr/4Zb/4bt20O2vpg4PHeDDPzQsmZNq777ZTW1jc2t8rblZ3dvf2D6uFRRyepIrRNEp6oXog15UzQtmGG055UFMchp91wcjvzu49UaZaIB5NJGsR4JFjECDZW8mXdJ8PEoCeUnQ+qNbfhzoFWiVeQGhRoDapf/jAhaUyFIRxr3fdcaYIcK8MIp9OKn2oqMZngEe1bKnBMdZDPb56iM6sMUZQoW8Kgufp7Isex1lkc2s4Ym7Fe9mbif14/NdF1kDMhU0MFWSyKUo5MgmYBoCFTlBieWYKJYvZWRMZYYWJsTBUbgrf88irpXDQ8t+HdX9aaN0UcZTiBU6iDB1fQhDtoQRsISHiGV3hzUufFeXc+Fq0lp5g5hj9wPn8A5+eQ7g==</latexit><latexit sha1_base64="ZFD1+cP8HHNhNha/j35y7+s0n5E=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWsB/QhLLZbtqlm82yuxFC7N/w4kERr/4Zb/4bt20O2vpg4PHeDDPzQsmZNq777ZTW1jc2t8rblZ3dvf2D6uFRRyepIrRNEp6oXog15UzQtmGG055UFMchp91wcjvzu49UaZaIB5NJGsR4JFjECDZW8mXdJ8PEoCeUnQ+qNbfhzoFWiVeQGhRoDapf/jAhaUyFIRxr3fdcaYIcK8MIp9OKn2oqMZngEe1bKnBMdZDPb56iM6sMUZQoW8Kgufp7Isex1lkc2s4Ym7Fe9mbif14/NdF1kDMhU0MFWSyKUo5MgmYBoCFTlBieWYKJYvZWRMZYYWJsTBUbgrf88irpXDQ8t+HdX9aaN0UcZTiBU6iDB1fQhDtoQRsISHiGV3hzUufFeXc+Fq0lp5g5hj9wPn8A5+eQ7g==</latexit><latexit sha1_base64="ZFD1+cP8HHNhNha/j35y7+s0n5E=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWsB/QhLLZbtqlm82yuxFC7N/w4kERr/4Zb/4bt20O2vpg4PHeDDPzQsmZNq777ZTW1jc2t8rblZ3dvf2D6uFRRyepIrRNEp6oXog15UzQtmGG055UFMchp91wcjvzu49UaZaIB5NJGsR4JFjECDZW8mXdJ8PEoCeUnQ+qNbfhzoFWiVeQGhRoDapf/jAhaUyFIRxr3fdcaYIcK8MIp9OKn2oqMZngEe1bKnBMdZDPb56iM6sMUZQoW8Kgufp7Isex1lkc2s4Ym7Fe9mbif14/NdF1kDMhU0MFWSyKUo5MgmYBoCFTlBieWYKJYvZWRMZYYWJsTBUbgrf88irpXDQ8t+HdX9aaN0UcZTiBU6iDB1fQhDtoQRsISHiGV3hzUufFeXc+Fq0lp5g5hj9wPn8A5+eQ7g==</latexit><latexit sha1_base64="ZFD1+cP8HHNhNha/j35y7+s0n5E=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWsB/QhLLZbtqlm82yuxFC7N/w4kERr/4Zb/4bt20O2vpg4PHeDDPzQsmZNq777ZTW1jc2t8rblZ3dvf2D6uFRRyepIrRNEp6oXog15UzQtmGG055UFMchp91wcjvzu49UaZaIB5NJGsR4JFjECDZW8mXdJ8PEoCeUnQ+qNbfhzoFWiVeQGhRoDapf/jAhaUyFIRxr3fdcaYIcK8MIp9OKn2oqMZngEe1bKnBMdZDPb56iM6sMUZQoW8Kgufp7Isex1lkc2s4Ym7Fe9mbif14/NdF1kDMhU0MFWSyKUo5MgmYBoCFTlBieWYKJYvZWRMZYYWJsTBUbgrf88irpXDQ8t+HdX9aaN0UcZTiBU6iDB1fQhDtoQRsISHiGV3hzUufFeXc+Fq0lp5g5hj9wPn8A5+eQ7g==</latexit>
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Optimization 
q⇤ = argminq2Qf(q(·), p(·|y))

Variational Bayes 
q⇤ = argminq2QKL(q(·)||p(·|y))

Mean-field variational Bayes
q⇤ = argminq2QMFVB

KL(q(·)||p(·|y))

Use     to approximate
Approximate Bayesian inference

• Coordinate descent 
• Stochastic variational inference (SVI) 
• Automatic differentiation variational 

inference (ADVI) [Kucukelbir et al 2015, 2017]

[Hoffman et al 2013]

q⇤
<latexit sha1_base64="SEQ3KyBYMOJ0WzNLIO0tp2ioeTQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSKIh5KIoMeiF48V7Qe0sWy2k3bpZhN3N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O0vLK6tr64WN4ubW9s5uaW+/oeNUMayzWMSqFVCNgkusG24EthKFNAoENoPh9cRvPqHSPJb3ZpSgH9G+5CFn1Fjp7vHhtFsquxV3CrJIvJyUIUetW/rq9GKWRigNE1Trtucmxs+oMpwJHBc7qcaEsiHtY9tSSSPUfjY9dUyOrdIjYaxsSUOm6u+JjEZaj6LAdkbUDPS8NxH/89qpCS/9jMskNSjZbFGYCmJiMvmb9LhCZsTIEsoUt7cSNqCKMmPTKdoQvPmXF0njrOK5Fe/2vFy9yuMowCEcwQl4cAFVuIEa1IFBH57hFd4c4bw4787HrHXJyWcO4A+czx/01o2R</latexit><latexit sha1_base64="SEQ3KyBYMOJ0WzNLIO0tp2ioeTQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSKIh5KIoMeiF48V7Qe0sWy2k3bpZhN3N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O0vLK6tr64WN4ubW9s5uaW+/oeNUMayzWMSqFVCNgkusG24EthKFNAoENoPh9cRvPqHSPJb3ZpSgH9G+5CFn1Fjp7vHhtFsquxV3CrJIvJyUIUetW/rq9GKWRigNE1Trtucmxs+oMpwJHBc7qcaEsiHtY9tSSSPUfjY9dUyOrdIjYaxsSUOm6u+JjEZaj6LAdkbUDPS8NxH/89qpCS/9jMskNSjZbFGYCmJiMvmb9LhCZsTIEsoUt7cSNqCKMmPTKdoQvPmXF0njrOK5Fe/2vFy9yuMowCEcwQl4cAFVuIEa1IFBH57hFd4c4bw4787HrHXJyWcO4A+czx/01o2R</latexit><latexit sha1_base64="SEQ3KyBYMOJ0WzNLIO0tp2ioeTQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSKIh5KIoMeiF48V7Qe0sWy2k3bpZhN3N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O0vLK6tr64WN4ubW9s5uaW+/oeNUMayzWMSqFVCNgkusG24EthKFNAoENoPh9cRvPqHSPJb3ZpSgH9G+5CFn1Fjp7vHhtFsquxV3CrJIvJyUIUetW/rq9GKWRigNE1Trtucmxs+oMpwJHBc7qcaEsiHtY9tSSSPUfjY9dUyOrdIjYaxsSUOm6u+JjEZaj6LAdkbUDPS8NxH/89qpCS/9jMskNSjZbFGYCmJiMvmb9LhCZsTIEsoUt7cSNqCKMmPTKdoQvPmXF0njrOK5Fe/2vFy9yuMowCEcwQl4cAFVuIEa1IFBH57hFd4c4bw4787HrHXJyWcO4A+czx/01o2R</latexit><latexit sha1_base64="SEQ3KyBYMOJ0WzNLIO0tp2ioeTQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSKIh5KIoMeiF48V7Qe0sWy2k3bpZhN3N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O0vLK6tr64WN4ubW9s5uaW+/oeNUMayzWMSqFVCNgkusG24EthKFNAoENoPh9cRvPqHSPJb3ZpSgH9G+5CFn1Fjp7vHhtFsquxV3CrJIvJyUIUetW/rq9GKWRigNE1Trtucmxs+oMpwJHBc7qcaEsiHtY9tSSSPUfjY9dUyOrdIjYaxsSUOm6u+JjEZaj6LAdkbUDPS8NxH/89qpCS/9jMskNSjZbFGYCmJiMvmb9LhCZsTIEsoUt7cSNqCKMmPTKdoQvPmXF0njrOK5Fe/2vFy9yuMowCEcwQl4cAFVuIEa1IFBH57hFd4c4bw4787HrHXJyWcO4A+czx/01o2R</latexit>

p(·|y)
<latexit sha1_base64="ZFD1+cP8HHNhNha/j35y7+s0n5E=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWsB/QhLLZbtqlm82yuxFC7N/w4kERr/4Zb/4bt20O2vpg4PHeDDPzQsmZNq777ZTW1jc2t8rblZ3dvf2D6uFRRyepIrRNEp6oXog15UzQtmGG055UFMchp91wcjvzu49UaZaIB5NJGsR4JFjECDZW8mXdJ8PEoCeUnQ+qNbfhzoFWiVeQGhRoDapf/jAhaUyFIRxr3fdcaYIcK8MIp9OKn2oqMZngEe1bKnBMdZDPb56iM6sMUZQoW8Kgufp7Isex1lkc2s4Ym7Fe9mbif14/NdF1kDMhU0MFWSyKUo5MgmYBoCFTlBieWYKJYvZWRMZYYWJsTBUbgrf88irpXDQ8t+HdX9aaN0UcZTiBU6iDB1fQhDtoQRsISHiGV3hzUufFeXc+Fq0lp5g5hj9wPn8A5+eQ7g==</latexit><latexit sha1_base64="ZFD1+cP8HHNhNha/j35y7+s0n5E=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWsB/QhLLZbtqlm82yuxFC7N/w4kERr/4Zb/4bt20O2vpg4PHeDDPzQsmZNq777ZTW1jc2t8rblZ3dvf2D6uFRRyepIrRNEp6oXog15UzQtmGG055UFMchp91wcjvzu49UaZaIB5NJGsR4JFjECDZW8mXdJ8PEoCeUnQ+qNbfhzoFWiVeQGhRoDapf/jAhaUyFIRxr3fdcaYIcK8MIp9OKn2oqMZngEe1bKnBMdZDPb56iM6sMUZQoW8Kgufp7Isex1lkc2s4Ym7Fe9mbif14/NdF1kDMhU0MFWSyKUo5MgmYBoCFTlBieWYKJYvZWRMZYYWJsTBUbgrf88irpXDQ8t+HdX9aaN0UcZTiBU6iDB1fQhDtoQRsISHiGV3hzUufFeXc+Fq0lp5g5hj9wPn8A5+eQ7g==</latexit><latexit sha1_base64="ZFD1+cP8HHNhNha/j35y7+s0n5E=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWsB/QhLLZbtqlm82yuxFC7N/w4kERr/4Zb/4bt20O2vpg4PHeDDPzQsmZNq777ZTW1jc2t8rblZ3dvf2D6uFRRyepIrRNEp6oXog15UzQtmGG055UFMchp91wcjvzu49UaZaIB5NJGsR4JFjECDZW8mXdJ8PEoCeUnQ+qNbfhzoFWiVeQGhRoDapf/jAhaUyFIRxr3fdcaYIcK8MIp9OKn2oqMZngEe1bKnBMdZDPb56iM6sMUZQoW8Kgufp7Isex1lkc2s4Ym7Fe9mbif14/NdF1kDMhU0MFWSyKUo5MgmYBoCFTlBieWYKJYvZWRMZYYWJsTBUbgrf88irpXDQ8t+HdX9aaN0UcZTiBU6iDB1fQhDtoQRsISHiGV3hzUufFeXc+Fq0lp5g5hj9wPn8A5+eQ7g==</latexit><latexit sha1_base64="ZFD1+cP8HHNhNha/j35y7+s0n5E=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWsB/QhLLZbtqlm82yuxFC7N/w4kERr/4Zb/4bt20O2vpg4PHeDDPzQsmZNq777ZTW1jc2t8rblZ3dvf2D6uFRRyepIrRNEp6oXog15UzQtmGG055UFMchp91wcjvzu49UaZaIB5NJGsR4JFjECDZW8mXdJ8PEoCeUnQ+qNbfhzoFWiVeQGhRoDapf/jAhaUyFIRxr3fdcaYIcK8MIp9OKn2oqMZngEe1bKnBMdZDPb56iM6sMUZQoW8Kgufp7Isex1lkc2s4Ym7Fe9mbif14/NdF1kDMhU0MFWSyKUo5MgmYBoCFTlBieWYKJYvZWRMZYYWJsTBUbgrf88irpXDQ8t+HdX9aaN0UcZTiBU6iDB1fQhDtoQRsISHiGV3hzUufFeXc+Fq0lp5g5hj9wPn8A5+eQ7g==</latexit>
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Midge wing length

[Hoff 2009; Grogan, Wirth 1981; MacKay 2003; Bishop 2006]

• Catalogued midge wing lengths (mm) y = (y1, . . . , yN )

[CSIRO 2004]
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[Exercise: find the posterior]
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Midge wing length

[Hoff 2009; Grogan, Wirth 1981; MacKay 2003; Bishop 2006]

• Catalogued midge wing lengths (mm) 
• Parameters of interest: population mean and precision 
• Model (conjugate prior):

y = (y1, . . . , yN )

p(✓) : (�2)�1 ⇠ Gamma(a0, b0)
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• Catalogued midge wing lengths (mm) 
• Parameters of interest: population mean and precision 
• Model (conjugate prior): ✓ = (µ, ⌧)
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Midge wing length

[Hoff 2009; Grogan, Wirth 1981; MacKay 2003; Bishop 2006]

y = (y1, . . . , yN )

p(✓) : (�2)�1 ⇠ Gamma(a0, b0)

µ|�2 ⇠ N (µ0,�0�
2)

[CSIRO 2004]
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[Exercise: find the posterior]



Midge wing length

[Hoff 2009; Grogan, Wirth 1981; MacKay 2003; Bishop 2006]
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• Catalogued midge wing lengths (mm) 
• Parameters of interest: population mean and precision 
• Model (conjugate prior): ✓ = (µ, ⌧)

<latexit sha1_base64="++iIevPyLyKShI2aqTaXpmAZYQA=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxCBSmJCLoRim5cVrAPaEKZTCft0MkkzNwINRR/xY0LRdz6H+78G6dtFtp64MLhnHu5954gEVyD43xbhaXlldW14nppY3Nre8fe3WvqOFWUNWgsYtUOiGaCS9YADoK1E8VIFAjWCoY3E7/1wJTmsbyHUcL8iPQlDzklYKSufeDBgAHBV7jiRekp9oCkJ1277FSdKfAicXNSRjnqXfvL68U0jZgEKojWHddJwM+IAk4FG5e8VLOE0CHps46hkkRM+9n0+jE+NkoPh7EyJQFP1d8TGYm0HkWB6YwIDPS8NxH/8zophJd+xmWSApN0tihMBYYYT6LAPa4YBTEyhFDFza2YDogiFExgJROCO//yImmeVV2n6t6dl2vXeRxFdIiOUAW56ALV0C2qowai6BE9o1f0Zj1ZL9a79TFrLVj5zD76A+vzB2iqk+M=</latexit><latexit sha1_base64="++iIevPyLyKShI2aqTaXpmAZYQA=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxCBSmJCLoRim5cVrAPaEKZTCft0MkkzNwINRR/xY0LRdz6H+78G6dtFtp64MLhnHu5954gEVyD43xbhaXlldW14nppY3Nre8fe3WvqOFWUNWgsYtUOiGaCS9YADoK1E8VIFAjWCoY3E7/1wJTmsbyHUcL8iPQlDzklYKSufeDBgAHBV7jiRekp9oCkJ1277FSdKfAicXNSRjnqXfvL68U0jZgEKojWHddJwM+IAk4FG5e8VLOE0CHps46hkkRM+9n0+jE+NkoPh7EyJQFP1d8TGYm0HkWB6YwIDPS8NxH/8zophJd+xmWSApN0tihMBYYYT6LAPa4YBTEyhFDFza2YDogiFExgJROCO//yImmeVV2n6t6dl2vXeRxFdIiOUAW56ALV0C2qowai6BE9o1f0Zj1ZL9a79TFrLVj5zD76A+vzB2iqk+M=</latexit><latexit sha1_base64="++iIevPyLyKShI2aqTaXpmAZYQA=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxCBSmJCLoRim5cVrAPaEKZTCft0MkkzNwINRR/xY0LRdz6H+78G6dtFtp64MLhnHu5954gEVyD43xbhaXlldW14nppY3Nre8fe3WvqOFWUNWgsYtUOiGaCS9YADoK1E8VIFAjWCoY3E7/1wJTmsbyHUcL8iPQlDzklYKSufeDBgAHBV7jiRekp9oCkJ1277FSdKfAicXNSRjnqXfvL68U0jZgEKojWHddJwM+IAk4FG5e8VLOE0CHps46hkkRM+9n0+jE+NkoPh7EyJQFP1d8TGYm0HkWB6YwIDPS8NxH/8zophJd+xmWSApN0tihMBYYYT6LAPa4YBTEyhFDFza2YDogiFExgJROCO//yImmeVV2n6t6dl2vXeRxFdIiOUAW56ALV0C2qowai6BE9o1f0Zj1ZL9a79TFrLVj5zD76A+vzB2iqk+M=</latexit><latexit sha1_base64="++iIevPyLyKShI2aqTaXpmAZYQA=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxCBSmJCLoRim5cVrAPaEKZTCft0MkkzNwINRR/xY0LRdz6H+78G6dtFtp64MLhnHu5954gEVyD43xbhaXlldW14nppY3Nre8fe3WvqOFWUNWgsYtUOiGaCS9YADoK1E8VIFAjWCoY3E7/1wJTmsbyHUcL8iPQlDzklYKSufeDBgAHBV7jiRekp9oCkJ1277FSdKfAicXNSRjnqXfvL68U0jZgEKojWHddJwM+IAk4FG5e8VLOE0CHps46hkkRM+9n0+jE+NkoPh7EyJQFP1d8TGYm0HkWB6YwIDPS8NxH/8zophJd+xmWSApN0tihMBYYYT6LAPa4YBTEyhFDFza2YDogiFExgJROCO//yImmeVV2n6t6dl2vXeRxFdIiOUAW56ALV0C2qowai6BE9o1f0Zj1ZL9a79TFrLVj5zD76A+vzB2iqk+M=</latexit>[Exercise: find the posterior]



Midge wing length

[Hoff 2009; Grogan, Wirth 1981; MacKay 2003; Bishop 2006]

y = (y1, . . . , yN )

[CSIRO 2004]

8

p(y|✓) : yn
iid⇠ N (µ, ⌧�1), n = 1, . . . , N

<latexit sha1_base64="YYUBclHMQx5jXNmS1VsgXIw2rq0="></latexit><latexit sha1_base64="YYUBclHMQx5jXNmS1VsgXIw2rq0="></latexit><latexit sha1_base64="YYUBclHMQx5jXNmS1VsgXIw2rq0="></latexit><latexit sha1_base64="YYUBclHMQx5jXNmS1VsgXIw2rq0="></latexit>

p(✓) : ⌧ ⇠ Gamma(a0, b0)

µ|⌧ ⇠ N (µ0, (⇢0⌧)
�1)

<latexit sha1_base64="2IIKVjWnmhoi7b6/s+jcugQcRkI="></latexit><latexit sha1_base64="2IIKVjWnmhoi7b6/s+jcugQcRkI="></latexit><latexit sha1_base64="2IIKVjWnmhoi7b6/s+jcugQcRkI="></latexit><latexit sha1_base64="2IIKVjWnmhoi7b6/s+jcugQcRkI="></latexit>

• Catalogued midge wing lengths (mm) 
• Parameters of interest: population mean and precision 
• Model (conjugate prior): ✓ = (µ, ⌧)

<latexit sha1_base64="++iIevPyLyKShI2aqTaXpmAZYQA=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxCBSmJCLoRim5cVrAPaEKZTCft0MkkzNwINRR/xY0LRdz6H+78G6dtFtp64MLhnHu5954gEVyD43xbhaXlldW14nppY3Nre8fe3WvqOFWUNWgsYtUOiGaCS9YADoK1E8VIFAjWCoY3E7/1wJTmsbyHUcL8iPQlDzklYKSufeDBgAHBV7jiRekp9oCkJ1277FSdKfAicXNSRjnqXfvL68U0jZgEKojWHddJwM+IAk4FG5e8VLOE0CHps46hkkRM+9n0+jE+NkoPh7EyJQFP1d8TGYm0HkWB6YwIDPS8NxH/8zophJd+xmWSApN0tihMBYYYT6LAPa4YBTEyhFDFza2YDogiFExgJROCO//yImmeVV2n6t6dl2vXeRxFdIiOUAW56ALV0C2qowai6BE9o1f0Zj1ZL9a79TFrLVj5zD76A+vzB2iqk+M=</latexit><latexit sha1_base64="++iIevPyLyKShI2aqTaXpmAZYQA=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxCBSmJCLoRim5cVrAPaEKZTCft0MkkzNwINRR/xY0LRdz6H+78G6dtFtp64MLhnHu5954gEVyD43xbhaXlldW14nppY3Nre8fe3WvqOFWUNWgsYtUOiGaCS9YADoK1E8VIFAjWCoY3E7/1wJTmsbyHUcL8iPQlDzklYKSufeDBgAHBV7jiRekp9oCkJ1277FSdKfAicXNSRjnqXfvL68U0jZgEKojWHddJwM+IAk4FG5e8VLOE0CHps46hkkRM+9n0+jE+NkoPh7EyJQFP1d8TGYm0HkWB6YwIDPS8NxH/8zophJd+xmWSApN0tihMBYYYT6LAPa4YBTEyhFDFza2YDogiFExgJROCO//yImmeVV2n6t6dl2vXeRxFdIiOUAW56ALV0C2qowai6BE9o1f0Zj1ZL9a79TFrLVj5zD76A+vzB2iqk+M=</latexit><latexit sha1_base64="++iIevPyLyKShI2aqTaXpmAZYQA=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxCBSmJCLoRim5cVrAPaEKZTCft0MkkzNwINRR/xY0LRdz6H+78G6dtFtp64MLhnHu5954gEVyD43xbhaXlldW14nppY3Nre8fe3WvqOFWUNWgsYtUOiGaCS9YADoK1E8VIFAjWCoY3E7/1wJTmsbyHUcL8iPQlDzklYKSufeDBgAHBV7jiRekp9oCkJ1277FSdKfAicXNSRjnqXfvL68U0jZgEKojWHddJwM+IAk4FG5e8VLOE0CHps46hkkRM+9n0+jE+NkoPh7EyJQFP1d8TGYm0HkWB6YwIDPS8NxH/8zophJd+xmWSApN0tihMBYYYT6LAPa4YBTEyhFDFza2YDogiFExgJROCO//yImmeVV2n6t6dl2vXeRxFdIiOUAW56ALV0C2qowai6BE9o1f0Zj1ZL9a79TFrLVj5zD76A+vzB2iqk+M=</latexit><latexit sha1_base64="++iIevPyLyKShI2aqTaXpmAZYQA=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxCBSmJCLoRim5cVrAPaEKZTCft0MkkzNwINRR/xY0LRdz6H+78G6dtFtp64MLhnHu5954gEVyD43xbhaXlldW14nppY3Nre8fe3WvqOFWUNWgsYtUOiGaCS9YADoK1E8VIFAjWCoY3E7/1wJTmsbyHUcL8iPQlDzklYKSufeDBgAHBV7jiRekp9oCkJ1277FSdKfAicXNSRjnqXfvL68U0jZgEKojWHddJwM+IAk4FG5e8VLOE0CHps46hkkRM+9n0+jE+NkoPh7EyJQFP1d8TGYm0HkWB6YwIDPS8NxH/8zophJd+xmWSApN0tihMBYYYT6LAPa4YBTEyhFDFza2YDogiFExgJROCO//yImmeVV2n6t6dl2vXeRxFdIiOUAW56ALV0C2qowai6BE9o1f0Zj1ZL9a79TFrLVj5zD76A+vzB2iqk+M=</latexit>[Exercise: find the posterior]



Midge wing length

[Hoff 2009; Grogan, Wirth 1981; MacKay 2003; Bishop 2006]

y = (y1, . . . , yN )

• Exercise: check [CSIRO 2004]

8

p(y|✓) : yn
iid⇠ N (µ, ⌧�1), n = 1, . . . , N

<latexit sha1_base64="YYUBclHMQx5jXNmS1VsgXIw2rq0="></latexit><latexit sha1_base64="YYUBclHMQx5jXNmS1VsgXIw2rq0="></latexit><latexit sha1_base64="YYUBclHMQx5jXNmS1VsgXIw2rq0="></latexit><latexit sha1_base64="YYUBclHMQx5jXNmS1VsgXIw2rq0="></latexit>

p(✓) : ⌧ ⇠ Gamma(a0, b0)

µ|⌧ ⇠ N (µ0, (⇢0⌧)
�1)

<latexit sha1_base64="2IIKVjWnmhoi7b6/s+jcugQcRkI="></latexit><latexit sha1_base64="2IIKVjWnmhoi7b6/s+jcugQcRkI="></latexit><latexit sha1_base64="2IIKVjWnmhoi7b6/s+jcugQcRkI="></latexit><latexit sha1_base64="2IIKVjWnmhoi7b6/s+jcugQcRkI="></latexit>

p(µ, ⌧ |y) 6= f1(µ, y)f2(⌧, y)
<latexit sha1_base64="BGtAmdvuwzKWGdnUKqZwqzjrxIw=">AAACFnicbVDLSsNAFJ34rPUVdelmsAgVtCRF0GXRjcsK9gFNCZPppB06mYR5CCH2K9z4K25cKOJW3Pk3TtostPXAwLnn3Mude4KEUakc59taWl5ZXVsvbZQ3t7Z3du29/baMtcCkhWMWi26AJGGUk5aiipFuIgiKAkY6wfg69zv3REga8zuVJqQfoSGnIcVIGcm3z5KqF+lT6Cmk4QNMT6DHCQx9dyabOvTr1dzNC9+uODVnCrhI3IJUQIGmb395gxjriHCFGZKy5zqJ6mdIKIoZmZQ9LUmC8BgNSc9QjiIi+9n0rAk8NsoAhrEwjys4VX9PZCiSMo0C0xkhNZLzXi7+5/W0Ci/7GeWJVoTj2aJQM6himGcEB1QQrFhqCMKCmr9CPEICYWWSLJsQ3PmTF0m7XnOdmnt7XmlcFXGUwCE4AlXgggvQADegCVoAg0fwDF7Bm/VkvVjv1sesdckqZg7AH1ifPwLUnB8=</latexit><latexit sha1_base64="BGtAmdvuwzKWGdnUKqZwqzjrxIw=">AAACFnicbVDLSsNAFJ34rPUVdelmsAgVtCRF0GXRjcsK9gFNCZPppB06mYR5CCH2K9z4K25cKOJW3Pk3TtostPXAwLnn3Mude4KEUakc59taWl5ZXVsvbZQ3t7Z3du29/baMtcCkhWMWi26AJGGUk5aiipFuIgiKAkY6wfg69zv3REga8zuVJqQfoSGnIcVIGcm3z5KqF+lT6Cmk4QNMT6DHCQx9dyabOvTr1dzNC9+uODVnCrhI3IJUQIGmb395gxjriHCFGZKy5zqJ6mdIKIoZmZQ9LUmC8BgNSc9QjiIi+9n0rAk8NsoAhrEwjys4VX9PZCiSMo0C0xkhNZLzXi7+5/W0Ci/7GeWJVoTj2aJQM6himGcEB1QQrFhqCMKCmr9CPEICYWWSLJsQ3PmTF0m7XnOdmnt7XmlcFXGUwCE4AlXgggvQADegCVoAg0fwDF7Bm/VkvVjv1sesdckqZg7AH1ifPwLUnB8=</latexit><latexit sha1_base64="BGtAmdvuwzKWGdnUKqZwqzjrxIw=">AAACFnicbVDLSsNAFJ34rPUVdelmsAgVtCRF0GXRjcsK9gFNCZPppB06mYR5CCH2K9z4K25cKOJW3Pk3TtostPXAwLnn3Mude4KEUakc59taWl5ZXVsvbZQ3t7Z3du29/baMtcCkhWMWi26AJGGUk5aiipFuIgiKAkY6wfg69zv3REga8zuVJqQfoSGnIcVIGcm3z5KqF+lT6Cmk4QNMT6DHCQx9dyabOvTr1dzNC9+uODVnCrhI3IJUQIGmb395gxjriHCFGZKy5zqJ6mdIKIoZmZQ9LUmC8BgNSc9QjiIi+9n0rAk8NsoAhrEwjys4VX9PZCiSMo0C0xkhNZLzXi7+5/W0Ci/7GeWJVoTj2aJQM6himGcEB1QQrFhqCMKCmr9CPEICYWWSLJsQ3PmTF0m7XnOdmnt7XmlcFXGUwCE4AlXgggvQADegCVoAg0fwDF7Bm/VkvVjv1sesdckqZg7AH1ifPwLUnB8=</latexit><latexit sha1_base64="BGtAmdvuwzKWGdnUKqZwqzjrxIw=">AAACFnicbVDLSsNAFJ34rPUVdelmsAgVtCRF0GXRjcsK9gFNCZPppB06mYR5CCH2K9z4K25cKOJW3Pk3TtostPXAwLnn3Mude4KEUakc59taWl5ZXVsvbZQ3t7Z3du29/baMtcCkhWMWi26AJGGUk5aiipFuIgiKAkY6wfg69zv3REga8zuVJqQfoSGnIcVIGcm3z5KqF+lT6Cmk4QNMT6DHCQx9dyabOvTr1dzNC9+uODVnCrhI3IJUQIGmb395gxjriHCFGZKy5zqJ6mdIKIoZmZQ9LUmC8BgNSc9QjiIi+9n0rAk8NsoAhrEwjys4VX9PZCiSMo0C0xkhNZLzXi7+5/W0Ci/7GeWJVoTj2aJQM6himGcEB1QQrFhqCMKCmr9CPEICYWWSLJsQ3PmTF0m7XnOdmnt7XmlcFXGUwCE4AlXgggvQADegCVoAg0fwDF7Bm/VkvVjv1sesdckqZg7AH1ifPwLUnB8=</latexit>

• Catalogued midge wing lengths (mm) 
• Parameters of interest: population mean and precision 
• Model (conjugate prior): ✓ = (µ, ⌧)

<latexit sha1_base64="++iIevPyLyKShI2aqTaXpmAZYQA=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxCBSmJCLoRim5cVrAPaEKZTCft0MkkzNwINRR/xY0LRdz6H+78G6dtFtp64MLhnHu5954gEVyD43xbhaXlldW14nppY3Nre8fe3WvqOFWUNWgsYtUOiGaCS9YADoK1E8VIFAjWCoY3E7/1wJTmsbyHUcL8iPQlDzklYKSufeDBgAHBV7jiRekp9oCkJ1277FSdKfAicXNSRjnqXfvL68U0jZgEKojWHddJwM+IAk4FG5e8VLOE0CHps46hkkRM+9n0+jE+NkoPh7EyJQFP1d8TGYm0HkWB6YwIDPS8NxH/8zophJd+xmWSApN0tihMBYYYT6LAPa4YBTEyhFDFza2YDogiFExgJROCO//yImmeVV2n6t6dl2vXeRxFdIiOUAW56ALV0C2qowai6BE9o1f0Zj1ZL9a79TFrLVj5zD76A+vzB2iqk+M=</latexit><latexit sha1_base64="++iIevPyLyKShI2aqTaXpmAZYQA=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxCBSmJCLoRim5cVrAPaEKZTCft0MkkzNwINRR/xY0LRdz6H+78G6dtFtp64MLhnHu5954gEVyD43xbhaXlldW14nppY3Nre8fe3WvqOFWUNWgsYtUOiGaCS9YADoK1E8VIFAjWCoY3E7/1wJTmsbyHUcL8iPQlDzklYKSufeDBgAHBV7jiRekp9oCkJ1277FSdKfAicXNSRjnqXfvL68U0jZgEKojWHddJwM+IAk4FG5e8VLOE0CHps46hkkRM+9n0+jE+NkoPh7EyJQFP1d8TGYm0HkWB6YwIDPS8NxH/8zophJd+xmWSApN0tihMBYYYT6LAPa4YBTEyhFDFza2YDogiFExgJROCO//yImmeVV2n6t6dl2vXeRxFdIiOUAW56ALV0C2qowai6BE9o1f0Zj1ZL9a79TFrLVj5zD76A+vzB2iqk+M=</latexit><latexit sha1_base64="++iIevPyLyKShI2aqTaXpmAZYQA=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxCBSmJCLoRim5cVrAPaEKZTCft0MkkzNwINRR/xY0LRdz6H+78G6dtFtp64MLhnHu5954gEVyD43xbhaXlldW14nppY3Nre8fe3WvqOFWUNWgsYtUOiGaCS9YADoK1E8VIFAjWCoY3E7/1wJTmsbyHUcL8iPQlDzklYKSufeDBgAHBV7jiRekp9oCkJ1277FSdKfAicXNSRjnqXfvL68U0jZgEKojWHddJwM+IAk4FG5e8VLOE0CHps46hkkRM+9n0+jE+NkoPh7EyJQFP1d8TGYm0HkWB6YwIDPS8NxH/8zophJd+xmWSApN0tihMBYYYT6LAPa4YBTEyhFDFza2YDogiFExgJROCO//yImmeVV2n6t6dl2vXeRxFdIiOUAW56ALV0C2qowai6BE9o1f0Zj1ZL9a79TFrLVj5zD76A+vzB2iqk+M=</latexit><latexit sha1_base64="++iIevPyLyKShI2aqTaXpmAZYQA=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxCBSmJCLoRim5cVrAPaEKZTCft0MkkzNwINRR/xY0LRdz6H+78G6dtFtp64MLhnHu5954gEVyD43xbhaXlldW14nppY3Nre8fe3WvqOFWUNWgsYtUOiGaCS9YADoK1E8VIFAjWCoY3E7/1wJTmsbyHUcL8iPQlDzklYKSufeDBgAHBV7jiRekp9oCkJ1277FSdKfAicXNSRjnqXfvL68U0jZgEKojWHddJwM+IAk4FG5e8VLOE0CHps46hkkRM+9n0+jE+NkoPh7EyJQFP1d8TGYm0HkWB6YwIDPS8NxH/8zophJd+xmWSApN0tihMBYYYT6LAPa4YBTEyhFDFza2YDogiFExgJROCO//yImmeVV2n6t6dl2vXeRxFdIiOUAW56ALV0C2qowai6BE9o1f0Zj1ZL9a79TFrLVj5zD76A+vzB2iqk+M=</latexit>[Exercise: find the posterior]



Midge wing length

[Hoff 2009; Grogan, Wirth 1981; MacKay 2003; Bishop 2006]

y = (y1, . . . , yN )

• Exercise: check 
• MFVB approximation: 

[CSIRO 2004]

8

p(y|✓) : yn
iid⇠ N (µ, ⌧�1), n = 1, . . . , N

<latexit sha1_base64="YYUBclHMQx5jXNmS1VsgXIw2rq0="></latexit><latexit sha1_base64="YYUBclHMQx5jXNmS1VsgXIw2rq0="></latexit><latexit sha1_base64="YYUBclHMQx5jXNmS1VsgXIw2rq0="></latexit><latexit sha1_base64="YYUBclHMQx5jXNmS1VsgXIw2rq0="></latexit>

p(✓) : ⌧ ⇠ Gamma(a0, b0)

µ|⌧ ⇠ N (µ0, (⇢0⌧)
�1)

<latexit sha1_base64="2IIKVjWnmhoi7b6/s+jcugQcRkI="></latexit><latexit sha1_base64="2IIKVjWnmhoi7b6/s+jcugQcRkI="></latexit><latexit sha1_base64="2IIKVjWnmhoi7b6/s+jcugQcRkI="></latexit><latexit sha1_base64="2IIKVjWnmhoi7b6/s+jcugQcRkI="></latexit>

p(µ, ⌧ |y) 6= f1(µ, y)f2(⌧, y)
<latexit sha1_base64="BGtAmdvuwzKWGdnUKqZwqzjrxIw=">AAACFnicbVDLSsNAFJ34rPUVdelmsAgVtCRF0GXRjcsK9gFNCZPppB06mYR5CCH2K9z4K25cKOJW3Pk3TtostPXAwLnn3Mude4KEUakc59taWl5ZXVsvbZQ3t7Z3du29/baMtcCkhWMWi26AJGGUk5aiipFuIgiKAkY6wfg69zv3REga8zuVJqQfoSGnIcVIGcm3z5KqF+lT6Cmk4QNMT6DHCQx9dyabOvTr1dzNC9+uODVnCrhI3IJUQIGmb395gxjriHCFGZKy5zqJ6mdIKIoZmZQ9LUmC8BgNSc9QjiIi+9n0rAk8NsoAhrEwjys4VX9PZCiSMo0C0xkhNZLzXi7+5/W0Ci/7GeWJVoTj2aJQM6himGcEB1QQrFhqCMKCmr9CPEICYWWSLJsQ3PmTF0m7XnOdmnt7XmlcFXGUwCE4AlXgggvQADegCVoAg0fwDF7Bm/VkvVjv1sesdckqZg7AH1ifPwLUnB8=</latexit><latexit sha1_base64="BGtAmdvuwzKWGdnUKqZwqzjrxIw=">AAACFnicbVDLSsNAFJ34rPUVdelmsAgVtCRF0GXRjcsK9gFNCZPppB06mYR5CCH2K9z4K25cKOJW3Pk3TtostPXAwLnn3Mude4KEUakc59taWl5ZXVsvbZQ3t7Z3du29/baMtcCkhWMWi26AJGGUk5aiipFuIgiKAkY6wfg69zv3REga8zuVJqQfoSGnIcVIGcm3z5KqF+lT6Cmk4QNMT6DHCQx9dyabOvTr1dzNC9+uODVnCrhI3IJUQIGmb395gxjriHCFGZKy5zqJ6mdIKIoZmZQ9LUmC8BgNSc9QjiIi+9n0rAk8NsoAhrEwjys4VX9PZCiSMo0C0xkhNZLzXi7+5/W0Ci/7GeWJVoTj2aJQM6himGcEB1QQrFhqCMKCmr9CPEICYWWSLJsQ3PmTF0m7XnOdmnt7XmlcFXGUwCE4AlXgggvQADegCVoAg0fwDF7Bm/VkvVjv1sesdckqZg7AH1ifPwLUnB8=</latexit><latexit sha1_base64="BGtAmdvuwzKWGdnUKqZwqzjrxIw=">AAACFnicbVDLSsNAFJ34rPUVdelmsAgVtCRF0GXRjcsK9gFNCZPppB06mYR5CCH2K9z4K25cKOJW3Pk3TtostPXAwLnn3Mude4KEUakc59taWl5ZXVsvbZQ3t7Z3du29/baMtcCkhWMWi26AJGGUk5aiipFuIgiKAkY6wfg69zv3REga8zuVJqQfoSGnIcVIGcm3z5KqF+lT6Cmk4QNMT6DHCQx9dyabOvTr1dzNC9+uODVnCrhI3IJUQIGmb395gxjriHCFGZKy5zqJ6mdIKIoZmZQ9LUmC8BgNSc9QjiIi+9n0rAk8NsoAhrEwjys4VX9PZCiSMo0C0xkhNZLzXi7+5/W0Ci/7GeWJVoTj2aJQM6himGcEB1QQrFhqCMKCmr9CPEICYWWSLJsQ3PmTF0m7XnOdmnt7XmlcFXGUwCE4AlXgggvQADegCVoAg0fwDF7Bm/VkvVjv1sesdckqZg7AH1ifPwLUnB8=</latexit><latexit sha1_base64="BGtAmdvuwzKWGdnUKqZwqzjrxIw=">AAACFnicbVDLSsNAFJ34rPUVdelmsAgVtCRF0GXRjcsK9gFNCZPppB06mYR5CCH2K9z4K25cKOJW3Pk3TtostPXAwLnn3Mude4KEUakc59taWl5ZXVsvbZQ3t7Z3du29/baMtcCkhWMWi26AJGGUk5aiipFuIgiKAkY6wfg69zv3REga8zuVJqQfoSGnIcVIGcm3z5KqF+lT6Cmk4QNMT6DHCQx9dyabOvTr1dzNC9+uODVnCrhI3IJUQIGmb395gxjriHCFGZKy5zqJ6mdIKIoZmZQ9LUmC8BgNSc9QjiIi+9n0rAk8NsoAhrEwjys4VX9PZCiSMo0C0xkhNZLzXi7+5/W0Ci/7GeWJVoTj2aJQM6himGcEB1QQrFhqCMKCmr9CPEICYWWSLJsQ3PmTF0m7XnOdmnt7XmlcFXGUwCE4AlXgggvQADegCVoAg0fwDF7Bm/VkvVjv1sesdckqZg7AH1ifPwLUnB8=</latexit>

q⇤(µ, ⌧) = q⇤µ(µ)q
⇤
⌧ (⌧) = argminq2QMFVB

KL(q(·)||p(·|y))
<latexit sha1_base64="EjbPe+a6jAvG5fJj+OiuyElmzjQ="></latexit><latexit sha1_base64="EjbPe+a6jAvG5fJj+OiuyElmzjQ="></latexit><latexit sha1_base64="EjbPe+a6jAvG5fJj+OiuyElmzjQ="></latexit><latexit sha1_base64="EjbPe+a6jAvG5fJj+OiuyElmzjQ="></latexit>

• Catalogued midge wing lengths (mm) 
• Parameters of interest: population mean and precision 
• Model (conjugate prior): ✓ = (µ, ⌧)

<latexit sha1_base64="++iIevPyLyKShI2aqTaXpmAZYQA=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxCBSmJCLoRim5cVrAPaEKZTCft0MkkzNwINRR/xY0LRdz6H+78G6dtFtp64MLhnHu5954gEVyD43xbhaXlldW14nppY3Nre8fe3WvqOFWUNWgsYtUOiGaCS9YADoK1E8VIFAjWCoY3E7/1wJTmsbyHUcL8iPQlDzklYKSufeDBgAHBV7jiRekp9oCkJ1277FSdKfAicXNSRjnqXfvL68U0jZgEKojWHddJwM+IAk4FG5e8VLOE0CHps46hkkRM+9n0+jE+NkoPh7EyJQFP1d8TGYm0HkWB6YwIDPS8NxH/8zophJd+xmWSApN0tihMBYYYT6LAPa4YBTEyhFDFza2YDogiFExgJROCO//yImmeVV2n6t6dl2vXeRxFdIiOUAW56ALV0C2qowai6BE9o1f0Zj1ZL9a79TFrLVj5zD76A+vzB2iqk+M=</latexit><latexit sha1_base64="++iIevPyLyKShI2aqTaXpmAZYQA=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxCBSmJCLoRim5cVrAPaEKZTCft0MkkzNwINRR/xY0LRdz6H+78G6dtFtp64MLhnHu5954gEVyD43xbhaXlldW14nppY3Nre8fe3WvqOFWUNWgsYtUOiGaCS9YADoK1E8VIFAjWCoY3E7/1wJTmsbyHUcL8iPQlDzklYKSufeDBgAHBV7jiRekp9oCkJ1277FSdKfAicXNSRjnqXfvL68U0jZgEKojWHddJwM+IAk4FG5e8VLOE0CHps46hkkRM+9n0+jE+NkoPh7EyJQFP1d8TGYm0HkWB6YwIDPS8NxH/8zophJd+xmWSApN0tihMBYYYT6LAPa4YBTEyhFDFza2YDogiFExgJROCO//yImmeVV2n6t6dl2vXeRxFdIiOUAW56ALV0C2qowai6BE9o1f0Zj1ZL9a79TFrLVj5zD76A+vzB2iqk+M=</latexit><latexit sha1_base64="++iIevPyLyKShI2aqTaXpmAZYQA=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxCBSmJCLoRim5cVrAPaEKZTCft0MkkzNwINRR/xY0LRdz6H+78G6dtFtp64MLhnHu5954gEVyD43xbhaXlldW14nppY3Nre8fe3WvqOFWUNWgsYtUOiGaCS9YADoK1E8VIFAjWCoY3E7/1wJTmsbyHUcL8iPQlDzklYKSufeDBgAHBV7jiRekp9oCkJ1277FSdKfAicXNSRjnqXfvL68U0jZgEKojWHddJwM+IAk4FG5e8VLOE0CHps46hkkRM+9n0+jE+NkoPh7EyJQFP1d8TGYm0HkWB6YwIDPS8NxH/8zophJd+xmWSApN0tihMBYYYT6LAPa4YBTEyhFDFza2YDogiFExgJROCO//yImmeVV2n6t6dl2vXeRxFdIiOUAW56ALV0C2qowai6BE9o1f0Zj1ZL9a79TFrLVj5zD76A+vzB2iqk+M=</latexit><latexit sha1_base64="++iIevPyLyKShI2aqTaXpmAZYQA=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxCBSmJCLoRim5cVrAPaEKZTCft0MkkzNwINRR/xY0LRdz6H+78G6dtFtp64MLhnHu5954gEVyD43xbhaXlldW14nppY3Nre8fe3WvqOFWUNWgsYtUOiGaCS9YADoK1E8VIFAjWCoY3E7/1wJTmsbyHUcL8iPQlDzklYKSufeDBgAHBV7jiRekp9oCkJ1277FSdKfAicXNSRjnqXfvL68U0jZgEKojWHddJwM+IAk4FG5e8VLOE0CHps46hkkRM+9n0+jE+NkoPh7EyJQFP1d8TGYm0HkWB6YwIDPS8NxH/8zophJd+xmWSApN0tihMBYYYT6LAPa4YBTEyhFDFza2YDogiFExgJROCO//yImmeVV2n6t6dl2vXeRxFdIiOUAW56ALV0C2qowai6BE9o1f0Zj1ZL9a79TFrLVj5zD76A+vzB2iqk+M=</latexit>[Exercise: find the posterior]



Midge wing length

[Hoff 2009; Grogan, Wirth 1981; MacKay 2003; Bishop 2006]

y = (y1, . . . , yN )

• Exercise: check 
• MFVB approximation: 

• Coordinate descent [Exercise: derive this] [Bishop 2006, Sec 10.1.3]

[CSIRO 2004]
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p(y|✓) : yn
iid⇠ N (µ, ⌧�1), n = 1, . . . , N

<latexit sha1_base64="YYUBclHMQx5jXNmS1VsgXIw2rq0="></latexit><latexit sha1_base64="YYUBclHMQx5jXNmS1VsgXIw2rq0="></latexit><latexit sha1_base64="YYUBclHMQx5jXNmS1VsgXIw2rq0="></latexit><latexit sha1_base64="YYUBclHMQx5jXNmS1VsgXIw2rq0="></latexit>

p(✓) : ⌧ ⇠ Gamma(a0, b0)

µ|⌧ ⇠ N (µ0, (⇢0⌧)
�1)

<latexit sha1_base64="2IIKVjWnmhoi7b6/s+jcugQcRkI="></latexit><latexit sha1_base64="2IIKVjWnmhoi7b6/s+jcugQcRkI="></latexit><latexit sha1_base64="2IIKVjWnmhoi7b6/s+jcugQcRkI="></latexit><latexit sha1_base64="2IIKVjWnmhoi7b6/s+jcugQcRkI="></latexit>

p(µ, ⌧ |y) 6= f1(µ, y)f2(⌧, y)
<latexit sha1_base64="BGtAmdvuwzKWGdnUKqZwqzjrxIw=">AAACFnicbVDLSsNAFJ34rPUVdelmsAgVtCRF0GXRjcsK9gFNCZPppB06mYR5CCH2K9z4K25cKOJW3Pk3TtostPXAwLnn3Mude4KEUakc59taWl5ZXVsvbZQ3t7Z3du29/baMtcCkhWMWi26AJGGUk5aiipFuIgiKAkY6wfg69zv3REga8zuVJqQfoSGnIcVIGcm3z5KqF+lT6Cmk4QNMT6DHCQx9dyabOvTr1dzNC9+uODVnCrhI3IJUQIGmb395gxjriHCFGZKy5zqJ6mdIKIoZmZQ9LUmC8BgNSc9QjiIi+9n0rAk8NsoAhrEwjys4VX9PZCiSMo0C0xkhNZLzXi7+5/W0Ci/7GeWJVoTj2aJQM6himGcEB1QQrFhqCMKCmr9CPEICYWWSLJsQ3PmTF0m7XnOdmnt7XmlcFXGUwCE4AlXgggvQADegCVoAg0fwDF7Bm/VkvVjv1sesdckqZg7AH1ifPwLUnB8=</latexit><latexit sha1_base64="BGtAmdvuwzKWGdnUKqZwqzjrxIw=">AAACFnicbVDLSsNAFJ34rPUVdelmsAgVtCRF0GXRjcsK9gFNCZPppB06mYR5CCH2K9z4K25cKOJW3Pk3TtostPXAwLnn3Mude4KEUakc59taWl5ZXVsvbZQ3t7Z3du29/baMtcCkhWMWi26AJGGUk5aiipFuIgiKAkY6wfg69zv3REga8zuVJqQfoSGnIcVIGcm3z5KqF+lT6Cmk4QNMT6DHCQx9dyabOvTr1dzNC9+uODVnCrhI3IJUQIGmb395gxjriHCFGZKy5zqJ6mdIKIoZmZQ9LUmC8BgNSc9QjiIi+9n0rAk8NsoAhrEwjys4VX9PZCiSMo0C0xkhNZLzXi7+5/W0Ci/7GeWJVoTj2aJQM6himGcEB1QQrFhqCMKCmr9CPEICYWWSLJsQ3PmTF0m7XnOdmnt7XmlcFXGUwCE4AlXgggvQADegCVoAg0fwDF7Bm/VkvVjv1sesdckqZg7AH1ifPwLUnB8=</latexit><latexit sha1_base64="BGtAmdvuwzKWGdnUKqZwqzjrxIw=">AAACFnicbVDLSsNAFJ34rPUVdelmsAgVtCRF0GXRjcsK9gFNCZPppB06mYR5CCH2K9z4K25cKOJW3Pk3TtostPXAwLnn3Mude4KEUakc59taWl5ZXVsvbZQ3t7Z3du29/baMtcCkhWMWi26AJGGUk5aiipFuIgiKAkY6wfg69zv3REga8zuVJqQfoSGnIcVIGcm3z5KqF+lT6Cmk4QNMT6DHCQx9dyabOvTr1dzNC9+uODVnCrhI3IJUQIGmb395gxjriHCFGZKy5zqJ6mdIKIoZmZQ9LUmC8BgNSc9QjiIi+9n0rAk8NsoAhrEwjys4VX9PZCiSMo0C0xkhNZLzXi7+5/W0Ci/7GeWJVoTj2aJQM6himGcEB1QQrFhqCMKCmr9CPEICYWWSLJsQ3PmTF0m7XnOdmnt7XmlcFXGUwCE4AlXgggvQADegCVoAg0fwDF7Bm/VkvVjv1sesdckqZg7AH1ifPwLUnB8=</latexit><latexit sha1_base64="BGtAmdvuwzKWGdnUKqZwqzjrxIw=">AAACFnicbVDLSsNAFJ34rPUVdelmsAgVtCRF0GXRjcsK9gFNCZPppB06mYR5CCH2K9z4K25cKOJW3Pk3TtostPXAwLnn3Mude4KEUakc59taWl5ZXVsvbZQ3t7Z3du29/baMtcCkhWMWi26AJGGUk5aiipFuIgiKAkY6wfg69zv3REga8zuVJqQfoSGnIcVIGcm3z5KqF+lT6Cmk4QNMT6DHCQx9dyabOvTr1dzNC9+uODVnCrhI3IJUQIGmb395gxjriHCFGZKy5zqJ6mdIKIoZmZQ9LUmC8BgNSc9QjiIi+9n0rAk8NsoAhrEwjys4VX9PZCiSMo0C0xkhNZLzXi7+5/W0Ci/7GeWJVoTj2aJQM6himGcEB1QQrFhqCMKCmr9CPEICYWWSLJsQ3PmTF0m7XnOdmnt7XmlcFXGUwCE4AlXgggvQADegCVoAg0fwDF7Bm/VkvVjv1sesdckqZg7AH1ifPwLUnB8=</latexit>

q⇤(µ, ⌧) = q⇤µ(µ)q
⇤
⌧ (⌧) = argminq2QMFVB

KL(q(·)||p(·|y))
<latexit sha1_base64="EjbPe+a6jAvG5fJj+OiuyElmzjQ="></latexit><latexit sha1_base64="EjbPe+a6jAvG5fJj+OiuyElmzjQ="></latexit><latexit sha1_base64="EjbPe+a6jAvG5fJj+OiuyElmzjQ="></latexit><latexit sha1_base64="EjbPe+a6jAvG5fJj+OiuyElmzjQ="></latexit>

• Catalogued midge wing lengths (mm) 
• Parameters of interest: population mean and precision 
• Model (conjugate prior): ✓ = (µ, ⌧)

<latexit sha1_base64="++iIevPyLyKShI2aqTaXpmAZYQA=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxCBSmJCLoRim5cVrAPaEKZTCft0MkkzNwINRR/xY0LRdz6H+78G6dtFtp64MLhnHu5954gEVyD43xbhaXlldW14nppY3Nre8fe3WvqOFWUNWgsYtUOiGaCS9YADoK1E8VIFAjWCoY3E7/1wJTmsbyHUcL8iPQlDzklYKSufeDBgAHBV7jiRekp9oCkJ1277FSdKfAicXNSRjnqXfvL68U0jZgEKojWHddJwM+IAk4FG5e8VLOE0CHps46hkkRM+9n0+jE+NkoPh7EyJQFP1d8TGYm0HkWB6YwIDPS8NxH/8zophJd+xmWSApN0tihMBYYYT6LAPa4YBTEyhFDFza2YDogiFExgJROCO//yImmeVV2n6t6dl2vXeRxFdIiOUAW56ALV0C2qowai6BE9o1f0Zj1ZL9a79TFrLVj5zD76A+vzB2iqk+M=</latexit><latexit sha1_base64="++iIevPyLyKShI2aqTaXpmAZYQA=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxCBSmJCLoRim5cVrAPaEKZTCft0MkkzNwINRR/xY0LRdz6H+78G6dtFtp64MLhnHu5954gEVyD43xbhaXlldW14nppY3Nre8fe3WvqOFWUNWgsYtUOiGaCS9YADoK1E8VIFAjWCoY3E7/1wJTmsbyHUcL8iPQlDzklYKSufeDBgAHBV7jiRekp9oCkJ1277FSdKfAicXNSRjnqXfvL68U0jZgEKojWHddJwM+IAk4FG5e8VLOE0CHps46hkkRM+9n0+jE+NkoPh7EyJQFP1d8TGYm0HkWB6YwIDPS8NxH/8zophJd+xmWSApN0tihMBYYYT6LAPa4YBTEyhFDFza2YDogiFExgJROCO//yImmeVV2n6t6dl2vXeRxFdIiOUAW56ALV0C2qowai6BE9o1f0Zj1ZL9a79TFrLVj5zD76A+vzB2iqk+M=</latexit><latexit sha1_base64="++iIevPyLyKShI2aqTaXpmAZYQA=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxCBSmJCLoRim5cVrAPaEKZTCft0MkkzNwINRR/xY0LRdz6H+78G6dtFtp64MLhnHu5954gEVyD43xbhaXlldW14nppY3Nre8fe3WvqOFWUNWgsYtUOiGaCS9YADoK1E8VIFAjWCoY3E7/1wJTmsbyHUcL8iPQlDzklYKSufeDBgAHBV7jiRekp9oCkJ1277FSdKfAicXNSRjnqXfvL68U0jZgEKojWHddJwM+IAk4FG5e8VLOE0CHps46hkkRM+9n0+jE+NkoPh7EyJQFP1d8TGYm0HkWB6YwIDPS8NxH/8zophJd+xmWSApN0tihMBYYYT6LAPa4YBTEyhFDFza2YDogiFExgJROCO//yImmeVV2n6t6dl2vXeRxFdIiOUAW56ALV0C2qowai6BE9o1f0Zj1ZL9a79TFrLVj5zD76A+vzB2iqk+M=</latexit><latexit sha1_base64="++iIevPyLyKShI2aqTaXpmAZYQA=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxCBSmJCLoRim5cVrAPaEKZTCft0MkkzNwINRR/xY0LRdz6H+78G6dtFtp64MLhnHu5954gEVyD43xbhaXlldW14nppY3Nre8fe3WvqOFWUNWgsYtUOiGaCS9YADoK1E8VIFAjWCoY3E7/1wJTmsbyHUcL8iPQlDzklYKSufeDBgAHBV7jiRekp9oCkJ1277FSdKfAicXNSRjnqXfvL68U0jZgEKojWHddJwM+IAk4FG5e8VLOE0CHps46hkkRM+9n0+jE+NkoPh7EyJQFP1d8TGYm0HkWB6YwIDPS8NxH/8zophJd+xmWSApN0tihMBYYYT6LAPa4YBTEyhFDFza2YDogiFExgJROCO//yImmeVV2n6t6dl2vXeRxFdIiOUAW56ALV0C2qowai6BE9o1f0Zj1ZL9a79TFrLVj5zD76A+vzB2iqk+M=</latexit>[Exercise: find the posterior]



Midge wing length

[Hoff 2009; Grogan, Wirth 1981; MacKay 2003; Bishop 2006]

y = (y1, . . . , yN )

• Exercise: check 
• MFVB approximation: 

• Coordinate descent [Exercise: derive this]
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p(y|✓) : yn
iid⇠ N (µ, ⌧�1), n = 1, . . . , N

<latexit sha1_base64="YYUBclHMQx5jXNmS1VsgXIw2rq0="></latexit><latexit sha1_base64="YYUBclHMQx5jXNmS1VsgXIw2rq0="></latexit><latexit sha1_base64="YYUBclHMQx5jXNmS1VsgXIw2rq0="></latexit><latexit sha1_base64="YYUBclHMQx5jXNmS1VsgXIw2rq0="></latexit>

p(✓) : ⌧ ⇠ Gamma(a0, b0)

µ|⌧ ⇠ N (µ0, (⇢0⌧)
�1)

<latexit sha1_base64="2IIKVjWnmhoi7b6/s+jcugQcRkI="></latexit><latexit sha1_base64="2IIKVjWnmhoi7b6/s+jcugQcRkI="></latexit><latexit sha1_base64="2IIKVjWnmhoi7b6/s+jcugQcRkI="></latexit><latexit sha1_base64="2IIKVjWnmhoi7b6/s+jcugQcRkI="></latexit>

p(µ, ⌧ |y) 6= f1(µ, y)f2(⌧, y)
<latexit sha1_base64="BGtAmdvuwzKWGdnUKqZwqzjrxIw=">AAACFnicbVDLSsNAFJ34rPUVdelmsAgVtCRF0GXRjcsK9gFNCZPppB06mYR5CCH2K9z4K25cKOJW3Pk3TtostPXAwLnn3Mude4KEUakc59taWl5ZXVsvbZQ3t7Z3du29/baMtcCkhWMWi26AJGGUk5aiipFuIgiKAkY6wfg69zv3REga8zuVJqQfoSGnIcVIGcm3z5KqF+lT6Cmk4QNMT6DHCQx9dyabOvTr1dzNC9+uODVnCrhI3IJUQIGmb395gxjriHCFGZKy5zqJ6mdIKIoZmZQ9LUmC8BgNSc9QjiIi+9n0rAk8NsoAhrEwjys4VX9PZCiSMo0C0xkhNZLzXi7+5/W0Ci/7GeWJVoTj2aJQM6himGcEB1QQrFhqCMKCmr9CPEICYWWSLJsQ3PmTF0m7XnOdmnt7XmlcFXGUwCE4AlXgggvQADegCVoAg0fwDF7Bm/VkvVjv1sesdckqZg7AH1ifPwLUnB8=</latexit><latexit sha1_base64="BGtAmdvuwzKWGdnUKqZwqzjrxIw=">AAACFnicbVDLSsNAFJ34rPUVdelmsAgVtCRF0GXRjcsK9gFNCZPppB06mYR5CCH2K9z4K25cKOJW3Pk3TtostPXAwLnn3Mude4KEUakc59taWl5ZXVsvbZQ3t7Z3du29/baMtcCkhWMWi26AJGGUk5aiipFuIgiKAkY6wfg69zv3REga8zuVJqQfoSGnIcVIGcm3z5KqF+lT6Cmk4QNMT6DHCQx9dyabOvTr1dzNC9+uODVnCrhI3IJUQIGmb395gxjriHCFGZKy5zqJ6mdIKIoZmZQ9LUmC8BgNSc9QjiIi+9n0rAk8NsoAhrEwjys4VX9PZCiSMo0C0xkhNZLzXi7+5/W0Ci/7GeWJVoTj2aJQM6himGcEB1QQrFhqCMKCmr9CPEICYWWSLJsQ3PmTF0m7XnOdmnt7XmlcFXGUwCE4AlXgggvQADegCVoAg0fwDF7Bm/VkvVjv1sesdckqZg7AH1ifPwLUnB8=</latexit><latexit sha1_base64="BGtAmdvuwzKWGdnUKqZwqzjrxIw=">AAACFnicbVDLSsNAFJ34rPUVdelmsAgVtCRF0GXRjcsK9gFNCZPppB06mYR5CCH2K9z4K25cKOJW3Pk3TtostPXAwLnn3Mude4KEUakc59taWl5ZXVsvbZQ3t7Z3du29/baMtcCkhWMWi26AJGGUk5aiipFuIgiKAkY6wfg69zv3REga8zuVJqQfoSGnIcVIGcm3z5KqF+lT6Cmk4QNMT6DHCQx9dyabOvTr1dzNC9+uODVnCrhI3IJUQIGmb395gxjriHCFGZKy5zqJ6mdIKIoZmZQ9LUmC8BgNSc9QjiIi+9n0rAk8NsoAhrEwjys4VX9PZCiSMo0C0xkhNZLzXi7+5/W0Ci/7GeWJVoTj2aJQM6himGcEB1QQrFhqCMKCmr9CPEICYWWSLJsQ3PmTF0m7XnOdmnt7XmlcFXGUwCE4AlXgggvQADegCVoAg0fwDF7Bm/VkvVjv1sesdckqZg7AH1ifPwLUnB8=</latexit><latexit sha1_base64="BGtAmdvuwzKWGdnUKqZwqzjrxIw=">AAACFnicbVDLSsNAFJ34rPUVdelmsAgVtCRF0GXRjcsK9gFNCZPppB06mYR5CCH2K9z4K25cKOJW3Pk3TtostPXAwLnn3Mude4KEUakc59taWl5ZXVsvbZQ3t7Z3du29/baMtcCkhWMWi26AJGGUk5aiipFuIgiKAkY6wfg69zv3REga8zuVJqQfoSGnIcVIGcm3z5KqF+lT6Cmk4QNMT6DHCQx9dyabOvTr1dzNC9+uODVnCrhI3IJUQIGmb395gxjriHCFGZKy5zqJ6mdIKIoZmZQ9LUmC8BgNSc9QjiIi+9n0rAk8NsoAhrEwjys4VX9PZCiSMo0C0xkhNZLzXi7+5/W0Ci/7GeWJVoTj2aJQM6himGcEB1QQrFhqCMKCmr9CPEICYWWSLJsQ3PmTF0m7XnOdmnt7XmlcFXGUwCE4AlXgggvQADegCVoAg0fwDF7Bm/VkvVjv1sesdckqZg7AH1ifPwLUnB8=</latexit>

q⇤(µ, ⌧) = q⇤µ(µ)q
⇤
⌧ (⌧) = argminq2QMFVB

KL(q(·)||p(·|y))
<latexit sha1_base64="EjbPe+a6jAvG5fJj+OiuyElmzjQ="></latexit><latexit sha1_base64="EjbPe+a6jAvG5fJj+OiuyElmzjQ="></latexit><latexit sha1_base64="EjbPe+a6jAvG5fJj+OiuyElmzjQ="></latexit><latexit sha1_base64="EjbPe+a6jAvG5fJj+OiuyElmzjQ="></latexit>

q⇤µ(µ) = N (µ|µN , ⇢�1
N )

<latexit sha1_base64="4+kSBkN0ExNAxa5H3Qt/eTwBXa4="></latexit><latexit sha1_base64="4+kSBkN0ExNAxa5H3Qt/eTwBXa4="></latexit><latexit sha1_base64="4+kSBkN0ExNAxa5H3Qt/eTwBXa4="></latexit><latexit sha1_base64="4+kSBkN0ExNAxa5H3Qt/eTwBXa4="></latexit>

q⇤⌧ (⌧) = Gamma(⌧ |aN , bN )
<latexit sha1_base64="lT8R1rbDI/P+Ize3QzsQJiIkVl0=">AAACGXicbZBNSwMxEIazftb6VfXoJVgEK1J2RdCLUPSgJ1GwrdDWZTZNNTTZXZNZsaz9G178K148KOJRT/4b04+DVl8IPLwzw2TeIJbCoOt+OWPjE5NT05mZ7Ozc/MJibmm5YqJEM15mkYz0RQCGSxHyMgqU/CLWHFQgeTVoH/bq1VuujYjCc+zEvKHgKhQtwQCt5efcG7+OkFymm92NHhToPq0jv0Ot0iNQCgb2PfgnWzTwTwp+Lu8W3b7oX/CGkCdDnfq5j3ozYoniITIJxtQ8N8ZGChoFk7ybrSeGx8DacMVrFkNQ3DTS/mVdum6dJm1F2r4Qad/9OZGCMqajAtupAK/NaK1n/lerJdjaa6QijBPkIRssaiWSYkR7MdGm0Jyh7FgApoX9K2XXoIGhDTNrQ/BGT/4Lle2i5xa9s5186WAYR4askjWyQTyyS0rkmJySMmHkgTyRF/LqPDrPzpvzPmgdc4YzK+SXnM9vD6ufrA==</latexit><latexit sha1_base64="lT8R1rbDI/P+Ize3QzsQJiIkVl0=">AAACGXicbZBNSwMxEIazftb6VfXoJVgEK1J2RdCLUPSgJ1GwrdDWZTZNNTTZXZNZsaz9G178K148KOJRT/4b04+DVl8IPLwzw2TeIJbCoOt+OWPjE5NT05mZ7Ozc/MJibmm5YqJEM15mkYz0RQCGSxHyMgqU/CLWHFQgeTVoH/bq1VuujYjCc+zEvKHgKhQtwQCt5efcG7+OkFymm92NHhToPq0jv0Ot0iNQCgb2PfgnWzTwTwp+Lu8W3b7oX/CGkCdDnfq5j3ozYoniITIJxtQ8N8ZGChoFk7ybrSeGx8DacMVrFkNQ3DTS/mVdum6dJm1F2r4Qad/9OZGCMqajAtupAK/NaK1n/lerJdjaa6QijBPkIRssaiWSYkR7MdGm0Jyh7FgApoX9K2XXoIGhDTNrQ/BGT/4Lle2i5xa9s5186WAYR4askjWyQTyyS0rkmJySMmHkgTyRF/LqPDrPzpvzPmgdc4YzK+SXnM9vD6ufrA==</latexit><latexit sha1_base64="lT8R1rbDI/P+Ize3QzsQJiIkVl0=">AAACGXicbZBNSwMxEIazftb6VfXoJVgEK1J2RdCLUPSgJ1GwrdDWZTZNNTTZXZNZsaz9G178K148KOJRT/4b04+DVl8IPLwzw2TeIJbCoOt+OWPjE5NT05mZ7Ozc/MJibmm5YqJEM15mkYz0RQCGSxHyMgqU/CLWHFQgeTVoH/bq1VuujYjCc+zEvKHgKhQtwQCt5efcG7+OkFymm92NHhToPq0jv0Ot0iNQCgb2PfgnWzTwTwp+Lu8W3b7oX/CGkCdDnfq5j3ozYoniITIJxtQ8N8ZGChoFk7ybrSeGx8DacMVrFkNQ3DTS/mVdum6dJm1F2r4Qad/9OZGCMqajAtupAK/NaK1n/lerJdjaa6QijBPkIRssaiWSYkR7MdGm0Jyh7FgApoX9K2XXoIGhDTNrQ/BGT/4Lle2i5xa9s5186WAYR4askjWyQTyyS0rkmJySMmHkgTyRF/LqPDrPzpvzPmgdc4YzK+SXnM9vD6ufrA==</latexit><latexit sha1_base64="lT8R1rbDI/P+Ize3QzsQJiIkVl0=">AAACGXicbZBNSwMxEIazftb6VfXoJVgEK1J2RdCLUPSgJ1GwrdDWZTZNNTTZXZNZsaz9G178K148KOJRT/4b04+DVl8IPLwzw2TeIJbCoOt+OWPjE5NT05mZ7Ozc/MJibmm5YqJEM15mkYz0RQCGSxHyMgqU/CLWHFQgeTVoH/bq1VuujYjCc+zEvKHgKhQtwQCt5efcG7+OkFymm92NHhToPq0jv0Ot0iNQCgb2PfgnWzTwTwp+Lu8W3b7oX/CGkCdDnfq5j3ozYoniITIJxtQ8N8ZGChoFk7ybrSeGx8DacMVrFkNQ3DTS/mVdum6dJm1F2r4Qad/9OZGCMqajAtupAK/NaK1n/lerJdjaa6QijBPkIRssaiWSYkR7MdGm0Jyh7FgApoX9K2XXoIGhDTNrQ/BGT/4Lle2i5xa9s5186WAYR4askjWyQTyyS0rkmJySMmHkgTyRF/LqPDrPzpvzPmgdc4YzK+SXnM9vD6ufrA==</latexit>

• Catalogued midge wing lengths (mm) 
• Parameters of interest: population mean and precision 
• Model (conjugate prior): ✓ = (µ, ⌧)

<latexit sha1_base64="++iIevPyLyKShI2aqTaXpmAZYQA=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxCBSmJCLoRim5cVrAPaEKZTCft0MkkzNwINRR/xY0LRdz6H+78G6dtFtp64MLhnHu5954gEVyD43xbhaXlldW14nppY3Nre8fe3WvqOFWUNWgsYtUOiGaCS9YADoK1E8VIFAjWCoY3E7/1wJTmsbyHUcL8iPQlDzklYKSufeDBgAHBV7jiRekp9oCkJ1277FSdKfAicXNSRjnqXfvL68U0jZgEKojWHddJwM+IAk4FG5e8VLOE0CHps46hkkRM+9n0+jE+NkoPh7EyJQFP1d8TGYm0HkWB6YwIDPS8NxH/8zophJd+xmWSApN0tihMBYYYT6LAPa4YBTEyhFDFza2YDogiFExgJROCO//yImmeVV2n6t6dl2vXeRxFdIiOUAW56ALV0C2qowai6BE9o1f0Zj1ZL9a79TFrLVj5zD76A+vzB2iqk+M=</latexit><latexit sha1_base64="++iIevPyLyKShI2aqTaXpmAZYQA=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxCBSmJCLoRim5cVrAPaEKZTCft0MkkzNwINRR/xY0LRdz6H+78G6dtFtp64MLhnHu5954gEVyD43xbhaXlldW14nppY3Nre8fe3WvqOFWUNWgsYtUOiGaCS9YADoK1E8VIFAjWCoY3E7/1wJTmsbyHUcL8iPQlDzklYKSufeDBgAHBV7jiRekp9oCkJ1277FSdKfAicXNSRjnqXfvL68U0jZgEKojWHddJwM+IAk4FG5e8VLOE0CHps46hkkRM+9n0+jE+NkoPh7EyJQFP1d8TGYm0HkWB6YwIDPS8NxH/8zophJd+xmWSApN0tihMBYYYT6LAPa4YBTEyhFDFza2YDogiFExgJROCO//yImmeVV2n6t6dl2vXeRxFdIiOUAW56ALV0C2qowai6BE9o1f0Zj1ZL9a79TFrLVj5zD76A+vzB2iqk+M=</latexit><latexit sha1_base64="++iIevPyLyKShI2aqTaXpmAZYQA=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxCBSmJCLoRim5cVrAPaEKZTCft0MkkzNwINRR/xY0LRdz6H+78G6dtFtp64MLhnHu5954gEVyD43xbhaXlldW14nppY3Nre8fe3WvqOFWUNWgsYtUOiGaCS9YADoK1E8VIFAjWCoY3E7/1wJTmsbyHUcL8iPQlDzklYKSufeDBgAHBV7jiRekp9oCkJ1277FSdKfAicXNSRjnqXfvL68U0jZgEKojWHddJwM+IAk4FG5e8VLOE0CHps46hkkRM+9n0+jE+NkoPh7EyJQFP1d8TGYm0HkWB6YwIDPS8NxH/8zophJd+xmWSApN0tihMBYYYT6LAPa4YBTEyhFDFza2YDogiFExgJROCO//yImmeVV2n6t6dl2vXeRxFdIiOUAW56ALV0C2qowai6BE9o1f0Zj1ZL9a79TFrLVj5zD76A+vzB2iqk+M=</latexit><latexit sha1_base64="++iIevPyLyKShI2aqTaXpmAZYQA=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxCBSmJCLoRim5cVrAPaEKZTCft0MkkzNwINRR/xY0LRdz6H+78G6dtFtp64MLhnHu5954gEVyD43xbhaXlldW14nppY3Nre8fe3WvqOFWUNWgsYtUOiGaCS9YADoK1E8VIFAjWCoY3E7/1wJTmsbyHUcL8iPQlDzklYKSufeDBgAHBV7jiRekp9oCkJ1277FSdKfAicXNSRjnqXfvL68U0jZgEKojWHddJwM+IAk4FG5e8VLOE0CHps46hkkRM+9n0+jE+NkoPh7EyJQFP1d8TGYm0HkWB6YwIDPS8NxH/8zophJd+xmWSApN0tihMBYYYT6LAPa4YBTEyhFDFza2YDogiFExgJROCO//yImmeVV2n6t6dl2vXeRxFdIiOUAW56ALV0C2qowai6BE9o1f0Zj1ZL9a79TFrLVj5zD76A+vzB2iqk+M=</latexit>

[Bishop 2006, Sec 10.1.3]

[Exercise: find the posterior]



Midge wing length

[Hoff 2009; Grogan, Wirth 1981; MacKay 2003; Bishop 2006]

y = (y1, . . . , yN )

• Exercise: check 
• MFVB approximation: 

• Coordinate descent [Exercise: derive this]

“variational 
parameters”

[CSIRO 2004]

8

p(y|✓) : yn
iid⇠ N (µ, ⌧�1), n = 1, . . . , N

<latexit sha1_base64="YYUBclHMQx5jXNmS1VsgXIw2rq0="></latexit><latexit sha1_base64="YYUBclHMQx5jXNmS1VsgXIw2rq0="></latexit><latexit sha1_base64="YYUBclHMQx5jXNmS1VsgXIw2rq0="></latexit><latexit sha1_base64="YYUBclHMQx5jXNmS1VsgXIw2rq0="></latexit>

p(✓) : ⌧ ⇠ Gamma(a0, b0)

µ|⌧ ⇠ N (µ0, (⇢0⌧)
�1)

<latexit sha1_base64="2IIKVjWnmhoi7b6/s+jcugQcRkI="></latexit><latexit sha1_base64="2IIKVjWnmhoi7b6/s+jcugQcRkI="></latexit><latexit sha1_base64="2IIKVjWnmhoi7b6/s+jcugQcRkI="></latexit><latexit sha1_base64="2IIKVjWnmhoi7b6/s+jcugQcRkI="></latexit>

p(µ, ⌧ |y) 6= f1(µ, y)f2(⌧, y)
<latexit sha1_base64="BGtAmdvuwzKWGdnUKqZwqzjrxIw=">AAACFnicbVDLSsNAFJ34rPUVdelmsAgVtCRF0GXRjcsK9gFNCZPppB06mYR5CCH2K9z4K25cKOJW3Pk3TtostPXAwLnn3Mude4KEUakc59taWl5ZXVsvbZQ3t7Z3du29/baMtcCkhWMWi26AJGGUk5aiipFuIgiKAkY6wfg69zv3REga8zuVJqQfoSGnIcVIGcm3z5KqF+lT6Cmk4QNMT6DHCQx9dyabOvTr1dzNC9+uODVnCrhI3IJUQIGmb395gxjriHCFGZKy5zqJ6mdIKIoZmZQ9LUmC8BgNSc9QjiIi+9n0rAk8NsoAhrEwjys4VX9PZCiSMo0C0xkhNZLzXi7+5/W0Ci/7GeWJVoTj2aJQM6himGcEB1QQrFhqCMKCmr9CPEICYWWSLJsQ3PmTF0m7XnOdmnt7XmlcFXGUwCE4AlXgggvQADegCVoAg0fwDF7Bm/VkvVjv1sesdckqZg7AH1ifPwLUnB8=</latexit><latexit sha1_base64="BGtAmdvuwzKWGdnUKqZwqzjrxIw=">AAACFnicbVDLSsNAFJ34rPUVdelmsAgVtCRF0GXRjcsK9gFNCZPppB06mYR5CCH2K9z4K25cKOJW3Pk3TtostPXAwLnn3Mude4KEUakc59taWl5ZXVsvbZQ3t7Z3du29/baMtcCkhWMWi26AJGGUk5aiipFuIgiKAkY6wfg69zv3REga8zuVJqQfoSGnIcVIGcm3z5KqF+lT6Cmk4QNMT6DHCQx9dyabOvTr1dzNC9+uODVnCrhI3IJUQIGmb395gxjriHCFGZKy5zqJ6mdIKIoZmZQ9LUmC8BgNSc9QjiIi+9n0rAk8NsoAhrEwjys4VX9PZCiSMo0C0xkhNZLzXi7+5/W0Ci/7GeWJVoTj2aJQM6himGcEB1QQrFhqCMKCmr9CPEICYWWSLJsQ3PmTF0m7XnOdmnt7XmlcFXGUwCE4AlXgggvQADegCVoAg0fwDF7Bm/VkvVjv1sesdckqZg7AH1ifPwLUnB8=</latexit><latexit sha1_base64="BGtAmdvuwzKWGdnUKqZwqzjrxIw=">AAACFnicbVDLSsNAFJ34rPUVdelmsAgVtCRF0GXRjcsK9gFNCZPppB06mYR5CCH2K9z4K25cKOJW3Pk3TtostPXAwLnn3Mude4KEUakc59taWl5ZXVsvbZQ3t7Z3du29/baMtcCkhWMWi26AJGGUk5aiipFuIgiKAkY6wfg69zv3REga8zuVJqQfoSGnIcVIGcm3z5KqF+lT6Cmk4QNMT6DHCQx9dyabOvTr1dzNC9+uODVnCrhI3IJUQIGmb395gxjriHCFGZKy5zqJ6mdIKIoZmZQ9LUmC8BgNSc9QjiIi+9n0rAk8NsoAhrEwjys4VX9PZCiSMo0C0xkhNZLzXi7+5/W0Ci/7GeWJVoTj2aJQM6himGcEB1QQrFhqCMKCmr9CPEICYWWSLJsQ3PmTF0m7XnOdmnt7XmlcFXGUwCE4AlXgggvQADegCVoAg0fwDF7Bm/VkvVjv1sesdckqZg7AH1ifPwLUnB8=</latexit><latexit sha1_base64="BGtAmdvuwzKWGdnUKqZwqzjrxIw=">AAACFnicbVDLSsNAFJ34rPUVdelmsAgVtCRF0GXRjcsK9gFNCZPppB06mYR5CCH2K9z4K25cKOJW3Pk3TtostPXAwLnn3Mude4KEUakc59taWl5ZXVsvbZQ3t7Z3du29/baMtcCkhWMWi26AJGGUk5aiipFuIgiKAkY6wfg69zv3REga8zuVJqQfoSGnIcVIGcm3z5KqF+lT6Cmk4QNMT6DHCQx9dyabOvTr1dzNC9+uODVnCrhI3IJUQIGmb395gxjriHCFGZKy5zqJ6mdIKIoZmZQ9LUmC8BgNSc9QjiIi+9n0rAk8NsoAhrEwjys4VX9PZCiSMo0C0xkhNZLzXi7+5/W0Ci/7GeWJVoTj2aJQM6himGcEB1QQrFhqCMKCmr9CPEICYWWSLJsQ3PmTF0m7XnOdmnt7XmlcFXGUwCE4AlXgggvQADegCVoAg0fwDF7Bm/VkvVjv1sesdckqZg7AH1ifPwLUnB8=</latexit>

q⇤(µ, ⌧) = q⇤µ(µ)q
⇤
⌧ (⌧) = argminq2QMFVB

KL(q(·)||p(·|y))
<latexit sha1_base64="EjbPe+a6jAvG5fJj+OiuyElmzjQ="></latexit><latexit sha1_base64="EjbPe+a6jAvG5fJj+OiuyElmzjQ="></latexit><latexit sha1_base64="EjbPe+a6jAvG5fJj+OiuyElmzjQ="></latexit><latexit sha1_base64="EjbPe+a6jAvG5fJj+OiuyElmzjQ="></latexit>

q⇤µ(µ) = N (µ|µN , ⇢�1
N )

<latexit sha1_base64="4+kSBkN0ExNAxa5H3Qt/eTwBXa4="></latexit><latexit sha1_base64="4+kSBkN0ExNAxa5H3Qt/eTwBXa4="></latexit><latexit sha1_base64="4+kSBkN0ExNAxa5H3Qt/eTwBXa4="></latexit><latexit sha1_base64="4+kSBkN0ExNAxa5H3Qt/eTwBXa4="></latexit>

q⇤⌧ (⌧) = Gamma(⌧ |aN , bN )
<latexit sha1_base64="lT8R1rbDI/P+Ize3QzsQJiIkVl0=">AAACGXicbZBNSwMxEIazftb6VfXoJVgEK1J2RdCLUPSgJ1GwrdDWZTZNNTTZXZNZsaz9G178K148KOJRT/4b04+DVl8IPLwzw2TeIJbCoOt+OWPjE5NT05mZ7Ozc/MJibmm5YqJEM15mkYz0RQCGSxHyMgqU/CLWHFQgeTVoH/bq1VuujYjCc+zEvKHgKhQtwQCt5efcG7+OkFymm92NHhToPq0jv0Ot0iNQCgb2PfgnWzTwTwp+Lu8W3b7oX/CGkCdDnfq5j3ozYoniITIJxtQ8N8ZGChoFk7ybrSeGx8DacMVrFkNQ3DTS/mVdum6dJm1F2r4Qad/9OZGCMqajAtupAK/NaK1n/lerJdjaa6QijBPkIRssaiWSYkR7MdGm0Jyh7FgApoX9K2XXoIGhDTNrQ/BGT/4Lle2i5xa9s5186WAYR4askjWyQTyyS0rkmJySMmHkgTyRF/LqPDrPzpvzPmgdc4YzK+SXnM9vD6ufrA==</latexit><latexit sha1_base64="lT8R1rbDI/P+Ize3QzsQJiIkVl0=">AAACGXicbZBNSwMxEIazftb6VfXoJVgEK1J2RdCLUPSgJ1GwrdDWZTZNNTTZXZNZsaz9G178K148KOJRT/4b04+DVl8IPLwzw2TeIJbCoOt+OWPjE5NT05mZ7Ozc/MJibmm5YqJEM15mkYz0RQCGSxHyMgqU/CLWHFQgeTVoH/bq1VuujYjCc+zEvKHgKhQtwQCt5efcG7+OkFymm92NHhToPq0jv0Ot0iNQCgb2PfgnWzTwTwp+Lu8W3b7oX/CGkCdDnfq5j3ozYoniITIJxtQ8N8ZGChoFk7ybrSeGx8DacMVrFkNQ3DTS/mVdum6dJm1F2r4Qad/9OZGCMqajAtupAK/NaK1n/lerJdjaa6QijBPkIRssaiWSYkR7MdGm0Jyh7FgApoX9K2XXoIGhDTNrQ/BGT/4Lle2i5xa9s5186WAYR4askjWyQTyyS0rkmJySMmHkgTyRF/LqPDrPzpvzPmgdc4YzK+SXnM9vD6ufrA==</latexit><latexit sha1_base64="lT8R1rbDI/P+Ize3QzsQJiIkVl0=">AAACGXicbZBNSwMxEIazftb6VfXoJVgEK1J2RdCLUPSgJ1GwrdDWZTZNNTTZXZNZsaz9G178K148KOJRT/4b04+DVl8IPLwzw2TeIJbCoOt+OWPjE5NT05mZ7Ozc/MJibmm5YqJEM15mkYz0RQCGSxHyMgqU/CLWHFQgeTVoH/bq1VuujYjCc+zEvKHgKhQtwQCt5efcG7+OkFymm92NHhToPq0jv0Ot0iNQCgb2PfgnWzTwTwp+Lu8W3b7oX/CGkCdDnfq5j3ozYoniITIJxtQ8N8ZGChoFk7ybrSeGx8DacMVrFkNQ3DTS/mVdum6dJm1F2r4Qad/9OZGCMqajAtupAK/NaK1n/lerJdjaa6QijBPkIRssaiWSYkR7MdGm0Jyh7FgApoX9K2XXoIGhDTNrQ/BGT/4Lle2i5xa9s5186WAYR4askjWyQTyyS0rkmJySMmHkgTyRF/LqPDrPzpvzPmgdc4YzK+SXnM9vD6ufrA==</latexit><latexit sha1_base64="lT8R1rbDI/P+Ize3QzsQJiIkVl0=">AAACGXicbZBNSwMxEIazftb6VfXoJVgEK1J2RdCLUPSgJ1GwrdDWZTZNNTTZXZNZsaz9G178K148KOJRT/4b04+DVl8IPLwzw2TeIJbCoOt+OWPjE5NT05mZ7Ozc/MJibmm5YqJEM15mkYz0RQCGSxHyMgqU/CLWHFQgeTVoH/bq1VuujYjCc+zEvKHgKhQtwQCt5efcG7+OkFymm92NHhToPq0jv0Ot0iNQCgb2PfgnWzTwTwp+Lu8W3b7oX/CGkCdDnfq5j3ozYoniITIJxtQ8N8ZGChoFk7ybrSeGx8DacMVrFkNQ3DTS/mVdum6dJm1F2r4Qad/9OZGCMqajAtupAK/NaK1n/lerJdjaa6QijBPkIRssaiWSYkR7MdGm0Jyh7FgApoX9K2XXoIGhDTNrQ/BGT/4Lle2i5xa9s5186WAYR4askjWyQTyyS0rkmJySMmHkgTyRF/LqPDrPzpvzPmgdc4YzK+SXnM9vD6ufrA==</latexit>

• Catalogued midge wing lengths (mm) 
• Parameters of interest: population mean and precision 
• Model (conjugate prior): ✓ = (µ, ⌧)

<latexit sha1_base64="++iIevPyLyKShI2aqTaXpmAZYQA=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxCBSmJCLoRim5cVrAPaEKZTCft0MkkzNwINRR/xY0LRdz6H+78G6dtFtp64MLhnHu5954gEVyD43xbhaXlldW14nppY3Nre8fe3WvqOFWUNWgsYtUOiGaCS9YADoK1E8VIFAjWCoY3E7/1wJTmsbyHUcL8iPQlDzklYKSufeDBgAHBV7jiRekp9oCkJ1277FSdKfAicXNSRjnqXfvL68U0jZgEKojWHddJwM+IAk4FG5e8VLOE0CHps46hkkRM+9n0+jE+NkoPh7EyJQFP1d8TGYm0HkWB6YwIDPS8NxH/8zophJd+xmWSApN0tihMBYYYT6LAPa4YBTEyhFDFza2YDogiFExgJROCO//yImmeVV2n6t6dl2vXeRxFdIiOUAW56ALV0C2qowai6BE9o1f0Zj1ZL9a79TFrLVj5zD76A+vzB2iqk+M=</latexit><latexit sha1_base64="++iIevPyLyKShI2aqTaXpmAZYQA=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxCBSmJCLoRim5cVrAPaEKZTCft0MkkzNwINRR/xY0LRdz6H+78G6dtFtp64MLhnHu5954gEVyD43xbhaXlldW14nppY3Nre8fe3WvqOFWUNWgsYtUOiGaCS9YADoK1E8VIFAjWCoY3E7/1wJTmsbyHUcL8iPQlDzklYKSufeDBgAHBV7jiRekp9oCkJ1277FSdKfAicXNSRjnqXfvL68U0jZgEKojWHddJwM+IAk4FG5e8VLOE0CHps46hkkRM+9n0+jE+NkoPh7EyJQFP1d8TGYm0HkWB6YwIDPS8NxH/8zophJd+xmWSApN0tihMBYYYT6LAPa4YBTEyhFDFza2YDogiFExgJROCO//yImmeVV2n6t6dl2vXeRxFdIiOUAW56ALV0C2qowai6BE9o1f0Zj1ZL9a79TFrLVj5zD76A+vzB2iqk+M=</latexit><latexit sha1_base64="++iIevPyLyKShI2aqTaXpmAZYQA=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxCBSmJCLoRim5cVrAPaEKZTCft0MkkzNwINRR/xY0LRdz6H+78G6dtFtp64MLhnHu5954gEVyD43xbhaXlldW14nppY3Nre8fe3WvqOFWUNWgsYtUOiGaCS9YADoK1E8VIFAjWCoY3E7/1wJTmsbyHUcL8iPQlDzklYKSufeDBgAHBV7jiRekp9oCkJ1277FSdKfAicXNSRjnqXfvL68U0jZgEKojWHddJwM+IAk4FG5e8VLOE0CHps46hkkRM+9n0+jE+NkoPh7EyJQFP1d8TGYm0HkWB6YwIDPS8NxH/8zophJd+xmWSApN0tihMBYYYT6LAPa4YBTEyhFDFza2YDogiFExgJROCO//yImmeVV2n6t6dl2vXeRxFdIiOUAW56ALV0C2qowai6BE9o1f0Zj1ZL9a79TFrLVj5zD76A+vzB2iqk+M=</latexit><latexit sha1_base64="++iIevPyLyKShI2aqTaXpmAZYQA=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxCBSmJCLoRim5cVrAPaEKZTCft0MkkzNwINRR/xY0LRdz6H+78G6dtFtp64MLhnHu5954gEVyD43xbhaXlldW14nppY3Nre8fe3WvqOFWUNWgsYtUOiGaCS9YADoK1E8VIFAjWCoY3E7/1wJTmsbyHUcL8iPQlDzklYKSufeDBgAHBV7jiRekp9oCkJ1277FSdKfAicXNSRjnqXfvL68U0jZgEKojWHddJwM+IAk4FG5e8VLOE0CHps46hkkRM+9n0+jE+NkoPh7EyJQFP1d8TGYm0HkWB6YwIDPS8NxH/8zophJd+xmWSApN0tihMBYYYT6LAPa4YBTEyhFDFza2YDogiFExgJROCO//yImmeVV2n6t6dl2vXeRxFdIiOUAW56ALV0C2qowai6BE9o1f0Zj1ZL9a79TFrLVj5zD76A+vzB2iqk+M=</latexit>

[Bishop 2006, Sec 10.1.3]

[Exercise: find the posterior]



Midge wing length

[Hoff 2009; Grogan, Wirth 1981; MacKay 2003; Bishop 2006]

y = (y1, . . . , yN )

• Exercise: check 
• MFVB approximation: 

• Coordinate descent [Exercise: derive this]

• Iterate: “variational 
parameters”

[CSIRO 2004]
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p(y|✓) : yn
iid⇠ N (µ, ⌧�1), n = 1, . . . , N

<latexit sha1_base64="YYUBclHMQx5jXNmS1VsgXIw2rq0="></latexit><latexit sha1_base64="YYUBclHMQx5jXNmS1VsgXIw2rq0="></latexit><latexit sha1_base64="YYUBclHMQx5jXNmS1VsgXIw2rq0="></latexit><latexit sha1_base64="YYUBclHMQx5jXNmS1VsgXIw2rq0="></latexit>

p(✓) : ⌧ ⇠ Gamma(a0, b0)

µ|⌧ ⇠ N (µ0, (⇢0⌧)
�1)

<latexit sha1_base64="2IIKVjWnmhoi7b6/s+jcugQcRkI="></latexit><latexit sha1_base64="2IIKVjWnmhoi7b6/s+jcugQcRkI="></latexit><latexit sha1_base64="2IIKVjWnmhoi7b6/s+jcugQcRkI="></latexit><latexit sha1_base64="2IIKVjWnmhoi7b6/s+jcugQcRkI="></latexit>

p(µ, ⌧ |y) 6= f1(µ, y)f2(⌧, y)
<latexit sha1_base64="BGtAmdvuwzKWGdnUKqZwqzjrxIw=">AAACFnicbVDLSsNAFJ34rPUVdelmsAgVtCRF0GXRjcsK9gFNCZPppB06mYR5CCH2K9z4K25cKOJW3Pk3TtostPXAwLnn3Mude4KEUakc59taWl5ZXVsvbZQ3t7Z3du29/baMtcCkhWMWi26AJGGUk5aiipFuIgiKAkY6wfg69zv3REga8zuVJqQfoSGnIcVIGcm3z5KqF+lT6Cmk4QNMT6DHCQx9dyabOvTr1dzNC9+uODVnCrhI3IJUQIGmb395gxjriHCFGZKy5zqJ6mdIKIoZmZQ9LUmC8BgNSc9QjiIi+9n0rAk8NsoAhrEwjys4VX9PZCiSMo0C0xkhNZLzXi7+5/W0Ci/7GeWJVoTj2aJQM6himGcEB1QQrFhqCMKCmr9CPEICYWWSLJsQ3PmTF0m7XnOdmnt7XmlcFXGUwCE4AlXgggvQADegCVoAg0fwDF7Bm/VkvVjv1sesdckqZg7AH1ifPwLUnB8=</latexit><latexit sha1_base64="BGtAmdvuwzKWGdnUKqZwqzjrxIw=">AAACFnicbVDLSsNAFJ34rPUVdelmsAgVtCRF0GXRjcsK9gFNCZPppB06mYR5CCH2K9z4K25cKOJW3Pk3TtostPXAwLnn3Mude4KEUakc59taWl5ZXVsvbZQ3t7Z3du29/baMtcCkhWMWi26AJGGUk5aiipFuIgiKAkY6wfg69zv3REga8zuVJqQfoSGnIcVIGcm3z5KqF+lT6Cmk4QNMT6DHCQx9dyabOvTr1dzNC9+uODVnCrhI3IJUQIGmb395gxjriHCFGZKy5zqJ6mdIKIoZmZQ9LUmC8BgNSc9QjiIi+9n0rAk8NsoAhrEwjys4VX9PZCiSMo0C0xkhNZLzXi7+5/W0Ci/7GeWJVoTj2aJQM6himGcEB1QQrFhqCMKCmr9CPEICYWWSLJsQ3PmTF0m7XnOdmnt7XmlcFXGUwCE4AlXgggvQADegCVoAg0fwDF7Bm/VkvVjv1sesdckqZg7AH1ifPwLUnB8=</latexit><latexit sha1_base64="BGtAmdvuwzKWGdnUKqZwqzjrxIw=">AAACFnicbVDLSsNAFJ34rPUVdelmsAgVtCRF0GXRjcsK9gFNCZPppB06mYR5CCH2K9z4K25cKOJW3Pk3TtostPXAwLnn3Mude4KEUakc59taWl5ZXVsvbZQ3t7Z3du29/baMtcCkhWMWi26AJGGUk5aiipFuIgiKAkY6wfg69zv3REga8zuVJqQfoSGnIcVIGcm3z5KqF+lT6Cmk4QNMT6DHCQx9dyabOvTr1dzNC9+uODVnCrhI3IJUQIGmb395gxjriHCFGZKy5zqJ6mdIKIoZmZQ9LUmC8BgNSc9QjiIi+9n0rAk8NsoAhrEwjys4VX9PZCiSMo0C0xkhNZLzXi7+5/W0Ci/7GeWJVoTj2aJQM6himGcEB1QQrFhqCMKCmr9CPEICYWWSLJsQ3PmTF0m7XnOdmnt7XmlcFXGUwCE4AlXgggvQADegCVoAg0fwDF7Bm/VkvVjv1sesdckqZg7AH1ifPwLUnB8=</latexit><latexit sha1_base64="BGtAmdvuwzKWGdnUKqZwqzjrxIw=">AAACFnicbVDLSsNAFJ34rPUVdelmsAgVtCRF0GXRjcsK9gFNCZPppB06mYR5CCH2K9z4K25cKOJW3Pk3TtostPXAwLnn3Mude4KEUakc59taWl5ZXVsvbZQ3t7Z3du29/baMtcCkhWMWi26AJGGUk5aiipFuIgiKAkY6wfg69zv3REga8zuVJqQfoSGnIcVIGcm3z5KqF+lT6Cmk4QNMT6DHCQx9dyabOvTr1dzNC9+uODVnCrhI3IJUQIGmb395gxjriHCFGZKy5zqJ6mdIKIoZmZQ9LUmC8BgNSc9QjiIi+9n0rAk8NsoAhrEwjys4VX9PZCiSMo0C0xkhNZLzXi7+5/W0Ci/7GeWJVoTj2aJQM6himGcEB1QQrFhqCMKCmr9CPEICYWWSLJsQ3PmTF0m7XnOdmnt7XmlcFXGUwCE4AlXgggvQADegCVoAg0fwDF7Bm/VkvVjv1sesdckqZg7AH1ifPwLUnB8=</latexit>

q⇤(µ, ⌧) = q⇤µ(µ)q
⇤
⌧ (⌧) = argminq2QMFVB

KL(q(·)||p(·|y))
<latexit sha1_base64="EjbPe+a6jAvG5fJj+OiuyElmzjQ="></latexit><latexit sha1_base64="EjbPe+a6jAvG5fJj+OiuyElmzjQ="></latexit><latexit sha1_base64="EjbPe+a6jAvG5fJj+OiuyElmzjQ="></latexit><latexit sha1_base64="EjbPe+a6jAvG5fJj+OiuyElmzjQ="></latexit>

q⇤µ(µ) = N (µ|µN , ⇢�1
N )

<latexit sha1_base64="4+kSBkN0ExNAxa5H3Qt/eTwBXa4="></latexit><latexit sha1_base64="4+kSBkN0ExNAxa5H3Qt/eTwBXa4="></latexit><latexit sha1_base64="4+kSBkN0ExNAxa5H3Qt/eTwBXa4="></latexit><latexit sha1_base64="4+kSBkN0ExNAxa5H3Qt/eTwBXa4="></latexit>

q⇤⌧ (⌧) = Gamma(⌧ |aN , bN )
<latexit sha1_base64="lT8R1rbDI/P+Ize3QzsQJiIkVl0=">AAACGXicbZBNSwMxEIazftb6VfXoJVgEK1J2RdCLUPSgJ1GwrdDWZTZNNTTZXZNZsaz9G178K148KOJRT/4b04+DVl8IPLwzw2TeIJbCoOt+OWPjE5NT05mZ7Ozc/MJibmm5YqJEM15mkYz0RQCGSxHyMgqU/CLWHFQgeTVoH/bq1VuujYjCc+zEvKHgKhQtwQCt5efcG7+OkFymm92NHhToPq0jv0Ot0iNQCgb2PfgnWzTwTwp+Lu8W3b7oX/CGkCdDnfq5j3ozYoniITIJxtQ8N8ZGChoFk7ybrSeGx8DacMVrFkNQ3DTS/mVdum6dJm1F2r4Qad/9OZGCMqajAtupAK/NaK1n/lerJdjaa6QijBPkIRssaiWSYkR7MdGm0Jyh7FgApoX9K2XXoIGhDTNrQ/BGT/4Lle2i5xa9s5186WAYR4askjWyQTyyS0rkmJySMmHkgTyRF/LqPDrPzpvzPmgdc4YzK+SXnM9vD6ufrA==</latexit><latexit sha1_base64="lT8R1rbDI/P+Ize3QzsQJiIkVl0=">AAACGXicbZBNSwMxEIazftb6VfXoJVgEK1J2RdCLUPSgJ1GwrdDWZTZNNTTZXZNZsaz9G178K148KOJRT/4b04+DVl8IPLwzw2TeIJbCoOt+OWPjE5NT05mZ7Ozc/MJibmm5YqJEM15mkYz0RQCGSxHyMgqU/CLWHFQgeTVoH/bq1VuujYjCc+zEvKHgKhQtwQCt5efcG7+OkFymm92NHhToPq0jv0Ot0iNQCgb2PfgnWzTwTwp+Lu8W3b7oX/CGkCdDnfq5j3ozYoniITIJxtQ8N8ZGChoFk7ybrSeGx8DacMVrFkNQ3DTS/mVdum6dJm1F2r4Qad/9OZGCMqajAtupAK/NaK1n/lerJdjaa6QijBPkIRssaiWSYkR7MdGm0Jyh7FgApoX9K2XXoIGhDTNrQ/BGT/4Lle2i5xa9s5186WAYR4askjWyQTyyS0rkmJySMmHkgTyRF/LqPDrPzpvzPmgdc4YzK+SXnM9vD6ufrA==</latexit><latexit sha1_base64="lT8R1rbDI/P+Ize3QzsQJiIkVl0=">AAACGXicbZBNSwMxEIazftb6VfXoJVgEK1J2RdCLUPSgJ1GwrdDWZTZNNTTZXZNZsaz9G178K148KOJRT/4b04+DVl8IPLwzw2TeIJbCoOt+OWPjE5NT05mZ7Ozc/MJibmm5YqJEM15mkYz0RQCGSxHyMgqU/CLWHFQgeTVoH/bq1VuujYjCc+zEvKHgKhQtwQCt5efcG7+OkFymm92NHhToPq0jv0Ot0iNQCgb2PfgnWzTwTwp+Lu8W3b7oX/CGkCdDnfq5j3ozYoniITIJxtQ8N8ZGChoFk7ybrSeGx8DacMVrFkNQ3DTS/mVdum6dJm1F2r4Qad/9OZGCMqajAtupAK/NaK1n/lerJdjaa6QijBPkIRssaiWSYkR7MdGm0Jyh7FgApoX9K2XXoIGhDTNrQ/BGT/4Lle2i5xa9s5186WAYR4askjWyQTyyS0rkmJySMmHkgTyRF/LqPDrPzpvzPmgdc4YzK+SXnM9vD6ufrA==</latexit><latexit sha1_base64="lT8R1rbDI/P+Ize3QzsQJiIkVl0=">AAACGXicbZBNSwMxEIazftb6VfXoJVgEK1J2RdCLUPSgJ1GwrdDWZTZNNTTZXZNZsaz9G178K148KOJRT/4b04+DVl8IPLwzw2TeIJbCoOt+OWPjE5NT05mZ7Ozc/MJibmm5YqJEM15mkYz0RQCGSxHyMgqU/CLWHFQgeTVoH/bq1VuujYjCc+zEvKHgKhQtwQCt5efcG7+OkFymm92NHhToPq0jv0Ot0iNQCgb2PfgnWzTwTwp+Lu8W3b7oX/CGkCdDnfq5j3ozYoniITIJxtQ8N8ZGChoFk7ybrSeGx8DacMVrFkNQ3DTS/mVdum6dJm1F2r4Qad/9OZGCMqajAtupAK/NaK1n/lerJdjaa6QijBPkIRssaiWSYkR7MdGm0Jyh7FgApoX9K2XXoIGhDTNrQ/BGT/4Lle2i5xa9s5186WAYR4askjWyQTyyS0rkmJySMmHkgTyRF/LqPDrPzpvzPmgdc4YzK+SXnM9vD6ufrA==</latexit>

(µN , ⇢N ) = f(aN , bN )
<latexit sha1_base64="gTLitSl51BZXw5HjkrvNrXm9Kgk=">AAACBnicbVDLSgMxFM3UV62vUZciBItQQcqMCLoRim5clQr2AZ1hyKSZNjTJDElGKKUrN/6KGxeKuPUb3Pk3ZtpZaOuBCyfn3EvuPWHCqNKO820VlpZXVteK66WNza3tHXt3r6XiVGLSxDGLZSdEijAqSFNTzUgnkQTxkJF2OLzJ/PYDkYrG4l6PEuJz1Bc0ohhpIwX2YcXjaVA/hZ4cxEH9BF7BqIIyITSvwC47VWcKuEjcnJRBjkZgf3m9GKecCI0ZUqrrOon2x0hqihmZlLxUkQThIeqTrqECcaL88fSMCTw2Sg9GsTQlNJyqvyfGiCs14qHp5EgP1LyXif953VRHl/6YiiTVRODZR1HKoI5hlgnsUUmwZiNDEJbU7ArxAEmEtUmuZEJw509eJK2zqutU3bvzcu06j6MIDsARqAAXXIAauAUN0AQYPIJn8ArerCfrxXq3PmatBSuf2Qd/YH3+AAdLlkQ=</latexit><latexit sha1_base64="gTLitSl51BZXw5HjkrvNrXm9Kgk=">AAACBnicbVDLSgMxFM3UV62vUZciBItQQcqMCLoRim5clQr2AZ1hyKSZNjTJDElGKKUrN/6KGxeKuPUb3Pk3ZtpZaOuBCyfn3EvuPWHCqNKO820VlpZXVteK66WNza3tHXt3r6XiVGLSxDGLZSdEijAqSFNTzUgnkQTxkJF2OLzJ/PYDkYrG4l6PEuJz1Bc0ohhpIwX2YcXjaVA/hZ4cxEH9BF7BqIIyITSvwC47VWcKuEjcnJRBjkZgf3m9GKecCI0ZUqrrOon2x0hqihmZlLxUkQThIeqTrqECcaL88fSMCTw2Sg9GsTQlNJyqvyfGiCs14qHp5EgP1LyXif953VRHl/6YiiTVRODZR1HKoI5hlgnsUUmwZiNDEJbU7ArxAEmEtUmuZEJw509eJK2zqutU3bvzcu06j6MIDsARqAAXXIAauAUN0AQYPIJn8ArerCfrxXq3PmatBSuf2Qd/YH3+AAdLlkQ=</latexit><latexit sha1_base64="gTLitSl51BZXw5HjkrvNrXm9Kgk=">AAACBnicbVDLSgMxFM3UV62vUZciBItQQcqMCLoRim5clQr2AZ1hyKSZNjTJDElGKKUrN/6KGxeKuPUb3Pk3ZtpZaOuBCyfn3EvuPWHCqNKO820VlpZXVteK66WNza3tHXt3r6XiVGLSxDGLZSdEijAqSFNTzUgnkQTxkJF2OLzJ/PYDkYrG4l6PEuJz1Bc0ohhpIwX2YcXjaVA/hZ4cxEH9BF7BqIIyITSvwC47VWcKuEjcnJRBjkZgf3m9GKecCI0ZUqrrOon2x0hqihmZlLxUkQThIeqTrqECcaL88fSMCTw2Sg9GsTQlNJyqvyfGiCs14qHp5EgP1LyXif953VRHl/6YiiTVRODZR1HKoI5hlgnsUUmwZiNDEJbU7ArxAEmEtUmuZEJw509eJK2zqutU3bvzcu06j6MIDsARqAAXXIAauAUN0AQYPIJn8ArerCfrxXq3PmatBSuf2Qd/YH3+AAdLlkQ=</latexit><latexit sha1_base64="gTLitSl51BZXw5HjkrvNrXm9Kgk=">AAACBnicbVDLSgMxFM3UV62vUZciBItQQcqMCLoRim5clQr2AZ1hyKSZNjTJDElGKKUrN/6KGxeKuPUb3Pk3ZtpZaOuBCyfn3EvuPWHCqNKO820VlpZXVteK66WNza3tHXt3r6XiVGLSxDGLZSdEijAqSFNTzUgnkQTxkJF2OLzJ/PYDkYrG4l6PEuJz1Bc0ohhpIwX2YcXjaVA/hZ4cxEH9BF7BqIIyITSvwC47VWcKuEjcnJRBjkZgf3m9GKecCI0ZUqrrOon2x0hqihmZlLxUkQThIeqTrqECcaL88fSMCTw2Sg9GsTQlNJyqvyfGiCs14qHp5EgP1LyXif953VRHl/6YiiTVRODZR1HKoI5hlgnsUUmwZiNDEJbU7ArxAEmEtUmuZEJw509eJK2zqutU3bvzcu06j6MIDsARqAAXXIAauAUN0AQYPIJn8ArerCfrxXq3PmatBSuf2Qd/YH3+AAdLlkQ=</latexit>

(aN , bN ) = g(µN , ⇢N )
<latexit sha1_base64="kst4Dcenrr3T4EWDqRdSRORYq04=">AAACBnicbVDLSgMxFM3UV62vUZciBItQQcqMCLoRim5clQr2AZ1hyKRpG5pMhiQjlKErN/6KGxeKuPUb3Pk3ZtpZaOuBCyfn3EvuPWHMqNKO820VlpZXVteK66WNza3tHXt3r6VEIjFpYsGE7IRIEUYj0tRUM9KJJUE8ZKQdjm4yv/1ApKIiutfjmPgcDSLapxhpIwX2YQUF9VMYBvUTeAUHFY8n2duTQ2GkwC47VWcKuEjcnJRBjkZgf3k9gRNOIo0ZUqrrOrH2UyQ1xYxMSl6iSIzwCA1I19AIcaL8dHrGBB4bpQf7QpqKNJyqvydSxJUa89B0cqSHat7LxP+8bqL7l35KozjRJMKzj/oJg1rALBPYo5JgzcaGICyp2RXiIZIIa5NcyYTgzp+8SFpnVdepunfn5dp1HkcRHIAjUAEuuAA1cAsaoAkweATP4BW8WU/Wi/VufcxaC1Y+sw/+wPr8Af0glkU=</latexit><latexit sha1_base64="kst4Dcenrr3T4EWDqRdSRORYq04=">AAACBnicbVDLSgMxFM3UV62vUZciBItQQcqMCLoRim5clQr2AZ1hyKRpG5pMhiQjlKErN/6KGxeKuPUb3Pk3ZtpZaOuBCyfn3EvuPWHMqNKO820VlpZXVteK66WNza3tHXt3r6VEIjFpYsGE7IRIEUYj0tRUM9KJJUE8ZKQdjm4yv/1ApKIiutfjmPgcDSLapxhpIwX2YQUF9VMYBvUTeAUHFY8n2duTQ2GkwC47VWcKuEjcnJRBjkZgf3k9gRNOIo0ZUqrrOrH2UyQ1xYxMSl6iSIzwCA1I19AIcaL8dHrGBB4bpQf7QpqKNJyqvydSxJUa89B0cqSHat7LxP+8bqL7l35KozjRJMKzj/oJg1rALBPYo5JgzcaGICyp2RXiIZIIa5NcyYTgzp+8SFpnVdepunfn5dp1HkcRHIAjUAEuuAA1cAsaoAkweATP4BW8WU/Wi/VufcxaC1Y+sw/+wPr8Af0glkU=</latexit><latexit sha1_base64="kst4Dcenrr3T4EWDqRdSRORYq04=">AAACBnicbVDLSgMxFM3UV62vUZciBItQQcqMCLoRim5clQr2AZ1hyKRpG5pMhiQjlKErN/6KGxeKuPUb3Pk3ZtpZaOuBCyfn3EvuPWHMqNKO820VlpZXVteK66WNza3tHXt3r6VEIjFpYsGE7IRIEUYj0tRUM9KJJUE8ZKQdjm4yv/1ApKIiutfjmPgcDSLapxhpIwX2YQUF9VMYBvUTeAUHFY8n2duTQ2GkwC47VWcKuEjcnJRBjkZgf3k9gRNOIo0ZUqrrOrH2UyQ1xYxMSl6iSIzwCA1I19AIcaL8dHrGBB4bpQf7QpqKNJyqvydSxJUa89B0cqSHat7LxP+8bqL7l35KozjRJMKzj/oJg1rALBPYo5JgzcaGICyp2RXiIZIIa5NcyYTgzp+8SFpnVdepunfn5dp1HkcRHIAjUAEuuAA1cAsaoAkweATP4BW8WU/Wi/VufcxaC1Y+sw/+wPr8Af0glkU=</latexit><latexit sha1_base64="kst4Dcenrr3T4EWDqRdSRORYq04=">AAACBnicbVDLSgMxFM3UV62vUZciBItQQcqMCLoRim5clQr2AZ1hyKRpG5pMhiQjlKErN/6KGxeKuPUb3Pk3ZtpZaOuBCyfn3EvuPWHMqNKO820VlpZXVteK66WNza3tHXt3r6VEIjFpYsGE7IRIEUYj0tRUM9KJJUE8ZKQdjm4yv/1ApKIiutfjmPgcDSLapxhpIwX2YQUF9VMYBvUTeAUHFY8n2duTQ2GkwC47VWcKuEjcnJRBjkZgf3k9gRNOIo0ZUqrrOrH2UyQ1xYxMSl6iSIzwCA1I19AIcaL8dHrGBB4bpQf7QpqKNJyqvydSxJUa89B0cqSHat7LxP+8bqL7l35KozjRJMKzj/oJg1rALBPYo5JgzcaGICyp2RXiIZIIa5NcyYTgzp+8SFpnVdepunfn5dp1HkcRHIAjUAEuuAA1cAsaoAkweATP4BW8WU/Wi/VufcxaC1Y+sw/+wPr8Af0glkU=</latexit>

• Catalogued midge wing lengths (mm) 
• Parameters of interest: population mean and precision 
• Model (conjugate prior): ✓ = (µ, ⌧)

<latexit sha1_base64="++iIevPyLyKShI2aqTaXpmAZYQA=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxCBSmJCLoRim5cVrAPaEKZTCft0MkkzNwINRR/xY0LRdz6H+78G6dtFtp64MLhnHu5954gEVyD43xbhaXlldW14nppY3Nre8fe3WvqOFWUNWgsYtUOiGaCS9YADoK1E8VIFAjWCoY3E7/1wJTmsbyHUcL8iPQlDzklYKSufeDBgAHBV7jiRekp9oCkJ1277FSdKfAicXNSRjnqXfvL68U0jZgEKojWHddJwM+IAk4FG5e8VLOE0CHps46hkkRM+9n0+jE+NkoPh7EyJQFP1d8TGYm0HkWB6YwIDPS8NxH/8zophJd+xmWSApN0tihMBYYYT6LAPa4YBTEyhFDFza2YDogiFExgJROCO//yImmeVV2n6t6dl2vXeRxFdIiOUAW56ALV0C2qowai6BE9o1f0Zj1ZL9a79TFrLVj5zD76A+vzB2iqk+M=</latexit><latexit sha1_base64="++iIevPyLyKShI2aqTaXpmAZYQA=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxCBSmJCLoRim5cVrAPaEKZTCft0MkkzNwINRR/xY0LRdz6H+78G6dtFtp64MLhnHu5954gEVyD43xbhaXlldW14nppY3Nre8fe3WvqOFWUNWgsYtUOiGaCS9YADoK1E8VIFAjWCoY3E7/1wJTmsbyHUcL8iPQlDzklYKSufeDBgAHBV7jiRekp9oCkJ1277FSdKfAicXNSRjnqXfvL68U0jZgEKojWHddJwM+IAk4FG5e8VLOE0CHps46hkkRM+9n0+jE+NkoPh7EyJQFP1d8TGYm0HkWB6YwIDPS8NxH/8zophJd+xmWSApN0tihMBYYYT6LAPa4YBTEyhFDFza2YDogiFExgJROCO//yImmeVV2n6t6dl2vXeRxFdIiOUAW56ALV0C2qowai6BE9o1f0Zj1ZL9a79TFrLVj5zD76A+vzB2iqk+M=</latexit><latexit sha1_base64="++iIevPyLyKShI2aqTaXpmAZYQA=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxCBSmJCLoRim5cVrAPaEKZTCft0MkkzNwINRR/xY0LRdz6H+78G6dtFtp64MLhnHu5954gEVyD43xbhaXlldW14nppY3Nre8fe3WvqOFWUNWgsYtUOiGaCS9YADoK1E8VIFAjWCoY3E7/1wJTmsbyHUcL8iPQlDzklYKSufeDBgAHBV7jiRekp9oCkJ1277FSdKfAicXNSRjnqXfvL68U0jZgEKojWHddJwM+IAk4FG5e8VLOE0CHps46hkkRM+9n0+jE+NkoPh7EyJQFP1d8TGYm0HkWB6YwIDPS8NxH/8zophJd+xmWSApN0tihMBYYYT6LAPa4YBTEyhFDFza2YDogiFExgJROCO//yImmeVV2n6t6dl2vXeRxFdIiOUAW56ALV0C2qowai6BE9o1f0Zj1ZL9a79TFrLVj5zD76A+vzB2iqk+M=</latexit><latexit sha1_base64="++iIevPyLyKShI2aqTaXpmAZYQA=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxCBSmJCLoRim5cVrAPaEKZTCft0MkkzNwINRR/xY0LRdz6H+78G6dtFtp64MLhnHu5954gEVyD43xbhaXlldW14nppY3Nre8fe3WvqOFWUNWgsYtUOiGaCS9YADoK1E8VIFAjWCoY3E7/1wJTmsbyHUcL8iPQlDzklYKSufeDBgAHBV7jiRekp9oCkJ1277FSdKfAicXNSRjnqXfvL68U0jZgEKojWHddJwM+IAk4FG5e8VLOE0CHps46hkkRM+9n0+jE+NkoPh7EyJQFP1d8TGYm0HkWB6YwIDPS8NxH/8zophJd+xmWSApN0tihMBYYYT6LAPa4YBTEyhFDFza2YDogiFExgJROCO//yImmeVV2n6t6dl2vXeRxFdIiOUAW56ALV0C2qowai6BE9o1f0Zj1ZL9a79TFrLVj5zD76A+vzB2iqk+M=</latexit>

[Bishop 2006, Sec 10.1.3]

[Exercise: find the posterior]



Midge wing length

[Bishop 2006]

µ
<latexit sha1_base64="UFOX4zita877+Ikq+M6IENXmVh0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzQOSJcxOZpMhM7PLTK8QQj7BiwdFvPpF3vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41bZIZxhsskYlpR9RyKTRvoEDJ26nhVEWSt6LR7cxvPXFjRaIfcZzyUNGBFrFgFJ300FVZr1zxq/4cZJUEOalAjnqv/NXtJyxTXCOT1NpO4KcYTqhBwSSflrqZ5SllIzrgHUc1VdyGk/mpU3LmlD6JE+NKI5mrvycmVFk7VpHrVBSHdtmbif95nQzj63AidJoh12yxKM4kwYTM/iZ9YThDOXaEMiPcrYQNqaEMXTolF0Kw/PIqaV5UA78a3F9Wajd5HEU4gVM4hwCuoAZ3UIcGMBjAM7zCmye9F+/d+1i0Frx85hj+wPv8AV1ejdY=</latexit><latexit sha1_base64="UFOX4zita877+Ikq+M6IENXmVh0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzQOSJcxOZpMhM7PLTK8QQj7BiwdFvPpF3vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41bZIZxhsskYlpR9RyKTRvoEDJ26nhVEWSt6LR7cxvPXFjRaIfcZzyUNGBFrFgFJ300FVZr1zxq/4cZJUEOalAjnqv/NXtJyxTXCOT1NpO4KcYTqhBwSSflrqZ5SllIzrgHUc1VdyGk/mpU3LmlD6JE+NKI5mrvycmVFk7VpHrVBSHdtmbif95nQzj63AidJoh12yxKM4kwYTM/iZ9YThDOXaEMiPcrYQNqaEMXTolF0Kw/PIqaV5UA78a3F9Wajd5HEU4gVM4hwCuoAZ3UIcGMBjAM7zCmye9F+/d+1i0Frx85hj+wPv8AV1ejdY=</latexit><latexit sha1_base64="UFOX4zita877+Ikq+M6IENXmVh0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzQOSJcxOZpMhM7PLTK8QQj7BiwdFvPpF3vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41bZIZxhsskYlpR9RyKTRvoEDJ26nhVEWSt6LR7cxvPXFjRaIfcZzyUNGBFrFgFJ300FVZr1zxq/4cZJUEOalAjnqv/NXtJyxTXCOT1NpO4KcYTqhBwSSflrqZ5SllIzrgHUc1VdyGk/mpU3LmlD6JE+NKI5mrvycmVFk7VpHrVBSHdtmbif95nQzj63AidJoh12yxKM4kwYTM/iZ9YThDOXaEMiPcrYQNqaEMXTolF0Kw/PIqaV5UA78a3F9Wajd5HEU4gVM4hwCuoAZ3UIcGMBjAM7zCmye9F+/d+1i0Frx85hj+wPv8AV1ejdY=</latexit><latexit sha1_base64="UFOX4zita877+Ikq+M6IENXmVh0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzQOSJcxOZpMhM7PLTK8QQj7BiwdFvPpF3vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41bZIZxhsskYlpR9RyKTRvoEDJ26nhVEWSt6LR7cxvPXFjRaIfcZzyUNGBFrFgFJ300FVZr1zxq/4cZJUEOalAjnqv/NXtJyxTXCOT1NpO4KcYTqhBwSSflrqZ5SllIzrgHUc1VdyGk/mpU3LmlD6JE+NKI5mrvycmVFk7VpHrVBSHdtmbif95nQzj63AidJoh12yxKM4kwYTM/iZ9YThDOXaEMiPcrYQNqaEMXTolF0Kw/PIqaV5UA78a3F9Wajd5HEU4gVM4hwCuoAZ3UIcGMBjAM7zCmye9F+/d+1i0Frx85hj+wPv8AV1ejdY=</latexit>

exact 
posterior

approximation

9

⌧
<latexit sha1_base64="rx/s5aCvXUP35GpplwAkBrTmD4o=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xL7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt7n/+MSNFbF+wGnCQ0VHWgwFo5hLPaRpv1rz6/4cZJUEBalBgWa/+tUbxCxVXCOT1Npu4CcYZtSgYJLPKr3U8oSyCR3xrqOaKm7DbH7rjJw5ZUCGsXGlkczV3xMZVdZOVeQ6FcWxXfZy8T+vm+LwOsyETlLkmi0WDVNJMCb542QgDGcop45QZoS7lbAxNZShi6fiQgiWX14l7Yt64NeD+8ta46aIowwncArnEMAVNOAOmtACBmN4hld485T34r17H4vWklfMHMMfeJ8/IS2OSA==</latexit><latexit sha1_base64="rx/s5aCvXUP35GpplwAkBrTmD4o=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xL7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt7n/+MSNFbF+wGnCQ0VHWgwFo5hLPaRpv1rz6/4cZJUEBalBgWa/+tUbxCxVXCOT1Npu4CcYZtSgYJLPKr3U8oSyCR3xrqOaKm7DbH7rjJw5ZUCGsXGlkczV3xMZVdZOVeQ6FcWxXfZy8T+vm+LwOsyETlLkmi0WDVNJMCb542QgDGcop45QZoS7lbAxNZShi6fiQgiWX14l7Yt64NeD+8ta46aIowwncArnEMAVNOAOmtACBmN4hld485T34r17H4vWklfMHMMfeJ8/IS2OSA==</latexit><latexit sha1_base64="rx/s5aCvXUP35GpplwAkBrTmD4o=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xL7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt7n/+MSNFbF+wGnCQ0VHWgwFo5hLPaRpv1rz6/4cZJUEBalBgWa/+tUbxCxVXCOT1Npu4CcYZtSgYJLPKr3U8oSyCR3xrqOaKm7DbH7rjJw5ZUCGsXGlkczV3xMZVdZOVeQ6FcWxXfZy8T+vm+LwOsyETlLkmi0WDVNJMCb542QgDGcop45QZoS7lbAxNZShi6fiQgiWX14l7Yt64NeD+8ta46aIowwncArnEMAVNOAOmtACBmN4hld485T34r17H4vWklfMHMMfeJ8/IS2OSA==</latexit><latexit sha1_base64="rx/s5aCvXUP35GpplwAkBrTmD4o=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xL7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt7n/+MSNFbF+wGnCQ0VHWgwFo5hLPaRpv1rz6/4cZJUEBalBgWa/+tUbxCxVXCOT1Npu4CcYZtSgYJLPKr3U8oSyCR3xrqOaKm7DbH7rjJw5ZUCGsXGlkczV3xMZVdZOVeQ6FcWxXfZy8T+vm+LwOsyETlLkmi0WDVNJMCb542QgDGcop45QZoS7lbAxNZShi6fiQgiWX14l7Yt64NeD+8ta46aIowwncArnEMAVNOAOmtACBmN4hld485T34r17H4vWklfMHMMfeJ8/IS2OSA==</latexit>



Midge wing length

[Bishop 2006]

µ
<latexit sha1_base64="UFOX4zita877+Ikq+M6IENXmVh0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzQOSJcxOZpMhM7PLTK8QQj7BiwdFvPpF3vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41bZIZxhsskYlpR9RyKTRvoEDJ26nhVEWSt6LR7cxvPXFjRaIfcZzyUNGBFrFgFJ300FVZr1zxq/4cZJUEOalAjnqv/NXtJyxTXCOT1NpO4KcYTqhBwSSflrqZ5SllIzrgHUc1VdyGk/mpU3LmlD6JE+NKI5mrvycmVFk7VpHrVBSHdtmbif95nQzj63AidJoh12yxKM4kwYTM/iZ9YThDOXaEMiPcrYQNqaEMXTolF0Kw/PIqaV5UA78a3F9Wajd5HEU4gVM4hwCuoAZ3UIcGMBjAM7zCmye9F+/d+1i0Frx85hj+wPv8AV1ejdY=</latexit><latexit sha1_base64="UFOX4zita877+Ikq+M6IENXmVh0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzQOSJcxOZpMhM7PLTK8QQj7BiwdFvPpF3vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41bZIZxhsskYlpR9RyKTRvoEDJ26nhVEWSt6LR7cxvPXFjRaIfcZzyUNGBFrFgFJ300FVZr1zxq/4cZJUEOalAjnqv/NXtJyxTXCOT1NpO4KcYTqhBwSSflrqZ5SllIzrgHUc1VdyGk/mpU3LmlD6JE+NKI5mrvycmVFk7VpHrVBSHdtmbif95nQzj63AidJoh12yxKM4kwYTM/iZ9YThDOXaEMiPcrYQNqaEMXTolF0Kw/PIqaV5UA78a3F9Wajd5HEU4gVM4hwCuoAZ3UIcGMBjAM7zCmye9F+/d+1i0Frx85hj+wPv8AV1ejdY=</latexit><latexit sha1_base64="UFOX4zita877+Ikq+M6IENXmVh0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzQOSJcxOZpMhM7PLTK8QQj7BiwdFvPpF3vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41bZIZxhsskYlpR9RyKTRvoEDJ26nhVEWSt6LR7cxvPXFjRaIfcZzyUNGBFrFgFJ300FVZr1zxq/4cZJUEOalAjnqv/NXtJyxTXCOT1NpO4KcYTqhBwSSflrqZ5SllIzrgHUc1VdyGk/mpU3LmlD6JE+NKI5mrvycmVFk7VpHrVBSHdtmbif95nQzj63AidJoh12yxKM4kwYTM/iZ9YThDOXaEMiPcrYQNqaEMXTolF0Kw/PIqaV5UA78a3F9Wajd5HEU4gVM4hwCuoAZ3UIcGMBjAM7zCmye9F+/d+1i0Frx85hj+wPv8AV1ejdY=</latexit><latexit sha1_base64="UFOX4zita877+Ikq+M6IENXmVh0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzQOSJcxOZpMhM7PLTK8QQj7BiwdFvPpF3vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41bZIZxhsskYlpR9RyKTRvoEDJ26nhVEWSt6LR7cxvPXFjRaIfcZzyUNGBFrFgFJ300FVZr1zxq/4cZJUEOalAjnqv/NXtJyxTXCOT1NpO4KcYTqhBwSSflrqZ5SllIzrgHUc1VdyGk/mpU3LmlD6JE+NKI5mrvycmVFk7VpHrVBSHdtmbif95nQzj63AidJoh12yxKM4kwYTM/iZ9YThDOXaEMiPcrYQNqaEMXTolF0Kw/PIqaV5UA78a3F9Wajd5HEU4gVM4hwCuoAZ3UIcGMBjAM7zCmye9F+/d+1i0Frx85hj+wPv8AV1ejdY=</latexit>

exact 
posterior

approximation

9

⌧
<latexit sha1_base64="rx/s5aCvXUP35GpplwAkBrTmD4o=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xL7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt7n/+MSNFbF+wGnCQ0VHWgwFo5hLPaRpv1rz6/4cZJUEBalBgWa/+tUbxCxVXCOT1Npu4CcYZtSgYJLPKr3U8oSyCR3xrqOaKm7DbH7rjJw5ZUCGsXGlkczV3xMZVdZOVeQ6FcWxXfZy8T+vm+LwOsyETlLkmi0WDVNJMCb542QgDGcop45QZoS7lbAxNZShi6fiQgiWX14l7Yt64NeD+8ta46aIowwncArnEMAVNOAOmtACBmN4hld485T34r17H4vWklfMHMMfeJ8/IS2OSA==</latexit><latexit sha1_base64="rx/s5aCvXUP35GpplwAkBrTmD4o=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xL7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt7n/+MSNFbF+wGnCQ0VHWgwFo5hLPaRpv1rz6/4cZJUEBalBgWa/+tUbxCxVXCOT1Npu4CcYZtSgYJLPKr3U8oSyCR3xrqOaKm7DbH7rjJw5ZUCGsXGlkczV3xMZVdZOVeQ6FcWxXfZy8T+vm+LwOsyETlLkmi0WDVNJMCb542QgDGcop45QZoS7lbAxNZShi6fiQgiWX14l7Yt64NeD+8ta46aIowwncArnEMAVNOAOmtACBmN4hld485T34r17H4vWklfMHMMfeJ8/IS2OSA==</latexit><latexit sha1_base64="rx/s5aCvXUP35GpplwAkBrTmD4o=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xL7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt7n/+MSNFbF+wGnCQ0VHWgwFo5hLPaRpv1rz6/4cZJUEBalBgWa/+tUbxCxVXCOT1Npu4CcYZtSgYJLPKr3U8oSyCR3xrqOaKm7DbH7rjJw5ZUCGsXGlkczV3xMZVdZOVeQ6FcWxXfZy8T+vm+LwOsyETlLkmi0WDVNJMCb542QgDGcop45QZoS7lbAxNZShi6fiQgiWX14l7Yt64NeD+8ta46aIowwncArnEMAVNOAOmtACBmN4hld485T34r17H4vWklfMHMMfeJ8/IS2OSA==</latexit><latexit sha1_base64="rx/s5aCvXUP35GpplwAkBrTmD4o=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xL7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt7n/+MSNFbF+wGnCQ0VHWgwFo5hLPaRpv1rz6/4cZJUEBalBgWa/+tUbxCxVXCOT1Npu4CcYZtSgYJLPKr3U8oSyCR3xrqOaKm7DbH7rjJw5ZUCGsXGlkczV3xMZVdZOVeQ6FcWxXfZy8T+vm+LwOsyETlLkmi0WDVNJMCb542QgDGcop45QZoS7lbAxNZShi6fiQgiWX14l7Yt64NeD+8ta46aIowwncArnEMAVNOAOmtACBmN4hld485T34r17H4vWklfMHMMfeJ8/IS2OSA==</latexit>
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MFVB: Do we need to check the output?
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MFVB: How will we know if it’s working?
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MCMC draws:      
45 minutes 

• MFVB 
optimization:             
<1 min
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Microcredit

Criteo Online Ads Experiment
• Click-through conversion prediction 
• Q: Will a customer (e.g.) buy a product after clicking? 
• Q: How predictive of conversion are different features? 
• Logistic GLMM; N = 61,895 subset to compare to MCMC

[Giordano, Broderick, Meager, Huggins, Jordan 2016; Giordano, Broderick, Jordan 2018]11
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Criteo Online Ads Experiment

• MAP: 12 s 
• MFVB: 57 s

[Giordano, Broderick, Jordan 2018]
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Criteo Online Ads Experiment

• MAP: 12 s 
• MFVB: 57 s 
• MCMC (5K 

samples): 
21,066 s 
(5.85 h)

[Giordano, Broderick, Jordan 2018]MCMC
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• Topic discovery
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Why use MFVB?
• Topic discovery 

• Latent Dirichlet allocation (LDA): 27,700+ citations

[Blei et al 2003]13
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exact

[Turner & Sahani 
2011; MacKay 2003; 
Bishop 2006; Wang, 

Titterington 2004]
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What about uncertainty?

✓1

✓2

• Conjugate linear regression

q(✓) =
JY

j=1

qj(✓j)

<latexit sha1_base64="VSz6oDRqghD6zT7/+ArgGJ+msVk=">AAACFHicbZC7SgNBFIZnvcZ4W7W0GQxCghB2RdAmELQRqwjmAklcZieTZJLZS2bOCmHZh7DxVWwsFLG1sPNtnCRbaOKBgY//P4cz53dDwRVY1rextLyyurae2chubm3v7Jp7+zUVRJKyKg1EIBsuUUxwn1WBg2CNUDLiuYLV3eHVxK8/MKl44N/BOGRtj/R83uWUgJYc82SUb0GfASngEm6FMug48aBkJ/fxTYJHmpPUdwYFx8xZRWtaeBHsFHIorYpjfrU6AY085gMVRKmmbYXQjokETgVLsq1IsZDQIemxpkafeEy14+lRCT7WSgd3A6mfD3iq/p6IiafU2HN1p0egr+a9ifif14yge9GOuR9GwHw6W9SNBIYATxLCHS4ZBTHWQKjk+q+Y9okkFHSOWR2CPX/yItROi7ZVtG/PcuXLNI4MOkRHKI9sdI7K6BpVUBVR9Iie0St6M56MF+Pd+Ji1LhnpzAH6U8bnD2Ldncg=</latexit><latexit sha1_base64="VSz6oDRqghD6zT7/+ArgGJ+msVk=">AAACFHicbZC7SgNBFIZnvcZ4W7W0GQxCghB2RdAmELQRqwjmAklcZieTZJLZS2bOCmHZh7DxVWwsFLG1sPNtnCRbaOKBgY//P4cz53dDwRVY1rextLyyurae2chubm3v7Jp7+zUVRJKyKg1EIBsuUUxwn1WBg2CNUDLiuYLV3eHVxK8/MKl44N/BOGRtj/R83uWUgJYc82SUb0GfASngEm6FMug48aBkJ/fxTYJHmpPUdwYFx8xZRWtaeBHsFHIorYpjfrU6AY085gMVRKmmbYXQjokETgVLsq1IsZDQIemxpkafeEy14+lRCT7WSgd3A6mfD3iq/p6IiafU2HN1p0egr+a9ifif14yge9GOuR9GwHw6W9SNBIYATxLCHS4ZBTHWQKjk+q+Y9okkFHSOWR2CPX/yItROi7ZVtG/PcuXLNI4MOkRHKI9sdI7K6BpVUBVR9Iie0St6M56MF+Pd+Ji1LhnpzAH6U8bnD2Ldncg=</latexit><latexit sha1_base64="VSz6oDRqghD6zT7/+ArgGJ+msVk=">AAACFHicbZC7SgNBFIZnvcZ4W7W0GQxCghB2RdAmELQRqwjmAklcZieTZJLZS2bOCmHZh7DxVWwsFLG1sPNtnCRbaOKBgY//P4cz53dDwRVY1rextLyyurae2chubm3v7Jp7+zUVRJKyKg1EIBsuUUxwn1WBg2CNUDLiuYLV3eHVxK8/MKl44N/BOGRtj/R83uWUgJYc82SUb0GfASngEm6FMug48aBkJ/fxTYJHmpPUdwYFx8xZRWtaeBHsFHIorYpjfrU6AY085gMVRKmmbYXQjokETgVLsq1IsZDQIemxpkafeEy14+lRCT7WSgd3A6mfD3iq/p6IiafU2HN1p0egr+a9ifif14yge9GOuR9GwHw6W9SNBIYATxLCHS4ZBTHWQKjk+q+Y9okkFHSOWR2CPX/yItROi7ZVtG/PcuXLNI4MOkRHKI9sdI7K6BpVUBVR9Iie0St6M56MF+Pd+Ji1LhnpzAH6U8bnD2Ldncg=</latexit><latexit sha1_base64="VSz6oDRqghD6zT7/+ArgGJ+msVk=">AAACFHicbZC7SgNBFIZnvcZ4W7W0GQxCghB2RdAmELQRqwjmAklcZieTZJLZS2bOCmHZh7DxVWwsFLG1sPNtnCRbaOKBgY//P4cz53dDwRVY1rextLyyurae2chubm3v7Jp7+zUVRJKyKg1EIBsuUUxwn1WBg2CNUDLiuYLV3eHVxK8/MKl44N/BOGRtj/R83uWUgJYc82SUb0GfASngEm6FMug48aBkJ/fxTYJHmpPUdwYFx8xZRWtaeBHsFHIorYpjfrU6AY085gMVRKmmbYXQjokETgVLsq1IsZDQIemxpkafeEy14+lRCT7WSgd3A6mfD3iq/p6IiafU2HN1p0egr+a9ifif14yge9GOuR9GwHw6W9SNBIYATxLCHS4ZBTHWQKjk+q+Y9okkFHSOWR2CPX/yItROi7ZVtG/PcuXLNI4MOkRHKI9sdI7K6BpVUBVR9Iie0St6M56MF+Pd+Ji1LhnpzAH6U8bnD2Ldncg=</latexit>

exact

[Turner & Sahani 
2011; MacKay 2003; 
Bishop 2006; Wang, 

Titterington 2004]

KL(q||p(·|y)) =
Z

✓
q(✓) log

q(✓)

p(✓|y)d✓
<latexit sha1_base64="kKvIKjci/Uv7l7ROZc27bN/ULlQ=">AAACRXicbZDPSxtBFMdntVUbq0Y99vJoEJJL2BVBL4LoRagHC40K2RBmZ2eTwdmZzcxbIWz2n/Pi3Vv/g156UMRrO0mWUn88GPjM970vb+YbZVJY9P2f3sLih49Lyyufaquf19Y36ptbF1bnhvEO01Kbq4haLoXiHRQo+VVmOE0jyS+j65Np//KGGyu0+oHjjPdSOlAiEYyik/r18NtZcwSTCWTNkMUaYQLjVgsOIRQK+0WIQ4 60hFFzTi0IpR5AmBjKin9iWWQVzuwlxPNbv97w2/6s4C0EFTRIVef9+n0Ya5anXCGT1Npu4GfYK6hBwSQva2FueUbZNR3wrkNFU257xSyFEnacEkOijTsKYab+7yhoau04jdxkSnFoX/em4nu9bo7JQa8QKsuRKzZflOQSUMM0UoiF4Qzl2AFlRri3AhtSlxC64GsuhOD1l9/CxW478NvB973G0XEVxwr5Qr6SJgnIPjkip+ScdAgjt+QXeSCP3p3323vynuejC17l2SYvyvvzFzUcsGk=</latexit><latexit sha1_base64="kKvIKjci/Uv7l7ROZc27bN/ULlQ=">AAACRXicbZDPSxtBFMdntVUbq0Y99vJoEJJL2BVBL4LoRagHC40K2RBmZ2eTwdmZzcxbIWz2n/Pi3Vv/g156UMRrO0mWUn88GPjM970vb+YbZVJY9P2f3sLih49Lyyufaquf19Y36ptbF1bnhvEO01Kbq4haLoXiHRQo+VVmOE0jyS+j65Np//KGGyu0+oHjjPdSOlAiEYyik/r18NtZcwSTCWTNkMUaYQLjVgsOIRQK+0WIQ4 60hFFzTi0IpR5AmBjKin9iWWQVzuwlxPNbv97w2/6s4C0EFTRIVef9+n0Ya5anXCGT1Npu4GfYK6hBwSQva2FueUbZNR3wrkNFU257xSyFEnacEkOijTsKYab+7yhoau04jdxkSnFoX/em4nu9bo7JQa8QKsuRKzZflOQSUMM0UoiF4Qzl2AFlRri3AhtSlxC64GsuhOD1l9/CxW478NvB973G0XEVxwr5Qr6SJgnIPjkip+ScdAgjt+QXeSCP3p3323vynuejC17l2SYvyvvzFzUcsGk=</latexit><latexit sha1_base64="kKvIKjci/Uv7l7ROZc27bN/ULlQ=">AAACRXicbZDPSxtBFMdntVUbq0Y99vJoEJJL2BVBL4LoRagHC40K2RBmZ2eTwdmZzcxbIWz2n/Pi3Vv/g156UMRrO0mWUn88GPjM970vb+YbZVJY9P2f3sLih49Lyyufaquf19Y36ptbF1bnhvEO01Kbq4haLoXiHRQo+VVmOE0jyS+j65Np//KGGyu0+oHjjPdSOlAiEYyik/r18NtZcwSTCWTNkMUaYQLjVgsOIRQK+0WIQ4 60hFFzTi0IpR5AmBjKin9iWWQVzuwlxPNbv97w2/6s4C0EFTRIVef9+n0Ya5anXCGT1Npu4GfYK6hBwSQva2FueUbZNR3wrkNFU257xSyFEnacEkOijTsKYab+7yhoau04jdxkSnFoX/em4nu9bo7JQa8QKsuRKzZflOQSUMM0UoiF4Qzl2AFlRri3AhtSlxC64GsuhOD1l9/CxW478NvB973G0XEVxwr5Qr6SJgnIPjkip+ScdAgjt+QXeSCP3p3323vynuejC17l2SYvyvvzFzUcsGk=</latexit><latexit sha1_base64="kKvIKjci/Uv7l7ROZc27bN/ULlQ=">AAACRXicbZDPSxtBFMdntVUbq0Y99vJoEJJL2BVBL4LoRagHC40K2RBmZ2eTwdmZzcxbIWz2n/Pi3Vv/g156UMRrO0mWUn88GPjM970vb+YbZVJY9P2f3sLih49Lyyufaquf19Y36ptbF1bnhvEO01Kbq4haLoXiHRQo+VVmOE0jyS+j65Np//KGGyu0+oHjjPdSOlAiEYyik/r18NtZcwSTCWTNkMUaYQLjVgsOIRQK+0WIQ4 60hFFzTi0IpR5AmBjKin9iWWQVzuwlxPNbv97w2/6s4C0EFTRIVef9+n0Ya5anXCGT1Npu4GfYK6hBwSQva2FueUbZNR3wrkNFU257xSyFEnacEkOijTsKYab+7yhoau04jdxkSnFoX/em4nu9bo7JQa8QKsuRKzZflOQSUMM0UoiF4Qzl2AFlRri3AhtSlxC64GsuhOD1l9/CxW478NvB973G0XEVxwr5Qr6SJgnIPjkip+ScdAgjt+QXeSCP3p3323vynuejC17l2SYvyvvzFzUcsGk=</latexit>
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What about uncertainty?

✓1

✓2

• Conjugate linear regression 
• Bayesian central limit theorem

q(✓) =
JY

j=1

qj(✓j)

<latexit sha1_base64="VSz6oDRqghD6zT7/+ArgGJ+msVk=">AAACFHicbZC7SgNBFIZnvcZ4W7W0GQxCghB2RdAmELQRqwjmAklcZieTZJLZS2bOCmHZh7DxVWwsFLG1sPNtnCRbaOKBgY//P4cz53dDwRVY1rextLyyurae2chubm3v7Jp7+zUVRJKyKg1EIBsuUUxwn1WBg2CNUDLiuYLV3eHVxK8/MKl44N/BOGRtj/R83uWUgJYc82SUb0GfASngEm6FMug48aBkJ/fxTYJHmpPUdwYFx8xZRWtaeBHsFHIorYpjfrU6AY085gMVRKmmbYXQjokETgVLsq1IsZDQIemxpkafeEy14+lRCT7WSgd3A6mfD3iq/p6IiafU2HN1p0egr+a9ifif14yge9GOuR9GwHw6W9SNBIYATxLCHS4ZBTHWQKjk+q+Y9okkFHSOWR2CPX/yItROi7ZVtG/PcuXLNI4MOkRHKI9sdI7K6BpVUBVR9Iie0St6M56MF+Pd+Ji1LhnpzAH6U8bnD2Ldncg=</latexit><latexit sha1_base64="VSz6oDRqghD6zT7/+ArgGJ+msVk=">AAACFHicbZC7SgNBFIZnvcZ4W7W0GQxCghB2RdAmELQRqwjmAklcZieTZJLZS2bOCmHZh7DxVWwsFLG1sPNtnCRbaOKBgY//P4cz53dDwRVY1rextLyyurae2chubm3v7Jp7+zUVRJKyKg1EIBsuUUxwn1WBg2CNUDLiuYLV3eHVxK8/MKl44N/BOGRtj/R83uWUgJYc82SUb0GfASngEm6FMug48aBkJ/fxTYJHmpPUdwYFx8xZRWtaeBHsFHIorYpjfrU6AY085gMVRKmmbYXQjokETgVLsq1IsZDQIemxpkafeEy14+lRCT7WSgd3A6mfD3iq/p6IiafU2HN1p0egr+a9ifif14yge9GOuR9GwHw6W9SNBIYATxLCHS4ZBTHWQKjk+q+Y9okkFHSOWR2CPX/yItROi7ZVtG/PcuXLNI4MOkRHKI9sdI7K6BpVUBVR9Iie0St6M56MF+Pd+Ji1LhnpzAH6U8bnD2Ldncg=</latexit><latexit sha1_base64="VSz6oDRqghD6zT7/+ArgGJ+msVk=">AAACFHicbZC7SgNBFIZnvcZ4W7W0GQxCghB2RdAmELQRqwjmAklcZieTZJLZS2bOCmHZh7DxVWwsFLG1sPNtnCRbaOKBgY//P4cz53dDwRVY1rextLyyurae2chubm3v7Jp7+zUVRJKyKg1EIBsuUUxwn1WBg2CNUDLiuYLV3eHVxK8/MKl44N/BOGRtj/R83uWUgJYc82SUb0GfASngEm6FMug48aBkJ/fxTYJHmpPUdwYFx8xZRWtaeBHsFHIorYpjfrU6AY085gMVRKmmbYXQjokETgVLsq1IsZDQIemxpkafeEy14+lRCT7WSgd3A6mfD3iq/p6IiafU2HN1p0egr+a9ifif14yge9GOuR9GwHw6W9SNBIYATxLCHS4ZBTHWQKjk+q+Y9okkFHSOWR2CPX/yItROi7ZVtG/PcuXLNI4MOkRHKI9sdI7K6BpVUBVR9Iie0St6M56MF+Pd+Ji1LhnpzAH6U8bnD2Ldncg=</latexit><latexit sha1_base64="VSz6oDRqghD6zT7/+ArgGJ+msVk=">AAACFHicbZC7SgNBFIZnvcZ4W7W0GQxCghB2RdAmELQRqwjmAklcZieTZJLZS2bOCmHZh7DxVWwsFLG1sPNtnCRbaOKBgY//P4cz53dDwRVY1rextLyyurae2chubm3v7Jp7+zUVRJKyKg1EIBsuUUxwn1WBg2CNUDLiuYLV3eHVxK8/MKl44N/BOGRtj/R83uWUgJYc82SUb0GfASngEm6FMug48aBkJ/fxTYJHmpPUdwYFx8xZRWtaeBHsFHIorYpjfrU6AY085gMVRKmmbYXQjokETgVLsq1IsZDQIemxpkafeEy14+lRCT7WSgd3A6mfD3iq/p6IiafU2HN1p0egr+a9ifif14yge9GOuR9GwHw6W9SNBIYATxLCHS4ZBTHWQKjk+q+Y9okkFHSOWR2CPX/yItROi7ZVtG/PcuXLNI4MOkRHKI9sdI7K6BpVUBVR9Iie0St6M56MF+Pd+Ji1LhnpzAH6U8bnD2Ldncg=</latexit>

exact

[Turner & Sahani 
2011; MacKay 2003; 
Bishop 2006; Wang, 

Titterington 2004]

KL(q||p(·|y)) =
Z

✓
q(✓) log

q(✓)

p(✓|y)d✓
<latexit sha1_base64="kKvIKjci/Uv7l7ROZc27bN/ULlQ=">AAACRXicbZDPSxtBFMdntVUbq0Y99vJoEJJL2BVBL4LoRagHC40K2RBmZ2eTwdmZzcxbIWz2n/Pi3Vv/g156UMRrO0mWUn88GPjM970vb+YbZVJY9P2f3sLih49Lyyufaquf19Y36ptbF1bnhvEO01Kbq4haLoXiHRQo+VVmOE0jyS+j65Np//KGGyu0+oHjjPdSOlAiEYyik/r18NtZcwSTCWTNkMUaYQLjVgsOIRQK+0WIQ4 60hFFzTi0IpR5AmBjKin9iWWQVzuwlxPNbv97w2/6s4C0EFTRIVef9+n0Ya5anXCGT1Npu4GfYK6hBwSQva2FueUbZNR3wrkNFU257xSyFEnacEkOijTsKYab+7yhoau04jdxkSnFoX/em4nu9bo7JQa8QKsuRKzZflOQSUMM0UoiF4Qzl2AFlRri3AhtSlxC64GsuhOD1l9/CxW478NvB973G0XEVxwr5Qr6SJgnIPjkip+ScdAgjt+QXeSCP3p3323vynuejC17l2SYvyvvzFzUcsGk=</latexit><latexit sha1_base64="kKvIKjci/Uv7l7ROZc27bN/ULlQ=">AAACRXicbZDPSxtBFMdntVUbq0Y99vJoEJJL2BVBL4LoRagHC40K2RBmZ2eTwdmZzcxbIWz2n/Pi3Vv/g156UMRrO0mWUn88GPjM970vb+YbZVJY9P2f3sLih49Lyyufaquf19Y36ptbF1bnhvEO01Kbq4haLoXiHRQo+VVmOE0jyS+j65Np//KGGyu0+oHjjPdSOlAiEYyik/r18NtZcwSTCWTNkMUaYQLjVgsOIRQK+0WIQ4 60hFFzTi0IpR5AmBjKin9iWWQVzuwlxPNbv97w2/6s4C0EFTRIVef9+n0Ya5anXCGT1Npu4GfYK6hBwSQva2FueUbZNR3wrkNFU257xSyFEnacEkOijTsKYab+7yhoau04jdxkSnFoX/em4nu9bo7JQa8QKsuRKzZflOQSUMM0UoiF4Qzl2AFlRri3AhtSlxC64GsuhOD1l9/CxW478NvB973G0XEVxwr5Qr6SJgnIPjkip+ScdAgjt+QXeSCP3p3323vynuejC17l2SYvyvvzFzUcsGk=</latexit><latexit sha1_base64="kKvIKjci/Uv7l7ROZc27bN/ULlQ=">AAACRXicbZDPSxtBFMdntVUbq0Y99vJoEJJL2BVBL4LoRagHC40K2RBmZ2eTwdmZzcxbIWz2n/Pi3Vv/g156UMRrO0mWUn88GPjM970vb+YbZVJY9P2f3sLih49Lyyufaquf19Y36ptbF1bnhvEO01Kbq4haLoXiHRQo+VVmOE0jyS+j65Np//KGGyu0+oHjjPdSOlAiEYyik/r18NtZcwSTCWTNkMUaYQLjVgsOIRQK+0WIQ4 60hFFzTi0IpR5AmBjKin9iWWQVzuwlxPNbv97w2/6s4C0EFTRIVef9+n0Ya5anXCGT1Npu4GfYK6hBwSQva2FueUbZNR3wrkNFU257xSyFEnacEkOijTsKYab+7yhoau04jdxkSnFoX/em4nu9bo7JQa8QKsuRKzZflOQSUMM0UoiF4Qzl2AFlRri3AhtSlxC64GsuhOD1l9/CxW478NvB973G0XEVxwr5Qr6SJgnIPjkip+ScdAgjt+QXeSCP3p3323vynuejC17l2SYvyvvzFzUcsGk=</latexit><latexit sha1_base64="kKvIKjci/Uv7l7ROZc27bN/ULlQ=">AAACRXicbZDPSxtBFMdntVUbq0Y99vJoEJJL2BVBL4LoRagHC40K2RBmZ2eTwdmZzcxbIWz2n/Pi3Vv/g156UMRrO0mWUn88GPjM970vb+YbZVJY9P2f3sLih49Lyyufaquf19Y36ptbF1bnhvEO01Kbq4haLoXiHRQo+VVmOE0jyS+j65Np//KGGyu0+oHjjPdSOlAiEYyik/r18NtZcwSTCWTNkMUaYQLjVgsOIRQK+0WIQ4 60hFFzTi0IpR5AmBjKin9iWWQVzuwlxPNbv97w2/6s4C0EFTRIVef9+n0Ya5anXCGT1Npu4GfYK6hBwSQva2FueUbZNR3wrkNFU257xSyFEnacEkOijTsKYab+7yhoau04jdxkSnFoX/em4nu9bo7JQa8QKsuRKzZflOQSUMM0UoiF4Qzl2AFlRri3AhtSlxC64GsuhOD1l9/CxW478NvB973G0XEVxwr5Qr6SJgnIPjkip+ScdAgjt+QXeSCP3p3323vynuejC17l2SYvyvvzFzUcsGk=</latexit>
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What about uncertainty?

✓1

✓2

• Conjugate linear regression 
• Bayesian central limit theorem

q(✓) =
JY

j=1

qj(✓j)

<latexit sha1_base64="VSz6oDRqghD6zT7/+ArgGJ+msVk=">AAACFHicbZC7SgNBFIZnvcZ4W7W0GQxCghB2RdAmELQRqwjmAklcZieTZJLZS2bOCmHZh7DxVWwsFLG1sPNtnCRbaOKBgY//P4cz53dDwRVY1rextLyyurae2chubm3v7Jp7+zUVRJKyKg1EIBsuUUxwn1WBg2CNUDLiuYLV3eHVxK8/MKl44N/BOGRtj/R83uWUgJYc82SUb0GfASngEm6FMug48aBkJ/fxTYJHmpPUdwYFx8xZRWtaeBHsFHIorYpjfrU6AY085gMVRKmmbYXQjokETgVLsq1IsZDQIemxpkafeEy14+lRCT7WSgd3A6mfD3iq/p6IiafU2HN1p0egr+a9ifif14yge9GOuR9GwHw6W9SNBIYATxLCHS4ZBTHWQKjk+q+Y9okkFHSOWR2CPX/yItROi7ZVtG/PcuXLNI4MOkRHKI9sdI7K6BpVUBVR9Iie0St6M56MF+Pd+Ji1LhnpzAH6U8bnD2Ldncg=</latexit><latexit sha1_base64="VSz6oDRqghD6zT7/+ArgGJ+msVk=">AAACFHicbZC7SgNBFIZnvcZ4W7W0GQxCghB2RdAmELQRqwjmAklcZieTZJLZS2bOCmHZh7DxVWwsFLG1sPNtnCRbaOKBgY//P4cz53dDwRVY1rextLyyurae2chubm3v7Jp7+zUVRJKyKg1EIBsuUUxwn1WBg2CNUDLiuYLV3eHVxK8/MKl44N/BOGRtj/R83uWUgJYc82SUb0GfASngEm6FMug48aBkJ/fxTYJHmpPUdwYFx8xZRWtaeBHsFHIorYpjfrU6AY085gMVRKmmbYXQjokETgVLsq1IsZDQIemxpkafeEy14+lRCT7WSgd3A6mfD3iq/p6IiafU2HN1p0egr+a9ifif14yge9GOuR9GwHw6W9SNBIYATxLCHS4ZBTHWQKjk+q+Y9okkFHSOWR2CPX/yItROi7ZVtG/PcuXLNI4MOkRHKI9sdI7K6BpVUBVR9Iie0St6M56MF+Pd+Ji1LhnpzAH6U8bnD2Ldncg=</latexit><latexit sha1_base64="VSz6oDRqghD6zT7/+ArgGJ+msVk=">AAACFHicbZC7SgNBFIZnvcZ4W7W0GQxCghB2RdAmELQRqwjmAklcZieTZJLZS2bOCmHZh7DxVWwsFLG1sPNtnCRbaOKBgY//P4cz53dDwRVY1rextLyyurae2chubm3v7Jp7+zUVRJKyKg1EIBsuUUxwn1WBg2CNUDLiuYLV3eHVxK8/MKl44N/BOGRtj/R83uWUgJYc82SUb0GfASngEm6FMug48aBkJ/fxTYJHmpPUdwYFx8xZRWtaeBHsFHIorYpjfrU6AY085gMVRKmmbYXQjokETgVLsq1IsZDQIemxpkafeEy14+lRCT7WSgd3A6mfD3iq/p6IiafU2HN1p0egr+a9ifif14yge9GOuR9GwHw6W9SNBIYATxLCHS4ZBTHWQKjk+q+Y9okkFHSOWR2CPX/yItROi7ZVtG/PcuXLNI4MOkRHKI9sdI7K6BpVUBVR9Iie0St6M56MF+Pd+Ji1LhnpzAH6U8bnD2Ldncg=</latexit><latexit sha1_base64="VSz6oDRqghD6zT7/+ArgGJ+msVk=">AAACFHicbZC7SgNBFIZnvcZ4W7W0GQxCghB2RdAmELQRqwjmAklcZieTZJLZS2bOCmHZh7DxVWwsFLG1sPNtnCRbaOKBgY//P4cz53dDwRVY1rextLyyurae2chubm3v7Jp7+zUVRJKyKg1EIBsuUUxwn1WBg2CNUDLiuYLV3eHVxK8/MKl44N/BOGRtj/R83uWUgJYc82SUb0GfASngEm6FMug48aBkJ/fxTYJHmpPUdwYFx8xZRWtaeBHsFHIorYpjfrU6AY085gMVRKmmbYXQjokETgVLsq1IsZDQIemxpkafeEy14+lRCT7WSgd3A6mfD3iq/p6IiafU2HN1p0egr+a9ifif14yge9GOuR9GwHw6W9SNBIYATxLCHS4ZBTHWQKjk+q+Y9okkFHSOWR2CPX/yItROi7ZVtG/PcuXLNI4MOkRHKI9sdI7K6BpVUBVR9Iie0St6M56MF+Pd+Ji1LhnpzAH6U8bnD2Ldncg=</latexit>

exact

[Turner & Sahani 
2011; MacKay 2003; 
Bishop 2006; Wang, 

Titterington 2004]

[Exercise: derive the MFVB-CA steps. Hint: use precision matrix.]

KL(q||p(·|y)) =
Z

✓
q(✓) log

q(✓)

p(✓|y)d✓
<latexit sha1_base64="kKvIKjci/Uv7l7ROZc27bN/ULlQ=">AAACRXicbZDPSxtBFMdntVUbq0Y99vJoEJJL2BVBL4LoRagHC40K2RBmZ2eTwdmZzcxbIWz2n/Pi3Vv/g156UMRrO0mWUn88GPjM970vb+YbZVJY9P2f3sLih49Lyyufaquf19Y36ptbF1bnhvEO01Kbq4haLoXiHRQo+VVmOE0jyS+j65Np//KGGyu0+oHjjPdSOlAiEYyik/r18NtZcwSTCWTNkMUaYQLjVgsOIRQK+0WIQ4 60hFFzTi0IpR5AmBjKin9iWWQVzuwlxPNbv97w2/6s4C0EFTRIVef9+n0Ya5anXCGT1Npu4GfYK6hBwSQva2FueUbZNR3wrkNFU257xSyFEnacEkOijTsKYab+7yhoau04jdxkSnFoX/em4nu9bo7JQa8QKsuRKzZflOQSUMM0UoiF4Qzl2AFlRri3AhtSlxC64GsuhOD1l9/CxW478NvB973G0XEVxwr5Qr6SJgnIPjkip+ScdAgjt+QXeSCP3p3323vynuejC17l2SYvyvvzFzUcsGk=</latexit><latexit sha1_base64="kKvIKjci/Uv7l7ROZc27bN/ULlQ=">AAACRXicbZDPSxtBFMdntVUbq0Y99vJoEJJL2BVBL4LoRagHC40K2RBmZ2eTwdmZzcxbIWz2n/Pi3Vv/g156UMRrO0mWUn88GPjM970vb+YbZVJY9P2f3sLih49Lyyufaquf19Y36ptbF1bnhvEO01Kbq4haLoXiHRQo+VVmOE0jyS+j65Np//KGGyu0+oHjjPdSOlAiEYyik/r18NtZcwSTCWTNkMUaYQLjVgsOIRQK+0WIQ4 60hFFzTi0IpR5AmBjKin9iWWQVzuwlxPNbv97w2/6s4C0EFTRIVef9+n0Ya5anXCGT1Npu4GfYK6hBwSQva2FueUbZNR3wrkNFU257xSyFEnacEkOijTsKYab+7yhoau04jdxkSnFoX/em4nu9bo7JQa8QKsuRKzZflOQSUMM0UoiF4Qzl2AFlRri3AhtSlxC64GsuhOD1l9/CxW478NvB973G0XEVxwr5Qr6SJgnIPjkip+ScdAgjt+QXeSCP3p3323vynuejC17l2SYvyvvzFzUcsGk=</latexit><latexit sha1_base64="kKvIKjci/Uv7l7ROZc27bN/ULlQ=">AAACRXicbZDPSxtBFMdntVUbq0Y99vJoEJJL2BVBL4LoRagHC40K2RBmZ2eTwdmZzcxbIWz2n/Pi3Vv/g156UMRrO0mWUn88GPjM970vb+YbZVJY9P2f3sLih49Lyyufaquf19Y36ptbF1bnhvEO01Kbq4haLoXiHRQo+VVmOE0jyS+j65Np//KGGyu0+oHjjPdSOlAiEYyik/r18NtZcwSTCWTNkMUaYQLjVgsOIRQK+0WIQ4 60hFFzTi0IpR5AmBjKin9iWWQVzuwlxPNbv97w2/6s4C0EFTRIVef9+n0Ya5anXCGT1Npu4GfYK6hBwSQva2FueUbZNR3wrkNFU257xSyFEnacEkOijTsKYab+7yhoau04jdxkSnFoX/em4nu9bo7JQa8QKsuRKzZflOQSUMM0UoiF4Qzl2AFlRri3AhtSlxC64GsuhOD1l9/CxW478NvB973G0XEVxwr5Qr6SJgnIPjkip+ScdAgjt+QXeSCP3p3323vynuejC17l2SYvyvvzFzUcsGk=</latexit><latexit sha1_base64="kKvIKjci/Uv7l7ROZc27bN/ULlQ=">AAACRXicbZDPSxtBFMdntVUbq0Y99vJoEJJL2BVBL4LoRagHC40K2RBmZ2eTwdmZzcxbIWz2n/Pi3Vv/g156UMRrO0mWUn88GPjM970vb+YbZVJY9P2f3sLih49Lyyufaquf19Y36ptbF1bnhvEO01Kbq4haLoXiHRQo+VVmOE0jyS+j65Np//KGGyu0+oHjjPdSOlAiEYyik/r18NtZcwSTCWTNkMUaYQLjVgsOIRQK+0WIQ4 60hFFzTi0IpR5AmBjKin9iWWQVzuwlxPNbv97w2/6s4C0EFTRIVef9+n0Ya5anXCGT1Npu4GfYK6hBwSQva2FueUbZNR3wrkNFU257xSyFEnacEkOijTsKYab+7yhoau04jdxkSnFoX/em4nu9bo7JQa8QKsuRKzZflOQSUMM0UoiF4Qzl2AFlRri3AhtSlxC64GsuhOD1l9/CxW478NvB973G0XEVxwr5Qr6SJgnIPjkip+ScdAgjt+QXeSCP3p3323vynuejC17l2SYvyvvzFzUcsGk=</latexit>
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What about uncertainty?

✓1

✓2

• Conjugate linear regression 
• Bayesian central limit theorem

exact

MFVB
[Turner & Sahani 

2011; MacKay 2003; 
Bishop 2006; Wang, 

Titterington 2004]

q(✓) =
JY

j=1

qj(✓j)

<latexit sha1_base64="VSz6oDRqghD6zT7/+ArgGJ+msVk=">AAACFHicbZC7SgNBFIZnvcZ4W7W0GQxCghB2RdAmELQRqwjmAklcZieTZJLZS2bOCmHZh7DxVWwsFLG1sPNtnCRbaOKBgY//P4cz53dDwRVY1rextLyyurae2chubm3v7Jp7+zUVRJKyKg1EIBsuUUxwn1WBg2CNUDLiuYLV3eHVxK8/MKl44N/BOGRtj/R83uWUgJYc82SUb0GfASngEm6FMug48aBkJ/fxTYJHmpPUdwYFx8xZRWtaeBHsFHIorYpjfrU6AY085gMVRKmmbYXQjokETgVLsq1IsZDQIemxpkafeEy14+lRCT7WSgd3A6mfD3iq/p6IiafU2HN1p0egr+a9ifif14yge9GOuR9GwHw6W9SNBIYATxLCHS4ZBTHWQKjk+q+Y9okkFHSOWR2CPX/yItROi7ZVtG/PcuXLNI4MOkRHKI9sdI7K6BpVUBVR9Iie0St6M56MF+Pd+Ji1LhnpzAH6U8bnD2Ldncg=</latexit><latexit sha1_base64="VSz6oDRqghD6zT7/+ArgGJ+msVk=">AAACFHicbZC7SgNBFIZnvcZ4W7W0GQxCghB2RdAmELQRqwjmAklcZieTZJLZS2bOCmHZh7DxVWwsFLG1sPNtnCRbaOKBgY//P4cz53dDwRVY1rextLyyurae2chubm3v7Jp7+zUVRJKyKg1EIBsuUUxwn1WBg2CNUDLiuYLV3eHVxK8/MKl44N/BOGRtj/R83uWUgJYc82SUb0GfASngEm6FMug48aBkJ/fxTYJHmpPUdwYFx8xZRWtaeBHsFHIorYpjfrU6AY085gMVRKmmbYXQjokETgVLsq1IsZDQIemxpkafeEy14+lRCT7WSgd3A6mfD3iq/p6IiafU2HN1p0egr+a9ifif14yge9GOuR9GwHw6W9SNBIYATxLCHS4ZBTHWQKjk+q+Y9okkFHSOWR2CPX/yItROi7ZVtG/PcuXLNI4MOkRHKI9sdI7K6BpVUBVR9Iie0St6M56MF+Pd+Ji1LhnpzAH6U8bnD2Ldncg=</latexit><latexit sha1_base64="VSz6oDRqghD6zT7/+ArgGJ+msVk=">AAACFHicbZC7SgNBFIZnvcZ4W7W0GQxCghB2RdAmELQRqwjmAklcZieTZJLZS2bOCmHZh7DxVWwsFLG1sPNtnCRbaOKBgY//P4cz53dDwRVY1rextLyyurae2chubm3v7Jp7+zUVRJKyKg1EIBsuUUxwn1WBg2CNUDLiuYLV3eHVxK8/MKl44N/BOGRtj/R83uWUgJYc82SUb0GfASngEm6FMug48aBkJ/fxTYJHmpPUdwYFx8xZRWtaeBHsFHIorYpjfrU6AY085gMVRKmmbYXQjokETgVLsq1IsZDQIemxpkafeEy14+lRCT7WSgd3A6mfD3iq/p6IiafU2HN1p0egr+a9ifif14yge9GOuR9GwHw6W9SNBIYATxLCHS4ZBTHWQKjk+q+Y9okkFHSOWR2CPX/yItROi7ZVtG/PcuXLNI4MOkRHKI9sdI7K6BpVUBVR9Iie0St6M56MF+Pd+Ji1LhnpzAH6U8bnD2Ldncg=</latexit><latexit sha1_base64="VSz6oDRqghD6zT7/+ArgGJ+msVk=">AAACFHicbZC7SgNBFIZnvcZ4W7W0GQxCghB2RdAmELQRqwjmAklcZieTZJLZS2bOCmHZh7DxVWwsFLG1sPNtnCRbaOKBgY//P4cz53dDwRVY1rextLyyurae2chubm3v7Jp7+zUVRJKyKg1EIBsuUUxwn1WBg2CNUDLiuYLV3eHVxK8/MKl44N/BOGRtj/R83uWUgJYc82SUb0GfASngEm6FMug48aBkJ/fxTYJHmpPUdwYFx8xZRWtaeBHsFHIorYpjfrU6AY085gMVRKmmbYXQjokETgVLsq1IsZDQIemxpkafeEy14+lRCT7WSgd3A6mfD3iq/p6IiafU2HN1p0egr+a9ifif14yge9GOuR9GwHw6W9SNBIYATxLCHS4ZBTHWQKjk+q+Y9okkFHSOWR2CPX/yItROi7ZVtG/PcuXLNI4MOkRHKI9sdI7K6BpVUBVR9Iie0St6M56MF+Pd+Ji1LhnpzAH6U8bnD2Ldncg=</latexit>

KL(q||p(·|y)) =
Z

✓
q(✓) log

q(✓)

p(✓|y)d✓
<latexit sha1_base64="kKvIKjci/Uv7l7ROZc27bN/ULlQ=">AAACRXicbZDPSxtBFMdntVUbq0Y99vJoEJJL2BVBL4LoRagHC40K2RBmZ2eTwdmZzcxbIWz2n/Pi3Vv/g156UMRrO0mWUn88GPjM970vb+YbZVJY9P2f3sLih49Lyyufaquf19Y36ptbF1bnhvEO01Kbq4haLoXiHRQo+VVmOE0jyS+j65Np//KGGyu0+oHjjPdSOlAiEYyik/r18NtZcwSTCWTNkMUaYQLjVgsOIRQK+0WIQ4 60hFFzTi0IpR5AmBjKin9iWWQVzuwlxPNbv97w2/6s4C0EFTRIVef9+n0Ya5anXCGT1Npu4GfYK6hBwSQva2FueUbZNR3wrkNFU257xSyFEnacEkOijTsKYab+7yhoau04jdxkSnFoX/em4nu9bo7JQa8QKsuRKzZflOQSUMM0UoiF4Qzl2AFlRri3AhtSlxC64GsuhOD1l9/CxW478NvB973G0XEVxwr5Qr6SJgnIPjkip+ScdAgjt+QXeSCP3p3323vynuejC17l2SYvyvvzFzUcsGk=</latexit><latexit sha1_base64="kKvIKjci/Uv7l7ROZc27bN/ULlQ=">AAACRXicbZDPSxtBFMdntVUbq0Y99vJoEJJL2BVBL4LoRagHC40K2RBmZ2eTwdmZzcxbIWz2n/Pi3Vv/g156UMRrO0mWUn88GPjM970vb+YbZVJY9P2f3sLih49Lyyufaquf19Y36ptbF1bnhvEO01Kbq4haLoXiHRQo+VVmOE0jyS+j65Np//KGGyu0+oHjjPdSOlAiEYyik/r18NtZcwSTCWTNkMUaYQLjVgsOIRQK+0WIQ4 60hFFzTi0IpR5AmBjKin9iWWQVzuwlxPNbv97w2/6s4C0EFTRIVef9+n0Ya5anXCGT1Npu4GfYK6hBwSQva2FueUbZNR3wrkNFU257xSyFEnacEkOijTsKYab+7yhoau04jdxkSnFoX/em4nu9bo7JQa8QKsuRKzZflOQSUMM0UoiF4Qzl2AFlRri3AhtSlxC64GsuhOD1l9/CxW478NvB973G0XEVxwr5Qr6SJgnIPjkip+ScdAgjt+QXeSCP3p3323vynuejC17l2SYvyvvzFzUcsGk=</latexit><latexit sha1_base64="kKvIKjci/Uv7l7ROZc27bN/ULlQ=">AAACRXicbZDPSxtBFMdntVUbq0Y99vJoEJJL2BVBL4LoRagHC40K2RBmZ2eTwdmZzcxbIWz2n/Pi3Vv/g156UMRrO0mWUn88GPjM970vb+YbZVJY9P2f3sLih49Lyyufaquf19Y36ptbF1bnhvEO01Kbq4haLoXiHRQo+VVmOE0jyS+j65Np//KGGyu0+oHjjPdSOlAiEYyik/r18NtZcwSTCWTNkMUaYQLjVgsOIRQK+0WIQ4 60hFFzTi0IpR5AmBjKin9iWWQVzuwlxPNbv97w2/6s4C0EFTRIVef9+n0Ya5anXCGT1Npu4GfYK6hBwSQva2FueUbZNR3wrkNFU257xSyFEnacEkOijTsKYab+7yhoau04jdxkSnFoX/em4nu9bo7JQa8QKsuRKzZflOQSUMM0UoiF4Qzl2AFlRri3AhtSlxC64GsuhOD1l9/CxW478NvB973G0XEVxwr5Qr6SJgnIPjkip+ScdAgjt+QXeSCP3p3323vynuejC17l2SYvyvvzFzUcsGk=</latexit><latexit sha1_base64="kKvIKjci/Uv7l7ROZc27bN/ULlQ=">AAACRXicbZDPSxtBFMdntVUbq0Y99vJoEJJL2BVBL4LoRagHC40K2RBmZ2eTwdmZzcxbIWz2n/Pi3Vv/g156UMRrO0mWUn88GPjM970vb+YbZVJY9P2f3sLih49Lyyufaquf19Y36ptbF1bnhvEO01Kbq4haLoXiHRQo+VVmOE0jyS+j65Np//KGGyu0+oHjjPdSOlAiEYyik/r18NtZcwSTCWTNkMUaYQLjVgsOIRQK+0WIQ4 60hFFzTi0IpR5AmBjKin9iWWQVzuwlxPNbv97w2/6s4C0EFTRIVef9+n0Ya5anXCGT1Npu4GfYK6hBwSQva2FueUbZNR3wrkNFU257xSyFEnacEkOijTsKYab+7yhoau04jdxkSnFoX/em4nu9bo7JQa8QKsuRKzZflOQSUMM0UoiF4Qzl2AFlRri3AhtSlxC64GsuhOD1l9/CxW478NvB973G0XEVxwr5Qr6SJgnIPjkip+ScdAgjt+QXeSCP3p3323vynuejC17l2SYvyvvzFzUcsGk=</latexit>

[Exercise: derive the MFVB-CA steps. Hint: use precision matrix.]14



What about uncertainty?

✓1

✓2

• Underestimates variance (sometimes severely) 

• Conjugate linear regression 
• Bayesian central limit theorem

exact

MFVB
[Turner & Sahani 

2011; MacKay 2003; 
Bishop 2006; Wang, 

Titterington 2004]

q(✓) =
JY

j=1

qj(✓j)

<latexit sha1_base64="VSz6oDRqghD6zT7/+ArgGJ+msVk=">AAACFHicbZC7SgNBFIZnvcZ4W7W0GQxCghB2RdAmELQRqwjmAklcZieTZJLZS2bOCmHZh7DxVWwsFLG1sPNtnCRbaOKBgY//P4cz53dDwRVY1rextLyyurae2chubm3v7Jp7+zUVRJKyKg1EIBsuUUxwn1WBg2CNUDLiuYLV3eHVxK8/MKl44N/BOGRtj/R83uWUgJYc82SUb0GfASngEm6FMug48aBkJ/fxTYJHmpPUdwYFx8xZRWtaeBHsFHIorYpjfrU6AY085gMVRKmmbYXQjokETgVLsq1IsZDQIemxpkafeEy14+lRCT7WSgd3A6mfD3iq/p6IiafU2HN1p0egr+a9ifif14yge9GOuR9GwHw6W9SNBIYATxLCHS4ZBTHWQKjk+q+Y9okkFHSOWR2CPX/yItROi7ZVtG/PcuXLNI4MOkRHKI9sdI7K6BpVUBVR9Iie0St6M56MF+Pd+Ji1LhnpzAH6U8bnD2Ldncg=</latexit><latexit sha1_base64="VSz6oDRqghD6zT7/+ArgGJ+msVk=">AAACFHicbZC7SgNBFIZnvcZ4W7W0GQxCghB2RdAmELQRqwjmAklcZieTZJLZS2bOCmHZh7DxVWwsFLG1sPNtnCRbaOKBgY//P4cz53dDwRVY1rextLyyurae2chubm3v7Jp7+zUVRJKyKg1EIBsuUUxwn1WBg2CNUDLiuYLV3eHVxK8/MKl44N/BOGRtj/R83uWUgJYc82SUb0GfASngEm6FMug48aBkJ/fxTYJHmpPUdwYFx8xZRWtaeBHsFHIorYpjfrU6AY085gMVRKmmbYXQjokETgVLsq1IsZDQIemxpkafeEy14+lRCT7WSgd3A6mfD3iq/p6IiafU2HN1p0egr+a9ifif14yge9GOuR9GwHw6W9SNBIYATxLCHS4ZBTHWQKjk+q+Y9okkFHSOWR2CPX/yItROi7ZVtG/PcuXLNI4MOkRHKI9sdI7K6BpVUBVR9Iie0St6M56MF+Pd+Ji1LhnpzAH6U8bnD2Ldncg=</latexit><latexit sha1_base64="VSz6oDRqghD6zT7/+ArgGJ+msVk=">AAACFHicbZC7SgNBFIZnvcZ4W7W0GQxCghB2RdAmELQRqwjmAklcZieTZJLZS2bOCmHZh7DxVWwsFLG1sPNtnCRbaOKBgY//P4cz53dDwRVY1rextLyyurae2chubm3v7Jp7+zUVRJKyKg1EIBsuUUxwn1WBg2CNUDLiuYLV3eHVxK8/MKl44N/BOGRtj/R83uWUgJYc82SUb0GfASngEm6FMug48aBkJ/fxTYJHmpPUdwYFx8xZRWtaeBHsFHIorYpjfrU6AY085gMVRKmmbYXQjokETgVLsq1IsZDQIemxpkafeEy14+lRCT7WSgd3A6mfD3iq/p6IiafU2HN1p0egr+a9ifif14yge9GOuR9GwHw6W9SNBIYATxLCHS4ZBTHWQKjk+q+Y9okkFHSOWR2CPX/yItROi7ZVtG/PcuXLNI4MOkRHKI9sdI7K6BpVUBVR9Iie0St6M56MF+Pd+Ji1LhnpzAH6U8bnD2Ldncg=</latexit><latexit sha1_base64="VSz6oDRqghD6zT7/+ArgGJ+msVk=">AAACFHicbZC7SgNBFIZnvcZ4W7W0GQxCghB2RdAmELQRqwjmAklcZieTZJLZS2bOCmHZh7DxVWwsFLG1sPNtnCRbaOKBgY//P4cz53dDwRVY1rextLyyurae2chubm3v7Jp7+zUVRJKyKg1EIBsuUUxwn1WBg2CNUDLiuYLV3eHVxK8/MKl44N/BOGRtj/R83uWUgJYc82SUb0GfASngEm6FMug48aBkJ/fxTYJHmpPUdwYFx8xZRWtaeBHsFHIorYpjfrU6AY085gMVRKmmbYXQjokETgVLsq1IsZDQIemxpkafeEy14+lRCT7WSgd3A6mfD3iq/p6IiafU2HN1p0egr+a9ifif14yge9GOuR9GwHw6W9SNBIYATxLCHS4ZBTHWQKjk+q+Y9okkFHSOWR2CPX/yItROi7ZVtG/PcuXLNI4MOkRHKI9sdI7K6BpVUBVR9Iie0St6M56MF+Pd+Ji1LhnpzAH6U8bnD2Ldncg=</latexit>
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[Exercise: derive the MFVB-CA steps. Hint: use precision matrix.]14
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• Underestimates variance (sometimes severely) 

• Conjugate linear regression 
• Bayesian central limit theorem
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[Exercise: derive the MFVB-CA steps. Hint: use precision matrix.]14
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<latexit sha1_base64="kKvIKjci/Uv7l7ROZc27bN/ULlQ=">AAACRXicbZDPSxtBFMdntVUbq0Y99vJoEJJL2BVBL4LoRagHC40K2RBmZ2eTwdmZzcxbIWz2n/Pi3Vv/g156UMRrO0mWUn88GPjM970vb+YbZVJY9P2f3sLih49Lyyufaquf19Y36ptbF1bnhvEO01Kbq4haLoXiHRQo+VVmOE0jyS+j65Np//KGGyu0+oHjjPdSOlAiEYyik/r18NtZcwSTCWTNkMUaYQLjVgsOIRQK+0WIQ4 60hFFzTi0IpR5AmBjKin9iWWQVzuwlxPNbv97w2/6s4C0EFTRIVef9+n0Ya5anXCGT1Npu4GfYK6hBwSQva2FueUbZNR3wrkNFU257xSyFEnacEkOijTsKYab+7yhoau04jdxkSnFoX/em4nu9bo7JQa8QKsuRKzZflOQSUMM0UoiF4Qzl2AFlRri3AhtSlxC64GsuhOD1l9/CxW478NvB973G0XEVxwr5Qr6SJgnIPjkip+ScdAgjt+QXeSCP3p3323vynuejC17l2SYvyvvzFzUcsGk=</latexit><latexit sha1_base64="kKvIKjci/Uv7l7ROZc27bN/ULlQ=">AAACRXicbZDPSxtBFMdntVUbq0Y99vJoEJJL2BVBL4LoRagHC40K2RBmZ2eTwdmZzcxbIWz2n/Pi3Vv/g156UMRrO0mWUn88GPjM970vb+YbZVJY9P2f3sLih49Lyyufaquf19Y36ptbF1bnhvEO01Kbq4haLoXiHRQo+VVmOE0jyS+j65Np//KGGyu0+oHjjPdSOlAiEYyik/r18NtZcwSTCWTNkMUaYQLjVgsOIRQK+0WIQ4 60hFFzTi0IpR5AmBjKin9iWWQVzuwlxPNbv97w2/6s4C0EFTRIVef9+n0Ya5anXCGT1Npu4GfYK6hBwSQva2FueUbZNR3wrkNFU257xSyFEnacEkOijTsKYab+7yhoau04jdxkSnFoX/em4nu9bo7JQa8QKsuRKzZflOQSUMM0UoiF4Qzl2AFlRri3AhtSlxC64GsuhOD1l9/CxW478NvB973G0XEVxwr5Qr6SJgnIPjkip+ScdAgjt+QXeSCP3p3323vynuejC17l2SYvyvvzFzUcsGk=</latexit><latexit sha1_base64="kKvIKjci/Uv7l7ROZc27bN/ULlQ=">AAACRXicbZDPSxtBFMdntVUbq0Y99vJoEJJL2BVBL4LoRagHC40K2RBmZ2eTwdmZzcxbIWz2n/Pi3Vv/g156UMRrO0mWUn88GPjM970vb+YbZVJY9P2f3sLih49Lyyufaquf19Y36ptbF1bnhvEO01Kbq4haLoXiHRQo+VVmOE0jyS+j65Np//KGGyu0+oHjjPdSOlAiEYyik/r18NtZcwSTCWTNkMUaYQLjVgsOIRQK+0WIQ4 60hFFzTi0IpR5AmBjKin9iWWQVzuwlxPNbv97w2/6s4C0EFTRIVef9+n0Ya5anXCGT1Npu4GfYK6hBwSQva2FueUbZNR3wrkNFU257xSyFEnacEkOijTsKYab+7yhoau04jdxkSnFoX/em4nu9bo7JQa8QKsuRKzZflOQSUMM0UoiF4Qzl2AFlRri3AhtSlxC64GsuhOD1l9/CxW478NvB973G0XEVxwr5Qr6SJgnIPjkip+ScdAgjt+QXeSCP3p3323vynuejC17l2SYvyvvzFzUcsGk=</latexit><latexit sha1_base64="kKvIKjci/Uv7l7ROZc27bN/ULlQ=">AAACRXicbZDPSxtBFMdntVUbq0Y99vJoEJJL2BVBL4LoRagHC40K2RBmZ2eTwdmZzcxbIWz2n/Pi3Vv/g156UMRrO0mWUn88GPjM970vb+YbZVJY9P2f3sLih49Lyyufaquf19Y36ptbF1bnhvEO01Kbq4haLoXiHRQo+VVmOE0jyS+j65Np//KGGyu0+oHjjPdSOlAiEYyik/r18NtZcwSTCWTNkMUaYQLjVgsOIRQK+0WIQ4 60hFFzTi0IpR5AmBjKin9iWWQVzuwlxPNbv97w2/6s4C0EFTRIVef9+n0Ya5anXCGT1Npu4GfYK6hBwSQva2FueUbZNR3wrkNFU257xSyFEnacEkOijTsKYab+7yhoau04jdxkSnFoX/em4nu9bo7JQa8QKsuRKzZflOQSUMM0UoiF4Qzl2AFlRri3AhtSlxC64GsuhOD1l9/CxW478NvB973G0XEVxwr5Qr6SJgnIPjkip+ScdAgjt+QXeSCP3p3323vynuejC17l2SYvyvvzFzUcsGk=</latexit>

[Exercise: derive the MFVB-CA steps. Hint: use precision matrix.]14



What about uncertainty?
• Microcredit

[Giordano, Broderick, Meager, Huggins, Jordan 2016]15
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Posterior means: revisited
• Want to predict college GPA yn

<latexit sha1_base64="OJNryDDGilrRcA5fmfyi02+IeM4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7GyGE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByO/M7T6g0j+WjyRL0IzqSPOSMGis9ZAM5qNbcujsHWSVeQWpQoDmofvWHMUsjlIYJqnXPcxPj51QZzgROK/1UY0LZhI6wZ6mkEWo/n586JWdWGZIwVrakIXP190ROI62zKLCdETVjvezNxP+8XmrCaz/nMkkNSrZYFKaCmJjM/iZDrpAZkVlCmeL2VsLGVFFmbDoVG4K3/PIqaV/UPbfu3V/WGjdFHGU4gVM4Bw+uoAF30IQWMBjBM7zCmyOcF+fd+Vi0lpxi5hj+wPn8AWmqjd4=</latexit><latexit sha1_base64="OJNryDDGilrRcA5fmfyi02+IeM4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7GyGE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByO/M7T6g0j+WjyRL0IzqSPOSMGis9ZAM5qNbcujsHWSVeQWpQoDmofvWHMUsjlIYJqnXPcxPj51QZzgROK/1UY0LZhI6wZ6mkEWo/n586JWdWGZIwVrakIXP190ROI62zKLCdETVjvezNxP+8XmrCaz/nMkkNSrZYFKaCmJjM/iZDrpAZkVlCmeL2VsLGVFFmbDoVG4K3/PIqaV/UPbfu3V/WGjdFHGU4gVM4Bw+uoAF30IQWMBjBM7zCmyOcF+fd+Vi0lpxi5hj+wPn8AWmqjd4=</latexit><latexit sha1_base64="OJNryDDGilrRcA5fmfyi02+IeM4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7GyGE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByO/M7T6g0j+WjyRL0IzqSPOSMGis9ZAM5qNbcujsHWSVeQWpQoDmofvWHMUsjlIYJqnXPcxPj51QZzgROK/1UY0LZhI6wZ6mkEWo/n586JWdWGZIwVrakIXP190ROI62zKLCdETVjvezNxP+8XmrCaz/nMkkNSrZYFKaCmJjM/iZDrpAZkVlCmeL2VsLGVFFmbDoVG4K3/PIqaV/UPbfu3V/WGjdFHGU4gVM4Bw+uoAF30IQWMBjBM7zCmyOcF+fd+Vi0lpxi5hj+wPn8AWmqjd4=</latexit><latexit sha1_base64="OJNryDDGilrRcA5fmfyi02+IeM4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7GyGE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByO/M7T6g0j+WjyRL0IzqSPOSMGis9ZAM5qNbcujsHWSVeQWpQoDmofvWHMUsjlIYJqnXPcxPj51QZzgROK/1UY0LZhI6wZ6mkEWo/n586JWdWGZIwVrakIXP190ROI62zKLCdETVjvezNxP+8XmrCaz/nMkkNSrZYFKaCmJjM/iZDrpAZkVlCmeL2VsLGVFFmbDoVG4K3/PIqaV/UPbfu3V/WGjdFHGU4gVM4Bw+uoAF30IQWMBjBM7zCmyOcF+fd+Vi0lpxi5hj+wPn8AWmqjd4=</latexit>

[Giordano, Broderick, Jordan 2015]17



Posterior means: revisited
• Want to predict college GPA 
• Collect: standardized test scores (e.g., SAT, ACT)

yn
<latexit sha1_base64="OJNryDDGilrRcA5fmfyi02+IeM4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7GyGE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByO/M7T6g0j+WjyRL0IzqSPOSMGis9ZAM5qNbcujsHWSVeQWpQoDmofvWHMUsjlIYJqnXPcxPj51QZzgROK/1UY0LZhI6wZ6mkEWo/n586JWdWGZIwVrakIXP190ROI62zKLCdETVjvezNxP+8XmrCaz/nMkkNSrZYFKaCmJjM/iZDrpAZkVlCmeL2VsLGVFFmbDoVG4K3/PIqaV/UPbfu3V/WGjdFHGU4gVM4Bw+uoAF30IQWMBjBM7zCmyOcF+fd+Vi0lpxi5hj+wPn8AWmqjd4=</latexit><latexit sha1_base64="OJNryDDGilrRcA5fmfyi02+IeM4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7GyGE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByO/M7T6g0j+WjyRL0IzqSPOSMGis9ZAM5qNbcujsHWSVeQWpQoDmofvWHMUsjlIYJqnXPcxPj51QZzgROK/1UY0LZhI6wZ6mkEWo/n586JWdWGZIwVrakIXP190ROI62zKLCdETVjvezNxP+8XmrCaz/nMkkNSrZYFKaCmJjM/iZDrpAZkVlCmeL2VsLGVFFmbDoVG4K3/PIqaV/UPbfu3V/WGjdFHGU4gVM4Bw+uoAF30IQWMBjBM7zCmyOcF+fd+Vi0lpxi5hj+wPn8AWmqjd4=</latexit><latexit sha1_base64="OJNryDDGilrRcA5fmfyi02+IeM4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7GyGE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByO/M7T6g0j+WjyRL0IzqSPOSMGis9ZAM5qNbcujsHWSVeQWpQoDmofvWHMUsjlIYJqnXPcxPj51QZzgROK/1UY0LZhI6wZ6mkEWo/n586JWdWGZIwVrakIXP190ROI62zKLCdETVjvezNxP+8XmrCaz/nMkkNSrZYFKaCmJjM/iZDrpAZkVlCmeL2VsLGVFFmbDoVG4K3/PIqaV/UPbfu3V/WGjdFHGU4gVM4Bw+uoAF30IQWMBjBM7zCmyOcF+fd+Vi0lpxi5hj+wPn8AWmqjd4=</latexit><latexit sha1_base64="OJNryDDGilrRcA5fmfyi02+IeM4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7GyGE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByO/M7T6g0j+WjyRL0IzqSPOSMGis9ZAM5qNbcujsHWSVeQWpQoDmofvWHMUsjlIYJqnXPcxPj51QZzgROK/1UY0LZhI6wZ6mkEWo/n586JWdWGZIwVrakIXP190ROI62zKLCdETVjvezNxP+8XmrCaz/nMkkNSrZYFKaCmJjM/iZDrpAZkVlCmeL2VsLGVFFmbDoVG4K3/PIqaV/UPbfu3V/WGjdFHGU4gVM4Bw+uoAF30IQWMBjBM7zCmyOcF+fd+Vi0lpxi5hj+wPn8AWmqjd4=</latexit>

xn
<latexit sha1_base64="4IUL7pt3vq2/tw3H113R+PZDEw4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2m3bpZhN2J2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbF6wEnC/YgOlQgFo2il+6e+6pcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4ZWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8SloXVc+teneXlfp1HkcRTuAUzsGDGtThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifP2gkjd0=</latexit><latexit sha1_base64="4IUL7pt3vq2/tw3H113R+PZDEw4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2m3bpZhN2J2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbF6wEnC/YgOlQgFo2il+6e+6pcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4ZWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8SloXVc+teneXlfp1HkcRTuAUzsGDGtThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifP2gkjd0=</latexit><latexit sha1_base64="4IUL7pt3vq2/tw3H113R+PZDEw4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2m3bpZhN2J2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbF6wEnC/YgOlQgFo2il+6e+6pcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4ZWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8SloXVc+teneXlfp1HkcRTuAUzsGDGtThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifP2gkjd0=</latexit><latexit sha1_base64="4IUL7pt3vq2/tw3H113R+PZDEw4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2m3bpZhN2J2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbF6wEnC/YgOlQgFo2il+6e+6pcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4ZWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8SloXVc+teneXlfp1HkcRTuAUzsGDGtThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifP2gkjd0=</latexit>

[Giordano, Broderick, Jordan 2015]17



Posterior means: revisited
• Want to predict college GPA 
• Collect: standardized test scores (e.g., SAT, ACT) 
• Collect: regional test scores

yn
<latexit sha1_base64="OJNryDDGilrRcA5fmfyi02+IeM4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7GyGE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByO/M7T6g0j+WjyRL0IzqSPOSMGis9ZAM5qNbcujsHWSVeQWpQoDmofvWHMUsjlIYJqnXPcxPj51QZzgROK/1UY0LZhI6wZ6mkEWo/n586JWdWGZIwVrakIXP190ROI62zKLCdETVjvezNxP+8XmrCaz/nMkkNSrZYFKaCmJjM/iZDrpAZkVlCmeL2VsLGVFFmbDoVG4K3/PIqaV/UPbfu3V/WGjdFHGU4gVM4Bw+uoAF30IQWMBjBM7zCmyOcF+fd+Vi0lpxi5hj+wPn8AWmqjd4=</latexit><latexit sha1_base64="OJNryDDGilrRcA5fmfyi02+IeM4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7GyGE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByO/M7T6g0j+WjyRL0IzqSPOSMGis9ZAM5qNbcujsHWSVeQWpQoDmofvWHMUsjlIYJqnXPcxPj51QZzgROK/1UY0LZhI6wZ6mkEWo/n586JWdWGZIwVrakIXP190ROI62zKLCdETVjvezNxP+8XmrCaz/nMkkNSrZYFKaCmJjM/iZDrpAZkVlCmeL2VsLGVFFmbDoVG4K3/PIqaV/UPbfu3V/WGjdFHGU4gVM4Bw+uoAF30IQWMBjBM7zCmyOcF+fd+Vi0lpxi5hj+wPn8AWmqjd4=</latexit><latexit sha1_base64="OJNryDDGilrRcA5fmfyi02+IeM4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7GyGE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByO/M7T6g0j+WjyRL0IzqSPOSMGis9ZAM5qNbcujsHWSVeQWpQoDmofvWHMUsjlIYJqnXPcxPj51QZzgROK/1UY0LZhI6wZ6mkEWo/n586JWdWGZIwVrakIXP190ROI62zKLCdETVjvezNxP+8XmrCaz/nMkkNSrZYFKaCmJjM/iZDrpAZkVlCmeL2VsLGVFFmbDoVG4K3/PIqaV/UPbfu3V/WGjdFHGU4gVM4Bw+uoAF30IQWMBjBM7zCmyOcF+fd+Vi0lpxi5hj+wPn8AWmqjd4=</latexit><latexit sha1_base64="OJNryDDGilrRcA5fmfyi02+IeM4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7GyGE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByO/M7T6g0j+WjyRL0IzqSPOSMGis9ZAM5qNbcujsHWSVeQWpQoDmofvWHMUsjlIYJqnXPcxPj51QZzgROK/1UY0LZhI6wZ6mkEWo/n586JWdWGZIwVrakIXP190ROI62zKLCdETVjvezNxP+8XmrCaz/nMkkNSrZYFKaCmJjM/iZDrpAZkVlCmeL2VsLGVFFmbDoVG4K3/PIqaV/UPbfu3V/WGjdFHGU4gVM4Bw+uoAF30IQWMBjBM7zCmyOcF+fd+Vi0lpxi5hj+wPn8AWmqjd4=</latexit>

xn
<latexit sha1_base64="4IUL7pt3vq2/tw3H113R+PZDEw4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2m3bpZhN2J2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbF6wEnC/YgOlQgFo2il+6e+6pcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4ZWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8SloXVc+teneXlfp1HkcRTuAUzsGDGtThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifP2gkjd0=</latexit><latexit sha1_base64="4IUL7pt3vq2/tw3H113R+PZDEw4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2m3bpZhN2J2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbF6wEnC/YgOlQgFo2il+6e+6pcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4ZWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8SloXVc+teneXlfp1HkcRTuAUzsGDGtThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifP2gkjd0=</latexit><latexit sha1_base64="4IUL7pt3vq2/tw3H113R+PZDEw4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2m3bpZhN2J2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbF6wEnC/YgOlQgFo2il+6e+6pcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4ZWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8SloXVc+teneXlfp1HkcRTuAUzsGDGtThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifP2gkjd0=</latexit><latexit sha1_base64="4IUL7pt3vq2/tw3H113R+PZDEw4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2m3bpZhN2J2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbF6wEnC/YgOlQgFo2il+6e+6pcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4ZWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8SloXVc+teneXlfp1HkcRTuAUzsGDGtThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifP2gkjd0=</latexit>

rn
<latexit sha1_base64="iwrF5eTjAroVOP1wLESoR7Qq+oc=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTAXXxvO+ndLa+sbmVnm7srO7t3/gHh61dJIphk2WiER1QqpRcIlNw43ATqqQxqHAdji+nfntJ1SaJ/LRTFIMYjqUPOKMGis9qL7su1Wv5s1BVolfkCoUaPTdr94gYVmM0jBBte76XmqCnCrDmcBppZdpTCkb0yF2LZU0Rh3k81On5MwqAxIlypY0ZK7+nshprPUkDm1nTM1IL3sz8T+vm5noOsi5TDODki0WRZkgJiGzv8mAK2RGTCyhTHF7K2EjqigzNp2KDcFffnmVtC5qvlfz7y+r9ZsijjKcwCmcgw9XUIc7aEATGAzhGV7hzRHOi/PufCxaS04xcwx/4Hz+AF8Ajdc=</latexit><latexit sha1_base64="iwrF5eTjAroVOP1wLESoR7Qq+oc=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTAXXxvO+ndLa+sbmVnm7srO7t3/gHh61dJIphk2WiER1QqpRcIlNw43ATqqQxqHAdji+nfntJ1SaJ/LRTFIMYjqUPOKMGis9qL7su1Wv5s1BVolfkCoUaPTdr94gYVmM0jBBte76XmqCnCrDmcBppZdpTCkb0yF2LZU0Rh3k81On5MwqAxIlypY0ZK7+nshprPUkDm1nTM1IL3sz8T+vm5noOsi5TDODki0WRZkgJiGzv8mAK2RGTCyhTHF7K2EjqigzNp2KDcFffnmVtC5qvlfz7y+r9ZsijjKcwCmcgw9XUIc7aEATGAzhGV7hzRHOi/PufCxaS04xcwx/4Hz+AF8Ajdc=</latexit><latexit sha1_base64="iwrF5eTjAroVOP1wLESoR7Qq+oc=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTAXXxvO+ndLa+sbmVnm7srO7t3/gHh61dJIphk2WiER1QqpRcIlNw43ATqqQxqHAdji+nfntJ1SaJ/LRTFIMYjqUPOKMGis9qL7su1Wv5s1BVolfkCoUaPTdr94gYVmM0jBBte76XmqCnCrDmcBppZdpTCkb0yF2LZU0Rh3k81On5MwqAxIlypY0ZK7+nshprPUkDm1nTM1IL3sz8T+vm5noOsi5TDODki0WRZkgJiGzv8mAK2RGTCyhTHF7K2EjqigzNp2KDcFffnmVtC5qvlfz7y+r9ZsijjKcwCmcgw9XUIc7aEATGAzhGV7hzRHOi/PufCxaS04xcwx/4Hz+AF8Ajdc=</latexit><latexit sha1_base64="iwrF5eTjAroVOP1wLESoR7Qq+oc=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTAXXxvO+ndLa+sbmVnm7srO7t3/gHh61dJIphk2WiER1QqpRcIlNw43ATqqQxqHAdji+nfntJ1SaJ/LRTFIMYjqUPOKMGis9qL7su1Wv5s1BVolfkCoUaPTdr94gYVmM0jBBte76XmqCnCrDmcBppZdpTCkb0yF2LZU0Rh3k81On5MwqAxIlypY0ZK7+nshprPUkDm1nTM1IL3sz8T+vm5noOsi5TDODki0WRZkgJiGzv8mAK2RGTCyhTHF7K2EjqigzNp2KDcFffnmVtC5qvlfz7y+r9ZsijjKcwCmcgw9XUIc7aEATGAzhGV7hzRHOi/PufCxaS04xcwx/4Hz+AF8Ajdc=</latexit>
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Posterior means: revisited
• Want to predict college GPA 
• Collect: standardized test scores (e.g., SAT, ACT) 
• Collect: regional test scores 
• Model:

yn
<latexit sha1_base64="OJNryDDGilrRcA5fmfyi02+IeM4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7GyGE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByO/M7T6g0j+WjyRL0IzqSPOSMGis9ZAM5qNbcujsHWSVeQWpQoDmofvWHMUsjlIYJqnXPcxPj51QZzgROK/1UY0LZhI6wZ6mkEWo/n586JWdWGZIwVrakIXP190ROI62zKLCdETVjvezNxP+8XmrCaz/nMkkNSrZYFKaCmJjM/iZDrpAZkVlCmeL2VsLGVFFmbDoVG4K3/PIqaV/UPbfu3V/WGjdFHGU4gVM4Bw+uoAF30IQWMBjBM7zCmyOcF+fd+Vi0lpxi5hj+wPn8AWmqjd4=</latexit><latexit sha1_base64="OJNryDDGilrRcA5fmfyi02+IeM4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7GyGE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByO/M7T6g0j+WjyRL0IzqSPOSMGis9ZAM5qNbcujsHWSVeQWpQoDmofvWHMUsjlIYJqnXPcxPj51QZzgROK/1UY0LZhI6wZ6mkEWo/n586JWdWGZIwVrakIXP190ROI62zKLCdETVjvezNxP+8XmrCaz/nMkkNSrZYFKaCmJjM/iZDrpAZkVlCmeL2VsLGVFFmbDoVG4K3/PIqaV/UPbfu3V/WGjdFHGU4gVM4Bw+uoAF30IQWMBjBM7zCmyOcF+fd+Vi0lpxi5hj+wPn8AWmqjd4=</latexit><latexit sha1_base64="OJNryDDGilrRcA5fmfyi02+IeM4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7GyGE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByO/M7T6g0j+WjyRL0IzqSPOSMGis9ZAM5qNbcujsHWSVeQWpQoDmofvWHMUsjlIYJqnXPcxPj51QZzgROK/1UY0LZhI6wZ6mkEWo/n586JWdWGZIwVrakIXP190ROI62zKLCdETVjvezNxP+8XmrCaz/nMkkNSrZYFKaCmJjM/iZDrpAZkVlCmeL2VsLGVFFmbDoVG4K3/PIqaV/UPbfu3V/WGjdFHGU4gVM4Bw+uoAF30IQWMBjBM7zCmyOcF+fd+Vi0lpxi5hj+wPn8AWmqjd4=</latexit><latexit sha1_base64="OJNryDDGilrRcA5fmfyi02+IeM4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7GyGE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByO/M7T6g0j+WjyRL0IzqSPOSMGis9ZAM5qNbcujsHWSVeQWpQoDmofvWHMUsjlIYJqnXPcxPj51QZzgROK/1UY0LZhI6wZ6mkEWo/n586JWdWGZIwVrakIXP190ROI62zKLCdETVjvezNxP+8XmrCaz/nMkkNSrZYFKaCmJjM/iZDrpAZkVlCmeL2VsLGVFFmbDoVG4K3/PIqaV/UPbfu3V/WGjdFHGU4gVM4Bw+uoAF30IQWMBjBM7zCmyOcF+fd+Vi0lpxi5hj+wPn8AWmqjd4=</latexit>

xn
<latexit sha1_base64="4IUL7pt3vq2/tw3H113R+PZDEw4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2m3bpZhN2J2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbF6wEnC/YgOlQgFo2il+6e+6pcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4ZWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8SloXVc+teneXlfp1HkcRTuAUzsGDGtThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifP2gkjd0=</latexit><latexit sha1_base64="4IUL7pt3vq2/tw3H113R+PZDEw4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2m3bpZhN2J2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbF6wEnC/YgOlQgFo2il+6e+6pcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4ZWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8SloXVc+teneXlfp1HkcRTuAUzsGDGtThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifP2gkjd0=</latexit><latexit sha1_base64="4IUL7pt3vq2/tw3H113R+PZDEw4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2m3bpZhN2J2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbF6wEnC/YgOlQgFo2il+6e+6pcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4ZWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8SloXVc+teneXlfp1HkcRTuAUzsGDGtThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifP2gkjd0=</latexit><latexit sha1_base64="4IUL7pt3vq2/tw3H113R+PZDEw4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2m3bpZhN2J2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbF6wEnC/YgOlQgFo2il+6e+6pcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4ZWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8SloXVc+teneXlfp1HkcRTuAUzsGDGtThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifP2gkjd0=</latexit>

rn
<latexit sha1_base64="iwrF5eTjAroVOP1wLESoR7Qq+oc=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTAXXxvO+ndLa+sbmVnm7srO7t3/gHh61dJIphk2WiER1QqpRcIlNw43ATqqQxqHAdji+nfntJ1SaJ/LRTFIMYjqUPOKMGis9qL7su1Wv5s1BVolfkCoUaPTdr94gYVmM0jBBte76XmqCnCrDmcBppZdpTCkb0yF2LZU0Rh3k81On5MwqAxIlypY0ZK7+nshprPUkDm1nTM1IL3sz8T+vm5noOsi5TDODki0WRZkgJiGzv8mAK2RGTCyhTHF7K2EjqigzNp2KDcFffnmVtC5qvlfz7y+r9ZsijjKcwCmcgw9XUIc7aEATGAzhGV7hzRHOi/PufCxaS04xcwx/4Hz+AF8Ajdc=</latexit><latexit sha1_base64="iwrF5eTjAroVOP1wLESoR7Qq+oc=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTAXXxvO+ndLa+sbmVnm7srO7t3/gHh61dJIphk2WiER1QqpRcIlNw43ATqqQxqHAdji+nfntJ1SaJ/LRTFIMYjqUPOKMGis9qL7su1Wv5s1BVolfkCoUaPTdr94gYVmM0jBBte76XmqCnCrDmcBppZdpTCkb0yF2LZU0Rh3k81On5MwqAxIlypY0ZK7+nshprPUkDm1nTM1IL3sz8T+vm5noOsi5TDODki0WRZkgJiGzv8mAK2RGTCyhTHF7K2EjqigzNp2KDcFffnmVtC5qvlfz7y+r9ZsijjKcwCmcgw9XUIc7aEATGAzhGV7hzRHOi/PufCxaS04xcwx/4Hz+AF8Ajdc=</latexit><latexit sha1_base64="iwrF5eTjAroVOP1wLESoR7Qq+oc=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTAXXxvO+ndLa+sbmVnm7srO7t3/gHh61dJIphk2WiER1QqpRcIlNw43ATqqQxqHAdji+nfntJ1SaJ/LRTFIMYjqUPOKMGis9qL7su1Wv5s1BVolfkCoUaPTdr94gYVmM0jBBte76XmqCnCrDmcBppZdpTCkb0yF2LZU0Rh3k81On5MwqAxIlypY0ZK7+nshprPUkDm1nTM1IL3sz8T+vm5noOsi5TDODki0WRZkgJiGzv8mAK2RGTCyhTHF7K2EjqigzNp2KDcFffnmVtC5qvlfz7y+r9ZsijjKcwCmcgw9XUIc7aEATGAzhGV7hzRHOi/PufCxaS04xcwx/4Hz+AF8Ajdc=</latexit><latexit sha1_base64="iwrF5eTjAroVOP1wLESoR7Qq+oc=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTAXXxvO+ndLa+sbmVnm7srO7t3/gHh61dJIphk2WiER1QqpRcIlNw43ATqqQxqHAdji+nfntJ1SaJ/LRTFIMYjqUPOKMGis9qL7su1Wv5s1BVolfkCoUaPTdr94gYVmM0jBBte76XmqCnCrDmcBppZdpTCkb0yF2LZU0Rh3k81On5MwqAxIlypY0ZK7+nshprPUkDm1nTM1IL3sz8T+vm5noOsi5TDODki0WRZkgJiGzv8mAK2RGTCyhTHF7K2EjqigzNp2KDcFffnmVtC5qvlfz7y+r9ZsijjKcwCmcgw9XUIc7aEATGAzhGV7hzRHOi/PufCxaS04xcwx/4Hz+AF8Ajdc=</latexit>

yn|�, z,�2 indep⇠ N (�Txn + zk(n)rn,�
2)

<latexit sha1_base64="OsYP1L0f+D0RPgfm+9vgewkEVUA="></latexit><latexit sha1_base64="OsYP1L0f+D0RPgfm+9vgewkEVUA="></latexit><latexit sha1_base64="OsYP1L0f+D0RPgfm+9vgewkEVUA="></latexit><latexit sha1_base64="OsYP1L0f+D0RPgfm+9vgewkEVUA="></latexit>
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Posterior means: revisited
• Want to predict college GPA 
• Collect: standardized test scores (e.g., SAT, ACT) 
• Collect: regional test scores 
• Model:

yn
<latexit sha1_base64="OJNryDDGilrRcA5fmfyi02+IeM4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7GyGE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByO/M7T6g0j+WjyRL0IzqSPOSMGis9ZAM5qNbcujsHWSVeQWpQoDmofvWHMUsjlIYJqnXPcxPj51QZzgROK/1UY0LZhI6wZ6mkEWo/n586JWdWGZIwVrakIXP190ROI62zKLCdETVjvezNxP+8XmrCaz/nMkkNSrZYFKaCmJjM/iZDrpAZkVlCmeL2VsLGVFFmbDoVG4K3/PIqaV/UPbfu3V/WGjdFHGU4gVM4Bw+uoAF30IQWMBjBM7zCmyOcF+fd+Vi0lpxi5hj+wPn8AWmqjd4=</latexit><latexit sha1_base64="OJNryDDGilrRcA5fmfyi02+IeM4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7GyGE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByO/M7T6g0j+WjyRL0IzqSPOSMGis9ZAM5qNbcujsHWSVeQWpQoDmofvWHMUsjlIYJqnXPcxPj51QZzgROK/1UY0LZhI6wZ6mkEWo/n586JWdWGZIwVrakIXP190ROI62zKLCdETVjvezNxP+8XmrCaz/nMkkNSrZYFKaCmJjM/iZDrpAZkVlCmeL2VsLGVFFmbDoVG4K3/PIqaV/UPbfu3V/WGjdFHGU4gVM4Bw+uoAF30IQWMBjBM7zCmyOcF+fd+Vi0lpxi5hj+wPn8AWmqjd4=</latexit><latexit sha1_base64="OJNryDDGilrRcA5fmfyi02+IeM4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7GyGE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByO/M7T6g0j+WjyRL0IzqSPOSMGis9ZAM5qNbcujsHWSVeQWpQoDmofvWHMUsjlIYJqnXPcxPj51QZzgROK/1UY0LZhI6wZ6mkEWo/n586JWdWGZIwVrakIXP190ROI62zKLCdETVjvezNxP+8XmrCaz/nMkkNSrZYFKaCmJjM/iZDrpAZkVlCmeL2VsLGVFFmbDoVG4K3/PIqaV/UPbfu3V/WGjdFHGU4gVM4Bw+uoAF30IQWMBjBM7zCmyOcF+fd+Vi0lpxi5hj+wPn8AWmqjd4=</latexit><latexit sha1_base64="OJNryDDGilrRcA5fmfyi02+IeM4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7GyGE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByO/M7T6g0j+WjyRL0IzqSPOSMGis9ZAM5qNbcujsHWSVeQWpQoDmofvWHMUsjlIYJqnXPcxPj51QZzgROK/1UY0LZhI6wZ6mkEWo/n586JWdWGZIwVrakIXP190ROI62zKLCdETVjvezNxP+8XmrCaz/nMkkNSrZYFKaCmJjM/iZDrpAZkVlCmeL2VsLGVFFmbDoVG4K3/PIqaV/UPbfu3V/WGjdFHGU4gVM4Bw+uoAF30IQWMBjBM7zCmyOcF+fd+Vi0lpxi5hj+wPn8AWmqjd4=</latexit>

xn
<latexit sha1_base64="4IUL7pt3vq2/tw3H113R+PZDEw4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2m3bpZhN2J2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbF6wEnC/YgOlQgFo2il+6e+6pcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4ZWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8SloXVc+teneXlfp1HkcRTuAUzsGDGtThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifP2gkjd0=</latexit><latexit sha1_base64="4IUL7pt3vq2/tw3H113R+PZDEw4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2m3bpZhN2J2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbF6wEnC/YgOlQgFo2il+6e+6pcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4ZWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8SloXVc+teneXlfp1HkcRTuAUzsGDGtThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifP2gkjd0=</latexit><latexit sha1_base64="4IUL7pt3vq2/tw3H113R+PZDEw4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2m3bpZhN2J2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbF6wEnC/YgOlQgFo2il+6e+6pcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4ZWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8SloXVc+teneXlfp1HkcRTuAUzsGDGtThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifP2gkjd0=</latexit><latexit sha1_base64="4IUL7pt3vq2/tw3H113R+PZDEw4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2m3bpZhN2J2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbF6wEnC/YgOlQgFo2il+6e+6pcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4ZWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8SloXVc+teneXlfp1HkcRTuAUzsGDGtThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifP2gkjd0=</latexit>

rn
<latexit sha1_base64="iwrF5eTjAroVOP1wLESoR7Qq+oc=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTAXXxvO+ndLa+sbmVnm7srO7t3/gHh61dJIphk2WiER1QqpRcIlNw43ATqqQxqHAdji+nfntJ1SaJ/LRTFIMYjqUPOKMGis9qL7su1Wv5s1BVolfkCoUaPTdr94gYVmM0jBBte76XmqCnCrDmcBppZdpTCkb0yF2LZU0Rh3k81On5MwqAxIlypY0ZK7+nshprPUkDm1nTM1IL3sz8T+vm5noOsi5TDODki0WRZkgJiGzv8mAK2RGTCyhTHF7K2EjqigzNp2KDcFffnmVtC5qvlfz7y+r9ZsijjKcwCmcgw9XUIc7aEATGAzhGV7hzRHOi/PufCxaS04xcwx/4Hz+AF8Ajdc=</latexit><latexit sha1_base64="iwrF5eTjAroVOP1wLESoR7Qq+oc=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTAXXxvO+ndLa+sbmVnm7srO7t3/gHh61dJIphk2WiER1QqpRcIlNw43ATqqQxqHAdji+nfntJ1SaJ/LRTFIMYjqUPOKMGis9qL7su1Wv5s1BVolfkCoUaPTdr94gYVmM0jBBte76XmqCnCrDmcBppZdpTCkb0yF2LZU0Rh3k81On5MwqAxIlypY0ZK7+nshprPUkDm1nTM1IL3sz8T+vm5noOsi5TDODki0WRZkgJiGzv8mAK2RGTCyhTHF7K2EjqigzNp2KDcFffnmVtC5qvlfz7y+r9ZsijjKcwCmcgw9XUIc7aEATGAzhGV7hzRHOi/PufCxaS04xcwx/4Hz+AF8Ajdc=</latexit><latexit sha1_base64="iwrF5eTjAroVOP1wLESoR7Qq+oc=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTAXXxvO+ndLa+sbmVnm7srO7t3/gHh61dJIphk2WiER1QqpRcIlNw43ATqqQxqHAdji+nfntJ1SaJ/LRTFIMYjqUPOKMGis9qL7su1Wv5s1BVolfkCoUaPTdr94gYVmM0jBBte76XmqCnCrDmcBppZdpTCkb0yF2LZU0Rh3k81On5MwqAxIlypY0ZK7+nshprPUkDm1nTM1IL3sz8T+vm5noOsi5TDODki0WRZkgJiGzv8mAK2RGTCyhTHF7K2EjqigzNp2KDcFffnmVtC5qvlfz7y+r9ZsijjKcwCmcgw9XUIc7aEATGAzhGV7hzRHOi/PufCxaS04xcwx/4Hz+AF8Ajdc=</latexit><latexit sha1_base64="iwrF5eTjAroVOP1wLESoR7Qq+oc=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTAXXxvO+ndLa+sbmVnm7srO7t3/gHh61dJIphk2WiER1QqpRcIlNw43ATqqQxqHAdji+nfntJ1SaJ/LRTFIMYjqUPOKMGis9qL7su1Wv5s1BVolfkCoUaPTdr94gYVmM0jBBte76XmqCnCrDmcBppZdpTCkb0yF2LZU0Rh3k81On5MwqAxIlypY0ZK7+nshprPUkDm1nTM1IL3sz8T+vm5noOsi5TDODki0WRZkgJiGzv8mAK2RGTCyhTHF7K2EjqigzNp2KDcFffnmVtC5qvlfz7y+r9ZsijjKcwCmcgw9XUIc7aEATGAzhGV7hzRHOi/PufCxaS04xcwx/4Hz+AF8Ajdc=</latexit>

zk|⇢2
iid⇠ N (0, ⇢2)

<latexit sha1_base64="fnD6JLgG9Dx+QW3l8pUwfeUvaJE=">AAACIHicbVDLSsNAFJ3UV62vqEs3g0WoICUpQl0W3biSCvYBTQyTyaQdOnkwMxFqzKe48VfcuFBEd/o1TtostPXAhcM593LvPW7MqJCG8aWVlpZXVtfK65WNza3tHX13ryuihGPSwRGLeN9FgjAako6kkpF+zAkKXEZ67vgi93t3hAsahTdyEhM7QMOQ+hQjqSRHb947Y/gALT6KbhvQEhLhMScspdTLUkvQIINWgOQII5ZeZTXjZNZ57OhVo25MAReJWZAqKNB29E/Li3ASkFBihoQYmEYs7RRxSTEjWcVKBInVcjQkA0VDFBBhp9MHM3ikFA/6EVcVSjhVf0+kKBBiEriqMz9WzHu5+J83SKR/Zqc0jBNJQjxb5CcMygjmaUGPcoIlmyiCMKfqVohHiCMsVaYVFYI5//Ii6TbqplE3r0+rrfMijjI4AIegBkzQBC1wCdqgAzB4BM/gFbxpT9qL9q59zFpLWjGzD/5A+/4BfqWjJA==</latexit><latexit sha1_base64="fnD6JLgG9Dx+QW3l8pUwfeUvaJE=">AAACIHicbVDLSsNAFJ3UV62vqEs3g0WoICUpQl0W3biSCvYBTQyTyaQdOnkwMxFqzKe48VfcuFBEd/o1TtostPXAhcM593LvPW7MqJCG8aWVlpZXVtfK65WNza3tHX13ryuihGPSwRGLeN9FgjAako6kkpF+zAkKXEZ67vgi93t3hAsahTdyEhM7QMOQ+hQjqSRHb947Y/gALT6KbhvQEhLhMScspdTLUkvQIINWgOQII5ZeZTXjZNZ57OhVo25MAReJWZAqKNB29E/Li3ASkFBihoQYmEYs7RRxSTEjWcVKBInVcjQkA0VDFBBhp9MHM3ikFA/6EVcVSjhVf0+kKBBiEriqMz9WzHu5+J83SKR/Zqc0jBNJQjxb5CcMygjmaUGPcoIlmyiCMKfqVohHiCMsVaYVFYI5//Ii6TbqplE3r0+rrfMijjI4AIegBkzQBC1wCdqgAzB4BM/gFbxpT9qL9q59zFpLWjGzD/5A+/4BfqWjJA==</latexit><latexit sha1_base64="fnD6JLgG9Dx+QW3l8pUwfeUvaJE=">AAACIHicbVDLSsNAFJ3UV62vqEs3g0WoICUpQl0W3biSCvYBTQyTyaQdOnkwMxFqzKe48VfcuFBEd/o1TtostPXAhcM593LvPW7MqJCG8aWVlpZXVtfK65WNza3tHX13ryuihGPSwRGLeN9FgjAako6kkpF+zAkKXEZ67vgi93t3hAsahTdyEhM7QMOQ+hQjqSRHb947Y/gALT6KbhvQEhLhMScspdTLUkvQIINWgOQII5ZeZTXjZNZ57OhVo25MAReJWZAqKNB29E/Li3ASkFBihoQYmEYs7RRxSTEjWcVKBInVcjQkA0VDFBBhp9MHM3ikFA/6EVcVSjhVf0+kKBBiEriqMz9WzHu5+J83SKR/Zqc0jBNJQjxb5CcMygjmaUGPcoIlmyiCMKfqVohHiCMsVaYVFYI5//Ii6TbqplE3r0+rrfMijjI4AIegBkzQBC1wCdqgAzB4BM/gFbxpT9qL9q59zFpLWjGzD/5A+/4BfqWjJA==</latexit><latexit sha1_base64="fnD6JLgG9Dx+QW3l8pUwfeUvaJE=">AAACIHicbVDLSsNAFJ3UV62vqEs3g0WoICUpQl0W3biSCvYBTQyTyaQdOnkwMxFqzKe48VfcuFBEd/o1TtostPXAhcM593LvPW7MqJCG8aWVlpZXVtfK65WNza3tHX13ryuihGPSwRGLeN9FgjAako6kkpF+zAkKXEZ67vgi93t3hAsahTdyEhM7QMOQ+hQjqSRHb947Y/gALT6KbhvQEhLhMScspdTLUkvQIINWgOQII5ZeZTXjZNZ57OhVo25MAReJWZAqKNB29E/Li3ASkFBihoQYmEYs7RRxSTEjWcVKBInVcjQkA0VDFBBhp9MHM3ikFA/6EVcVSjhVf0+kKBBiEriqMz9WzHu5+J83SKR/Zqc0jBNJQjxb5CcMygjmaUGPcoIlmyiCMKfqVohHiCMsVaYVFYI5//Ii6TbqplE3r0+rrfMijjI4AIegBkzQBC1wCdqgAzB4BM/gFbxpT9qL9q59zFpLWjGzD/5A+/4BfqWjJA==</latexit>

yn|�, z,�2 indep⇠ N (�Txn + zk(n)rn,�
2)

<latexit sha1_base64="OsYP1L0f+D0RPgfm+9vgewkEVUA="></latexit><latexit sha1_base64="OsYP1L0f+D0RPgfm+9vgewkEVUA="></latexit><latexit sha1_base64="OsYP1L0f+D0RPgfm+9vgewkEVUA="></latexit><latexit sha1_base64="OsYP1L0f+D0RPgfm+9vgewkEVUA="></latexit>

� ⇠ N (0,⌃)
<latexit sha1_base64="B7725VxMXW6popKReveYLMPq2Mk=">AAACCnicbVBNS8NAEN3Ur1q/oh69rBahgpREBD0WvXiSivYDmlAm2227dDcJuxuhhJ69+Fe8eFDEq7/Am//GTZuDVh8MPN6bYWZeEHOmtON8WYWFxaXlleJqaW19Y3PL3t5pqiiRhDZIxCPZDkBRzkLa0Exz2o4lBRFw2gpGl5nfuqdSsSi80+OY+gIGIeszAtpIXXvfC6gG7CkmsCdADwnw9HpScY6xd8sGAo66dtmpOlPgv8TNSRnlqHftT68XkUTQUBMOSnVcJ9Z+ClIzwumk5CWKxkBGMKAdQ0MQVPnp9JUJPjRKD/cjaSrUeKr+nEhBKDUWgenMrlXzXib+53US3T/3UxbGiaYhmS3qJxzrCGe54B6TlGg+NgSIZOZWTIYggWiTXsmE4M6//Jc0T6quU3VvTsu1izyOItpDB6iCXHSGaugK1VEDEfSAntALerUerWfrzXqftRasfGYX/YL18Q1kRplo</latexit><latexit sha1_base64="B7725VxMXW6popKReveYLMPq2Mk=">AAACCnicbVBNS8NAEN3Ur1q/oh69rBahgpREBD0WvXiSivYDmlAm2227dDcJuxuhhJ69+Fe8eFDEq7/Am//GTZuDVh8MPN6bYWZeEHOmtON8WYWFxaXlleJqaW19Y3PL3t5pqiiRhDZIxCPZDkBRzkLa0Exz2o4lBRFw2gpGl5nfuqdSsSi80+OY+gIGIeszAtpIXXvfC6gG7CkmsCdADwnw9HpScY6xd8sGAo66dtmpOlPgv8TNSRnlqHftT68XkUTQUBMOSnVcJ9Z+ClIzwumk5CWKxkBGMKAdQ0MQVPnp9JUJPjRKD/cjaSrUeKr+nEhBKDUWgenMrlXzXib+53US3T/3UxbGiaYhmS3qJxzrCGe54B6TlGg+NgSIZOZWTIYggWiTXsmE4M6//Jc0T6quU3VvTsu1izyOItpDB6iCXHSGaugK1VEDEfSAntALerUerWfrzXqftRasfGYX/YL18Q1kRplo</latexit><latexit sha1_base64="B7725VxMXW6popKReveYLMPq2Mk=">AAACCnicbVBNS8NAEN3Ur1q/oh69rBahgpREBD0WvXiSivYDmlAm2227dDcJuxuhhJ69+Fe8eFDEq7/Am//GTZuDVh8MPN6bYWZeEHOmtON8WYWFxaXlleJqaW19Y3PL3t5pqiiRhDZIxCPZDkBRzkLa0Exz2o4lBRFw2gpGl5nfuqdSsSi80+OY+gIGIeszAtpIXXvfC6gG7CkmsCdADwnw9HpScY6xd8sGAo66dtmpOlPgv8TNSRnlqHftT68XkUTQUBMOSnVcJ9Z+ClIzwumk5CWKxkBGMKAdQ0MQVPnp9JUJPjRKD/cjaSrUeKr+nEhBKDUWgenMrlXzXib+53US3T/3UxbGiaYhmS3qJxzrCGe54B6TlGg+NgSIZOZWTIYggWiTXsmE4M6//Jc0T6quU3VvTsu1izyOItpDB6iCXHSGaugK1VEDEfSAntALerUerWfrzXqftRasfGYX/YL18Q1kRplo</latexit><latexit sha1_base64="B7725VxMXW6popKReveYLMPq2Mk=">AAACCnicbVBNS8NAEN3Ur1q/oh69rBahgpREBD0WvXiSivYDmlAm2227dDcJuxuhhJ69+Fe8eFDEq7/Am//GTZuDVh8MPN6bYWZeEHOmtON8WYWFxaXlleJqaW19Y3PL3t5pqiiRhDZIxCPZDkBRzkLa0Exz2o4lBRFw2gpGl5nfuqdSsSi80+OY+gIGIeszAtpIXXvfC6gG7CkmsCdADwnw9HpScY6xd8sGAo66dtmpOlPgv8TNSRnlqHftT68XkUTQUBMOSnVcJ9Z+ClIzwumk5CWKxkBGMKAdQ0MQVPnp9JUJPjRKD/cjaSrUeKr+nEhBKDUWgenMrlXzXib+53US3T/3UxbGiaYhmS3qJxzrCGe54B6TlGg+NgSIZOZWTIYggWiTXsmE4M6//Jc0T6quU3VvTsu1izyOItpDB6iCXHSGaugK1VEDEfSAntALerUerWfrzXqftRasfGYX/YL18Q1kRplo</latexit>

(�2)�1 ⇠ Gamma(a�2 , b�2)
<latexit sha1_base64="bNpOlFas2LsIPaYf94qwR220qPg=">AAACKnicbVDLSgMxFM3UV62vqks3wSK0oGWmCLr0sdBlBatCX9xJ0zaYzAzJHbEM8z1u/BU3XSjFrR9iWmfh60Dg5JxzSe7xIykMuu7Eyc3NLywu5ZcLK6tr6xvFza0bE8aa8QYLZajvfDBcioA3UKDkd5HmoHzJb/3786l/+8C1EWFwjaOItxUMAtEXDNBK3eJpuWXEQEEnqaWVTnLgpdQKiraQP6JWyQUoBWkZukmWq6X71P92q3SLJbfqzkD/Ei8jJZKh3i2OW72QxYoHyCQY0/TcCNsJaBRM8rTQig2PgN3DgDctDUBx005mq6Z0zyo92g+1PQHSmfp9IgFlzEj5NqkAh+a3NxX/85ox9o/biQiiGHnAvh7qx5JiSKe90Z7QnKEcWQJMC/tXyoaggaFtt2BL8H6v/Jfc1KqeW/WuDksnZ1kdebJDdkmZeOSInJBLUicNwsgTeSGv5M15dsbOxHn/iuacbGab/IDz8Qnx3Kb3</latexit><latexit sha1_base64="bNpOlFas2LsIPaYf94qwR220qPg=">AAACKnicbVDLSgMxFM3UV62vqks3wSK0oGWmCLr0sdBlBatCX9xJ0zaYzAzJHbEM8z1u/BU3XSjFrR9iWmfh60Dg5JxzSe7xIykMuu7Eyc3NLywu5ZcLK6tr6xvFza0bE8aa8QYLZajvfDBcioA3UKDkd5HmoHzJb/3786l/+8C1EWFwjaOItxUMAtEXDNBK3eJpuWXEQEEnqaWVTnLgpdQKiraQP6JWyQUoBWkZukmWq6X71P92q3SLJbfqzkD/Ei8jJZKh3i2OW72QxYoHyCQY0/TcCNsJaBRM8rTQig2PgN3DgDctDUBx005mq6Z0zyo92g+1PQHSmfp9IgFlzEj5NqkAh+a3NxX/85ox9o/biQiiGHnAvh7qx5JiSKe90Z7QnKEcWQJMC/tXyoaggaFtt2BL8H6v/Jfc1KqeW/WuDksnZ1kdebJDdkmZeOSInJBLUicNwsgTeSGv5M15dsbOxHn/iuacbGab/IDz8Qnx3Kb3</latexit><latexit sha1_base64="bNpOlFas2LsIPaYf94qwR220qPg=">AAACKnicbVDLSgMxFM3UV62vqks3wSK0oGWmCLr0sdBlBatCX9xJ0zaYzAzJHbEM8z1u/BU3XSjFrR9iWmfh60Dg5JxzSe7xIykMuu7Eyc3NLywu5ZcLK6tr6xvFza0bE8aa8QYLZajvfDBcioA3UKDkd5HmoHzJb/3786l/+8C1EWFwjaOItxUMAtEXDNBK3eJpuWXEQEEnqaWVTnLgpdQKiraQP6JWyQUoBWkZukmWq6X71P92q3SLJbfqzkD/Ei8jJZKh3i2OW72QxYoHyCQY0/TcCNsJaBRM8rTQig2PgN3DgDctDUBx005mq6Z0zyo92g+1PQHSmfp9IgFlzEj5NqkAh+a3NxX/85ox9o/biQiiGHnAvh7qx5JiSKe90Z7QnKEcWQJMC/tXyoaggaFtt2BL8H6v/Jfc1KqeW/WuDksnZ1kdebJDdkmZeOSInJBLUicNwsgTeSGv5M15dsbOxHn/iuacbGab/IDz8Qnx3Kb3</latexit><latexit sha1_base64="bNpOlFas2LsIPaYf94qwR220qPg=">AAACKnicbVDLSgMxFM3UV62vqks3wSK0oGWmCLr0sdBlBatCX9xJ0zaYzAzJHbEM8z1u/BU3XSjFrR9iWmfh60Dg5JxzSe7xIykMuu7Eyc3NLywu5ZcLK6tr6xvFza0bE8aa8QYLZajvfDBcioA3UKDkd5HmoHzJb/3786l/+8C1EWFwjaOItxUMAtEXDNBK3eJpuWXEQEEnqaWVTnLgpdQKiraQP6JWyQUoBWkZukmWq6X71P92q3SLJbfqzkD/Ei8jJZKh3i2OW72QxYoHyCQY0/TcCNsJaBRM8rTQig2PgN3DgDctDUBx005mq6Z0zyo92g+1PQHSmfp9IgFlzEj5NqkAh+a3NxX/85ox9o/biQiiGHnAvh7qx5JiSKe90Z7QnKEcWQJMC/tXyoaggaFtt2BL8H6v/Jfc1KqeW/WuDksnZ1kdebJDdkmZeOSInJBLUicNwsgTeSGv5M15dsbOxHn/iuacbGab/IDz8Qnx3Kb3</latexit>

(⇢2)�1 ⇠ Gamma(a⇢2 , b⇢2)
<latexit sha1_base64="n2oUHbsV/HPMV0iPGGjsCvUbUkI=">AAACJHicbVDLSgMxFM3Ud31VXboJFqGClpkiKLgRXehSwdZCp5Y7adqGJjNDckcsw3yMG3/FjQsfuHDjt5jWIr4OBA7nnMvNPUEshUHXfXNyE5NT0zOzc/n5hcWl5cLKas1EiWa8yiIZ6XoAhksR8ioKlLweaw4qkPwy6B8P/ctrro2IwgscxLypoBuKjmCAVmoVDkq+7kVXaSXbukp3vIz6RijqI79BrdITUAqyErTSUaqSbdPgi2+1CkW37I5A/xJvTIpkjLNW4dlvRyxRPEQmwZiG58bYTEGjYJJneT8xPAbWhy5vWBqC4qaZjo7M6KZV2rQTaftCpCP1+0QKypiBCmxSAfbMb28o/uc1EuzsN1MRxgnykH0u6iSSYkSHjdG20JyhHFgCTAv7V8p6oIGh7TVvS/B+n/yX1Cplzy1757vFw6NxHbNknWyQEvHIHjkkp+SMVAkjt+SePJIn5855cF6c189ozhnPrJEfcN4/APenpGM=</latexit><latexit sha1_base64="n2oUHbsV/HPMV0iPGGjsCvUbUkI=">AAACJHicbVDLSgMxFM3Ud31VXboJFqGClpkiKLgRXehSwdZCp5Y7adqGJjNDckcsw3yMG3/FjQsfuHDjt5jWIr4OBA7nnMvNPUEshUHXfXNyE5NT0zOzc/n5hcWl5cLKas1EiWa8yiIZ6XoAhksR8ioKlLweaw4qkPwy6B8P/ctrro2IwgscxLypoBuKjmCAVmoVDkq+7kVXaSXbukp3vIz6RijqI79BrdITUAqyErTSUaqSbdPgi2+1CkW37I5A/xJvTIpkjLNW4dlvRyxRPEQmwZiG58bYTEGjYJJneT8xPAbWhy5vWBqC4qaZjo7M6KZV2rQTaftCpCP1+0QKypiBCmxSAfbMb28o/uc1EuzsN1MRxgnykH0u6iSSYkSHjdG20JyhHFgCTAv7V8p6oIGh7TVvS/B+n/yX1Cplzy1757vFw6NxHbNknWyQEvHIHjkkp+SMVAkjt+SePJIn5855cF6c189ozhnPrJEfcN4/APenpGM=</latexit><latexit sha1_base64="n2oUHbsV/HPMV0iPGGjsCvUbUkI=">AAACJHicbVDLSgMxFM3Ud31VXboJFqGClpkiKLgRXehSwdZCp5Y7adqGJjNDckcsw3yMG3/FjQsfuHDjt5jWIr4OBA7nnMvNPUEshUHXfXNyE5NT0zOzc/n5hcWl5cLKas1EiWa8yiIZ6XoAhksR8ioKlLweaw4qkPwy6B8P/ctrro2IwgscxLypoBuKjmCAVmoVDkq+7kVXaSXbukp3vIz6RijqI79BrdITUAqyErTSUaqSbdPgi2+1CkW37I5A/xJvTIpkjLNW4dlvRyxRPEQmwZiG58bYTEGjYJJneT8xPAbWhy5vWBqC4qaZjo7M6KZV2rQTaftCpCP1+0QKypiBCmxSAfbMb28o/uc1EuzsN1MRxgnykH0u6iSSYkSHjdG20JyhHFgCTAv7V8p6oIGh7TVvS/B+n/yX1Cplzy1757vFw6NxHbNknWyQEvHIHjkkp+SMVAkjt+SePJIn5855cF6c189ozhnPrJEfcN4/APenpGM=</latexit><latexit sha1_base64="n2oUHbsV/HPMV0iPGGjsCvUbUkI=">AAACJHicbVDLSgMxFM3Ud31VXboJFqGClpkiKLgRXehSwdZCp5Y7adqGJjNDckcsw3yMG3/FjQsfuHDjt5jWIr4OBA7nnMvNPUEshUHXfXNyE5NT0zOzc/n5hcWl5cLKas1EiWa8yiIZ6XoAhksR8ioKlLweaw4qkPwy6B8P/ctrro2IwgscxLypoBuKjmCAVmoVDkq+7kVXaSXbukp3vIz6RijqI79BrdITUAqyErTSUaqSbdPgi2+1CkW37I5A/xJvTIpkjLNW4dlvRyxRPEQmwZiG58bYTEGjYJJneT8xPAbWhy5vWBqC4qaZjo7M6KZV2rQTaftCpCP1+0QKypiBCmxSAfbMb28o/uc1EuzsN1MRxgnykH0u6iSSYkSHjdG20JyhHFgCTAv7V8p6oIGh7TVvS/B+n/yX1Cplzy1757vFw6NxHbNknWyQEvHIHjkkp+SMVAkjt+SePJIn5855cF6c189ozhnPrJEfcN4/APenpGM=</latexit>

[Giordano, Broderick, Jordan 2015]17



• Data simulated 
from model (3 
data sets, 300 
data points):

Posterior means: revisited
• Want to predict college GPA 
• Collect: standardized test scores (e.g., SAT, ACT) 
• Collect: regional test scores 
• Model:

yn
<latexit sha1_base64="OJNryDDGilrRcA5fmfyi02+IeM4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7GyGE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByO/M7T6g0j+WjyRL0IzqSPOSMGis9ZAM5qNbcujsHWSVeQWpQoDmofvWHMUsjlIYJqnXPcxPj51QZzgROK/1UY0LZhI6wZ6mkEWo/n586JWdWGZIwVrakIXP190ROI62zKLCdETVjvezNxP+8XmrCaz/nMkkNSrZYFKaCmJjM/iZDrpAZkVlCmeL2VsLGVFFmbDoVG4K3/PIqaV/UPbfu3V/WGjdFHGU4gVM4Bw+uoAF30IQWMBjBM7zCmyOcF+fd+Vi0lpxi5hj+wPn8AWmqjd4=</latexit><latexit sha1_base64="OJNryDDGilrRcA5fmfyi02+IeM4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7GyGE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByO/M7T6g0j+WjyRL0IzqSPOSMGis9ZAM5qNbcujsHWSVeQWpQoDmofvWHMUsjlIYJqnXPcxPj51QZzgROK/1UY0LZhI6wZ6mkEWo/n586JWdWGZIwVrakIXP190ROI62zKLCdETVjvezNxP+8XmrCaz/nMkkNSrZYFKaCmJjM/iZDrpAZkVlCmeL2VsLGVFFmbDoVG4K3/PIqaV/UPbfu3V/WGjdFHGU4gVM4Bw+uoAF30IQWMBjBM7zCmyOcF+fd+Vi0lpxi5hj+wPn8AWmqjd4=</latexit><latexit sha1_base64="OJNryDDGilrRcA5fmfyi02+IeM4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7GyGE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByO/M7T6g0j+WjyRL0IzqSPOSMGis9ZAM5qNbcujsHWSVeQWpQoDmofvWHMUsjlIYJqnXPcxPj51QZzgROK/1UY0LZhI6wZ6mkEWo/n586JWdWGZIwVrakIXP190ROI62zKLCdETVjvezNxP+8XmrCaz/nMkkNSrZYFKaCmJjM/iZDrpAZkVlCmeL2VsLGVFFmbDoVG4K3/PIqaV/UPbfu3V/WGjdFHGU4gVM4Bw+uoAF30IQWMBjBM7zCmyOcF+fd+Vi0lpxi5hj+wPn8AWmqjd4=</latexit><latexit sha1_base64="OJNryDDGilrRcA5fmfyi02+IeM4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7GyGE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByO/M7T6g0j+WjyRL0IzqSPOSMGis9ZAM5qNbcujsHWSVeQWpQoDmofvWHMUsjlIYJqnXPcxPj51QZzgROK/1UY0LZhI6wZ6mkEWo/n586JWdWGZIwVrakIXP190ROI62zKLCdETVjvezNxP+8XmrCaz/nMkkNSrZYFKaCmJjM/iZDrpAZkVlCmeL2VsLGVFFmbDoVG4K3/PIqaV/UPbfu3V/WGjdFHGU4gVM4Bw+uoAF30IQWMBjBM7zCmyOcF+fd+Vi0lpxi5hj+wPn8AWmqjd4=</latexit>

xn
<latexit sha1_base64="4IUL7pt3vq2/tw3H113R+PZDEw4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2m3bpZhN2J2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbF6wEnC/YgOlQgFo2il+6e+6pcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4ZWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8SloXVc+teneXlfp1HkcRTuAUzsGDGtThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifP2gkjd0=</latexit><latexit sha1_base64="4IUL7pt3vq2/tw3H113R+PZDEw4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2m3bpZhN2J2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbF6wEnC/YgOlQgFo2il+6e+6pcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4ZWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8SloXVc+teneXlfp1HkcRTuAUzsGDGtThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifP2gkjd0=</latexit><latexit sha1_base64="4IUL7pt3vq2/tw3H113R+PZDEw4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2m3bpZhN2J2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbF6wEnC/YgOlQgFo2il+6e+6pcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4ZWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8SloXVc+teneXlfp1HkcRTuAUzsGDGtThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifP2gkjd0=</latexit><latexit sha1_base64="4IUL7pt3vq2/tw3H113R+PZDEw4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2m3bpZhN2J2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbF6wEnC/YgOlQgFo2il+6e+6pcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4ZWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8SloXVc+teneXlfp1HkcRTuAUzsGDGtThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifP2gkjd0=</latexit>

rn
<latexit sha1_base64="iwrF5eTjAroVOP1wLESoR7Qq+oc=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTAXXxvO+ndLa+sbmVnm7srO7t3/gHh61dJIphk2WiER1QqpRcIlNw43ATqqQxqHAdji+nfntJ1SaJ/LRTFIMYjqUPOKMGis9qL7su1Wv5s1BVolfkCoUaPTdr94gYVmM0jBBte76XmqCnCrDmcBppZdpTCkb0yF2LZU0Rh3k81On5MwqAxIlypY0ZK7+nshprPUkDm1nTM1IL3sz8T+vm5noOsi5TDODki0WRZkgJiGzv8mAK2RGTCyhTHF7K2EjqigzNp2KDcFffnmVtC5qvlfz7y+r9ZsijjKcwCmcgw9XUIc7aEATGAzhGV7hzRHOi/PufCxaS04xcwx/4Hz+AF8Ajdc=</latexit><latexit sha1_base64="iwrF5eTjAroVOP1wLESoR7Qq+oc=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTAXXxvO+ndLa+sbmVnm7srO7t3/gHh61dJIphk2WiER1QqpRcIlNw43ATqqQxqHAdji+nfntJ1SaJ/LRTFIMYjqUPOKMGis9qL7su1Wv5s1BVolfkCoUaPTdr94gYVmM0jBBte76XmqCnCrDmcBppZdpTCkb0yF2LZU0Rh3k81On5MwqAxIlypY0ZK7+nshprPUkDm1nTM1IL3sz8T+vm5noOsi5TDODki0WRZkgJiGzv8mAK2RGTCyhTHF7K2EjqigzNp2KDcFffnmVtC5qvlfz7y+r9ZsijjKcwCmcgw9XUIc7aEATGAzhGV7hzRHOi/PufCxaS04xcwx/4Hz+AF8Ajdc=</latexit><latexit sha1_base64="iwrF5eTjAroVOP1wLESoR7Qq+oc=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTAXXxvO+ndLa+sbmVnm7srO7t3/gHh61dJIphk2WiER1QqpRcIlNw43ATqqQxqHAdji+nfntJ1SaJ/LRTFIMYjqUPOKMGis9qL7su1Wv5s1BVolfkCoUaPTdr94gYVmM0jBBte76XmqCnCrDmcBppZdpTCkb0yF2LZU0Rh3k81On5MwqAxIlypY0ZK7+nshprPUkDm1nTM1IL3sz8T+vm5noOsi5TDODki0WRZkgJiGzv8mAK2RGTCyhTHF7K2EjqigzNp2KDcFffnmVtC5qvlfz7y+r9ZsijjKcwCmcgw9XUIc7aEATGAzhGV7hzRHOi/PufCxaS04xcwx/4Hz+AF8Ajdc=</latexit><latexit sha1_base64="iwrF5eTjAroVOP1wLESoR7Qq+oc=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTAXXxvO+ndLa+sbmVnm7srO7t3/gHh61dJIphk2WiER1QqpRcIlNw43ATqqQxqHAdji+nfntJ1SaJ/LRTFIMYjqUPOKMGis9qL7su1Wv5s1BVolfkCoUaPTdr94gYVmM0jBBte76XmqCnCrDmcBppZdpTCkb0yF2LZU0Rh3k81On5MwqAxIlypY0ZK7+nshprPUkDm1nTM1IL3sz8T+vm5noOsi5TDODki0WRZkgJiGzv8mAK2RGTCyhTHF7K2EjqigzNp2KDcFffnmVtC5qvlfz7y+r9ZsijjKcwCmcgw9XUIc7aEATGAzhGV7hzRHOi/PufCxaS04xcwx/4Hz+AF8Ajdc=</latexit>

zk|⇢2
iid⇠ N (0, ⇢2)

<latexit sha1_base64="fnD6JLgG9Dx+QW3l8pUwfeUvaJE=">AAACIHicbVDLSsNAFJ3UV62vqEs3g0WoICUpQl0W3biSCvYBTQyTyaQdOnkwMxFqzKe48VfcuFBEd/o1TtostPXAhcM593LvPW7MqJCG8aWVlpZXVtfK65WNza3tHX13ryuihGPSwRGLeN9FgjAako6kkpF+zAkKXEZ67vgi93t3hAsahTdyEhM7QMOQ+hQjqSRHb947Y/gALT6KbhvQEhLhMScspdTLUkvQIINWgOQII5ZeZTXjZNZ57OhVo25MAReJWZAqKNB29E/Li3ASkFBihoQYmEYs7RRxSTEjWcVKBInVcjQkA0VDFBBhp9MHM3ikFA/6EVcVSjhVf0+kKBBiEriqMz9WzHu5+J83SKR/Zqc0jBNJQjxb5CcMygjmaUGPcoIlmyiCMKfqVohHiCMsVaYVFYI5//Ii6TbqplE3r0+rrfMijjI4AIegBkzQBC1wCdqgAzB4BM/gFbxpT9qL9q59zFpLWjGzD/5A+/4BfqWjJA==</latexit><latexit sha1_base64="fnD6JLgG9Dx+QW3l8pUwfeUvaJE=">AAACIHicbVDLSsNAFJ3UV62vqEs3g0WoICUpQl0W3biSCvYBTQyTyaQdOnkwMxFqzKe48VfcuFBEd/o1TtostPXAhcM593LvPW7MqJCG8aWVlpZXVtfK65WNza3tHX13ryuihGPSwRGLeN9FgjAako6kkpF+zAkKXEZ67vgi93t3hAsahTdyEhM7QMOQ+hQjqSRHb947Y/gALT6KbhvQEhLhMScspdTLUkvQIINWgOQII5ZeZTXjZNZ57OhVo25MAReJWZAqKNB29E/Li3ASkFBihoQYmEYs7RRxSTEjWcVKBInVcjQkA0VDFBBhp9MHM3ikFA/6EVcVSjhVf0+kKBBiEriqMz9WzHu5+J83SKR/Zqc0jBNJQjxb5CcMygjmaUGPcoIlmyiCMKfqVohHiCMsVaYVFYI5//Ii6TbqplE3r0+rrfMijjI4AIegBkzQBC1wCdqgAzB4BM/gFbxpT9qL9q59zFpLWjGzD/5A+/4BfqWjJA==</latexit><latexit sha1_base64="fnD6JLgG9Dx+QW3l8pUwfeUvaJE=">AAACIHicbVDLSsNAFJ3UV62vqEs3g0WoICUpQl0W3biSCvYBTQyTyaQdOnkwMxFqzKe48VfcuFBEd/o1TtostPXAhcM593LvPW7MqJCG8aWVlpZXVtfK65WNza3tHX13ryuihGPSwRGLeN9FgjAako6kkpF+zAkKXEZ67vgi93t3hAsahTdyEhM7QMOQ+hQjqSRHb947Y/gALT6KbhvQEhLhMScspdTLUkvQIINWgOQII5ZeZTXjZNZ57OhVo25MAReJWZAqKNB29E/Li3ASkFBihoQYmEYs7RRxSTEjWcVKBInVcjQkA0VDFBBhp9MHM3ikFA/6EVcVSjhVf0+kKBBiEriqMz9WzHu5+J83SKR/Zqc0jBNJQjxb5CcMygjmaUGPcoIlmyiCMKfqVohHiCMsVaYVFYI5//Ii6TbqplE3r0+rrfMijjI4AIegBkzQBC1wCdqgAzB4BM/gFbxpT9qL9q59zFpLWjGzD/5A+/4BfqWjJA==</latexit><latexit sha1_base64="fnD6JLgG9Dx+QW3l8pUwfeUvaJE=">AAACIHicbVDLSsNAFJ3UV62vqEs3g0WoICUpQl0W3biSCvYBTQyTyaQdOnkwMxFqzKe48VfcuFBEd/o1TtostPXAhcM593LvPW7MqJCG8aWVlpZXVtfK65WNza3tHX13ryuihGPSwRGLeN9FgjAako6kkpF+zAkKXEZ67vgi93t3hAsahTdyEhM7QMOQ+hQjqSRHb947Y/gALT6KbhvQEhLhMScspdTLUkvQIINWgOQII5ZeZTXjZNZ57OhVo25MAReJWZAqKNB29E/Li3ASkFBihoQYmEYs7RRxSTEjWcVKBInVcjQkA0VDFBBhp9MHM3ikFA/6EVcVSjhVf0+kKBBiEriqMz9WzHu5+J83SKR/Zqc0jBNJQjxb5CcMygjmaUGPcoIlmyiCMKfqVohHiCMsVaYVFYI5//Ii6TbqplE3r0+rrfMijjI4AIegBkzQBC1wCdqgAzB4BM/gFbxpT9qL9q59zFpLWjGzD/5A+/4BfqWjJA==</latexit>

yn|�, z,�2 indep⇠ N (�Txn + zk(n)rn,�
2)

<latexit sha1_base64="OsYP1L0f+D0RPgfm+9vgewkEVUA="></latexit><latexit sha1_base64="OsYP1L0f+D0RPgfm+9vgewkEVUA="></latexit><latexit sha1_base64="OsYP1L0f+D0RPgfm+9vgewkEVUA="></latexit><latexit sha1_base64="OsYP1L0f+D0RPgfm+9vgewkEVUA="></latexit>

� ⇠ N (0,⌃)
<latexit sha1_base64="B7725VxMXW6popKReveYLMPq2Mk=">AAACCnicbVBNS8NAEN3Ur1q/oh69rBahgpREBD0WvXiSivYDmlAm2227dDcJuxuhhJ69+Fe8eFDEq7/Am//GTZuDVh8MPN6bYWZeEHOmtON8WYWFxaXlleJqaW19Y3PL3t5pqiiRhDZIxCPZDkBRzkLa0Exz2o4lBRFw2gpGl5nfuqdSsSi80+OY+gIGIeszAtpIXXvfC6gG7CkmsCdADwnw9HpScY6xd8sGAo66dtmpOlPgv8TNSRnlqHftT68XkUTQUBMOSnVcJ9Z+ClIzwumk5CWKxkBGMKAdQ0MQVPnp9JUJPjRKD/cjaSrUeKr+nEhBKDUWgenMrlXzXib+53US3T/3UxbGiaYhmS3qJxzrCGe54B6TlGg+NgSIZOZWTIYggWiTXsmE4M6//Jc0T6quU3VvTsu1izyOItpDB6iCXHSGaugK1VEDEfSAntALerUerWfrzXqftRasfGYX/YL18Q1kRplo</latexit><latexit sha1_base64="B7725VxMXW6popKReveYLMPq2Mk=">AAACCnicbVBNS8NAEN3Ur1q/oh69rBahgpREBD0WvXiSivYDmlAm2227dDcJuxuhhJ69+Fe8eFDEq7/Am//GTZuDVh8MPN6bYWZeEHOmtON8WYWFxaXlleJqaW19Y3PL3t5pqiiRhDZIxCPZDkBRzkLa0Exz2o4lBRFw2gpGl5nfuqdSsSi80+OY+gIGIeszAtpIXXvfC6gG7CkmsCdADwnw9HpScY6xd8sGAo66dtmpOlPgv8TNSRnlqHftT68XkUTQUBMOSnVcJ9Z+ClIzwumk5CWKxkBGMKAdQ0MQVPnp9JUJPjRKD/cjaSrUeKr+nEhBKDUWgenMrlXzXib+53US3T/3UxbGiaYhmS3qJxzrCGe54B6TlGg+NgSIZOZWTIYggWiTXsmE4M6//Jc0T6quU3VvTsu1izyOItpDB6iCXHSGaugK1VEDEfSAntALerUerWfrzXqftRasfGYX/YL18Q1kRplo</latexit><latexit sha1_base64="B7725VxMXW6popKReveYLMPq2Mk=">AAACCnicbVBNS8NAEN3Ur1q/oh69rBahgpREBD0WvXiSivYDmlAm2227dDcJuxuhhJ69+Fe8eFDEq7/Am//GTZuDVh8MPN6bYWZeEHOmtON8WYWFxaXlleJqaW19Y3PL3t5pqiiRhDZIxCPZDkBRzkLa0Exz2o4lBRFw2gpGl5nfuqdSsSi80+OY+gIGIeszAtpIXXvfC6gG7CkmsCdADwnw9HpScY6xd8sGAo66dtmpOlPgv8TNSRnlqHftT68XkUTQUBMOSnVcJ9Z+ClIzwumk5CWKxkBGMKAdQ0MQVPnp9JUJPjRKD/cjaSrUeKr+nEhBKDUWgenMrlXzXib+53US3T/3UxbGiaYhmS3qJxzrCGe54B6TlGg+NgSIZOZWTIYggWiTXsmE4M6//Jc0T6quU3VvTsu1izyOItpDB6iCXHSGaugK1VEDEfSAntALerUerWfrzXqftRasfGYX/YL18Q1kRplo</latexit><latexit sha1_base64="B7725VxMXW6popKReveYLMPq2Mk=">AAACCnicbVBNS8NAEN3Ur1q/oh69rBahgpREBD0WvXiSivYDmlAm2227dDcJuxuhhJ69+Fe8eFDEq7/Am//GTZuDVh8MPN6bYWZeEHOmtON8WYWFxaXlleJqaW19Y3PL3t5pqiiRhDZIxCPZDkBRzkLa0Exz2o4lBRFw2gpGl5nfuqdSsSi80+OY+gIGIeszAtpIXXvfC6gG7CkmsCdADwnw9HpScY6xd8sGAo66dtmpOlPgv8TNSRnlqHftT68XkUTQUBMOSnVcJ9Z+ClIzwumk5CWKxkBGMKAdQ0MQVPnp9JUJPjRKD/cjaSrUeKr+nEhBKDUWgenMrlXzXib+53US3T/3UxbGiaYhmS3qJxzrCGe54B6TlGg+NgSIZOZWTIYggWiTXsmE4M6//Jc0T6quU3VvTsu1izyOItpDB6iCXHSGaugK1VEDEfSAntALerUerWfrzXqftRasfGYX/YL18Q1kRplo</latexit>

(�2)�1 ⇠ Gamma(a�2 , b�2)
<latexit sha1_base64="bNpOlFas2LsIPaYf94qwR220qPg=">AAACKnicbVDLSgMxFM3UV62vqks3wSK0oGWmCLr0sdBlBatCX9xJ0zaYzAzJHbEM8z1u/BU3XSjFrR9iWmfh60Dg5JxzSe7xIykMuu7Eyc3NLywu5ZcLK6tr6xvFza0bE8aa8QYLZajvfDBcioA3UKDkd5HmoHzJb/3786l/+8C1EWFwjaOItxUMAtEXDNBK3eJpuWXEQEEnqaWVTnLgpdQKiraQP6JWyQUoBWkZukmWq6X71P92q3SLJbfqzkD/Ei8jJZKh3i2OW72QxYoHyCQY0/TcCNsJaBRM8rTQig2PgN3DgDctDUBx005mq6Z0zyo92g+1PQHSmfp9IgFlzEj5NqkAh+a3NxX/85ox9o/biQiiGHnAvh7qx5JiSKe90Z7QnKEcWQJMC/tXyoaggaFtt2BL8H6v/Jfc1KqeW/WuDksnZ1kdebJDdkmZeOSInJBLUicNwsgTeSGv5M15dsbOxHn/iuacbGab/IDz8Qnx3Kb3</latexit><latexit sha1_base64="bNpOlFas2LsIPaYf94qwR220qPg=">AAACKnicbVDLSgMxFM3UV62vqks3wSK0oGWmCLr0sdBlBatCX9xJ0zaYzAzJHbEM8z1u/BU3XSjFrR9iWmfh60Dg5JxzSe7xIykMuu7Eyc3NLywu5ZcLK6tr6xvFza0bE8aa8QYLZajvfDBcioA3UKDkd5HmoHzJb/3786l/+8C1EWFwjaOItxUMAtEXDNBK3eJpuWXEQEEnqaWVTnLgpdQKiraQP6JWyQUoBWkZukmWq6X71P92q3SLJbfqzkD/Ei8jJZKh3i2OW72QxYoHyCQY0/TcCNsJaBRM8rTQig2PgN3DgDctDUBx005mq6Z0zyo92g+1PQHSmfp9IgFlzEj5NqkAh+a3NxX/85ox9o/biQiiGHnAvh7qx5JiSKe90Z7QnKEcWQJMC/tXyoaggaFtt2BL8H6v/Jfc1KqeW/WuDksnZ1kdebJDdkmZeOSInJBLUicNwsgTeSGv5M15dsbOxHn/iuacbGab/IDz8Qnx3Kb3</latexit><latexit sha1_base64="bNpOlFas2LsIPaYf94qwR220qPg=">AAACKnicbVDLSgMxFM3UV62vqks3wSK0oGWmCLr0sdBlBatCX9xJ0zaYzAzJHbEM8z1u/BU3XSjFrR9iWmfh60Dg5JxzSe7xIykMuu7Eyc3NLywu5ZcLK6tr6xvFza0bE8aa8QYLZajvfDBcioA3UKDkd5HmoHzJb/3786l/+8C1EWFwjaOItxUMAtEXDNBK3eJpuWXEQEEnqaWVTnLgpdQKiraQP6JWyQUoBWkZukmWq6X71P92q3SLJbfqzkD/Ei8jJZKh3i2OW72QxYoHyCQY0/TcCNsJaBRM8rTQig2PgN3DgDctDUBx005mq6Z0zyo92g+1PQHSmfp9IgFlzEj5NqkAh+a3NxX/85ox9o/biQiiGHnAvh7qx5JiSKe90Z7QnKEcWQJMC/tXyoaggaFtt2BL8H6v/Jfc1KqeW/WuDksnZ1kdebJDdkmZeOSInJBLUicNwsgTeSGv5M15dsbOxHn/iuacbGab/IDz8Qnx3Kb3</latexit><latexit sha1_base64="bNpOlFas2LsIPaYf94qwR220qPg=">AAACKnicbVDLSgMxFM3UV62vqks3wSK0oGWmCLr0sdBlBatCX9xJ0zaYzAzJHbEM8z1u/BU3XSjFrR9iWmfh60Dg5JxzSe7xIykMuu7Eyc3NLywu5ZcLK6tr6xvFza0bE8aa8QYLZajvfDBcioA3UKDkd5HmoHzJb/3786l/+8C1EWFwjaOItxUMAtEXDNBK3eJpuWXEQEEnqaWVTnLgpdQKiraQP6JWyQUoBWkZukmWq6X71P92q3SLJbfqzkD/Ei8jJZKh3i2OW72QxYoHyCQY0/TcCNsJaBRM8rTQig2PgN3DgDctDUBx005mq6Z0zyo92g+1PQHSmfp9IgFlzEj5NqkAh+a3NxX/85ox9o/biQiiGHnAvh7qx5JiSKe90Z7QnKEcWQJMC/tXyoaggaFtt2BL8H6v/Jfc1KqeW/WuDksnZ1kdebJDdkmZeOSInJBLUicNwsgTeSGv5M15dsbOxHn/iuacbGab/IDz8Qnx3Kb3</latexit>

(⇢2)�1 ⇠ Gamma(a⇢2 , b⇢2)
<latexit sha1_base64="n2oUHbsV/HPMV0iPGGjsCvUbUkI=">AAACJHicbVDLSgMxFM3Ud31VXboJFqGClpkiKLgRXehSwdZCp5Y7adqGJjNDckcsw3yMG3/FjQsfuHDjt5jWIr4OBA7nnMvNPUEshUHXfXNyE5NT0zOzc/n5hcWl5cLKas1EiWa8yiIZ6XoAhksR8ioKlLweaw4qkPwy6B8P/ctrro2IwgscxLypoBuKjmCAVmoVDkq+7kVXaSXbukp3vIz6RijqI79BrdITUAqyErTSUaqSbdPgi2+1CkW37I5A/xJvTIpkjLNW4dlvRyxRPEQmwZiG58bYTEGjYJJneT8xPAbWhy5vWBqC4qaZjo7M6KZV2rQTaftCpCP1+0QKypiBCmxSAfbMb28o/uc1EuzsN1MRxgnykH0u6iSSYkSHjdG20JyhHFgCTAv7V8p6oIGh7TVvS/B+n/yX1Cplzy1757vFw6NxHbNknWyQEvHIHjkkp+SMVAkjt+SePJIn5855cF6c189ozhnPrJEfcN4/APenpGM=</latexit><latexit sha1_base64="n2oUHbsV/HPMV0iPGGjsCvUbUkI=">AAACJHicbVDLSgMxFM3Ud31VXboJFqGClpkiKLgRXehSwdZCp5Y7adqGJjNDckcsw3yMG3/FjQsfuHDjt5jWIr4OBA7nnMvNPUEshUHXfXNyE5NT0zOzc/n5hcWl5cLKas1EiWa8yiIZ6XoAhksR8ioKlLweaw4qkPwy6B8P/ctrro2IwgscxLypoBuKjmCAVmoVDkq+7kVXaSXbukp3vIz6RijqI79BrdITUAqyErTSUaqSbdPgi2+1CkW37I5A/xJvTIpkjLNW4dlvRyxRPEQmwZiG58bYTEGjYJJneT8xPAbWhy5vWBqC4qaZjo7M6KZV2rQTaftCpCP1+0QKypiBCmxSAfbMb28o/uc1EuzsN1MRxgnykH0u6iSSYkSHjdG20JyhHFgCTAv7V8p6oIGh7TVvS/B+n/yX1Cplzy1757vFw6NxHbNknWyQEvHIHjkkp+SMVAkjt+SePJIn5855cF6c189ozhnPrJEfcN4/APenpGM=</latexit><latexit sha1_base64="n2oUHbsV/HPMV0iPGGjsCvUbUkI=">AAACJHicbVDLSgMxFM3Ud31VXboJFqGClpkiKLgRXehSwdZCp5Y7adqGJjNDckcsw3yMG3/FjQsfuHDjt5jWIr4OBA7nnMvNPUEshUHXfXNyE5NT0zOzc/n5hcWl5cLKas1EiWa8yiIZ6XoAhksR8ioKlLweaw4qkPwy6B8P/ctrro2IwgscxLypoBuKjmCAVmoVDkq+7kVXaSXbukp3vIz6RijqI79BrdITUAqyErTSUaqSbdPgi2+1CkW37I5A/xJvTIpkjLNW4dlvRyxRPEQmwZiG58bYTEGjYJJneT8xPAbWhy5vWBqC4qaZjo7M6KZV2rQTaftCpCP1+0QKypiBCmxSAfbMb28o/uc1EuzsN1MRxgnykH0u6iSSYkSHjdG20JyhHFgCTAv7V8p6oIGh7TVvS/B+n/yX1Cplzy1757vFw6NxHbNknWyQEvHIHjkkp+SMVAkjt+SePJIn5855cF6c189ozhnPrJEfcN4/APenpGM=</latexit><latexit sha1_base64="n2oUHbsV/HPMV0iPGGjsCvUbUkI=">AAACJHicbVDLSgMxFM3Ud31VXboJFqGClpkiKLgRXehSwdZCp5Y7adqGJjNDckcsw3yMG3/FjQsfuHDjt5jWIr4OBA7nnMvNPUEshUHXfXNyE5NT0zOzc/n5hcWl5cLKas1EiWa8yiIZ6XoAhksR8ioKlLweaw4qkPwy6B8P/ctrro2IwgscxLypoBuKjmCAVmoVDkq+7kVXaSXbukp3vIz6RijqI79BrdITUAqyErTSUaqSbdPgi2+1CkW37I5A/xJvTIpkjLNW4dlvRyxRPEQmwZiG58bYTEGjYJJneT8xPAbWhy5vWBqC4qaZjo7M6KZV2rQTaftCpCP1+0QKypiBCmxSAfbMb28o/uc1EuzsN1MRxgnykH0u6iSSYkSHjdG20JyhHFgCTAv7V8p6oIGh7TVvS/B+n/yX1Cplzy1757vFw6NxHbNknWyQEvHIHjkkp+SMVAkjt+SePJIn5855cF6c189ozhnPrJEfcN4/APenpGM=</latexit>

[Giordano, Broderick, Jordan 2015]

(⇢2)�1
<latexit sha1_base64="SM6AZaKcQQI0S/3U9RT2N1DA0Xk=">AAAB9HicbVBNSwMxEJ31s9avqkcvwSLUg2W3CHosevFYwX5Auy3ZNNuGZpM1yRbK0t/hxYMiXv0x3vw3pu0etPXBwOO9GWbmBTFn2rjut7O2vrG5tZ3bye/u7R8cFo6OG1omitA6kVyqVoA15UzQumGG01asKI4CTpvB6G7mN8dUaSbFo5nE1I/wQLCQEWys5Jc6aii7lYtueulNe4WiW3bnQKvEy0gRMtR6ha9OX5IkosIQjrVue25s/BQrwwin03wn0TTGZIQHtG2pwBHVfjo/eorOrdJHoVS2hEFz9fdEiiOtJ1FgOyNshnrZm4n/ee3EhDd+ykScGCrIYlGYcGQkmiWA+kxRYvjEEkwUs7ciMsQKE2NzytsQvOWXV0mjUvbcsvdwVazeZnHk4BTOoAQeXEMV7qEGdSDwBM/wCm/O2Hlx3p2PReuak82cwB84nz9tVJE2</latexit><latexit sha1_base64="SM6AZaKcQQI0S/3U9RT2N1DA0Xk=">AAAB9HicbVBNSwMxEJ31s9avqkcvwSLUg2W3CHosevFYwX5Auy3ZNNuGZpM1yRbK0t/hxYMiXv0x3vw3pu0etPXBwOO9GWbmBTFn2rjut7O2vrG5tZ3bye/u7R8cFo6OG1omitA6kVyqVoA15UzQumGG01asKI4CTpvB6G7mN8dUaSbFo5nE1I/wQLCQEWys5Jc6aii7lYtueulNe4WiW3bnQKvEy0gRMtR6ha9OX5IkosIQjrVue25s/BQrwwin03wn0TTGZIQHtG2pwBHVfjo/eorOrdJHoVS2hEFz9fdEiiOtJ1FgOyNshnrZm4n/ee3EhDd+ykScGCrIYlGYcGQkmiWA+kxRYvjEEkwUs7ciMsQKE2NzytsQvOWXV0mjUvbcsvdwVazeZnHk4BTOoAQeXEMV7qEGdSDwBM/wCm/O2Hlx3p2PReuak82cwB84nz9tVJE2</latexit><latexit sha1_base64="SM6AZaKcQQI0S/3U9RT2N1DA0Xk=">AAAB9HicbVBNSwMxEJ31s9avqkcvwSLUg2W3CHosevFYwX5Auy3ZNNuGZpM1yRbK0t/hxYMiXv0x3vw3pu0etPXBwOO9GWbmBTFn2rjut7O2vrG5tZ3bye/u7R8cFo6OG1omitA6kVyqVoA15UzQumGG01asKI4CTpvB6G7mN8dUaSbFo5nE1I/wQLCQEWys5Jc6aii7lYtueulNe4WiW3bnQKvEy0gRMtR6ha9OX5IkosIQjrVue25s/BQrwwin03wn0TTGZIQHtG2pwBHVfjo/eorOrdJHoVS2hEFz9fdEiiOtJ1FgOyNshnrZm4n/ee3EhDd+ykScGCrIYlGYcGQkmiWA+kxRYvjEEkwUs7ciMsQKE2NzytsQvOWXV0mjUvbcsvdwVazeZnHk4BTOoAQeXEMV7qEGdSDwBM/wCm/O2Hlx3p2PReuak82cwB84nz9tVJE2</latexit><latexit sha1_base64="SM6AZaKcQQI0S/3U9RT2N1DA0Xk=">AAAB9HicbVBNSwMxEJ31s9avqkcvwSLUg2W3CHosevFYwX5Auy3ZNNuGZpM1yRbK0t/hxYMiXv0x3vw3pu0etPXBwOO9GWbmBTFn2rjut7O2vrG5tZ3bye/u7R8cFo6OG1omitA6kVyqVoA15UzQumGG01asKI4CTpvB6G7mN8dUaSbFo5nE1I/wQLCQEWys5Jc6aii7lYtueulNe4WiW3bnQKvEy0gRMtR6ha9OX5IkosIQjrVue25s/BQrwwin03wn0TTGZIQHtG2pwBHVfjo/eorOrdJHoVS2hEFz9fdEiiOtJ1FgOyNshnrZm4n/ee3EhDd+ykScGCrIYlGYcGQkmiWA+kxRYvjEEkwUs7ciMsQKE2NzytsQvOWXV0mjUvbcsvdwVazeZnHk4BTOoAQeXEMV7qEGdSDwBM/wCm/O2Hlx3p2PReuak82cwB84nz9tVJE2</latexit>
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Posterior means: revisited
• Want to predict college GPA 
• Collect: standardized test scores (e.g., SAT, ACT) 
• Collect: regional test scores 
• Model:

yn
<latexit sha1_base64="OJNryDDGilrRcA5fmfyi02+IeM4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7GyGE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByO/M7T6g0j+WjyRL0IzqSPOSMGis9ZAM5qNbcujsHWSVeQWpQoDmofvWHMUsjlIYJqnXPcxPj51QZzgROK/1UY0LZhI6wZ6mkEWo/n586JWdWGZIwVrakIXP190ROI62zKLCdETVjvezNxP+8XmrCaz/nMkkNSrZYFKaCmJjM/iZDrpAZkVlCmeL2VsLGVFFmbDoVG4K3/PIqaV/UPbfu3V/WGjdFHGU4gVM4Bw+uoAF30IQWMBjBM7zCmyOcF+fd+Vi0lpxi5hj+wPn8AWmqjd4=</latexit><latexit sha1_base64="OJNryDDGilrRcA5fmfyi02+IeM4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7GyGE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByO/M7T6g0j+WjyRL0IzqSPOSMGis9ZAM5qNbcujsHWSVeQWpQoDmofvWHMUsjlIYJqnXPcxPj51QZzgROK/1UY0LZhI6wZ6mkEWo/n586JWdWGZIwVrakIXP190ROI62zKLCdETVjvezNxP+8XmrCaz/nMkkNSrZYFKaCmJjM/iZDrpAZkVlCmeL2VsLGVFFmbDoVG4K3/PIqaV/UPbfu3V/WGjdFHGU4gVM4Bw+uoAF30IQWMBjBM7zCmyOcF+fd+Vi0lpxi5hj+wPn8AWmqjd4=</latexit><latexit sha1_base64="OJNryDDGilrRcA5fmfyi02+IeM4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7GyGE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByO/M7T6g0j+WjyRL0IzqSPOSMGis9ZAM5qNbcujsHWSVeQWpQoDmofvWHMUsjlIYJqnXPcxPj51QZzgROK/1UY0LZhI6wZ6mkEWo/n586JWdWGZIwVrakIXP190ROI62zKLCdETVjvezNxP+8XmrCaz/nMkkNSrZYFKaCmJjM/iZDrpAZkVlCmeL2VsLGVFFmbDoVG4K3/PIqaV/UPbfu3V/WGjdFHGU4gVM4Bw+uoAF30IQWMBjBM7zCmyOcF+fd+Vi0lpxi5hj+wPn8AWmqjd4=</latexit><latexit sha1_base64="OJNryDDGilrRcA5fmfyi02+IeM4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7GyGE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByO/M7T6g0j+WjyRL0IzqSPOSMGis9ZAM5qNbcujsHWSVeQWpQoDmofvWHMUsjlIYJqnXPcxPj51QZzgROK/1UY0LZhI6wZ6mkEWo/n586JWdWGZIwVrakIXP190ROI62zKLCdETVjvezNxP+8XmrCaz/nMkkNSrZYFKaCmJjM/iZDrpAZkVlCmeL2VsLGVFFmbDoVG4K3/PIqaV/UPbfu3V/WGjdFHGU4gVM4Bw+uoAF30IQWMBjBM7zCmyOcF+fd+Vi0lpxi5hj+wPn8AWmqjd4=</latexit>

xn
<latexit sha1_base64="4IUL7pt3vq2/tw3H113R+PZDEw4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2m3bpZhN2J2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbF6wEnC/YgOlQgFo2il+6e+6pcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4ZWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8SloXVc+teneXlfp1HkcRTuAUzsGDGtThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifP2gkjd0=</latexit><latexit sha1_base64="4IUL7pt3vq2/tw3H113R+PZDEw4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2m3bpZhN2J2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbF6wEnC/YgOlQgFo2il+6e+6pcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4ZWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8SloXVc+teneXlfp1HkcRTuAUzsGDGtThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifP2gkjd0=</latexit><latexit sha1_base64="4IUL7pt3vq2/tw3H113R+PZDEw4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2m3bpZhN2J2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbF6wEnC/YgOlQgFo2il+6e+6pcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4ZWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8SloXVc+teneXlfp1HkcRTuAUzsGDGtThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifP2gkjd0=</latexit><latexit sha1_base64="4IUL7pt3vq2/tw3H113R+PZDEw4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2m3bpZhN2J2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbF6wEnC/YgOlQgFo2il+6e+6pcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4ZWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8SloXVc+teneXlfp1HkcRTuAUzsGDGtThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifP2gkjd0=</latexit>

rn
<latexit sha1_base64="iwrF5eTjAroVOP1wLESoR7Qq+oc=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTAXXxvO+ndLa+sbmVnm7srO7t3/gHh61dJIphk2WiER1QqpRcIlNw43ATqqQxqHAdji+nfntJ1SaJ/LRTFIMYjqUPOKMGis9qL7su1Wv5s1BVolfkCoUaPTdr94gYVmM0jBBte76XmqCnCrDmcBppZdpTCkb0yF2LZU0Rh3k81On5MwqAxIlypY0ZK7+nshprPUkDm1nTM1IL3sz8T+vm5noOsi5TDODki0WRZkgJiGzv8mAK2RGTCyhTHF7K2EjqigzNp2KDcFffnmVtC5qvlfz7y+r9ZsijjKcwCmcgw9XUIc7aEATGAzhGV7hzRHOi/PufCxaS04xcwx/4Hz+AF8Ajdc=</latexit><latexit sha1_base64="iwrF5eTjAroVOP1wLESoR7Qq+oc=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTAXXxvO+ndLa+sbmVnm7srO7t3/gHh61dJIphk2WiER1QqpRcIlNw43ATqqQxqHAdji+nfntJ1SaJ/LRTFIMYjqUPOKMGis9qL7su1Wv5s1BVolfkCoUaPTdr94gYVmM0jBBte76XmqCnCrDmcBppZdpTCkb0yF2LZU0Rh3k81On5MwqAxIlypY0ZK7+nshprPUkDm1nTM1IL3sz8T+vm5noOsi5TDODki0WRZkgJiGzv8mAK2RGTCyhTHF7K2EjqigzNp2KDcFffnmVtC5qvlfz7y+r9ZsijjKcwCmcgw9XUIc7aEATGAzhGV7hzRHOi/PufCxaS04xcwx/4Hz+AF8Ajdc=</latexit><latexit sha1_base64="iwrF5eTjAroVOP1wLESoR7Qq+oc=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTAXXxvO+ndLa+sbmVnm7srO7t3/gHh61dJIphk2WiER1QqpRcIlNw43ATqqQxqHAdji+nfntJ1SaJ/LRTFIMYjqUPOKMGis9qL7su1Wv5s1BVolfkCoUaPTdr94gYVmM0jBBte76XmqCnCrDmcBppZdpTCkb0yF2LZU0Rh3k81On5MwqAxIlypY0ZK7+nshprPUkDm1nTM1IL3sz8T+vm5noOsi5TDODki0WRZkgJiGzv8mAK2RGTCyhTHF7K2EjqigzNp2KDcFffnmVtC5qvlfz7y+r9ZsijjKcwCmcgw9XUIc7aEATGAzhGV7hzRHOi/PufCxaS04xcwx/4Hz+AF8Ajdc=</latexit><latexit sha1_base64="iwrF5eTjAroVOP1wLESoR7Qq+oc=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTAXXxvO+ndLa+sbmVnm7srO7t3/gHh61dJIphk2WiER1QqpRcIlNw43ATqqQxqHAdji+nfntJ1SaJ/LRTFIMYjqUPOKMGis9qL7su1Wv5s1BVolfkCoUaPTdr94gYVmM0jBBte76XmqCnCrDmcBppZdpTCkb0yF2LZU0Rh3k81On5MwqAxIlypY0ZK7+nshprPUkDm1nTM1IL3sz8T+vm5noOsi5TDODki0WRZkgJiGzv8mAK2RGTCyhTHF7K2EjqigzNp2KDcFffnmVtC5qvlfz7y+r9ZsijjKcwCmcgw9XUIc7aEATGAzhGV7hzRHOi/PufCxaS04xcwx/4Hz+AF8Ajdc=</latexit>

zk|⇢2
iid⇠ N (0, ⇢2)

<latexit sha1_base64="fnD6JLgG9Dx+QW3l8pUwfeUvaJE=">AAACIHicbVDLSsNAFJ3UV62vqEs3g0WoICUpQl0W3biSCvYBTQyTyaQdOnkwMxFqzKe48VfcuFBEd/o1TtostPXAhcM593LvPW7MqJCG8aWVlpZXVtfK65WNza3tHX13ryuihGPSwRGLeN9FgjAako6kkpF+zAkKXEZ67vgi93t3hAsahTdyEhM7QMOQ+hQjqSRHb947Y/gALT6KbhvQEhLhMScspdTLUkvQIINWgOQII5ZeZTXjZNZ57OhVo25MAReJWZAqKNB29E/Li3ASkFBihoQYmEYs7RRxSTEjWcVKBInVcjQkA0VDFBBhp9MHM3ikFA/6EVcVSjhVf0+kKBBiEriqMz9WzHu5+J83SKR/Zqc0jBNJQjxb5CcMygjmaUGPcoIlmyiCMKfqVohHiCMsVaYVFYI5//Ii6TbqplE3r0+rrfMijjI4AIegBkzQBC1wCdqgAzB4BM/gFbxpT9qL9q59zFpLWjGzD/5A+/4BfqWjJA==</latexit><latexit sha1_base64="fnD6JLgG9Dx+QW3l8pUwfeUvaJE=">AAACIHicbVDLSsNAFJ3UV62vqEs3g0WoICUpQl0W3biSCvYBTQyTyaQdOnkwMxFqzKe48VfcuFBEd/o1TtostPXAhcM593LvPW7MqJCG8aWVlpZXVtfK65WNza3tHX13ryuihGPSwRGLeN9FgjAako6kkpF+zAkKXEZ67vgi93t3hAsahTdyEhM7QMOQ+hQjqSRHb947Y/gALT6KbhvQEhLhMScspdTLUkvQIINWgOQII5ZeZTXjZNZ57OhVo25MAReJWZAqKNB29E/Li3ASkFBihoQYmEYs7RRxSTEjWcVKBInVcjQkA0VDFBBhp9MHM3ikFA/6EVcVSjhVf0+kKBBiEriqMz9WzHu5+J83SKR/Zqc0jBNJQjxb5CcMygjmaUGPcoIlmyiCMKfqVohHiCMsVaYVFYI5//Ii6TbqplE3r0+rrfMijjI4AIegBkzQBC1wCdqgAzB4BM/gFbxpT9qL9q59zFpLWjGzD/5A+/4BfqWjJA==</latexit><latexit sha1_base64="fnD6JLgG9Dx+QW3l8pUwfeUvaJE=">AAACIHicbVDLSsNAFJ3UV62vqEs3g0WoICUpQl0W3biSCvYBTQyTyaQdOnkwMxFqzKe48VfcuFBEd/o1TtostPXAhcM593LvPW7MqJCG8aWVlpZXVtfK65WNza3tHX13ryuihGPSwRGLeN9FgjAako6kkpF+zAkKXEZ67vgi93t3hAsahTdyEhM7QMOQ+hQjqSRHb947Y/gALT6KbhvQEhLhMScspdTLUkvQIINWgOQII5ZeZTXjZNZ57OhVo25MAReJWZAqKNB29E/Li3ASkFBihoQYmEYs7RRxSTEjWcVKBInVcjQkA0VDFBBhp9MHM3ikFA/6EVcVSjhVf0+kKBBiEriqMz9WzHu5+J83SKR/Zqc0jBNJQjxb5CcMygjmaUGPcoIlmyiCMKfqVohHiCMsVaYVFYI5//Ii6TbqplE3r0+rrfMijjI4AIegBkzQBC1wCdqgAzB4BM/gFbxpT9qL9q59zFpLWjGzD/5A+/4BfqWjJA==</latexit><latexit sha1_base64="fnD6JLgG9Dx+QW3l8pUwfeUvaJE=">AAACIHicbVDLSsNAFJ3UV62vqEs3g0WoICUpQl0W3biSCvYBTQyTyaQdOnkwMxFqzKe48VfcuFBEd/o1TtostPXAhcM593LvPW7MqJCG8aWVlpZXVtfK65WNza3tHX13ryuihGPSwRGLeN9FgjAako6kkpF+zAkKXEZ67vgi93t3hAsahTdyEhM7QMOQ+hQjqSRHb947Y/gALT6KbhvQEhLhMScspdTLUkvQIINWgOQII5ZeZTXjZNZ57OhVo25MAReJWZAqKNB29E/Li3ASkFBihoQYmEYs7RRxSTEjWcVKBInVcjQkA0VDFBBhp9MHM3ikFA/6EVcVSjhVf0+kKBBiEriqMz9WzHu5+J83SKR/Zqc0jBNJQjxb5CcMygjmaUGPcoIlmyiCMKfqVohHiCMsVaYVFYI5//Ii6TbqplE3r0+rrfMijjI4AIegBkzQBC1wCdqgAzB4BM/gFbxpT9qL9q59zFpLWjGzD/5A+/4BfqWjJA==</latexit>

yn|�, z,�2 indep⇠ N (�Txn + zk(n)rn,�
2)

<latexit sha1_base64="OsYP1L0f+D0RPgfm+9vgewkEVUA="></latexit><latexit sha1_base64="OsYP1L0f+D0RPgfm+9vgewkEVUA="></latexit><latexit sha1_base64="OsYP1L0f+D0RPgfm+9vgewkEVUA="></latexit><latexit sha1_base64="OsYP1L0f+D0RPgfm+9vgewkEVUA="></latexit>

� ⇠ N (0,⌃)
<latexit sha1_base64="B7725VxMXW6popKReveYLMPq2Mk=">AAACCnicbVBNS8NAEN3Ur1q/oh69rBahgpREBD0WvXiSivYDmlAm2227dDcJuxuhhJ69+Fe8eFDEq7/Am//GTZuDVh8MPN6bYWZeEHOmtON8WYWFxaXlleJqaW19Y3PL3t5pqiiRhDZIxCPZDkBRzkLa0Exz2o4lBRFw2gpGl5nfuqdSsSi80+OY+gIGIeszAtpIXXvfC6gG7CkmsCdADwnw9HpScY6xd8sGAo66dtmpOlPgv8TNSRnlqHftT68XkUTQUBMOSnVcJ9Z+ClIzwumk5CWKxkBGMKAdQ0MQVPnp9JUJPjRKD/cjaSrUeKr+nEhBKDUWgenMrlXzXib+53US3T/3UxbGiaYhmS3qJxzrCGe54B6TlGg+NgSIZOZWTIYggWiTXsmE4M6//Jc0T6quU3VvTsu1izyOItpDB6iCXHSGaugK1VEDEfSAntALerUerWfrzXqftRasfGYX/YL18Q1kRplo</latexit><latexit sha1_base64="B7725VxMXW6popKReveYLMPq2Mk=">AAACCnicbVBNS8NAEN3Ur1q/oh69rBahgpREBD0WvXiSivYDmlAm2227dDcJuxuhhJ69+Fe8eFDEq7/Am//GTZuDVh8MPN6bYWZeEHOmtON8WYWFxaXlleJqaW19Y3PL3t5pqiiRhDZIxCPZDkBRzkLa0Exz2o4lBRFw2gpGl5nfuqdSsSi80+OY+gIGIeszAtpIXXvfC6gG7CkmsCdADwnw9HpScY6xd8sGAo66dtmpOlPgv8TNSRnlqHftT68XkUTQUBMOSnVcJ9Z+ClIzwumk5CWKxkBGMKAdQ0MQVPnp9JUJPjRKD/cjaSrUeKr+nEhBKDUWgenMrlXzXib+53US3T/3UxbGiaYhmS3qJxzrCGe54B6TlGg+NgSIZOZWTIYggWiTXsmE4M6//Jc0T6quU3VvTsu1izyOItpDB6iCXHSGaugK1VEDEfSAntALerUerWfrzXqftRasfGYX/YL18Q1kRplo</latexit><latexit sha1_base64="B7725VxMXW6popKReveYLMPq2Mk=">AAACCnicbVBNS8NAEN3Ur1q/oh69rBahgpREBD0WvXiSivYDmlAm2227dDcJuxuhhJ69+Fe8eFDEq7/Am//GTZuDVh8MPN6bYWZeEHOmtON8WYWFxaXlleJqaW19Y3PL3t5pqiiRhDZIxCPZDkBRzkLa0Exz2o4lBRFw2gpGl5nfuqdSsSi80+OY+gIGIeszAtpIXXvfC6gG7CkmsCdADwnw9HpScY6xd8sGAo66dtmpOlPgv8TNSRnlqHftT68XkUTQUBMOSnVcJ9Z+ClIzwumk5CWKxkBGMKAdQ0MQVPnp9JUJPjRKD/cjaSrUeKr+nEhBKDUWgenMrlXzXib+53US3T/3UxbGiaYhmS3qJxzrCGe54B6TlGg+NgSIZOZWTIYggWiTXsmE4M6//Jc0T6quU3VvTsu1izyOItpDB6iCXHSGaugK1VEDEfSAntALerUerWfrzXqftRasfGYX/YL18Q1kRplo</latexit><latexit sha1_base64="B7725VxMXW6popKReveYLMPq2Mk=">AAACCnicbVBNS8NAEN3Ur1q/oh69rBahgpREBD0WvXiSivYDmlAm2227dDcJuxuhhJ69+Fe8eFDEq7/Am//GTZuDVh8MPN6bYWZeEHOmtON8WYWFxaXlleJqaW19Y3PL3t5pqiiRhDZIxCPZDkBRzkLa0Exz2o4lBRFw2gpGl5nfuqdSsSi80+OY+gIGIeszAtpIXXvfC6gG7CkmsCdADwnw9HpScY6xd8sGAo66dtmpOlPgv8TNSRnlqHftT68XkUTQUBMOSnVcJ9Z+ClIzwumk5CWKxkBGMKAdQ0MQVPnp9JUJPjRKD/cjaSrUeKr+nEhBKDUWgenMrlXzXib+53US3T/3UxbGiaYhmS3qJxzrCGe54B6TlGg+NgSIZOZWTIYggWiTXsmE4M6//Jc0T6quU3VvTsu1izyOItpDB6iCXHSGaugK1VEDEfSAntALerUerWfrzXqftRasfGYX/YL18Q1kRplo</latexit>

(�2)�1 ⇠ Gamma(a�2 , b�2)
<latexit sha1_base64="bNpOlFas2LsIPaYf94qwR220qPg=">AAACKnicbVDLSgMxFM3UV62vqks3wSK0oGWmCLr0sdBlBatCX9xJ0zaYzAzJHbEM8z1u/BU3XSjFrR9iWmfh60Dg5JxzSe7xIykMuu7Eyc3NLywu5ZcLK6tr6xvFza0bE8aa8QYLZajvfDBcioA3UKDkd5HmoHzJb/3786l/+8C1EWFwjaOItxUMAtEXDNBK3eJpuWXEQEEnqaWVTnLgpdQKiraQP6JWyQUoBWkZukmWq6X71P92q3SLJbfqzkD/Ei8jJZKh3i2OW72QxYoHyCQY0/TcCNsJaBRM8rTQig2PgN3DgDctDUBx005mq6Z0zyo92g+1PQHSmfp9IgFlzEj5NqkAh+a3NxX/85ox9o/biQiiGHnAvh7qx5JiSKe90Z7QnKEcWQJMC/tXyoaggaFtt2BL8H6v/Jfc1KqeW/WuDksnZ1kdebJDdkmZeOSInJBLUicNwsgTeSGv5M15dsbOxHn/iuacbGab/IDz8Qnx3Kb3</latexit><latexit sha1_base64="bNpOlFas2LsIPaYf94qwR220qPg=">AAACKnicbVDLSgMxFM3UV62vqks3wSK0oGWmCLr0sdBlBatCX9xJ0zaYzAzJHbEM8z1u/BU3XSjFrR9iWmfh60Dg5JxzSe7xIykMuu7Eyc3NLywu5ZcLK6tr6xvFza0bE8aa8QYLZajvfDBcioA3UKDkd5HmoHzJb/3786l/+8C1EWFwjaOItxUMAtEXDNBK3eJpuWXEQEEnqaWVTnLgpdQKiraQP6JWyQUoBWkZukmWq6X71P92q3SLJbfqzkD/Ei8jJZKh3i2OW72QxYoHyCQY0/TcCNsJaBRM8rTQig2PgN3DgDctDUBx005mq6Z0zyo92g+1PQHSmfp9IgFlzEj5NqkAh+a3NxX/85ox9o/biQiiGHnAvh7qx5JiSKe90Z7QnKEcWQJMC/tXyoaggaFtt2BL8H6v/Jfc1KqeW/WuDksnZ1kdebJDdkmZeOSInJBLUicNwsgTeSGv5M15dsbOxHn/iuacbGab/IDz8Qnx3Kb3</latexit><latexit sha1_base64="bNpOlFas2LsIPaYf94qwR220qPg=">AAACKnicbVDLSgMxFM3UV62vqks3wSK0oGWmCLr0sdBlBatCX9xJ0zaYzAzJHbEM8z1u/BU3XSjFrR9iWmfh60Dg5JxzSe7xIykMuu7Eyc3NLywu5ZcLK6tr6xvFza0bE8aa8QYLZajvfDBcioA3UKDkd5HmoHzJb/3786l/+8C1EWFwjaOItxUMAtEXDNBK3eJpuWXEQEEnqaWVTnLgpdQKiraQP6JWyQUoBWkZukmWq6X71P92q3SLJbfqzkD/Ei8jJZKh3i2OW72QxYoHyCQY0/TcCNsJaBRM8rTQig2PgN3DgDctDUBx005mq6Z0zyo92g+1PQHSmfp9IgFlzEj5NqkAh+a3NxX/85ox9o/biQiiGHnAvh7qx5JiSKe90Z7QnKEcWQJMC/tXyoaggaFtt2BL8H6v/Jfc1KqeW/WuDksnZ1kdebJDdkmZeOSInJBLUicNwsgTeSGv5M15dsbOxHn/iuacbGab/IDz8Qnx3Kb3</latexit><latexit sha1_base64="bNpOlFas2LsIPaYf94qwR220qPg=">AAACKnicbVDLSgMxFM3UV62vqks3wSK0oGWmCLr0sdBlBatCX9xJ0zaYzAzJHbEM8z1u/BU3XSjFrR9iWmfh60Dg5JxzSe7xIykMuu7Eyc3NLywu5ZcLK6tr6xvFza0bE8aa8QYLZajvfDBcioA3UKDkd5HmoHzJb/3786l/+8C1EWFwjaOItxUMAtEXDNBK3eJpuWXEQEEnqaWVTnLgpdQKiraQP6JWyQUoBWkZukmWq6X71P92q3SLJbfqzkD/Ei8jJZKh3i2OW72QxYoHyCQY0/TcCNsJaBRM8rTQig2PgN3DgDctDUBx005mq6Z0zyo92g+1PQHSmfp9IgFlzEj5NqkAh+a3NxX/85ox9o/biQiiGHnAvh7qx5JiSKe90Z7QnKEcWQJMC/tXyoaggaFtt2BL8H6v/Jfc1KqeW/WuDksnZ1kdebJDdkmZeOSInJBLUicNwsgTeSGv5M15dsbOxHn/iuacbGab/IDz8Qnx3Kb3</latexit>

(⇢2)�1 ⇠ Gamma(a⇢2 , b⇢2)
<latexit sha1_base64="n2oUHbsV/HPMV0iPGGjsCvUbUkI=">AAACJHicbVDLSgMxFM3Ud31VXboJFqGClpkiKLgRXehSwdZCp5Y7adqGJjNDckcsw3yMG3/FjQsfuHDjt5jWIr4OBA7nnMvNPUEshUHXfXNyE5NT0zOzc/n5hcWl5cLKas1EiWa8yiIZ6XoAhksR8ioKlLweaw4qkPwy6B8P/ctrro2IwgscxLypoBuKjmCAVmoVDkq+7kVXaSXbukp3vIz6RijqI79BrdITUAqyErTSUaqSbdPgi2+1CkW37I5A/xJvTIpkjLNW4dlvRyxRPEQmwZiG58bYTEGjYJJneT8xPAbWhy5vWBqC4qaZjo7M6KZV2rQTaftCpCP1+0QKypiBCmxSAfbMb28o/uc1EuzsN1MRxgnykH0u6iSSYkSHjdG20JyhHFgCTAv7V8p6oIGh7TVvS/B+n/yX1Cplzy1757vFw6NxHbNknWyQEvHIHjkkp+SMVAkjt+SePJIn5855cF6c189ozhnPrJEfcN4/APenpGM=</latexit><latexit sha1_base64="n2oUHbsV/HPMV0iPGGjsCvUbUkI=">AAACJHicbVDLSgMxFM3Ud31VXboJFqGClpkiKLgRXehSwdZCp5Y7adqGJjNDckcsw3yMG3/FjQsfuHDjt5jWIr4OBA7nnMvNPUEshUHXfXNyE5NT0zOzc/n5hcWl5cLKas1EiWa8yiIZ6XoAhksR8ioKlLweaw4qkPwy6B8P/ctrro2IwgscxLypoBuKjmCAVmoVDkq+7kVXaSXbukp3vIz6RijqI79BrdITUAqyErTSUaqSbdPgi2+1CkW37I5A/xJvTIpkjLNW4dlvRyxRPEQmwZiG58bYTEGjYJJneT8xPAbWhy5vWBqC4qaZjo7M6KZV2rQTaftCpCP1+0QKypiBCmxSAfbMb28o/uc1EuzsN1MRxgnykH0u6iSSYkSHjdG20JyhHFgCTAv7V8p6oIGh7TVvS/B+n/yX1Cplzy1757vFw6NxHbNknWyQEvHIHjkkp+SMVAkjt+SePJIn5855cF6c189ozhnPrJEfcN4/APenpGM=</latexit><latexit sha1_base64="n2oUHbsV/HPMV0iPGGjsCvUbUkI=">AAACJHicbVDLSgMxFM3Ud31VXboJFqGClpkiKLgRXehSwdZCp5Y7adqGJjNDckcsw3yMG3/FjQsfuHDjt5jWIr4OBA7nnMvNPUEshUHXfXNyE5NT0zOzc/n5hcWl5cLKas1EiWa8yiIZ6XoAhksR8ioKlLweaw4qkPwy6B8P/ctrro2IwgscxLypoBuKjmCAVmoVDkq+7kVXaSXbukp3vIz6RijqI79BrdITUAqyErTSUaqSbdPgi2+1CkW37I5A/xJvTIpkjLNW4dlvRyxRPEQmwZiG58bYTEGjYJJneT8xPAbWhy5vWBqC4qaZjo7M6KZV2rQTaftCpCP1+0QKypiBCmxSAfbMb28o/uc1EuzsN1MRxgnykH0u6iSSYkSHjdG20JyhHFgCTAv7V8p6oIGh7TVvS/B+n/yX1Cplzy1757vFw6NxHbNknWyQEvHIHjkkp+SMVAkjt+SePJIn5855cF6c189ozhnPrJEfcN4/APenpGM=</latexit><latexit sha1_base64="n2oUHbsV/HPMV0iPGGjsCvUbUkI=">AAACJHicbVDLSgMxFM3Ud31VXboJFqGClpkiKLgRXehSwdZCp5Y7adqGJjNDckcsw3yMG3/FjQsfuHDjt5jWIr4OBA7nnMvNPUEshUHXfXNyE5NT0zOzc/n5hcWl5cLKas1EiWa8yiIZ6XoAhksR8ioKlLweaw4qkPwy6B8P/ctrro2IwgscxLypoBuKjmCAVmoVDkq+7kVXaSXbukp3vIz6RijqI79BrdITUAqyErTSUaqSbdPgi2+1CkW37I5A/xJvTIpkjLNW4dlvRyxRPEQmwZiG58bYTEGjYJJneT8xPAbWhy5vWBqC4qaZjo7M6KZV2rQTaftCpCP1+0QKypiBCmxSAfbMb28o/uc1EuzsN1MRxgnykH0u6iSSYkSHjdG20JyhHFgCTAv7V8p6oIGh7TVvS/B+n/yX1Cplzy1757vFw6NxHbNknWyQEvHIHjkkp+SMVAkjt+SePJIn5855cF6c189ozhnPrJEfcN4/APenpGM=</latexit>

[Giordano, Broderick, Jordan 2015]

(⇢2)�1
<latexit sha1_base64="SM6AZaKcQQI0S/3U9RT2N1DA0Xk=">AAAB9HicbVBNSwMxEJ31s9avqkcvwSLUg2W3CHosevFYwX5Auy3ZNNuGZpM1yRbK0t/hxYMiXv0x3vw3pu0etPXBwOO9GWbmBTFn2rjut7O2vrG5tZ3bye/u7R8cFo6OG1omitA6kVyqVoA15UzQumGG01asKI4CTpvB6G7mN8dUaSbFo5nE1I/wQLCQEWys5Jc6aii7lYtueulNe4WiW3bnQKvEy0gRMtR6ha9OX5IkosIQjrVue25s/BQrwwin03wn0TTGZIQHtG2pwBHVfjo/eorOrdJHoVS2hEFz9fdEiiOtJ1FgOyNshnrZm4n/ee3EhDd+ykScGCrIYlGYcGQkmiWA+kxRYvjEEkwUs7ciMsQKE2NzytsQvOWXV0mjUvbcsvdwVazeZnHk4BTOoAQeXEMV7qEGdSDwBM/wCm/O2Hlx3p2PReuak82cwB84nz9tVJE2</latexit><latexit sha1_base64="SM6AZaKcQQI0S/3U9RT2N1DA0Xk=">AAAB9HicbVBNSwMxEJ31s9avqkcvwSLUg2W3CHosevFYwX5Auy3ZNNuGZpM1yRbK0t/hxYMiXv0x3vw3pu0etPXBwOO9GWbmBTFn2rjut7O2vrG5tZ3bye/u7R8cFo6OG1omitA6kVyqVoA15UzQumGG01asKI4CTpvB6G7mN8dUaSbFo5nE1I/wQLCQEWys5Jc6aii7lYtueulNe4WiW3bnQKvEy0gRMtR6ha9OX5IkosIQjrVue25s/BQrwwin03wn0TTGZIQHtG2pwBHVfjo/eorOrdJHoVS2hEFz9fdEiiOtJ1FgOyNshnrZm4n/ee3EhDd+ykScGCrIYlGYcGQkmiWA+kxRYvjEEkwUs7ciMsQKE2NzytsQvOWXV0mjUvbcsvdwVazeZnHk4BTOoAQeXEMV7qEGdSDwBM/wCm/O2Hlx3p2PReuak82cwB84nz9tVJE2</latexit><latexit sha1_base64="SM6AZaKcQQI0S/3U9RT2N1DA0Xk=">AAAB9HicbVBNSwMxEJ31s9avqkcvwSLUg2W3CHosevFYwX5Auy3ZNNuGZpM1yRbK0t/hxYMiXv0x3vw3pu0etPXBwOO9GWbmBTFn2rjut7O2vrG5tZ3bye/u7R8cFo6OG1omitA6kVyqVoA15UzQumGG01asKI4CTpvB6G7mN8dUaSbFo5nE1I/wQLCQEWys5Jc6aii7lYtueulNe4WiW3bnQKvEy0gRMtR6ha9OX5IkosIQjrVue25s/BQrwwin03wn0TTGZIQHtG2pwBHVfjo/eorOrdJHoVS2hEFz9fdEiiOtJ1FgOyNshnrZm4n/ee3EhDd+ykScGCrIYlGYcGQkmiWA+kxRYvjEEkwUs7ciMsQKE2NzytsQvOWXV0mjUvbcsvdwVazeZnHk4BTOoAQeXEMV7qEGdSDwBM/wCm/O2Hlx3p2PReuak82cwB84nz9tVJE2</latexit><latexit sha1_base64="SM6AZaKcQQI0S/3U9RT2N1DA0Xk=">AAAB9HicbVBNSwMxEJ31s9avqkcvwSLUg2W3CHosevFYwX5Auy3ZNNuGZpM1yRbK0t/hxYMiXv0x3vw3pu0etPXBwOO9GWbmBTFn2rjut7O2vrG5tZ3bye/u7R8cFo6OG1omitA6kVyqVoA15UzQumGG01asKI4CTpvB6G7mN8dUaSbFo5nE1I/wQLCQEWys5Jc6aii7lYtueulNe4WiW3bnQKvEy0gRMtR6ha9OX5IkosIQjrVue25s/BQrwwin03wn0TTGZIQHtG2pwBHVfjo/eorOrdJHoVS2hEFz9fdEiiOtJ1FgOyNshnrZm4n/ee3EhDd+ykScGCrIYlGYcGQkmiWA+kxRYvjEEkwUs7ciMsQKE2NzytsQvOWXV0mjUvbcsvdwVazeZnHk4BTOoAQeXEMV7qEGdSDwBM/wCm/O2Hlx3p2PReuak82cwB84nz9tVJE2</latexit>

• Data simulated 
from model (3 
data sets, 300 
data points):
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Posterior means: revisited
• Want to predict college GPA 
• Collect: standardized test scores (e.g., SAT, ACT) 
• Collect: regional test scores 
• Model:

yn
<latexit sha1_base64="OJNryDDGilrRcA5fmfyi02+IeM4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7GyGE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByO/M7T6g0j+WjyRL0IzqSPOSMGis9ZAM5qNbcujsHWSVeQWpQoDmofvWHMUsjlIYJqnXPcxPj51QZzgROK/1UY0LZhI6wZ6mkEWo/n586JWdWGZIwVrakIXP190ROI62zKLCdETVjvezNxP+8XmrCaz/nMkkNSrZYFKaCmJjM/iZDrpAZkVlCmeL2VsLGVFFmbDoVG4K3/PIqaV/UPbfu3V/WGjdFHGU4gVM4Bw+uoAF30IQWMBjBM7zCmyOcF+fd+Vi0lpxi5hj+wPn8AWmqjd4=</latexit><latexit sha1_base64="OJNryDDGilrRcA5fmfyi02+IeM4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7GyGE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByO/M7T6g0j+WjyRL0IzqSPOSMGis9ZAM5qNbcujsHWSVeQWpQoDmofvWHMUsjlIYJqnXPcxPj51QZzgROK/1UY0LZhI6wZ6mkEWo/n586JWdWGZIwVrakIXP190ROI62zKLCdETVjvezNxP+8XmrCaz/nMkkNSrZYFKaCmJjM/iZDrpAZkVlCmeL2VsLGVFFmbDoVG4K3/PIqaV/UPbfu3V/WGjdFHGU4gVM4Bw+uoAF30IQWMBjBM7zCmyOcF+fd+Vi0lpxi5hj+wPn8AWmqjd4=</latexit><latexit sha1_base64="OJNryDDGilrRcA5fmfyi02+IeM4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7GyGE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByO/M7T6g0j+WjyRL0IzqSPOSMGis9ZAM5qNbcujsHWSVeQWpQoDmofvWHMUsjlIYJqnXPcxPj51QZzgROK/1UY0LZhI6wZ6mkEWo/n586JWdWGZIwVrakIXP190ROI62zKLCdETVjvezNxP+8XmrCaz/nMkkNSrZYFKaCmJjM/iZDrpAZkVlCmeL2VsLGVFFmbDoVG4K3/PIqaV/UPbfu3V/WGjdFHGU4gVM4Bw+uoAF30IQWMBjBM7zCmyOcF+fd+Vi0lpxi5hj+wPn8AWmqjd4=</latexit><latexit sha1_base64="OJNryDDGilrRcA5fmfyi02+IeM4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7GyGE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByO/M7T6g0j+WjyRL0IzqSPOSMGis9ZAM5qNbcujsHWSVeQWpQoDmofvWHMUsjlIYJqnXPcxPj51QZzgROK/1UY0LZhI6wZ6mkEWo/n586JWdWGZIwVrakIXP190ROI62zKLCdETVjvezNxP+8XmrCaz/nMkkNSrZYFKaCmJjM/iZDrpAZkVlCmeL2VsLGVFFmbDoVG4K3/PIqaV/UPbfu3V/WGjdFHGU4gVM4Bw+uoAF30IQWMBjBM7zCmyOcF+fd+Vi0lpxi5hj+wPn8AWmqjd4=</latexit>

xn
<latexit sha1_base64="4IUL7pt3vq2/tw3H113R+PZDEw4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2m3bpZhN2J2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbF6wEnC/YgOlQgFo2il+6e+6pcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4ZWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8SloXVc+teneXlfp1HkcRTuAUzsGDGtThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifP2gkjd0=</latexit><latexit sha1_base64="4IUL7pt3vq2/tw3H113R+PZDEw4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2m3bpZhN2J2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbF6wEnC/YgOlQgFo2il+6e+6pcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4ZWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8SloXVc+teneXlfp1HkcRTuAUzsGDGtThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifP2gkjd0=</latexit><latexit sha1_base64="4IUL7pt3vq2/tw3H113R+PZDEw4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2m3bpZhN2J2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbF6wEnC/YgOlQgFo2il+6e+6pcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4ZWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8SloXVc+teneXlfp1HkcRTuAUzsGDGtThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifP2gkjd0=</latexit><latexit sha1_base64="4IUL7pt3vq2/tw3H113R+PZDEw4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2m3bpZhN2J2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbF6wEnC/YgOlQgFo2il+6e+6pcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4ZWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8SloXVc+teneXlfp1HkcRTuAUzsGDGtThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifP2gkjd0=</latexit>

rn
<latexit sha1_base64="iwrF5eTjAroVOP1wLESoR7Qq+oc=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTAXXxvO+ndLa+sbmVnm7srO7t3/gHh61dJIphk2WiER1QqpRcIlNw43ATqqQxqHAdji+nfntJ1SaJ/LRTFIMYjqUPOKMGis9qL7su1Wv5s1BVolfkCoUaPTdr94gYVmM0jBBte76XmqCnCrDmcBppZdpTCkb0yF2LZU0Rh3k81On5MwqAxIlypY0ZK7+nshprPUkDm1nTM1IL3sz8T+vm5noOsi5TDODki0WRZkgJiGzv8mAK2RGTCyhTHF7K2EjqigzNp2KDcFffnmVtC5qvlfz7y+r9ZsijjKcwCmcgw9XUIc7aEATGAzhGV7hzRHOi/PufCxaS04xcwx/4Hz+AF8Ajdc=</latexit><latexit sha1_base64="iwrF5eTjAroVOP1wLESoR7Qq+oc=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTAXXxvO+ndLa+sbmVnm7srO7t3/gHh61dJIphk2WiER1QqpRcIlNw43ATqqQxqHAdji+nfntJ1SaJ/LRTFIMYjqUPOKMGis9qL7su1Wv5s1BVolfkCoUaPTdr94gYVmM0jBBte76XmqCnCrDmcBppZdpTCkb0yF2LZU0Rh3k81On5MwqAxIlypY0ZK7+nshprPUkDm1nTM1IL3sz8T+vm5noOsi5TDODki0WRZkgJiGzv8mAK2RGTCyhTHF7K2EjqigzNp2KDcFffnmVtC5qvlfz7y+r9ZsijjKcwCmcgw9XUIc7aEATGAzhGV7hzRHOi/PufCxaS04xcwx/4Hz+AF8Ajdc=</latexit><latexit sha1_base64="iwrF5eTjAroVOP1wLESoR7Qq+oc=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTAXXxvO+ndLa+sbmVnm7srO7t3/gHh61dJIphk2WiER1QqpRcIlNw43ATqqQxqHAdji+nfntJ1SaJ/LRTFIMYjqUPOKMGis9qL7su1Wv5s1BVolfkCoUaPTdr94gYVmM0jBBte76XmqCnCrDmcBppZdpTCkb0yF2LZU0Rh3k81On5MwqAxIlypY0ZK7+nshprPUkDm1nTM1IL3sz8T+vm5noOsi5TDODki0WRZkgJiGzv8mAK2RGTCyhTHF7K2EjqigzNp2KDcFffnmVtC5qvlfz7y+r9ZsijjKcwCmcgw9XUIc7aEATGAzhGV7hzRHOi/PufCxaS04xcwx/4Hz+AF8Ajdc=</latexit><latexit sha1_base64="iwrF5eTjAroVOP1wLESoR7Qq+oc=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTAXXxvO+ndLa+sbmVnm7srO7t3/gHh61dJIphk2WiER1QqpRcIlNw43ATqqQxqHAdji+nfntJ1SaJ/LRTFIMYjqUPOKMGis9qL7su1Wv5s1BVolfkCoUaPTdr94gYVmM0jBBte76XmqCnCrDmcBppZdpTCkb0yF2LZU0Rh3k81On5MwqAxIlypY0ZK7+nshprPUkDm1nTM1IL3sz8T+vm5noOsi5TDODki0WRZkgJiGzv8mAK2RGTCyhTHF7K2EjqigzNp2KDcFffnmVtC5qvlfz7y+r9ZsijjKcwCmcgw9XUIc7aEATGAzhGV7hzRHOi/PufCxaS04xcwx/4Hz+AF8Ajdc=</latexit>

zk|⇢2
iid⇠ N (0, ⇢2)

<latexit sha1_base64="fnD6JLgG9Dx+QW3l8pUwfeUvaJE=">AAACIHicbVDLSsNAFJ3UV62vqEs3g0WoICUpQl0W3biSCvYBTQyTyaQdOnkwMxFqzKe48VfcuFBEd/o1TtostPXAhcM593LvPW7MqJCG8aWVlpZXVtfK65WNza3tHX13ryuihGPSwRGLeN9FgjAako6kkpF+zAkKXEZ67vgi93t3hAsahTdyEhM7QMOQ+hQjqSRHb947Y/gALT6KbhvQEhLhMScspdTLUkvQIINWgOQII5ZeZTXjZNZ57OhVo25MAReJWZAqKNB29E/Li3ASkFBihoQYmEYs7RRxSTEjWcVKBInVcjQkA0VDFBBhp9MHM3ikFA/6EVcVSjhVf0+kKBBiEriqMz9WzHu5+J83SKR/Zqc0jBNJQjxb5CcMygjmaUGPcoIlmyiCMKfqVohHiCMsVaYVFYI5//Ii6TbqplE3r0+rrfMijjI4AIegBkzQBC1wCdqgAzB4BM/gFbxpT9qL9q59zFpLWjGzD/5A+/4BfqWjJA==</latexit><latexit sha1_base64="fnD6JLgG9Dx+QW3l8pUwfeUvaJE=">AAACIHicbVDLSsNAFJ3UV62vqEs3g0WoICUpQl0W3biSCvYBTQyTyaQdOnkwMxFqzKe48VfcuFBEd/o1TtostPXAhcM593LvPW7MqJCG8aWVlpZXVtfK65WNza3tHX13ryuihGPSwRGLeN9FgjAako6kkpF+zAkKXEZ67vgi93t3hAsahTdyEhM7QMOQ+hQjqSRHb947Y/gALT6KbhvQEhLhMScspdTLUkvQIINWgOQII5ZeZTXjZNZ57OhVo25MAReJWZAqKNB29E/Li3ASkFBihoQYmEYs7RRxSTEjWcVKBInVcjQkA0VDFBBhp9MHM3ikFA/6EVcVSjhVf0+kKBBiEriqMz9WzHu5+J83SKR/Zqc0jBNJQjxb5CcMygjmaUGPcoIlmyiCMKfqVohHiCMsVaYVFYI5//Ii6TbqplE3r0+rrfMijjI4AIegBkzQBC1wCdqgAzB4BM/gFbxpT9qL9q59zFpLWjGzD/5A+/4BfqWjJA==</latexit><latexit sha1_base64="fnD6JLgG9Dx+QW3l8pUwfeUvaJE=">AAACIHicbVDLSsNAFJ3UV62vqEs3g0WoICUpQl0W3biSCvYBTQyTyaQdOnkwMxFqzKe48VfcuFBEd/o1TtostPXAhcM593LvPW7MqJCG8aWVlpZXVtfK65WNza3tHX13ryuihGPSwRGLeN9FgjAako6kkpF+zAkKXEZ67vgi93t3hAsahTdyEhM7QMOQ+hQjqSRHb947Y/gALT6KbhvQEhLhMScspdTLUkvQIINWgOQII5ZeZTXjZNZ57OhVo25MAReJWZAqKNB29E/Li3ASkFBihoQYmEYs7RRxSTEjWcVKBInVcjQkA0VDFBBhp9MHM3ikFA/6EVcVSjhVf0+kKBBiEriqMz9WzHu5+J83SKR/Zqc0jBNJQjxb5CcMygjmaUGPcoIlmyiCMKfqVohHiCMsVaYVFYI5//Ii6TbqplE3r0+rrfMijjI4AIegBkzQBC1wCdqgAzB4BM/gFbxpT9qL9q59zFpLWjGzD/5A+/4BfqWjJA==</latexit><latexit sha1_base64="fnD6JLgG9Dx+QW3l8pUwfeUvaJE=">AAACIHicbVDLSsNAFJ3UV62vqEs3g0WoICUpQl0W3biSCvYBTQyTyaQdOnkwMxFqzKe48VfcuFBEd/o1TtostPXAhcM593LvPW7MqJCG8aWVlpZXVtfK65WNza3tHX13ryuihGPSwRGLeN9FgjAako6kkpF+zAkKXEZ67vgi93t3hAsahTdyEhM7QMOQ+hQjqSRHb947Y/gALT6KbhvQEhLhMScspdTLUkvQIINWgOQII5ZeZTXjZNZ57OhVo25MAReJWZAqKNB29E/Li3ASkFBihoQYmEYs7RRxSTEjWcVKBInVcjQkA0VDFBBhp9MHM3ikFA/6EVcVSjhVf0+kKBBiEriqMz9WzHu5+J83SKR/Zqc0jBNJQjxb5CcMygjmaUGPcoIlmyiCMKfqVohHiCMsVaYVFYI5//Ii6TbqplE3r0+rrfMijjI4AIegBkzQBC1wCdqgAzB4BM/gFbxpT9qL9q59zFpLWjGzD/5A+/4BfqWjJA==</latexit>

yn|�, z,�2 indep⇠ N (�Txn + zk(n)rn,�
2)

<latexit sha1_base64="OsYP1L0f+D0RPgfm+9vgewkEVUA="></latexit><latexit sha1_base64="OsYP1L0f+D0RPgfm+9vgewkEVUA="></latexit><latexit sha1_base64="OsYP1L0f+D0RPgfm+9vgewkEVUA="></latexit><latexit sha1_base64="OsYP1L0f+D0RPgfm+9vgewkEVUA="></latexit>

� ⇠ N (0,⌃)
<latexit sha1_base64="B7725VxMXW6popKReveYLMPq2Mk=">AAACCnicbVBNS8NAEN3Ur1q/oh69rBahgpREBD0WvXiSivYDmlAm2227dDcJuxuhhJ69+Fe8eFDEq7/Am//GTZuDVh8MPN6bYWZeEHOmtON8WYWFxaXlleJqaW19Y3PL3t5pqiiRhDZIxCPZDkBRzkLa0Exz2o4lBRFw2gpGl5nfuqdSsSi80+OY+gIGIeszAtpIXXvfC6gG7CkmsCdADwnw9HpScY6xd8sGAo66dtmpOlPgv8TNSRnlqHftT68XkUTQUBMOSnVcJ9Z+ClIzwumk5CWKxkBGMKAdQ0MQVPnp9JUJPjRKD/cjaSrUeKr+nEhBKDUWgenMrlXzXib+53US3T/3UxbGiaYhmS3qJxzrCGe54B6TlGg+NgSIZOZWTIYggWiTXsmE4M6//Jc0T6quU3VvTsu1izyOItpDB6iCXHSGaugK1VEDEfSAntALerUerWfrzXqftRasfGYX/YL18Q1kRplo</latexit><latexit sha1_base64="B7725VxMXW6popKReveYLMPq2Mk=">AAACCnicbVBNS8NAEN3Ur1q/oh69rBahgpREBD0WvXiSivYDmlAm2227dDcJuxuhhJ69+Fe8eFDEq7/Am//GTZuDVh8MPN6bYWZeEHOmtON8WYWFxaXlleJqaW19Y3PL3t5pqiiRhDZIxCPZDkBRzkLa0Exz2o4lBRFw2gpGl5nfuqdSsSi80+OY+gIGIeszAtpIXXvfC6gG7CkmsCdADwnw9HpScY6xd8sGAo66dtmpOlPgv8TNSRnlqHftT68XkUTQUBMOSnVcJ9Z+ClIzwumk5CWKxkBGMKAdQ0MQVPnp9JUJPjRKD/cjaSrUeKr+nEhBKDUWgenMrlXzXib+53US3T/3UxbGiaYhmS3qJxzrCGe54B6TlGg+NgSIZOZWTIYggWiTXsmE4M6//Jc0T6quU3VvTsu1izyOItpDB6iCXHSGaugK1VEDEfSAntALerUerWfrzXqftRasfGYX/YL18Q1kRplo</latexit><latexit sha1_base64="B7725VxMXW6popKReveYLMPq2Mk=">AAACCnicbVBNS8NAEN3Ur1q/oh69rBahgpREBD0WvXiSivYDmlAm2227dDcJuxuhhJ69+Fe8eFDEq7/Am//GTZuDVh8MPN6bYWZeEHOmtON8WYWFxaXlleJqaW19Y3PL3t5pqiiRhDZIxCPZDkBRzkLa0Exz2o4lBRFw2gpGl5nfuqdSsSi80+OY+gIGIeszAtpIXXvfC6gG7CkmsCdADwnw9HpScY6xd8sGAo66dtmpOlPgv8TNSRnlqHftT68XkUTQUBMOSnVcJ9Z+ClIzwumk5CWKxkBGMKAdQ0MQVPnp9JUJPjRKD/cjaSrUeKr+nEhBKDUWgenMrlXzXib+53US3T/3UxbGiaYhmS3qJxzrCGe54B6TlGg+NgSIZOZWTIYggWiTXsmE4M6//Jc0T6quU3VvTsu1izyOItpDB6iCXHSGaugK1VEDEfSAntALerUerWfrzXqftRasfGYX/YL18Q1kRplo</latexit><latexit sha1_base64="B7725VxMXW6popKReveYLMPq2Mk=">AAACCnicbVBNS8NAEN3Ur1q/oh69rBahgpREBD0WvXiSivYDmlAm2227dDcJuxuhhJ69+Fe8eFDEq7/Am//GTZuDVh8MPN6bYWZeEHOmtON8WYWFxaXlleJqaW19Y3PL3t5pqiiRhDZIxCPZDkBRzkLa0Exz2o4lBRFw2gpGl5nfuqdSsSi80+OY+gIGIeszAtpIXXvfC6gG7CkmsCdADwnw9HpScY6xd8sGAo66dtmpOlPgv8TNSRnlqHftT68XkUTQUBMOSnVcJ9Z+ClIzwumk5CWKxkBGMKAdQ0MQVPnp9JUJPjRKD/cjaSrUeKr+nEhBKDUWgenMrlXzXib+53US3T/3UxbGiaYhmS3qJxzrCGe54B6TlGg+NgSIZOZWTIYggWiTXsmE4M6//Jc0T6quU3VvTsu1izyOItpDB6iCXHSGaugK1VEDEfSAntALerUerWfrzXqftRasfGYX/YL18Q1kRplo</latexit>

(�2)�1 ⇠ Gamma(a�2 , b�2)
<latexit sha1_base64="bNpOlFas2LsIPaYf94qwR220qPg=">AAACKnicbVDLSgMxFM3UV62vqks3wSK0oGWmCLr0sdBlBatCX9xJ0zaYzAzJHbEM8z1u/BU3XSjFrR9iWmfh60Dg5JxzSe7xIykMuu7Eyc3NLywu5ZcLK6tr6xvFza0bE8aa8QYLZajvfDBcioA3UKDkd5HmoHzJb/3786l/+8C1EWFwjaOItxUMAtEXDNBK3eJpuWXEQEEnqaWVTnLgpdQKiraQP6JWyQUoBWkZukmWq6X71P92q3SLJbfqzkD/Ei8jJZKh3i2OW72QxYoHyCQY0/TcCNsJaBRM8rTQig2PgN3DgDctDUBx005mq6Z0zyo92g+1PQHSmfp9IgFlzEj5NqkAh+a3NxX/85ox9o/biQiiGHnAvh7qx5JiSKe90Z7QnKEcWQJMC/tXyoaggaFtt2BL8H6v/Jfc1KqeW/WuDksnZ1kdebJDdkmZeOSInJBLUicNwsgTeSGv5M15dsbOxHn/iuacbGab/IDz8Qnx3Kb3</latexit><latexit sha1_base64="bNpOlFas2LsIPaYf94qwR220qPg=">AAACKnicbVDLSgMxFM3UV62vqks3wSK0oGWmCLr0sdBlBatCX9xJ0zaYzAzJHbEM8z1u/BU3XSjFrR9iWmfh60Dg5JxzSe7xIykMuu7Eyc3NLywu5ZcLK6tr6xvFza0bE8aa8QYLZajvfDBcioA3UKDkd5HmoHzJb/3786l/+8C1EWFwjaOItxUMAtEXDNBK3eJpuWXEQEEnqaWVTnLgpdQKiraQP6JWyQUoBWkZukmWq6X71P92q3SLJbfqzkD/Ei8jJZKh3i2OW72QxYoHyCQY0/TcCNsJaBRM8rTQig2PgN3DgDctDUBx005mq6Z0zyo92g+1PQHSmfp9IgFlzEj5NqkAh+a3NxX/85ox9o/biQiiGHnAvh7qx5JiSKe90Z7QnKEcWQJMC/tXyoaggaFtt2BL8H6v/Jfc1KqeW/WuDksnZ1kdebJDdkmZeOSInJBLUicNwsgTeSGv5M15dsbOxHn/iuacbGab/IDz8Qnx3Kb3</latexit><latexit sha1_base64="bNpOlFas2LsIPaYf94qwR220qPg=">AAACKnicbVDLSgMxFM3UV62vqks3wSK0oGWmCLr0sdBlBatCX9xJ0zaYzAzJHbEM8z1u/BU3XSjFrR9iWmfh60Dg5JxzSe7xIykMuu7Eyc3NLywu5ZcLK6tr6xvFza0bE8aa8QYLZajvfDBcioA3UKDkd5HmoHzJb/3786l/+8C1EWFwjaOItxUMAtEXDNBK3eJpuWXEQEEnqaWVTnLgpdQKiraQP6JWyQUoBWkZukmWq6X71P92q3SLJbfqzkD/Ei8jJZKh3i2OW72QxYoHyCQY0/TcCNsJaBRM8rTQig2PgN3DgDctDUBx005mq6Z0zyo92g+1PQHSmfp9IgFlzEj5NqkAh+a3NxX/85ox9o/biQiiGHnAvh7qx5JiSKe90Z7QnKEcWQJMC/tXyoaggaFtt2BL8H6v/Jfc1KqeW/WuDksnZ1kdebJDdkmZeOSInJBLUicNwsgTeSGv5M15dsbOxHn/iuacbGab/IDz8Qnx3Kb3</latexit><latexit sha1_base64="bNpOlFas2LsIPaYf94qwR220qPg=">AAACKnicbVDLSgMxFM3UV62vqks3wSK0oGWmCLr0sdBlBatCX9xJ0zaYzAzJHbEM8z1u/BU3XSjFrR9iWmfh60Dg5JxzSe7xIykMuu7Eyc3NLywu5ZcLK6tr6xvFza0bE8aa8QYLZajvfDBcioA3UKDkd5HmoHzJb/3786l/+8C1EWFwjaOItxUMAtEXDNBK3eJpuWXEQEEnqaWVTnLgpdQKiraQP6JWyQUoBWkZukmWq6X71P92q3SLJbfqzkD/Ei8jJZKh3i2OW72QxYoHyCQY0/TcCNsJaBRM8rTQig2PgN3DgDctDUBx005mq6Z0zyo92g+1PQHSmfp9IgFlzEj5NqkAh+a3NxX/85ox9o/biQiiGHnAvh7qx5JiSKe90Z7QnKEcWQJMC/tXyoaggaFtt2BL8H6v/Jfc1KqeW/WuDksnZ1kdebJDdkmZeOSInJBLUicNwsgTeSGv5M15dsbOxHn/iuacbGab/IDz8Qnx3Kb3</latexit>

(⇢2)�1 ⇠ Gamma(a⇢2 , b⇢2)
<latexit sha1_base64="n2oUHbsV/HPMV0iPGGjsCvUbUkI=">AAACJHicbVDLSgMxFM3Ud31VXboJFqGClpkiKLgRXehSwdZCp5Y7adqGJjNDckcsw3yMG3/FjQsfuHDjt5jWIr4OBA7nnMvNPUEshUHXfXNyE5NT0zOzc/n5hcWl5cLKas1EiWa8yiIZ6XoAhksR8ioKlLweaw4qkPwy6B8P/ctrro2IwgscxLypoBuKjmCAVmoVDkq+7kVXaSXbukp3vIz6RijqI79BrdITUAqyErTSUaqSbdPgi2+1CkW37I5A/xJvTIpkjLNW4dlvRyxRPEQmwZiG58bYTEGjYJJneT8xPAbWhy5vWBqC4qaZjo7M6KZV2rQTaftCpCP1+0QKypiBCmxSAfbMb28o/uc1EuzsN1MRxgnykH0u6iSSYkSHjdG20JyhHFgCTAv7V8p6oIGh7TVvS/B+n/yX1Cplzy1757vFw6NxHbNknWyQEvHIHjkkp+SMVAkjt+SePJIn5855cF6c189ozhnPrJEfcN4/APenpGM=</latexit><latexit sha1_base64="n2oUHbsV/HPMV0iPGGjsCvUbUkI=">AAACJHicbVDLSgMxFM3Ud31VXboJFqGClpkiKLgRXehSwdZCp5Y7adqGJjNDckcsw3yMG3/FjQsfuHDjt5jWIr4OBA7nnMvNPUEshUHXfXNyE5NT0zOzc/n5hcWl5cLKas1EiWa8yiIZ6XoAhksR8ioKlLweaw4qkPwy6B8P/ctrro2IwgscxLypoBuKjmCAVmoVDkq+7kVXaSXbukp3vIz6RijqI79BrdITUAqyErTSUaqSbdPgi2+1CkW37I5A/xJvTIpkjLNW4dlvRyxRPEQmwZiG58bYTEGjYJJneT8xPAbWhy5vWBqC4qaZjo7M6KZV2rQTaftCpCP1+0QKypiBCmxSAfbMb28o/uc1EuzsN1MRxgnykH0u6iSSYkSHjdG20JyhHFgCTAv7V8p6oIGh7TVvS/B+n/yX1Cplzy1757vFw6NxHbNknWyQEvHIHjkkp+SMVAkjt+SePJIn5855cF6c189ozhnPrJEfcN4/APenpGM=</latexit><latexit sha1_base64="n2oUHbsV/HPMV0iPGGjsCvUbUkI=">AAACJHicbVDLSgMxFM3Ud31VXboJFqGClpkiKLgRXehSwdZCp5Y7adqGJjNDckcsw3yMG3/FjQsfuHDjt5jWIr4OBA7nnMvNPUEshUHXfXNyE5NT0zOzc/n5hcWl5cLKas1EiWa8yiIZ6XoAhksR8ioKlLweaw4qkPwy6B8P/ctrro2IwgscxLypoBuKjmCAVmoVDkq+7kVXaSXbukp3vIz6RijqI79BrdITUAqyErTSUaqSbdPgi2+1CkW37I5A/xJvTIpkjLNW4dlvRyxRPEQmwZiG58bYTEGjYJJneT8xPAbWhy5vWBqC4qaZjo7M6KZV2rQTaftCpCP1+0QKypiBCmxSAfbMb28o/uc1EuzsN1MRxgnykH0u6iSSYkSHjdG20JyhHFgCTAv7V8p6oIGh7TVvS/B+n/yX1Cplzy1757vFw6NxHbNknWyQEvHIHjkkp+SMVAkjt+SePJIn5855cF6c189ozhnPrJEfcN4/APenpGM=</latexit><latexit sha1_base64="n2oUHbsV/HPMV0iPGGjsCvUbUkI=">AAACJHicbVDLSgMxFM3Ud31VXboJFqGClpkiKLgRXehSwdZCp5Y7adqGJjNDckcsw3yMG3/FjQsfuHDjt5jWIr4OBA7nnMvNPUEshUHXfXNyE5NT0zOzc/n5hcWl5cLKas1EiWa8yiIZ6XoAhksR8ioKlLweaw4qkPwy6B8P/ctrro2IwgscxLypoBuKjmCAVmoVDkq+7kVXaSXbukp3vIz6RijqI79BrdITUAqyErTSUaqSbdPgi2+1CkW37I5A/xJvTIpkjLNW4dlvRyxRPEQmwZiG58bYTEGjYJJneT8xPAbWhy5vWBqC4qaZjo7M6KZV2rQTaftCpCP1+0QKypiBCmxSAfbMb28o/uc1EuzsN1MRxgnykH0u6iSSYkSHjdG20JyhHFgCTAv7V8p6oIGh7TVvS/B+n/yX1Cplzy1757vFw6NxHbNknWyQEvHIHjkkp+SMVAkjt+SePJIn5855cF6c189ozhnPrJEfcN4/APenpGM=</latexit>

[Giordano, Broderick, Jordan 2015]

(⇢2)�1
<latexit sha1_base64="SM6AZaKcQQI0S/3U9RT2N1DA0Xk=">AAAB9HicbVBNSwMxEJ31s9avqkcvwSLUg2W3CHosevFYwX5Auy3ZNNuGZpM1yRbK0t/hxYMiXv0x3vw3pu0etPXBwOO9GWbmBTFn2rjut7O2vrG5tZ3bye/u7R8cFo6OG1omitA6kVyqVoA15UzQumGG01asKI4CTpvB6G7mN8dUaSbFo5nE1I/wQLCQEWys5Jc6aii7lYtueulNe4WiW3bnQKvEy0gRMtR6ha9OX5IkosIQjrVue25s/BQrwwin03wn0TTGZIQHtG2pwBHVfjo/eorOrdJHoVS2hEFz9fdEiiOtJ1FgOyNshnrZm4n/ee3EhDd+ykScGCrIYlGYcGQkmiWA+kxRYvjEEkwUs7ciMsQKE2NzytsQvOWXV0mjUvbcsvdwVazeZnHk4BTOoAQeXEMV7qEGdSDwBM/wCm/O2Hlx3p2PReuak82cwB84nz9tVJE2</latexit><latexit sha1_base64="SM6AZaKcQQI0S/3U9RT2N1DA0Xk=">AAAB9HicbVBNSwMxEJ31s9avqkcvwSLUg2W3CHosevFYwX5Auy3ZNNuGZpM1yRbK0t/hxYMiXv0x3vw3pu0etPXBwOO9GWbmBTFn2rjut7O2vrG5tZ3bye/u7R8cFo6OG1omitA6kVyqVoA15UzQumGG01asKI4CTpvB6G7mN8dUaSbFo5nE1I/wQLCQEWys5Jc6aii7lYtueulNe4WiW3bnQKvEy0gRMtR6ha9OX5IkosIQjrVue25s/BQrwwin03wn0TTGZIQHtG2pwBHVfjo/eorOrdJHoVS2hEFz9fdEiiOtJ1FgOyNshnrZm4n/ee3EhDd+ykScGCrIYlGYcGQkmiWA+kxRYvjEEkwUs7ciMsQKE2NzytsQvOWXV0mjUvbcsvdwVazeZnHk4BTOoAQeXEMV7qEGdSDwBM/wCm/O2Hlx3p2PReuak82cwB84nz9tVJE2</latexit><latexit sha1_base64="SM6AZaKcQQI0S/3U9RT2N1DA0Xk=">AAAB9HicbVBNSwMxEJ31s9avqkcvwSLUg2W3CHosevFYwX5Auy3ZNNuGZpM1yRbK0t/hxYMiXv0x3vw3pu0etPXBwOO9GWbmBTFn2rjut7O2vrG5tZ3bye/u7R8cFo6OG1omitA6kVyqVoA15UzQumGG01asKI4CTpvB6G7mN8dUaSbFo5nE1I/wQLCQEWys5Jc6aii7lYtueulNe4WiW3bnQKvEy0gRMtR6ha9OX5IkosIQjrVue25s/BQrwwin03wn0TTGZIQHtG2pwBHVfjo/eorOrdJHoVS2hEFz9fdEiiOtJ1FgOyNshnrZm4n/ee3EhDd+ykScGCrIYlGYcGQkmiWA+kxRYvjEEkwUs7ciMsQKE2NzytsQvOWXV0mjUvbcsvdwVazeZnHk4BTOoAQeXEMV7qEGdSDwBM/wCm/O2Hlx3p2PReuak82cwB84nz9tVJE2</latexit><latexit sha1_base64="SM6AZaKcQQI0S/3U9RT2N1DA0Xk=">AAAB9HicbVBNSwMxEJ31s9avqkcvwSLUg2W3CHosevFYwX5Auy3ZNNuGZpM1yRbK0t/hxYMiXv0x3vw3pu0etPXBwOO9GWbmBTFn2rjut7O2vrG5tZ3bye/u7R8cFo6OG1omitA6kVyqVoA15UzQumGG01asKI4CTpvB6G7mN8dUaSbFo5nE1I/wQLCQEWys5Jc6aii7lYtueulNe4WiW3bnQKvEy0gRMtR6ha9OX5IkosIQjrVue25s/BQrwwin03wn0TTGZIQHtG2pwBHVfjo/eorOrdJHoVS2hEFz9fdEiiOtJ1FgOyNshnrZm4n/ee3EhDd+ykScGCrIYlGYcGQkmiWA+kxRYvjEEkwUs7ciMsQKE2NzytsQvOWXV0mjUvbcsvdwVazeZnHk4BTOoAQeXEMV7qEGdSDwBM/wCm/O2Hlx3p2PReuak82cwB84nz9tVJE2</latexit>

• Data simulated 
from model (100 
data sets, 300 
data points):
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Posterior means: revisited
• Want to predict college GPA 
• Collect: standardized test scores (e.g., SAT, ACT) 
• Collect: regional test scores 
• Model:

yn
<latexit sha1_base64="OJNryDDGilrRcA5fmfyi02+IeM4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7GyGE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByO/M7T6g0j+WjyRL0IzqSPOSMGis9ZAM5qNbcujsHWSVeQWpQoDmofvWHMUsjlIYJqnXPcxPj51QZzgROK/1UY0LZhI6wZ6mkEWo/n586JWdWGZIwVrakIXP190ROI62zKLCdETVjvezNxP+8XmrCaz/nMkkNSrZYFKaCmJjM/iZDrpAZkVlCmeL2VsLGVFFmbDoVG4K3/PIqaV/UPbfu3V/WGjdFHGU4gVM4Bw+uoAF30IQWMBjBM7zCmyOcF+fd+Vi0lpxi5hj+wPn8AWmqjd4=</latexit><latexit sha1_base64="OJNryDDGilrRcA5fmfyi02+IeM4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7GyGE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByO/M7T6g0j+WjyRL0IzqSPOSMGis9ZAM5qNbcujsHWSVeQWpQoDmofvWHMUsjlIYJqnXPcxPj51QZzgROK/1UY0LZhI6wZ6mkEWo/n586JWdWGZIwVrakIXP190ROI62zKLCdETVjvezNxP+8XmrCaz/nMkkNSrZYFKaCmJjM/iZDrpAZkVlCmeL2VsLGVFFmbDoVG4K3/PIqaV/UPbfu3V/WGjdFHGU4gVM4Bw+uoAF30IQWMBjBM7zCmyOcF+fd+Vi0lpxi5hj+wPn8AWmqjd4=</latexit><latexit sha1_base64="OJNryDDGilrRcA5fmfyi02+IeM4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7GyGE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByO/M7T6g0j+WjyRL0IzqSPOSMGis9ZAM5qNbcujsHWSVeQWpQoDmofvWHMUsjlIYJqnXPcxPj51QZzgROK/1UY0LZhI6wZ6mkEWo/n586JWdWGZIwVrakIXP190ROI62zKLCdETVjvezNxP+8XmrCaz/nMkkNSrZYFKaCmJjM/iZDrpAZkVlCmeL2VsLGVFFmbDoVG4K3/PIqaV/UPbfu3V/WGjdFHGU4gVM4Bw+uoAF30IQWMBjBM7zCmyOcF+fd+Vi0lpxi5hj+wPn8AWmqjd4=</latexit><latexit sha1_base64="OJNryDDGilrRcA5fmfyi02+IeM4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7GyGE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByO/M7T6g0j+WjyRL0IzqSPOSMGis9ZAM5qNbcujsHWSVeQWpQoDmofvWHMUsjlIYJqnXPcxPj51QZzgROK/1UY0LZhI6wZ6mkEWo/n586JWdWGZIwVrakIXP190ROI62zKLCdETVjvezNxP+8XmrCaz/nMkkNSrZYFKaCmJjM/iZDrpAZkVlCmeL2VsLGVFFmbDoVG4K3/PIqaV/UPbfu3V/WGjdFHGU4gVM4Bw+uoAF30IQWMBjBM7zCmyOcF+fd+Vi0lpxi5hj+wPn8AWmqjd4=</latexit>

xn
<latexit sha1_base64="4IUL7pt3vq2/tw3H113R+PZDEw4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2m3bpZhN2J2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbF6wEnC/YgOlQgFo2il+6e+6pcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4ZWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8SloXVc+teneXlfp1HkcRTuAUzsGDGtThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifP2gkjd0=</latexit><latexit sha1_base64="4IUL7pt3vq2/tw3H113R+PZDEw4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2m3bpZhN2J2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbF6wEnC/YgOlQgFo2il+6e+6pcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4ZWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8SloXVc+teneXlfp1HkcRTuAUzsGDGtThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifP2gkjd0=</latexit><latexit sha1_base64="4IUL7pt3vq2/tw3H113R+PZDEw4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2m3bpZhN2J2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbF6wEnC/YgOlQgFo2il+6e+6pcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4ZWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8SloXVc+teneXlfp1HkcRTuAUzsGDGtThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifP2gkjd0=</latexit><latexit sha1_base64="4IUL7pt3vq2/tw3H113R+PZDEw4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2m3bpZhN2J2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbF6wEnC/YgOlQgFo2il+6e+6pcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4ZWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8SloXVc+teneXlfp1HkcRTuAUzsGDGtThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifP2gkjd0=</latexit>

rn
<latexit sha1_base64="iwrF5eTjAroVOP1wLESoR7Qq+oc=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTAXXxvO+ndLa+sbmVnm7srO7t3/gHh61dJIphk2WiER1QqpRcIlNw43ATqqQxqHAdji+nfntJ1SaJ/LRTFIMYjqUPOKMGis9qL7su1Wv5s1BVolfkCoUaPTdr94gYVmM0jBBte76XmqCnCrDmcBppZdpTCkb0yF2LZU0Rh3k81On5MwqAxIlypY0ZK7+nshprPUkDm1nTM1IL3sz8T+vm5noOsi5TDODki0WRZkgJiGzv8mAK2RGTCyhTHF7K2EjqigzNp2KDcFffnmVtC5qvlfz7y+r9ZsijjKcwCmcgw9XUIc7aEATGAzhGV7hzRHOi/PufCxaS04xcwx/4Hz+AF8Ajdc=</latexit><latexit sha1_base64="iwrF5eTjAroVOP1wLESoR7Qq+oc=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTAXXxvO+ndLa+sbmVnm7srO7t3/gHh61dJIphk2WiER1QqpRcIlNw43ATqqQxqHAdji+nfntJ1SaJ/LRTFIMYjqUPOKMGis9qL7su1Wv5s1BVolfkCoUaPTdr94gYVmM0jBBte76XmqCnCrDmcBppZdpTCkb0yF2LZU0Rh3k81On5MwqAxIlypY0ZK7+nshprPUkDm1nTM1IL3sz8T+vm5noOsi5TDODki0WRZkgJiGzv8mAK2RGTCyhTHF7K2EjqigzNp2KDcFffnmVtC5qvlfz7y+r9ZsijjKcwCmcgw9XUIc7aEATGAzhGV7hzRHOi/PufCxaS04xcwx/4Hz+AF8Ajdc=</latexit><latexit sha1_base64="iwrF5eTjAroVOP1wLESoR7Qq+oc=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTAXXxvO+ndLa+sbmVnm7srO7t3/gHh61dJIphk2WiER1QqpRcIlNw43ATqqQxqHAdji+nfntJ1SaJ/LRTFIMYjqUPOKMGis9qL7su1Wv5s1BVolfkCoUaPTdr94gYVmM0jBBte76XmqCnCrDmcBppZdpTCkb0yF2LZU0Rh3k81On5MwqAxIlypY0ZK7+nshprPUkDm1nTM1IL3sz8T+vm5noOsi5TDODki0WRZkgJiGzv8mAK2RGTCyhTHF7K2EjqigzNp2KDcFffnmVtC5qvlfz7y+r9ZsijjKcwCmcgw9XUIc7aEATGAzhGV7hzRHOi/PufCxaS04xcwx/4Hz+AF8Ajdc=</latexit><latexit sha1_base64="iwrF5eTjAroVOP1wLESoR7Qq+oc=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTAXXxvO+ndLa+sbmVnm7srO7t3/gHh61dJIphk2WiER1QqpRcIlNw43ATqqQxqHAdji+nfntJ1SaJ/LRTFIMYjqUPOKMGis9qL7su1Wv5s1BVolfkCoUaPTdr94gYVmM0jBBte76XmqCnCrDmcBppZdpTCkb0yF2LZU0Rh3k81On5MwqAxIlypY0ZK7+nshprPUkDm1nTM1IL3sz8T+vm5noOsi5TDODki0WRZkgJiGzv8mAK2RGTCyhTHF7K2EjqigzNp2KDcFffnmVtC5qvlfz7y+r9ZsijjKcwCmcgw9XUIc7aEATGAzhGV7hzRHOi/PufCxaS04xcwx/4Hz+AF8Ajdc=</latexit>

zk|⇢2
iid⇠ N (0, ⇢2)

<latexit sha1_base64="fnD6JLgG9Dx+QW3l8pUwfeUvaJE=">AAACIHicbVDLSsNAFJ3UV62vqEs3g0WoICUpQl0W3biSCvYBTQyTyaQdOnkwMxFqzKe48VfcuFBEd/o1TtostPXAhcM593LvPW7MqJCG8aWVlpZXVtfK65WNza3tHX13ryuihGPSwRGLeN9FgjAako6kkpF+zAkKXEZ67vgi93t3hAsahTdyEhM7QMOQ+hQjqSRHb947Y/gALT6KbhvQEhLhMScspdTLUkvQIINWgOQII5ZeZTXjZNZ57OhVo25MAReJWZAqKNB29E/Li3ASkFBihoQYmEYs7RRxSTEjWcVKBInVcjQkA0VDFBBhp9MHM3ikFA/6EVcVSjhVf0+kKBBiEriqMz9WzHu5+J83SKR/Zqc0jBNJQjxb5CcMygjmaUGPcoIlmyiCMKfqVohHiCMsVaYVFYI5//Ii6TbqplE3r0+rrfMijjI4AIegBkzQBC1wCdqgAzB4BM/gFbxpT9qL9q59zFpLWjGzD/5A+/4BfqWjJA==</latexit><latexit sha1_base64="fnD6JLgG9Dx+QW3l8pUwfeUvaJE=">AAACIHicbVDLSsNAFJ3UV62vqEs3g0WoICUpQl0W3biSCvYBTQyTyaQdOnkwMxFqzKe48VfcuFBEd/o1TtostPXAhcM593LvPW7MqJCG8aWVlpZXVtfK65WNza3tHX13ryuihGPSwRGLeN9FgjAako6kkpF+zAkKXEZ67vgi93t3hAsahTdyEhM7QMOQ+hQjqSRHb947Y/gALT6KbhvQEhLhMScspdTLUkvQIINWgOQII5ZeZTXjZNZ57OhVo25MAReJWZAqKNB29E/Li3ASkFBihoQYmEYs7RRxSTEjWcVKBInVcjQkA0VDFBBhp9MHM3ikFA/6EVcVSjhVf0+kKBBiEriqMz9WzHu5+J83SKR/Zqc0jBNJQjxb5CcMygjmaUGPcoIlmyiCMKfqVohHiCMsVaYVFYI5//Ii6TbqplE3r0+rrfMijjI4AIegBkzQBC1wCdqgAzB4BM/gFbxpT9qL9q59zFpLWjGzD/5A+/4BfqWjJA==</latexit><latexit sha1_base64="fnD6JLgG9Dx+QW3l8pUwfeUvaJE=">AAACIHicbVDLSsNAFJ3UV62vqEs3g0WoICUpQl0W3biSCvYBTQyTyaQdOnkwMxFqzKe48VfcuFBEd/o1TtostPXAhcM593LvPW7MqJCG8aWVlpZXVtfK65WNza3tHX13ryuihGPSwRGLeN9FgjAako6kkpF+zAkKXEZ67vgi93t3hAsahTdyEhM7QMOQ+hQjqSRHb947Y/gALT6KbhvQEhLhMScspdTLUkvQIINWgOQII5ZeZTXjZNZ57OhVo25MAReJWZAqKNB29E/Li3ASkFBihoQYmEYs7RRxSTEjWcVKBInVcjQkA0VDFBBhp9MHM3ikFA/6EVcVSjhVf0+kKBBiEriqMz9WzHu5+J83SKR/Zqc0jBNJQjxb5CcMygjmaUGPcoIlmyiCMKfqVohHiCMsVaYVFYI5//Ii6TbqplE3r0+rrfMijjI4AIegBkzQBC1wCdqgAzB4BM/gFbxpT9qL9q59zFpLWjGzD/5A+/4BfqWjJA==</latexit><latexit sha1_base64="fnD6JLgG9Dx+QW3l8pUwfeUvaJE=">AAACIHicbVDLSsNAFJ3UV62vqEs3g0WoICUpQl0W3biSCvYBTQyTyaQdOnkwMxFqzKe48VfcuFBEd/o1TtostPXAhcM593LvPW7MqJCG8aWVlpZXVtfK65WNza3tHX13ryuihGPSwRGLeN9FgjAako6kkpF+zAkKXEZ67vgi93t3hAsahTdyEhM7QMOQ+hQjqSRHb947Y/gALT6KbhvQEhLhMScspdTLUkvQIINWgOQII5ZeZTXjZNZ57OhVo25MAReJWZAqKNB29E/Li3ASkFBihoQYmEYs7RRxSTEjWcVKBInVcjQkA0VDFBBhp9MHM3ikFA/6EVcVSjhVf0+kKBBiEriqMz9WzHu5+J83SKR/Zqc0jBNJQjxb5CcMygjmaUGPcoIlmyiCMKfqVohHiCMsVaYVFYI5//Ii6TbqplE3r0+rrfMijjI4AIegBkzQBC1wCdqgAzB4BM/gFbxpT9qL9q59zFpLWjGzD/5A+/4BfqWjJA==</latexit>

yn|�, z,�2 indep⇠ N (�Txn + zk(n)rn,�
2)

<latexit sha1_base64="OsYP1L0f+D0RPgfm+9vgewkEVUA="></latexit><latexit sha1_base64="OsYP1L0f+D0RPgfm+9vgewkEVUA="></latexit><latexit sha1_base64="OsYP1L0f+D0RPgfm+9vgewkEVUA="></latexit><latexit sha1_base64="OsYP1L0f+D0RPgfm+9vgewkEVUA="></latexit>

� ⇠ N (0,⌃)
<latexit sha1_base64="B7725VxMXW6popKReveYLMPq2Mk=">AAACCnicbVBNS8NAEN3Ur1q/oh69rBahgpREBD0WvXiSivYDmlAm2227dDcJuxuhhJ69+Fe8eFDEq7/Am//GTZuDVh8MPN6bYWZeEHOmtON8WYWFxaXlleJqaW19Y3PL3t5pqiiRhDZIxCPZDkBRzkLa0Exz2o4lBRFw2gpGl5nfuqdSsSi80+OY+gIGIeszAtpIXXvfC6gG7CkmsCdADwnw9HpScY6xd8sGAo66dtmpOlPgv8TNSRnlqHftT68XkUTQUBMOSnVcJ9Z+ClIzwumk5CWKxkBGMKAdQ0MQVPnp9JUJPjRKD/cjaSrUeKr+nEhBKDUWgenMrlXzXib+53US3T/3UxbGiaYhmS3qJxzrCGe54B6TlGg+NgSIZOZWTIYggWiTXsmE4M6//Jc0T6quU3VvTsu1izyOItpDB6iCXHSGaugK1VEDEfSAntALerUerWfrzXqftRasfGYX/YL18Q1kRplo</latexit><latexit sha1_base64="B7725VxMXW6popKReveYLMPq2Mk=">AAACCnicbVBNS8NAEN3Ur1q/oh69rBahgpREBD0WvXiSivYDmlAm2227dDcJuxuhhJ69+Fe8eFDEq7/Am//GTZuDVh8MPN6bYWZeEHOmtON8WYWFxaXlleJqaW19Y3PL3t5pqiiRhDZIxCPZDkBRzkLa0Exz2o4lBRFw2gpGl5nfuqdSsSi80+OY+gIGIeszAtpIXXvfC6gG7CkmsCdADwnw9HpScY6xd8sGAo66dtmpOlPgv8TNSRnlqHftT68XkUTQUBMOSnVcJ9Z+ClIzwumk5CWKxkBGMKAdQ0MQVPnp9JUJPjRKD/cjaSrUeKr+nEhBKDUWgenMrlXzXib+53US3T/3UxbGiaYhmS3qJxzrCGe54B6TlGg+NgSIZOZWTIYggWiTXsmE4M6//Jc0T6quU3VvTsu1izyOItpDB6iCXHSGaugK1VEDEfSAntALerUerWfrzXqftRasfGYX/YL18Q1kRplo</latexit><latexit sha1_base64="B7725VxMXW6popKReveYLMPq2Mk=">AAACCnicbVBNS8NAEN3Ur1q/oh69rBahgpREBD0WvXiSivYDmlAm2227dDcJuxuhhJ69+Fe8eFDEq7/Am//GTZuDVh8MPN6bYWZeEHOmtON8WYWFxaXlleJqaW19Y3PL3t5pqiiRhDZIxCPZDkBRzkLa0Exz2o4lBRFw2gpGl5nfuqdSsSi80+OY+gIGIeszAtpIXXvfC6gG7CkmsCdADwnw9HpScY6xd8sGAo66dtmpOlPgv8TNSRnlqHftT68XkUTQUBMOSnVcJ9Z+ClIzwumk5CWKxkBGMKAdQ0MQVPnp9JUJPjRKD/cjaSrUeKr+nEhBKDUWgenMrlXzXib+53US3T/3UxbGiaYhmS3qJxzrCGe54B6TlGg+NgSIZOZWTIYggWiTXsmE4M6//Jc0T6quU3VvTsu1izyOItpDB6iCXHSGaugK1VEDEfSAntALerUerWfrzXqftRasfGYX/YL18Q1kRplo</latexit><latexit sha1_base64="B7725VxMXW6popKReveYLMPq2Mk=">AAACCnicbVBNS8NAEN3Ur1q/oh69rBahgpREBD0WvXiSivYDmlAm2227dDcJuxuhhJ69+Fe8eFDEq7/Am//GTZuDVh8MPN6bYWZeEHOmtON8WYWFxaXlleJqaW19Y3PL3t5pqiiRhDZIxCPZDkBRzkLa0Exz2o4lBRFw2gpGl5nfuqdSsSi80+OY+gIGIeszAtpIXXvfC6gG7CkmsCdADwnw9HpScY6xd8sGAo66dtmpOlPgv8TNSRnlqHftT68XkUTQUBMOSnVcJ9Z+ClIzwumk5CWKxkBGMKAdQ0MQVPnp9JUJPjRKD/cjaSrUeKr+nEhBKDUWgenMrlXzXib+53US3T/3UxbGiaYhmS3qJxzrCGe54B6TlGg+NgSIZOZWTIYggWiTXsmE4M6//Jc0T6quU3VvTsu1izyOItpDB6iCXHSGaugK1VEDEfSAntALerUerWfrzXqftRasfGYX/YL18Q1kRplo</latexit>

(�2)�1 ⇠ Gamma(a�2 , b�2)
<latexit sha1_base64="bNpOlFas2LsIPaYf94qwR220qPg=">AAACKnicbVDLSgMxFM3UV62vqks3wSK0oGWmCLr0sdBlBatCX9xJ0zaYzAzJHbEM8z1u/BU3XSjFrR9iWmfh60Dg5JxzSe7xIykMuu7Eyc3NLywu5ZcLK6tr6xvFza0bE8aa8QYLZajvfDBcioA3UKDkd5HmoHzJb/3786l/+8C1EWFwjaOItxUMAtEXDNBK3eJpuWXEQEEnqaWVTnLgpdQKiraQP6JWyQUoBWkZukmWq6X71P92q3SLJbfqzkD/Ei8jJZKh3i2OW72QxYoHyCQY0/TcCNsJaBRM8rTQig2PgN3DgDctDUBx005mq6Z0zyo92g+1PQHSmfp9IgFlzEj5NqkAh+a3NxX/85ox9o/biQiiGHnAvh7qx5JiSKe90Z7QnKEcWQJMC/tXyoaggaFtt2BL8H6v/Jfc1KqeW/WuDksnZ1kdebJDdkmZeOSInJBLUicNwsgTeSGv5M15dsbOxHn/iuacbGab/IDz8Qnx3Kb3</latexit><latexit sha1_base64="bNpOlFas2LsIPaYf94qwR220qPg=">AAACKnicbVDLSgMxFM3UV62vqks3wSK0oGWmCLr0sdBlBatCX9xJ0zaYzAzJHbEM8z1u/BU3XSjFrR9iWmfh60Dg5JxzSe7xIykMuu7Eyc3NLywu5ZcLK6tr6xvFza0bE8aa8QYLZajvfDBcioA3UKDkd5HmoHzJb/3786l/+8C1EWFwjaOItxUMAtEXDNBK3eJpuWXEQEEnqaWVTnLgpdQKiraQP6JWyQUoBWkZukmWq6X71P92q3SLJbfqzkD/Ei8jJZKh3i2OW72QxYoHyCQY0/TcCNsJaBRM8rTQig2PgN3DgDctDUBx005mq6Z0zyo92g+1PQHSmfp9IgFlzEj5NqkAh+a3NxX/85ox9o/biQiiGHnAvh7qx5JiSKe90Z7QnKEcWQJMC/tXyoaggaFtt2BL8H6v/Jfc1KqeW/WuDksnZ1kdebJDdkmZeOSInJBLUicNwsgTeSGv5M15dsbOxHn/iuacbGab/IDz8Qnx3Kb3</latexit><latexit sha1_base64="bNpOlFas2LsIPaYf94qwR220qPg=">AAACKnicbVDLSgMxFM3UV62vqks3wSK0oGWmCLr0sdBlBatCX9xJ0zaYzAzJHbEM8z1u/BU3XSjFrR9iWmfh60Dg5JxzSe7xIykMuu7Eyc3NLywu5ZcLK6tr6xvFza0bE8aa8QYLZajvfDBcioA3UKDkd5HmoHzJb/3786l/+8C1EWFwjaOItxUMAtEXDNBK3eJpuWXEQEEnqaWVTnLgpdQKiraQP6JWyQUoBWkZukmWq6X71P92q3SLJbfqzkD/Ei8jJZKh3i2OW72QxYoHyCQY0/TcCNsJaBRM8rTQig2PgN3DgDctDUBx005mq6Z0zyo92g+1PQHSmfp9IgFlzEj5NqkAh+a3NxX/85ox9o/biQiiGHnAvh7qx5JiSKe90Z7QnKEcWQJMC/tXyoaggaFtt2BL8H6v/Jfc1KqeW/WuDksnZ1kdebJDdkmZeOSInJBLUicNwsgTeSGv5M15dsbOxHn/iuacbGab/IDz8Qnx3Kb3</latexit><latexit sha1_base64="bNpOlFas2LsIPaYf94qwR220qPg=">AAACKnicbVDLSgMxFM3UV62vqks3wSK0oGWmCLr0sdBlBatCX9xJ0zaYzAzJHbEM8z1u/BU3XSjFrR9iWmfh60Dg5JxzSe7xIykMuu7Eyc3NLywu5ZcLK6tr6xvFza0bE8aa8QYLZajvfDBcioA3UKDkd5HmoHzJb/3786l/+8C1EWFwjaOItxUMAtEXDNBK3eJpuWXEQEEnqaWVTnLgpdQKiraQP6JWyQUoBWkZukmWq6X71P92q3SLJbfqzkD/Ei8jJZKh3i2OW72QxYoHyCQY0/TcCNsJaBRM8rTQig2PgN3DgDctDUBx005mq6Z0zyo92g+1PQHSmfp9IgFlzEj5NqkAh+a3NxX/85ox9o/biQiiGHnAvh7qx5JiSKe90Z7QnKEcWQJMC/tXyoaggaFtt2BL8H6v/Jfc1KqeW/WuDksnZ1kdebJDdkmZeOSInJBLUicNwsgTeSGv5M15dsbOxHn/iuacbGab/IDz8Qnx3Kb3</latexit>

(⇢2)�1 ⇠ Gamma(a⇢2 , b⇢2)
<latexit sha1_base64="n2oUHbsV/HPMV0iPGGjsCvUbUkI=">AAACJHicbVDLSgMxFM3Ud31VXboJFqGClpkiKLgRXehSwdZCp5Y7adqGJjNDckcsw3yMG3/FjQsfuHDjt5jWIr4OBA7nnMvNPUEshUHXfXNyE5NT0zOzc/n5hcWl5cLKas1EiWa8yiIZ6XoAhksR8ioKlLweaw4qkPwy6B8P/ctrro2IwgscxLypoBuKjmCAVmoVDkq+7kVXaSXbukp3vIz6RijqI79BrdITUAqyErTSUaqSbdPgi2+1CkW37I5A/xJvTIpkjLNW4dlvRyxRPEQmwZiG58bYTEGjYJJneT8xPAbWhy5vWBqC4qaZjo7M6KZV2rQTaftCpCP1+0QKypiBCmxSAfbMb28o/uc1EuzsN1MRxgnykH0u6iSSYkSHjdG20JyhHFgCTAv7V8p6oIGh7TVvS/B+n/yX1Cplzy1757vFw6NxHbNknWyQEvHIHjkkp+SMVAkjt+SePJIn5855cF6c189ozhnPrJEfcN4/APenpGM=</latexit><latexit sha1_base64="n2oUHbsV/HPMV0iPGGjsCvUbUkI=">AAACJHicbVDLSgMxFM3Ud31VXboJFqGClpkiKLgRXehSwdZCp5Y7adqGJjNDckcsw3yMG3/FjQsfuHDjt5jWIr4OBA7nnMvNPUEshUHXfXNyE5NT0zOzc/n5hcWl5cLKas1EiWa8yiIZ6XoAhksR8ioKlLweaw4qkPwy6B8P/ctrro2IwgscxLypoBuKjmCAVmoVDkq+7kVXaSXbukp3vIz6RijqI79BrdITUAqyErTSUaqSbdPgi2+1CkW37I5A/xJvTIpkjLNW4dlvRyxRPEQmwZiG58bYTEGjYJJneT8xPAbWhy5vWBqC4qaZjo7M6KZV2rQTaftCpCP1+0QKypiBCmxSAfbMb28o/uc1EuzsN1MRxgnykH0u6iSSYkSHjdG20JyhHFgCTAv7V8p6oIGh7TVvS/B+n/yX1Cplzy1757vFw6NxHbNknWyQEvHIHjkkp+SMVAkjt+SePJIn5855cF6c189ozhnPrJEfcN4/APenpGM=</latexit><latexit sha1_base64="n2oUHbsV/HPMV0iPGGjsCvUbUkI=">AAACJHicbVDLSgMxFM3Ud31VXboJFqGClpkiKLgRXehSwdZCp5Y7adqGJjNDckcsw3yMG3/FjQsfuHDjt5jWIr4OBA7nnMvNPUEshUHXfXNyE5NT0zOzc/n5hcWl5cLKas1EiWa8yiIZ6XoAhksR8ioKlLweaw4qkPwy6B8P/ctrro2IwgscxLypoBuKjmCAVmoVDkq+7kVXaSXbukp3vIz6RijqI79BrdITUAqyErTSUaqSbdPgi2+1CkW37I5A/xJvTIpkjLNW4dlvRyxRPEQmwZiG58bYTEGjYJJneT8xPAbWhy5vWBqC4qaZjo7M6KZV2rQTaftCpCP1+0QKypiBCmxSAfbMb28o/uc1EuzsN1MRxgnykH0u6iSSYkSHjdG20JyhHFgCTAv7V8p6oIGh7TVvS/B+n/yX1Cplzy1757vFw6NxHbNknWyQEvHIHjkkp+SMVAkjt+SePJIn5855cF6c189ozhnPrJEfcN4/APenpGM=</latexit><latexit sha1_base64="n2oUHbsV/HPMV0iPGGjsCvUbUkI=">AAACJHicbVDLSgMxFM3Ud31VXboJFqGClpkiKLgRXehSwdZCp5Y7adqGJjNDckcsw3yMG3/FjQsfuHDjt5jWIr4OBA7nnMvNPUEshUHXfXNyE5NT0zOzc/n5hcWl5cLKas1EiWa8yiIZ6XoAhksR8ioKlLweaw4qkPwy6B8P/ctrro2IwgscxLypoBuKjmCAVmoVDkq+7kVXaSXbukp3vIz6RijqI79BrdITUAqyErTSUaqSbdPgi2+1CkW37I5A/xJvTIpkjLNW4dlvRyxRPEQmwZiG58bYTEGjYJJneT8xPAbWhy5vWBqC4qaZjo7M6KZV2rQTaftCpCP1+0QKypiBCmxSAfbMb28o/uc1EuzsN1MRxgnykH0u6iSSYkSHjdG20JyhHFgCTAv7V8p6oIGh7TVvS/B+n/yX1Cplzy1757vFw6NxHbNknWyQEvHIHjkkp+SMVAkjt+SePJIn5855cF6c189ozhnPrJEfcN4/APenpGM=</latexit>

• Data simulated 
from model (100 
data sets, 300 
data points):

[Giordano, Broderick, Jordan 2015]

(⇢2)�1
<latexit sha1_base64="SM6AZaKcQQI0S/3U9RT2N1DA0Xk=">AAAB9HicbVBNSwMxEJ31s9avqkcvwSLUg2W3CHosevFYwX5Auy3ZNNuGZpM1yRbK0t/hxYMiXv0x3vw3pu0etPXBwOO9GWbmBTFn2rjut7O2vrG5tZ3bye/u7R8cFo6OG1omitA6kVyqVoA15UzQumGG01asKI4CTpvB6G7mN8dUaSbFo5nE1I/wQLCQEWys5Jc6aii7lYtueulNe4WiW3bnQKvEy0gRMtR6ha9OX5IkosIQjrVue25s/BQrwwin03wn0TTGZIQHtG2pwBHVfjo/eorOrdJHoVS2hEFz9fdEiiOtJ1FgOyNshnrZm4n/ee3EhDd+ykScGCrIYlGYcGQkmiWA+kxRYvjEEkwUs7ciMsQKE2NzytsQvOWXV0mjUvbcsvdwVazeZnHk4BTOoAQeXEMV7qEGdSDwBM/wCm/O2Hlx3p2PReuak82cwB84nz9tVJE2</latexit><latexit sha1_base64="SM6AZaKcQQI0S/3U9RT2N1DA0Xk=">AAAB9HicbVBNSwMxEJ31s9avqkcvwSLUg2W3CHosevFYwX5Auy3ZNNuGZpM1yRbK0t/hxYMiXv0x3vw3pu0etPXBwOO9GWbmBTFn2rjut7O2vrG5tZ3bye/u7R8cFo6OG1omitA6kVyqVoA15UzQumGG01asKI4CTpvB6G7mN8dUaSbFo5nE1I/wQLCQEWys5Jc6aii7lYtueulNe4WiW3bnQKvEy0gRMtR6ha9OX5IkosIQjrVue25s/BQrwwin03wn0TTGZIQHtG2pwBHVfjo/eorOrdJHoVS2hEFz9fdEiiOtJ1FgOyNshnrZm4n/ee3EhDd+ykScGCrIYlGYcGQkmiWA+kxRYvjEEkwUs7ciMsQKE2NzytsQvOWXV0mjUvbcsvdwVazeZnHk4BTOoAQeXEMV7qEGdSDwBM/wCm/O2Hlx3p2PReuak82cwB84nz9tVJE2</latexit><latexit sha1_base64="SM6AZaKcQQI0S/3U9RT2N1DA0Xk=">AAAB9HicbVBNSwMxEJ31s9avqkcvwSLUg2W3CHosevFYwX5Auy3ZNNuGZpM1yRbK0t/hxYMiXv0x3vw3pu0etPXBwOO9GWbmBTFn2rjut7O2vrG5tZ3bye/u7R8cFo6OG1omitA6kVyqVoA15UzQumGG01asKI4CTpvB6G7mN8dUaSbFo5nE1I/wQLCQEWys5Jc6aii7lYtueulNe4WiW3bnQKvEy0gRMtR6ha9OX5IkosIQjrVue25s/BQrwwin03wn0TTGZIQHtG2pwBHVfjo/eorOrdJHoVS2hEFz9fdEiiOtJ1FgOyNshnrZm4n/ee3EhDd+ykScGCrIYlGYcGQkmiWA+kxRYvjEEkwUs7ciMsQKE2NzytsQvOWXV0mjUvbcsvdwVazeZnHk4BTOoAQeXEMV7qEGdSDwBM/wCm/O2Hlx3p2PReuak82cwB84nz9tVJE2</latexit><latexit sha1_base64="SM6AZaKcQQI0S/3U9RT2N1DA0Xk=">AAAB9HicbVBNSwMxEJ31s9avqkcvwSLUg2W3CHosevFYwX5Auy3ZNNuGZpM1yRbK0t/hxYMiXv0x3vw3pu0etPXBwOO9GWbmBTFn2rjut7O2vrG5tZ3bye/u7R8cFo6OG1omitA6kVyqVoA15UzQumGG01asKI4CTpvB6G7mN8dUaSbFo5nE1I/wQLCQEWys5Jc6aii7lYtueulNe4WiW3bnQKvEy0gRMtR6ha9OX5IkosIQjrVue25s/BQrwwin03wn0TTGZIQHtG2pwBHVfjo/eorOrdJHoVS2hEFz9fdEiiOtJ1FgOyNshnrZm4n/ee3EhDd+ykScGCrIYlGYcGQkmiWA+kxRYvjEEkwUs7ciMsQKE2NzytsQvOWXV0mjUvbcsvdwVazeZnHk4BTOoAQeXEMV7qEGdSDwBM/wCm/O2Hlx3p2PReuak82cwB84nz9tVJE2</latexit>
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Optimization 
q⇤ = argminq2Qf(q(·), p(·|y))

Variational Bayes 
q⇤ = argminq2QKL(q(·)||p(·|y))

Mean-field variational Bayes
q⇤ = argminq2QMFVB

KL(q(·)||p(·|y))

Use     to approximate
Approximate Bayesian inference

• Coordinate descent 
• Stochastic variational inference (SVI) 
• Automatic differentiation variational 

inference (ADVI) [Kucukelbir et al 2015, 2017]

[Hoffman et al 2013]

q⇤
<latexit sha1_base64="SEQ3KyBYMOJ0WzNLIO0tp2ioeTQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSKIh5KIoMeiF48V7Qe0sWy2k3bpZhN3N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O0vLK6tr64WN4ubW9s5uaW+/oeNUMayzWMSqFVCNgkusG24EthKFNAoENoPh9cRvPqHSPJb3ZpSgH9G+5CFn1Fjp7vHhtFsquxV3CrJIvJyUIUetW/rq9GKWRigNE1Trtucmxs+oMpwJHBc7qcaEsiHtY9tSSSPUfjY9dUyOrdIjYaxsSUOm6u+JjEZaj6LAdkbUDPS8NxH/89qpCS/9jMskNSjZbFGYCmJiMvmb9LhCZsTIEsoUt7cSNqCKMmPTKdoQvPmXF0njrOK5Fe/2vFy9yuMowCEcwQl4cAFVuIEa1IFBH57hFd4c4bw4787HrHXJyWcO4A+czx/01o2R</latexit><latexit sha1_base64="SEQ3KyBYMOJ0WzNLIO0tp2ioeTQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSKIh5KIoMeiF48V7Qe0sWy2k3bpZhN3N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O0vLK6tr64WN4ubW9s5uaW+/oeNUMayzWMSqFVCNgkusG24EthKFNAoENoPh9cRvPqHSPJb3ZpSgH9G+5CFn1Fjp7vHhtFsquxV3CrJIvJyUIUetW/rq9GKWRigNE1Trtucmxs+oMpwJHBc7qcaEsiHtY9tSSSPUfjY9dUyOrdIjYaxsSUOm6u+JjEZaj6LAdkbUDPS8NxH/89qpCS/9jMskNSjZbFGYCmJiMvmb9LhCZsTIEsoUt7cSNqCKMmPTKdoQvPmXF0njrOK5Fe/2vFy9yuMowCEcwQl4cAFVuIEa1IFBH57hFd4c4bw4787HrHXJyWcO4A+czx/01o2R</latexit><latexit sha1_base64="SEQ3KyBYMOJ0WzNLIO0tp2ioeTQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSKIh5KIoMeiF48V7Qe0sWy2k3bpZhN3N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O0vLK6tr64WN4ubW9s5uaW+/oeNUMayzWMSqFVCNgkusG24EthKFNAoENoPh9cRvPqHSPJb3ZpSgH9G+5CFn1Fjp7vHhtFsquxV3CrJIvJyUIUetW/rq9GKWRigNE1Trtucmxs+oMpwJHBc7qcaEsiHtY9tSSSPUfjY9dUyOrdIjYaxsSUOm6u+JjEZaj6LAdkbUDPS8NxH/89qpCS/9jMskNSjZbFGYCmJiMvmb9LhCZsTIEsoUt7cSNqCKMmPTKdoQvPmXF0njrOK5Fe/2vFy9yuMowCEcwQl4cAFVuIEa1IFBH57hFd4c4bw4787HrHXJyWcO4A+czx/01o2R</latexit><latexit sha1_base64="SEQ3KyBYMOJ0WzNLIO0tp2ioeTQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSKIh5KIoMeiF48V7Qe0sWy2k3bpZhN3N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O0vLK6tr64WN4ubW9s5uaW+/oeNUMayzWMSqFVCNgkusG24EthKFNAoENoPh9cRvPqHSPJb3ZpSgH9G+5CFn1Fjp7vHhtFsquxV3CrJIvJyUIUetW/rq9GKWRigNE1Trtucmxs+oMpwJHBc7qcaEsiHtY9tSSSPUfjY9dUyOrdIjYaxsSUOm6u+JjEZaj6LAdkbUDPS8NxH/89qpCS/9jMskNSjZbFGYCmJiMvmb9LhCZsTIEsoUt7cSNqCKMmPTKdoQvPmXF0njrOK5Fe/2vFy9yuMowCEcwQl4cAFVuIEa1IFBH57hFd4c4bw4787HrHXJyWcO4A+czx/01o2R</latexit>

p(·|y)
<latexit sha1_base64="ZFD1+cP8HHNhNha/j35y7+s0n5E=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWsB/QhLLZbtqlm82yuxFC7N/w4kERr/4Zb/4bt20O2vpg4PHeDDPzQsmZNq777ZTW1jc2t8rblZ3dvf2D6uFRRyepIrRNEp6oXog15UzQtmGG055UFMchp91wcjvzu49UaZaIB5NJGsR4JFjECDZW8mXdJ8PEoCeUnQ+qNbfhzoFWiVeQGhRoDapf/jAhaUyFIRxr3fdcaYIcK8MIp9OKn2oqMZngEe1bKnBMdZDPb56iM6sMUZQoW8Kgufp7Isex1lkc2s4Ym7Fe9mbif14/NdF1kDMhU0MFWSyKUo5MgmYBoCFTlBieWYKJYvZWRMZYYWJsTBUbgrf88irpXDQ8t+HdX9aaN0UcZTiBU6iDB1fQhDtoQRsISHiGV3hzUufFeXc+Fq0lp5g5hj9wPn8A5+eQ7g==</latexit><latexit sha1_base64="ZFD1+cP8HHNhNha/j35y7+s0n5E=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWsB/QhLLZbtqlm82yuxFC7N/w4kERr/4Zb/4bt20O2vpg4PHeDDPzQsmZNq777ZTW1jc2t8rblZ3dvf2D6uFRRyepIrRNEp6oXog15UzQtmGG055UFMchp91wcjvzu49UaZaIB5NJGsR4JFjECDZW8mXdJ8PEoCeUnQ+qNbfhzoFWiVeQGhRoDapf/jAhaUyFIRxr3fdcaYIcK8MIp9OKn2oqMZngEe1bKnBMdZDPb56iM6sMUZQoW8Kgufp7Isex1lkc2s4Ym7Fe9mbif14/NdF1kDMhU0MFWSyKUo5MgmYBoCFTlBieWYKJYvZWRMZYYWJsTBUbgrf88irpXDQ8t+HdX9aaN0UcZTiBU6iDB1fQhDtoQRsISHiGV3hzUufFeXc+Fq0lp5g5hj9wPn8A5+eQ7g==</latexit><latexit sha1_base64="ZFD1+cP8HHNhNha/j35y7+s0n5E=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWsB/QhLLZbtqlm82yuxFC7N/w4kERr/4Zb/4bt20O2vpg4PHeDDPzQsmZNq777ZTW1jc2t8rblZ3dvf2D6uFRRyepIrRNEp6oXog15UzQtmGG055UFMchp91wcjvzu49UaZaIB5NJGsR4JFjECDZW8mXdJ8PEoCeUnQ+qNbfhzoFWiVeQGhRoDapf/jAhaUyFIRxr3fdcaYIcK8MIp9OKn2oqMZngEe1bKnBMdZDPb56iM6sMUZQoW8Kgufp7Isex1lkc2s4Ym7Fe9mbif14/NdF1kDMhU0MFWSyKUo5MgmYBoCFTlBieWYKJYvZWRMZYYWJsTBUbgrf88irpXDQ8t+HdX9aaN0UcZTiBU6iDB1fQhDtoQRsISHiGV3hzUufFeXc+Fq0lp5g5hj9wPn8A5+eQ7g==</latexit><latexit sha1_base64="ZFD1+cP8HHNhNha/j35y7+s0n5E=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWsB/QhLLZbtqlm82yuxFC7N/w4kERr/4Zb/4bt20O2vpg4PHeDDPzQsmZNq777ZTW1jc2t8rblZ3dvf2D6uFRRyepIrRNEp6oXog15UzQtmGG055UFMchp91wcjvzu49UaZaIB5NJGsR4JFjECDZW8mXdJ8PEoCeUnQ+qNbfhzoFWiVeQGhRoDapf/jAhaUyFIRxr3fdcaYIcK8MIp9OKn2oqMZngEe1bKnBMdZDPb56iM6sMUZQoW8Kgufp7Isex1lkc2s4Ym7Fe9mbif14/NdF1kDMhU0MFWSyKUo5MgmYBoCFTlBieWYKJYvZWRMZYYWJsTBUbgrf88irpXDQ8t+HdX9aaN0UcZTiBU6iDB1fQhDtoQRsISHiGV3hzUufFeXc+Fq0lp5g5hj9wPn8A5+eQ7g==</latexit>
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How 
deep is 

the 
issue?



Optimization 
q⇤ = argminq2Qf(q(·), p(·|y))

Variational Bayes 
q⇤ = argminq2QKL(q(·)||p(·|y))

Mean-field variational Bayes
q⇤ = argminq2QMFVB

KL(q(·)||p(·|y))

Use     to approximate
Approximate Bayesian inference

q⇤
<latexit sha1_base64="SEQ3KyBYMOJ0WzNLIO0tp2ioeTQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSKIh5KIoMeiF48V7Qe0sWy2k3bpZhN3N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O0vLK6tr64WN4ubW9s5uaW+/oeNUMayzWMSqFVCNgkusG24EthKFNAoENoPh9cRvPqHSPJb3ZpSgH9G+5CFn1Fjp7vHhtFsquxV3CrJIvJyUIUetW/rq9GKWRigNE1Trtucmxs+oMpwJHBc7qcaEsiHtY9tSSSPUfjY9dUyOrdIjYaxsSUOm6u+JjEZaj6LAdkbUDPS8NxH/89qpCS/9jMskNSjZbFGYCmJiMvmb9LhCZsTIEsoUt7cSNqCKMmPTKdoQvPmXF0njrOK5Fe/2vFy9yuMowCEcwQl4cAFVuIEa1IFBH57hFd4c4bw4787HrHXJyWcO4A+czx/01o2R</latexit><latexit sha1_base64="SEQ3KyBYMOJ0WzNLIO0tp2ioeTQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSKIh5KIoMeiF48V7Qe0sWy2k3bpZhN3N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O0vLK6tr64WN4ubW9s5uaW+/oeNUMayzWMSqFVCNgkusG24EthKFNAoENoPh9cRvPqHSPJb3ZpSgH9G+5CFn1Fjp7vHhtFsquxV3CrJIvJyUIUetW/rq9GKWRigNE1Trtucmxs+oMpwJHBc7qcaEsiHtY9tSSSPUfjY9dUyOrdIjYaxsSUOm6u+JjEZaj6LAdkbUDPS8NxH/89qpCS/9jMskNSjZbFGYCmJiMvmb9LhCZsTIEsoUt7cSNqCKMmPTKdoQvPmXF0njrOK5Fe/2vFy9yuMowCEcwQl4cAFVuIEa1IFBH57hFd4c4bw4787HrHXJyWcO4A+czx/01o2R</latexit><latexit sha1_base64="SEQ3KyBYMOJ0WzNLIO0tp2ioeTQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSKIh5KIoMeiF48V7Qe0sWy2k3bpZhN3N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O0vLK6tr64WN4ubW9s5uaW+/oeNUMayzWMSqFVCNgkusG24EthKFNAoENoPh9cRvPqHSPJb3ZpSgH9G+5CFn1Fjp7vHhtFsquxV3CrJIvJyUIUetW/rq9GKWRigNE1Trtucmxs+oMpwJHBc7qcaEsiHtY9tSSSPUfjY9dUyOrdIjYaxsSUOm6u+JjEZaj6LAdkbUDPS8NxH/89qpCS/9jMskNSjZbFGYCmJiMvmb9LhCZsTIEsoUt7cSNqCKMmPTKdoQvPmXF0njrOK5Fe/2vFy9yuMowCEcwQl4cAFVuIEa1IFBH57hFd4c4bw4787HrHXJyWcO4A+czx/01o2R</latexit><latexit sha1_base64="SEQ3KyBYMOJ0WzNLIO0tp2ioeTQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSKIh5KIoMeiF48V7Qe0sWy2k3bpZhN3N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O0vLK6tr64WN4ubW9s5uaW+/oeNUMayzWMSqFVCNgkusG24EthKFNAoENoPh9cRvPqHSPJb3ZpSgH9G+5CFn1Fjp7vHhtFsquxV3CrJIvJyUIUetW/rq9GKWRigNE1Trtucmxs+oMpwJHBc7qcaEsiHtY9tSSSPUfjY9dUyOrdIjYaxsSUOm6u+JjEZaj6LAdkbUDPS8NxH/89qpCS/9jMskNSjZbFGYCmJiMvmb9LhCZsTIEsoUt7cSNqCKMmPTKdoQvPmXF0njrOK5Fe/2vFy9yuMowCEcwQl4cAFVuIEa1IFBH57hFd4c4bw4787HrHXJyWcO4A+czx/01o2R</latexit>

p(·|y)
<latexit sha1_base64="ZFD1+cP8HHNhNha/j35y7+s0n5E=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWsB/QhLLZbtqlm82yuxFC7N/w4kERr/4Zb/4bt20O2vpg4PHeDDPzQsmZNq777ZTW1jc2t8rblZ3dvf2D6uFRRyepIrRNEp6oXog15UzQtmGG055UFMchp91wcjvzu49UaZaIB5NJGsR4JFjECDZW8mXdJ8PEoCeUnQ+qNbfhzoFWiVeQGhRoDapf/jAhaUyFIRxr3fdcaYIcK8MIp9OKn2oqMZngEe1bKnBMdZDPb56iM6sMUZQoW8Kgufp7Isex1lkc2s4Ym7Fe9mbif14/NdF1kDMhU0MFWSyKUo5MgmYBoCFTlBieWYKJYvZWRMZYYWJsTBUbgrf88irpXDQ8t+HdX9aaN0UcZTiBU6iDB1fQhDtoQRsISHiGV3hzUufFeXc+Fq0lp5g5hj9wPn8A5+eQ7g==</latexit><latexit sha1_base64="ZFD1+cP8HHNhNha/j35y7+s0n5E=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWsB/QhLLZbtqlm82yuxFC7N/w4kERr/4Zb/4bt20O2vpg4PHeDDPzQsmZNq777ZTW1jc2t8rblZ3dvf2D6uFRRyepIrRNEp6oXog15UzQtmGG055UFMchp91wcjvzu49UaZaIB5NJGsR4JFjECDZW8mXdJ8PEoCeUnQ+qNbfhzoFWiVeQGhRoDapf/jAhaUyFIRxr3fdcaYIcK8MIp9OKn2oqMZngEe1bKnBMdZDPb56iM6sMUZQoW8Kgufp7Isex1lkc2s4Ym7Fe9mbif14/NdF1kDMhU0MFWSyKUo5MgmYBoCFTlBieWYKJYvZWRMZYYWJsTBUbgrf88irpXDQ8t+HdX9aaN0UcZTiBU6iDB1fQhDtoQRsISHiGV3hzUufFeXc+Fq0lp5g5hj9wPn8A5+eQ7g==</latexit><latexit sha1_base64="ZFD1+cP8HHNhNha/j35y7+s0n5E=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWsB/QhLLZbtqlm82yuxFC7N/w4kERr/4Zb/4bt20O2vpg4PHeDDPzQsmZNq777ZTW1jc2t8rblZ3dvf2D6uFRRyepIrRNEp6oXog15UzQtmGG055UFMchp91wcjvzu49UaZaIB5NJGsR4JFjECDZW8mXdJ8PEoCeUnQ+qNbfhzoFWiVeQGhRoDapf/jAhaUyFIRxr3fdcaYIcK8MIp9OKn2oqMZngEe1bKnBMdZDPb56iM6sMUZQoW8Kgufp7Isex1lkc2s4Ym7Fe9mbif14/NdF1kDMhU0MFWSyKUo5MgmYBoCFTlBieWYKJYvZWRMZYYWJsTBUbgrf88irpXDQ8t+HdX9aaN0UcZTiBU6iDB1fQhDtoQRsISHiGV3hzUufFeXc+Fq0lp5g5hj9wPn8A5+eQ7g==</latexit><latexit sha1_base64="ZFD1+cP8HHNhNha/j35y7+s0n5E=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWsB/QhLLZbtqlm82yuxFC7N/w4kERr/4Zb/4bt20O2vpg4PHeDDPzQsmZNq777ZTW1jc2t8rblZ3dvf2D6uFRRyepIrRNEp6oXog15UzQtmGG055UFMchp91wcjvzu49UaZaIB5NJGsR4JFjECDZW8mXdJ8PEoCeUnQ+qNbfhzoFWiVeQGhRoDapf/jAhaUyFIRxr3fdcaYIcK8MIp9OKn2oqMZngEe1bKnBMdZDPb56iM6sMUZQoW8Kgufp7Isex1lkc2s4Ym7Fe9mbif14/NdF1kDMhU0MFWSyKUo5MgmYBoCFTlBieWYKJYvZWRMZYYWJsTBUbgrf88irpXDQ8t+HdX9aaN0UcZTiBU6iDB1fQhDtoQRsISHiGV3hzUufFeXc+Fq0lp5g5hj9wPn8A5+eQ7g==</latexit>
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Optimization 
q⇤ = argminq2Qf(q(·), p(·|y))

Variational Bayes 
q⇤ = argminq2QKL(q(·)||p(·|y))

Mean-field variational Bayes
q⇤ = argminq2QMFVB

KL(q(·)||p(·|y))

Use     to approximate
Approximate Bayesian inference

q⇤
<latexit sha1_base64="SEQ3KyBYMOJ0WzNLIO0tp2ioeTQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSKIh5KIoMeiF48V7Qe0sWy2k3bpZhN3N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O0vLK6tr64WN4ubW9s5uaW+/oeNUMayzWMSqFVCNgkusG24EthKFNAoENoPh9cRvPqHSPJb3ZpSgH9G+5CFn1Fjp7vHhtFsquxV3CrJIvJyUIUetW/rq9GKWRigNE1Trtucmxs+oMpwJHBc7qcaEsiHtY9tSSSPUfjY9dUyOrdIjYaxsSUOm6u+JjEZaj6LAdkbUDPS8NxH/89qpCS/9jMskNSjZbFGYCmJiMvmb9LhCZsTIEsoUt7cSNqCKMmPTKdoQvPmXF0njrOK5Fe/2vFy9yuMowCEcwQl4cAFVuIEa1IFBH57hFd4c4bw4787HrHXJyWcO4A+czx/01o2R</latexit><latexit sha1_base64="SEQ3KyBYMOJ0WzNLIO0tp2ioeTQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSKIh5KIoMeiF48V7Qe0sWy2k3bpZhN3N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O0vLK6tr64WN4ubW9s5uaW+/oeNUMayzWMSqFVCNgkusG24EthKFNAoENoPh9cRvPqHSPJb3ZpSgH9G+5CFn1Fjp7vHhtFsquxV3CrJIvJyUIUetW/rq9GKWRigNE1Trtucmxs+oMpwJHBc7qcaEsiHtY9tSSSPUfjY9dUyOrdIjYaxsSUOm6u+JjEZaj6LAdkbUDPS8NxH/89qpCS/9jMskNSjZbFGYCmJiMvmb9LhCZsTIEsoUt7cSNqCKMmPTKdoQvPmXF0njrOK5Fe/2vFy9yuMowCEcwQl4cAFVuIEa1IFBH57hFd4c4bw4787HrHXJyWcO4A+czx/01o2R</latexit><latexit sha1_base64="SEQ3KyBYMOJ0WzNLIO0tp2ioeTQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSKIh5KIoMeiF48V7Qe0sWy2k3bpZhN3N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O0vLK6tr64WN4ubW9s5uaW+/oeNUMayzWMSqFVCNgkusG24EthKFNAoENoPh9cRvPqHSPJb3ZpSgH9G+5CFn1Fjp7vHhtFsquxV3CrJIvJyUIUetW/rq9GKWRigNE1Trtucmxs+oMpwJHBc7qcaEsiHtY9tSSSPUfjY9dUyOrdIjYaxsSUOm6u+JjEZaj6LAdkbUDPS8NxH/89qpCS/9jMskNSjZbFGYCmJiMvmb9LhCZsTIEsoUt7cSNqCKMmPTKdoQvPmXF0njrOK5Fe/2vFy9yuMowCEcwQl4cAFVuIEa1IFBH57hFd4c4bw4787HrHXJyWcO4A+czx/01o2R</latexit><latexit sha1_base64="SEQ3KyBYMOJ0WzNLIO0tp2ioeTQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSKIh5KIoMeiF48V7Qe0sWy2k3bpZhN3N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O0vLK6tr64WN4ubW9s5uaW+/oeNUMayzWMSqFVCNgkusG24EthKFNAoENoPh9cRvPqHSPJb3ZpSgH9G+5CFn1Fjp7vHhtFsquxV3CrJIvJyUIUetW/rq9GKWRigNE1Trtucmxs+oMpwJHBc7qcaEsiHtY9tSSSPUfjY9dUyOrdIjYaxsSUOm6u+JjEZaj6LAdkbUDPS8NxH/89qpCS/9jMskNSjZbFGYCmJiMvmb9LhCZsTIEsoUt7cSNqCKMmPTKdoQvPmXF0njrOK5Fe/2vFy9yuMowCEcwQl4cAFVuIEa1IFBH57hFd4c4bw4787HrHXJyWcO4A+czx/01o2R</latexit>

p(·|y)
<latexit sha1_base64="ZFD1+cP8HHNhNha/j35y7+s0n5E=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWsB/QhLLZbtqlm82yuxFC7N/w4kERr/4Zb/4bt20O2vpg4PHeDDPzQsmZNq777ZTW1jc2t8rblZ3dvf2D6uFRRyepIrRNEp6oXog15UzQtmGG055UFMchp91wcjvzu49UaZaIB5NJGsR4JFjECDZW8mXdJ8PEoCeUnQ+qNbfhzoFWiVeQGhRoDapf/jAhaUyFIRxr3fdcaYIcK8MIp9OKn2oqMZngEe1bKnBMdZDPb56iM6sMUZQoW8Kgufp7Isex1lkc2s4Ym7Fe9mbif14/NdF1kDMhU0MFWSyKUo5MgmYBoCFTlBieWYKJYvZWRMZYYWJsTBUbgrf88irpXDQ8t+HdX9aaN0UcZTiBU6iDB1fQhDtoQRsISHiGV3hzUufFeXc+Fq0lp5g5hj9wPn8A5+eQ7g==</latexit><latexit sha1_base64="ZFD1+cP8HHNhNha/j35y7+s0n5E=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWsB/QhLLZbtqlm82yuxFC7N/w4kERr/4Zb/4bt20O2vpg4PHeDDPzQsmZNq777ZTW1jc2t8rblZ3dvf2D6uFRRyepIrRNEp6oXog15UzQtmGG055UFMchp91wcjvzu49UaZaIB5NJGsR4JFjECDZW8mXdJ8PEoCeUnQ+qNbfhzoFWiVeQGhRoDapf/jAhaUyFIRxr3fdcaYIcK8MIp9OKn2oqMZngEe1bKnBMdZDPb56iM6sMUZQoW8Kgufp7Isex1lkc2s4Ym7Fe9mbif14/NdF1kDMhU0MFWSyKUo5MgmYBoCFTlBieWYKJYvZWRMZYYWJsTBUbgrf88irpXDQ8t+HdX9aaN0UcZTiBU6iDB1fQhDtoQRsISHiGV3hzUufFeXc+Fq0lp5g5hj9wPn8A5+eQ7g==</latexit><latexit sha1_base64="ZFD1+cP8HHNhNha/j35y7+s0n5E=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWsB/QhLLZbtqlm82yuxFC7N/w4kERr/4Zb/4bt20O2vpg4PHeDDPzQsmZNq777ZTW1jc2t8rblZ3dvf2D6uFRRyepIrRNEp6oXog15UzQtmGG055UFMchp91wcjvzu49UaZaIB5NJGsR4JFjECDZW8mXdJ8PEoCeUnQ+qNbfhzoFWiVeQGhRoDapf/jAhaUyFIRxr3fdcaYIcK8MIp9OKn2oqMZngEe1bKnBMdZDPb56iM6sMUZQoW8Kgufp7Isex1lkc2s4Ym7Fe9mbif14/NdF1kDMhU0MFWSyKUo5MgmYBoCFTlBieWYKJYvZWRMZYYWJsTBUbgrf88irpXDQ8t+HdX9aaN0UcZTiBU6iDB1fQhDtoQRsISHiGV3hzUufFeXc+Fq0lp5g5hj9wPn8A5+eQ7g==</latexit><latexit sha1_base64="ZFD1+cP8HHNhNha/j35y7+s0n5E=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWsB/QhLLZbtqlm82yuxFC7N/w4kERr/4Zb/4bt20O2vpg4PHeDDPzQsmZNq777ZTW1jc2t8rblZ3dvf2D6uFRRyepIrRNEp6oXog15UzQtmGG055UFMchp91wcjvzu49UaZaIB5NJGsR4JFjECDZW8mXdJ8PEoCeUnQ+qNbfhzoFWiVeQGhRoDapf/jAhaUyFIRxr3fdcaYIcK8MIp9OKn2oqMZngEe1bKnBMdZDPb56iM6sMUZQoW8Kgufp7Isex1lkc2s4Ym7Fe9mbif14/NdF1kDMhU0MFWSyKUo5MgmYBoCFTlBieWYKJYvZWRMZYYWJsTBUbgrf88irpXDQ8t+HdX9aaN0UcZTiBU6iDB1fQhDtoQRsISHiGV3hzUufFeXc+Fq0lp5g5hj9wPn8A5+eQ7g==</latexit>

Algorithm
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How 
deep is 

the 
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Optimization 
q⇤ = argminq2Qf(q(·), p(·|y))

Variational Bayes 
q⇤ = argminq2QKL(q(·)||p(·|y))

Mean-field variational Bayes
q⇤ = argminq2QMFVB

KL(q(·)||p(·|y))

Use     to approximate
Approximate Bayesian inference

q⇤
<latexit sha1_base64="SEQ3KyBYMOJ0WzNLIO0tp2ioeTQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSKIh5KIoMeiF48V7Qe0sWy2k3bpZhN3N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O0vLK6tr64WN4ubW9s5uaW+/oeNUMayzWMSqFVCNgkusG24EthKFNAoENoPh9cRvPqHSPJb3ZpSgH9G+5CFn1Fjp7vHhtFsquxV3CrJIvJyUIUetW/rq9GKWRigNE1Trtucmxs+oMpwJHBc7qcaEsiHtY9tSSSPUfjY9dUyOrdIjYaxsSUOm6u+JjEZaj6LAdkbUDPS8NxH/89qpCS/9jMskNSjZbFGYCmJiMvmb9LhCZsTIEsoUt7cSNqCKMmPTKdoQvPmXF0njrOK5Fe/2vFy9yuMowCEcwQl4cAFVuIEa1IFBH57hFd4c4bw4787HrHXJyWcO4A+czx/01o2R</latexit><latexit sha1_base64="SEQ3KyBYMOJ0WzNLIO0tp2ioeTQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSKIh5KIoMeiF48V7Qe0sWy2k3bpZhN3N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O0vLK6tr64WN4ubW9s5uaW+/oeNUMayzWMSqFVCNgkusG24EthKFNAoENoPh9cRvPqHSPJb3ZpSgH9G+5CFn1Fjp7vHhtFsquxV3CrJIvJyUIUetW/rq9GKWRigNE1Trtucmxs+oMpwJHBc7qcaEsiHtY9tSSSPUfjY9dUyOrdIjYaxsSUOm6u+JjEZaj6LAdkbUDPS8NxH/89qpCS/9jMskNSjZbFGYCmJiMvmb9LhCZsTIEsoUt7cSNqCKMmPTKdoQvPmXF0njrOK5Fe/2vFy9yuMowCEcwQl4cAFVuIEa1IFBH57hFd4c4bw4787HrHXJyWcO4A+czx/01o2R</latexit><latexit sha1_base64="SEQ3KyBYMOJ0WzNLIO0tp2ioeTQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSKIh5KIoMeiF48V7Qe0sWy2k3bpZhN3N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O0vLK6tr64WN4ubW9s5uaW+/oeNUMayzWMSqFVCNgkusG24EthKFNAoENoPh9cRvPqHSPJb3ZpSgH9G+5CFn1Fjp7vHhtFsquxV3CrJIvJyUIUetW/rq9GKWRigNE1Trtucmxs+oMpwJHBc7qcaEsiHtY9tSSSPUfjY9dUyOrdIjYaxsSUOm6u+JjEZaj6LAdkbUDPS8NxH/89qpCS/9jMskNSjZbFGYCmJiMvmb9LhCZsTIEsoUt7cSNqCKMmPTKdoQvPmXF0njrOK5Fe/2vFy9yuMowCEcwQl4cAFVuIEa1IFBH57hFd4c4bw4787HrHXJyWcO4A+czx/01o2R</latexit><latexit sha1_base64="SEQ3KyBYMOJ0WzNLIO0tp2ioeTQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSKIh5KIoMeiF48V7Qe0sWy2k3bpZhN3N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O0vLK6tr64WN4ubW9s5uaW+/oeNUMayzWMSqFVCNgkusG24EthKFNAoENoPh9cRvPqHSPJb3ZpSgH9G+5CFn1Fjp7vHhtFsquxV3CrJIvJyUIUetW/rq9GKWRigNE1Trtucmxs+oMpwJHBc7qcaEsiHtY9tSSSPUfjY9dUyOrdIjYaxsSUOm6u+JjEZaj6LAdkbUDPS8NxH/89qpCS/9jMskNSjZbFGYCmJiMvmb9LhCZsTIEsoUt7cSNqCKMmPTKdoQvPmXF0njrOK5Fe/2vFy9yuMowCEcwQl4cAFVuIEa1IFBH57hFd4c4bw4787HrHXJyWcO4A+czx/01o2R</latexit>
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q⇤ = argminq2QMFVB

KL(q(·)||p(·|y))

Use     to approximate
Approximate Bayesian inference

q⇤
<latexit sha1_base64="SEQ3KyBYMOJ0WzNLIO0tp2ioeTQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSKIh5KIoMeiF48V7Qe0sWy2k3bpZhN3N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O0vLK6tr64WN4ubW9s5uaW+/oeNUMayzWMSqFVCNgkusG24EthKFNAoENoPh9cRvPqHSPJb3ZpSgH9G+5CFn1Fjp7vHhtFsquxV3CrJIvJyUIUetW/rq9GKWRigNE1Trtucmxs+oMpwJHBc7qcaEsiHtY9tSSSPUfjY9dUyOrdIjYaxsSUOm6u+JjEZaj6LAdkbUDPS8NxH/89qpCS/9jMskNSjZbFGYCmJiMvmb9LhCZsTIEsoUt7cSNqCKMmPTKdoQvPmXF0njrOK5Fe/2vFy9yuMowCEcwQl4cAFVuIEa1IFBH57hFd4c4bw4787HrHXJyWcO4A+czx/01o2R</latexit><latexit sha1_base64="SEQ3KyBYMOJ0WzNLIO0tp2ioeTQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSKIh5KIoMeiF48V7Qe0sWy2k3bpZhN3N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O0vLK6tr64WN4ubW9s5uaW+/oeNUMayzWMSqFVCNgkusG24EthKFNAoENoPh9cRvPqHSPJb3ZpSgH9G+5CFn1Fjp7vHhtFsquxV3CrJIvJyUIUetW/rq9GKWRigNE1Trtucmxs+oMpwJHBc7qcaEsiHtY9tSSSPUfjY9dUyOrdIjYaxsSUOm6u+JjEZaj6LAdkbUDPS8NxH/89qpCS/9jMskNSjZbFGYCmJiMvmb9LhCZsTIEsoUt7cSNqCKMmPTKdoQvPmXF0njrOK5Fe/2vFy9yuMowCEcwQl4cAFVuIEa1IFBH57hFd4c4bw4787HrHXJyWcO4A+czx/01o2R</latexit><latexit sha1_base64="SEQ3KyBYMOJ0WzNLIO0tp2ioeTQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSKIh5KIoMeiF48V7Qe0sWy2k3bpZhN3N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O0vLK6tr64WN4ubW9s5uaW+/oeNUMayzWMSqFVCNgkusG24EthKFNAoENoPh9cRvPqHSPJb3ZpSgH9G+5CFn1Fjp7vHhtFsquxV3CrJIvJyUIUetW/rq9GKWRigNE1Trtucmxs+oMpwJHBc7qcaEsiHtY9tSSSPUfjY9dUyOrdIjYaxsSUOm6u+JjEZaj6LAdkbUDPS8NxH/89qpCS/9jMskNSjZbFGYCmJiMvmb9LhCZsTIEsoUt7cSNqCKMmPTKdoQvPmXF0njrOK5Fe/2vFy9yuMowCEcwQl4cAFVuIEa1IFBH57hFd4c4bw4787HrHXJyWcO4A+czx/01o2R</latexit><latexit sha1_base64="SEQ3KyBYMOJ0WzNLIO0tp2ioeTQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSKIh5KIoMeiF48V7Qe0sWy2k3bpZhN3N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O0vLK6tr64WN4ubW9s5uaW+/oeNUMayzWMSqFVCNgkusG24EthKFNAoENoPh9cRvPqHSPJb3ZpSgH9G+5CFn1Fjp7vHhtFsquxV3CrJIvJyUIUetW/rq9GKWRigNE1Trtucmxs+oMpwJHBc7qcaEsiHtY9tSSSPUfjY9dUyOrdIjYaxsSUOm6u+JjEZaj6LAdkbUDPS8NxH/89qpCS/9jMskNSjZbFGYCmJiMvmb9LhCZsTIEsoUt7cSNqCKMmPTKdoQvPmXF0njrOK5Fe/2vFy9yuMowCEcwQl4cAFVuIEa1IFBH57hFd4c4bw4787HrHXJyWcO4A+czx/01o2R</latexit>

p(·|y)
<latexit sha1_base64="ZFD1+cP8HHNhNha/j35y7+s0n5E=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWsB/QhLLZbtqlm82yuxFC7N/w4kERr/4Zb/4bt20O2vpg4PHeDDPzQsmZNq777ZTW1jc2t8rblZ3dvf2D6uFRRyepIrRNEp6oXog15UzQtmGG055UFMchp91wcjvzu49UaZaIB5NJGsR4JFjECDZW8mXdJ8PEoCeUnQ+qNbfhzoFWiVeQGhRoDapf/jAhaUyFIRxr3fdcaYIcK8MIp9OKn2oqMZngEe1bKnBMdZDPb56iM6sMUZQoW8Kgufp7Isex1lkc2s4Ym7Fe9mbif14/NdF1kDMhU0MFWSyKUo5MgmYBoCFTlBieWYKJYvZWRMZYYWJsTBUbgrf88irpXDQ8t+HdX9aaN0UcZTiBU6iDB1fQhDtoQRsISHiGV3hzUufFeXc+Fq0lp5g5hj9wPn8A5+eQ7g==</latexit><latexit sha1_base64="ZFD1+cP8HHNhNha/j35y7+s0n5E=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWsB/QhLLZbtqlm82yuxFC7N/w4kERr/4Zb/4bt20O2vpg4PHeDDPzQsmZNq777ZTW1jc2t8rblZ3dvf2D6uFRRyepIrRNEp6oXog15UzQtmGG055UFMchp91wcjvzu49UaZaIB5NJGsR4JFjECDZW8mXdJ8PEoCeUnQ+qNbfhzoFWiVeQGhRoDapf/jAhaUyFIRxr3fdcaYIcK8MIp9OKn2oqMZngEe1bKnBMdZDPb56iM6sMUZQoW8Kgufp7Isex1lkc2s4Ym7Fe9mbif14/NdF1kDMhU0MFWSyKUo5MgmYBoCFTlBieWYKJYvZWRMZYYWJsTBUbgrf88irpXDQ8t+HdX9aaN0UcZTiBU6iDB1fQhDtoQRsISHiGV3hzUufFeXc+Fq0lp5g5hj9wPn8A5+eQ7g==</latexit><latexit sha1_base64="ZFD1+cP8HHNhNha/j35y7+s0n5E=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWsB/QhLLZbtqlm82yuxFC7N/w4kERr/4Zb/4bt20O2vpg4PHeDDPzQsmZNq777ZTW1jc2t8rblZ3dvf2D6uFRRyepIrRNEp6oXog15UzQtmGG055UFMchp91wcjvzu49UaZaIB5NJGsR4JFjECDZW8mXdJ8PEoCeUnQ+qNbfhzoFWiVeQGhRoDapf/jAhaUyFIRxr3fdcaYIcK8MIp9OKn2oqMZngEe1bKnBMdZDPb56iM6sMUZQoW8Kgufp7Isex1lkc2s4Ym7Fe9mbif14/NdF1kDMhU0MFWSyKUo5MgmYBoCFTlBieWYKJYvZWRMZYYWJsTBUbgrf88irpXDQ8t+HdX9aaN0UcZTiBU6iDB1fQhDtoQRsISHiGV3hzUufFeXc+Fq0lp5g5hj9wPn8A5+eQ7g==</latexit><latexit sha1_base64="ZFD1+cP8HHNhNha/j35y7+s0n5E=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWsB/QhLLZbtqlm82yuxFC7N/w4kERr/4Zb/4bt20O2vpg4PHeDDPzQsmZNq777ZTW1jc2t8rblZ3dvf2D6uFRRyepIrRNEp6oXog15UzQtmGG055UFMchp91wcjvzu49UaZaIB5NJGsR4JFjECDZW8mXdJ8PEoCeUnQ+qNbfhzoFWiVeQGhRoDapf/jAhaUyFIRxr3fdcaYIcK8MIp9OKn2oqMZngEe1bKnBMdZDPb56iM6sMUZQoW8Kgufp7Isex1lkc2s4Ym7Fe9mbif14/NdF1kDMhU0MFWSyKUo5MgmYBoCFTlBieWYKJYvZWRMZYYWJsTBUbgrf88irpXDQ8t+HdX9aaN0UcZTiBU6iDB1fQhDtoQRsISHiGV3hzUufFeXc+Fq0lp5g5hj9wPn8A5+eQ7g==</latexit>

Gaussian example 
was exact

How 
deep is 

the 
issue?
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p(✓|y) • Turner, Sahani (2011) 
showed (empirically) 
can have strictly larger 
NICE set but worse 
mean & variance 
estimates
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Is it just MFVB?

q⇤(✓)

NICE

p(✓|y) • Turner, Sahani (2011) 
showed (empirically) 
can have strictly larger 
NICE set but worse 
mean & variance 
estimates

• Takeaway: A smaller KL does not imply 
better mean and variance estimates 

• Exercise: show this
19

NICE’
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−3 −2 −1 0 1 2 3

p: Student's t

q: Gaussian, variance �2
q

<latexit sha1_base64="jeB/tUBwpPNcTuC+UOHwzJPaAc4=">AAAB8XicbVBNSwMxEJ2tX7V+rXr0EiyCp7JbBT0WvXisYD+wXUs2zbahSXZNskJZ+i+8eFDEq//Gm//GtN2Dtj4YeLw3w8y8MOFMG8/7dgorq2vrG8XN0tb2zu6eu3/Q1HGqCG2QmMeqHWJNOZO0YZjhtJ0oikXIaSscXU/91hNVmsXyzowTGgg8kCxiBBsr3Xc1Gwj8UO099tyyV/FmQMvEz0kZctR77le3H5NUUGkIx1p3fC8xQYaVYYTTSambappgMsID2rFUYkF1kM0unqATq/RRFCtb0qCZ+nsiw0LrsQhtp8BmqBe9qfif10lNdBlkTCapoZLMF0UpRyZG0/dRnylKDB9bgoli9lZEhlhhYmxIJRuCv/jyMmlWK/5ZpXp7Xq5d5XEU4QiO4RR8uIAa3EAdGkBAwjO8wpujnRfn3fmYtxacfOYQ/sD5/AFSr5Cv</latexit>
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p: Student's t, variance

q: Gaussian, variance �2
q

<latexit sha1_base64="jeB/tUBwpPNcTuC+UOHwzJPaAc4=">AAAB8XicbVBNSwMxEJ2tX7V+rXr0EiyCp7JbBT0WvXisYD+wXUs2zbahSXZNskJZ+i+8eFDEq//Gm//GtN2Dtj4YeLw3w8y8MOFMG8/7dgorq2vrG8XN0tb2zu6eu3/Q1HGqCG2QmMeqHWJNOZO0YZjhtJ0oikXIaSscXU/91hNVmsXyzowTGgg8kCxiBBsr3Xc1Gwj8UO099tyyV/FmQMvEz0kZctR77le3H5NUUGkIx1p3fC8xQYaVYYTTSambappgMsID2rFUYkF1kM0unqATq/RRFCtb0qCZ+nsiw0LrsQhtp8BmqBe9qfif10lNdBlkTCapoZLMF0UpRyZG0/dRnylKDB9bgoli9lZEhlhhYmxIJRuCv/jyMmlWK/5ZpXp7Xq5d5XEU4QiO4RR8uIAa3EAdGkBAwjO8wpujnRfn3fmYtxacfOYQ/sD5/AFSr5Cv</latexit>

�2
p

<latexit sha1_base64="mT/Y3o4eVvw6xD8gX/ppmz1siOs="></latexit>

Conjecture (HKCB). For any c > 1, there exist zero-
mean, unimodal distributions q and p such that 

KL(q||p) < 0.802
<latexit sha1_base64="cofyEQG0+NNNUGweqYsmggskKEU="></latexit>
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Is it just MFVB?

[Huggins, Karsprzak, Campbell, Broderick 2018]

but also 
Can have small KL and arbitrarily bad variance estimate

�2
p � c�2

q
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p: Student's t, variance

q: Gaussian, variance �2
q

<latexit sha1_base64="jeB/tUBwpPNcTuC+UOHwzJPaAc4=">AAAB8XicbVBNSwMxEJ2tX7V+rXr0EiyCp7JbBT0WvXisYD+wXUs2zbahSXZNskJZ+i+8eFDEq//Gm//GtN2Dtj4YeLw3w8y8MOFMG8/7dgorq2vrG8XN0tb2zu6eu3/Q1HGqCG2QmMeqHWJNOZO0YZjhtJ0oikXIaSscXU/91hNVmsXyzowTGgg8kCxiBBsr3Xc1Gwj8UO099tyyV/FmQMvEz0kZctR77le3H5NUUGkIx1p3fC8xQYaVYYTTSambappgMsID2rFUYkF1kM0unqATq/RRFCtb0qCZ+nsiw0LrsQhtp8BmqBe9qfif10lNdBlkTCapoZLMF0UpRyZG0/dRnylKDB9bgoli9lZEhlhhYmxIJRuCv/jyMmlWK/5ZpXp7Xq5d5XEU4QiO4RR8uIAa3EAdGkBAwjO8wpujnRfn3fmYtxacfOYQ/sD5/AFSr5Cv</latexit>

�2
p

<latexit sha1_base64="mT/Y3o4eVvw6xD8gX/ppmz1siOs="></latexit>

Conjecture (HKCB). For any c > 1, there exist zero-
mean, unimodal distributions q and p such that 

KL(q||p) < 0.802
<latexit sha1_base64="cofyEQG0+NNNUGweqYsmggskKEU="></latexit>

0.12
<latexit sha1_base64="t9HrkJNncjTzu4fy1hlafRA1wcw=">AAAB63icbZDLSgMxFIbPeK3jrerSTbAIroaZutCNWHTjsoK9QDuUTJq2oUlmSDJCGfoKblwo4k58FvduxLcx03ahrT8EPv7/HHLOiRLOtPH9b2dpeWV1bb2w4W5ube/sFvf26zpOFaE1EvNYNSOsKWeS1gwznDYTRbGIOG1Ew+s8b9xTpVks78wooaHAfcl6jGCTW74XlDvFku/5E6FFCGZQuvxwL5K3L7faKX62uzFJBZWGcKx1K/ATE2ZYGUY4HbvtVNMEkyHu05ZFiQXVYTaZdYyOrdNFvVjZJw2auL87Miy0HonIVgpsBno+y83/slZqeudhxmSSGirJ9KNeypGJUb446jJFieEjC5goZmdFZIAVJsaex7VHCOZXXoR62QtOvfKtX6pcwVQFOIQjOIEAzqACN1CFGhAYwAM8wbMjnEfnxXmdli45s54D+CPn/Qcln5Ck</latexit>

20



How small is KL in practice?

21



How small is KL in practice?

q⇤(✓)

NICE

CLOSE

p(✓|y)

21



How small is KL in practice?

q⇤(✓)

p(✓|y)

21



How small is KL in practice?

q⇤(✓)

p(✓|y) • Often optimum has 
non-zero KL (MFVB, 
Gaussian VB)

21



How small is KL in practice?

q⇤(✓)

p(✓|y) • Often optimum has 
non-zero KL (MFVB, 
Gaussian VB)

21



How small is KL in practice?

q⇤(✓)

p(✓|y) • Often optimum has 
non-zero KL (MFVB, 
Gaussian VB)

21



How small is KL in practice?

q⇤(✓)

p(✓|y) • Often optimum has 
non-zero KL (MFVB, 
Gaussian VB)

21



How small is KL in practice?

q⇤(✓)

p(✓|y) • Often optimum has 
non-zero KL (MFVB, 
Gaussian VB)

21



How small is KL in practice?

q⇤(✓)

p(✓|y) • Often optimum has 
non-zero KL (MFVB, 
Gaussian VB)

21



How small is KL in practice?

q⇤(✓)

p(✓|y) • Often optimum has 
non-zero KL (MFVB, 
Gaussian VB)

21



How small is KL in practice?

q⇤(✓)

p(✓|y) • Often optimum has 
non-zero KL (MFVB, 
Gaussian VB) 

• Even if optimum has 
zero KL, algorithm 
might not reach zero

21



How small is KL in practice?

q⇤(✓)p(✓|y)

• Often optimum has 
non-zero KL (MFVB, 
Gaussian VB) 

• Even if optimum has 
zero KL, algorithm 
might not reach zero

=

21



How small is KL in practice?

q⇤(✓)p(✓|y)

• Often optimum has 
non-zero KL (MFVB, 
Gaussian VB) 

• Even if optimum has 
zero KL, algorithm 
might not reach zero

=

21



How small is KL in practice?

q⇤(✓)p(✓|y)

• Often optimum has 
non-zero KL (MFVB, 
Gaussian VB) 

• Even if optimum has 
zero KL, algorithm 
might not reach zero

=

21



How small is KL in practice?

q⇤(✓)p(✓|y)

• Often optimum has 
non-zero KL (MFVB, 
Gaussian VB) 

• Even if optimum has 
zero KL, algorithm 
might not reach zero

=

21



How small is KL in practice?

q⇤(✓)p(✓|y)

• Often optimum has 
non-zero KL (MFVB, 
Gaussian VB) 

• Even if optimum has 
zero KL, algorithm 
might not reach zero

=

21



How small is KL in practice?

q⇤(✓)p(✓|y)

• Often optimum has 
non-zero KL (MFVB, 
Gaussian VB) 

• Even if optimum has 
zero KL, algorithm 
might not reach zero

=

21



How small is KL in practice?

q⇤(✓)p(✓|y)

• Often optimum has 
non-zero KL (MFVB, 
Gaussian VB) 

• Even if optimum has 
zero KL, algorithm 
might not reach zero

=

21



How small is KL in practice?

q⇤(✓)p(✓|y)

• Often optimum has 
non-zero KL (MFVB, 
Gaussian VB) 

• Even if optimum has 
zero KL, algorithm 
might not reach zero

=

21



How small is KL in practice?

q⇤(✓)p(✓|y)

• Often optimum has 
non-zero KL (MFVB, 
Gaussian VB) 

• Even if optimum has 
zero KL, algorithm 
might not reach zero

=

21



How small is KL in practice?

q⇤(✓)p(✓|y)

• Often optimum has 
non-zero KL (MFVB, 
Gaussian VB) 

• Even if optimum has 
zero KL, algorithm 
might not reach zero

=

• Recall: the 
KL value 
isn’t free

21



How small is KL in practice?

q⇤(✓)p(✓|y)

• Often optimum has 
non-zero KL (MFVB, 
Gaussian VB) 

• Even if optimum has 
zero KL, algorithm 
might not reach zero

=

• Recall: the 
KL value 
isn’t free

iteration0

KL
• Recall: the 

KL value 
isn’t free

21



How small is KL in practice?

q⇤(✓)p(✓|y)

• Often optimum has 
non-zero KL (MFVB, 
Gaussian VB) 

• Even if optimum has 
zero KL, algorithm 
might not reach zero

=

• Recall: the 
KL value 
isn’t free

iteration0

KL
• Recall: the 

KL value 
isn’t free

ELBO

iteration
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Optimization 
q⇤ = argminq2Qf(q(·), p(·|y))

Variational Bayes 
q⇤ = argminq2QKL(q(·)||p(·|y))

Mean-field variational Bayes
q⇤ = argminq2QMFVB

KL(q(·)||p(·|y))

Use     to approximate
Approximate Bayesian inference

q⇤
<latexit sha1_base64="SEQ3KyBYMOJ0WzNLIO0tp2ioeTQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSKIh5KIoMeiF48V7Qe0sWy2k3bpZhN3N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O0vLK6tr64WN4ubW9s5uaW+/oeNUMayzWMSqFVCNgkusG24EthKFNAoENoPh9cRvPqHSPJb3ZpSgH9G+5CFn1Fjp7vHhtFsquxV3CrJIvJyUIUetW/rq9GKWRigNE1Trtucmxs+oMpwJHBc7qcaEsiHtY9tSSSPUfjY9dUyOrdIjYaxsSUOm6u+JjEZaj6LAdkbUDPS8NxH/89qpCS/9jMskNSjZbFGYCmJiMvmb9LhCZsTIEsoUt7cSNqCKMmPTKdoQvPmXF0njrOK5Fe/2vFy9yuMowCEcwQl4cAFVuIEa1IFBH57hFd4c4bw4787HrHXJyWcO4A+czx/01o2R</latexit><latexit sha1_base64="SEQ3KyBYMOJ0WzNLIO0tp2ioeTQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSKIh5KIoMeiF48V7Qe0sWy2k3bpZhN3N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O0vLK6tr64WN4ubW9s5uaW+/oeNUMayzWMSqFVCNgkusG24EthKFNAoENoPh9cRvPqHSPJb3ZpSgH9G+5CFn1Fjp7vHhtFsquxV3CrJIvJyUIUetW/rq9GKWRigNE1Trtucmxs+oMpwJHBc7qcaEsiHtY9tSSSPUfjY9dUyOrdIjYaxsSUOm6u+JjEZaj6LAdkbUDPS8NxH/89qpCS/9jMskNSjZbFGYCmJiMvmb9LhCZsTIEsoUt7cSNqCKMmPTKdoQvPmXF0njrOK5Fe/2vFy9yuMowCEcwQl4cAFVuIEa1IFBH57hFd4c4bw4787HrHXJyWcO4A+czx/01o2R</latexit><latexit sha1_base64="SEQ3KyBYMOJ0WzNLIO0tp2ioeTQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSKIh5KIoMeiF48V7Qe0sWy2k3bpZhN3N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O0vLK6tr64WN4ubW9s5uaW+/oeNUMayzWMSqFVCNgkusG24EthKFNAoENoPh9cRvPqHSPJb3ZpSgH9G+5CFn1Fjp7vHhtFsquxV3CrJIvJyUIUetW/rq9GKWRigNE1Trtucmxs+oMpwJHBc7qcaEsiHtY9tSSSPUfjY9dUyOrdIjYaxsSUOm6u+JjEZaj6LAdkbUDPS8NxH/89qpCS/9jMskNSjZbFGYCmJiMvmb9LhCZsTIEsoUt7cSNqCKMmPTKdoQvPmXF0njrOK5Fe/2vFy9yuMowCEcwQl4cAFVuIEa1IFBH57hFd4c4bw4787HrHXJyWcO4A+czx/01o2R</latexit><latexit sha1_base64="SEQ3KyBYMOJ0WzNLIO0tp2ioeTQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSKIh5KIoMeiF48V7Qe0sWy2k3bpZhN3N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O0vLK6tr64WN4ubW9s5uaW+/oeNUMayzWMSqFVCNgkusG24EthKFNAoENoPh9cRvPqHSPJb3ZpSgH9G+5CFn1Fjp7vHhtFsquxV3CrJIvJyUIUetW/rq9GKWRigNE1Trtucmxs+oMpwJHBc7qcaEsiHtY9tSSSPUfjY9dUyOrdIjYaxsSUOm6u+JjEZaj6LAdkbUDPS8NxH/89qpCS/9jMskNSjZbFGYCmJiMvmb9LhCZsTIEsoUt7cSNqCKMmPTKdoQvPmXF0njrOK5Fe/2vFy9yuMowCEcwQl4cAFVuIEa1IFBH57hFd4c4bw4787HrHXJyWcO4A+czx/01o2R</latexit>

p(·|y)
<latexit sha1_base64="ZFD1+cP8HHNhNha/j35y7+s0n5E=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWsB/QhLLZbtqlm82yuxFC7N/w4kERr/4Zb/4bt20O2vpg4PHeDDPzQsmZNq777ZTW1jc2t8rblZ3dvf2D6uFRRyepIrRNEp6oXog15UzQtmGG055UFMchp91wcjvzu49UaZaIB5NJGsR4JFjECDZW8mXdJ8PEoCeUnQ+qNbfhzoFWiVeQGhRoDapf/jAhaUyFIRxr3fdcaYIcK8MIp9OKn2oqMZngEe1bKnBMdZDPb56iM6sMUZQoW8Kgufp7Isex1lkc2s4Ym7Fe9mbif14/NdF1kDMhU0MFWSyKUo5MgmYBoCFTlBieWYKJYvZWRMZYYWJsTBUbgrf88irpXDQ8t+HdX9aaN0UcZTiBU6iDB1fQhDtoQRsISHiGV3hzUufFeXc+Fq0lp5g5hj9wPn8A5+eQ7g==</latexit><latexit sha1_base64="ZFD1+cP8HHNhNha/j35y7+s0n5E=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWsB/QhLLZbtqlm82yuxFC7N/w4kERr/4Zb/4bt20O2vpg4PHeDDPzQsmZNq777ZTW1jc2t8rblZ3dvf2D6uFRRyepIrRNEp6oXog15UzQtmGG055UFMchp91wcjvzu49UaZaIB5NJGsR4JFjECDZW8mXdJ8PEoCeUnQ+qNbfhzoFWiVeQGhRoDapf/jAhaUyFIRxr3fdcaYIcK8MIp9OKn2oqMZngEe1bKnBMdZDPb56iM6sMUZQoW8Kgufp7Isex1lkc2s4Ym7Fe9mbif14/NdF1kDMhU0MFWSyKUo5MgmYBoCFTlBieWYKJYvZWRMZYYWJsTBUbgrf88irpXDQ8t+HdX9aaN0UcZTiBU6iDB1fQhDtoQRsISHiGV3hzUufFeXc+Fq0lp5g5hj9wPn8A5+eQ7g==</latexit><latexit sha1_base64="ZFD1+cP8HHNhNha/j35y7+s0n5E=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWsB/QhLLZbtqlm82yuxFC7N/w4kERr/4Zb/4bt20O2vpg4PHeDDPzQsmZNq777ZTW1jc2t8rblZ3dvf2D6uFRRyepIrRNEp6oXog15UzQtmGG055UFMchp91wcjvzu49UaZaIB5NJGsR4JFjECDZW8mXdJ8PEoCeUnQ+qNbfhzoFWiVeQGhRoDapf/jAhaUyFIRxr3fdcaYIcK8MIp9OKn2oqMZngEe1bKnBMdZDPb56iM6sMUZQoW8Kgufp7Isex1lkc2s4Ym7Fe9mbif14/NdF1kDMhU0MFWSyKUo5MgmYBoCFTlBieWYKJYvZWRMZYYWJsTBUbgrf88irpXDQ8t+HdX9aaN0UcZTiBU6iDB1fQhDtoQRsISHiGV3hzUufFeXc+Fq0lp5g5hj9wPn8A5+eQ7g==</latexit><latexit sha1_base64="ZFD1+cP8HHNhNha/j35y7+s0n5E=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWsB/QhLLZbtqlm82yuxFC7N/w4kERr/4Zb/4bt20O2vpg4PHeDDPzQsmZNq777ZTW1jc2t8rblZ3dvf2D6uFRRyepIrRNEp6oXog15UzQtmGG055UFMchp91wcjvzu49UaZaIB5NJGsR4JFjECDZW8mXdJ8PEoCeUnQ+qNbfhzoFWiVeQGhRoDapf/jAhaUyFIRxr3fdcaYIcK8MIp9OKn2oqMZngEe1bKnBMdZDPb56iM6sMUZQoW8Kgufp7Isex1lkc2s4Ym7Fe9mbif14/NdF1kDMhU0MFWSyKUo5MgmYBoCFTlBieWYKJYvZWRMZYYWJsTBUbgrf88irpXDQ8t+HdX9aaN0UcZTiBU6iDB1fQhDtoQRsISHiGV3hzUufFeXc+Fq0lp5g5hj9wPn8A5+eQ7g==</latexit>

Gaussian example 
was exact

How 
deep is 

the 
issue? Implementation
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Optimization 
q⇤ = argminq2Qf(q(·), p(·|y))

Variational Bayes 
q⇤ = argminq2QKL(q(·)||p(·|y))

Mean-field variational Bayes
q⇤ = argminq2QMFVB

KL(q(·)||p(·|y))

Use     to approximate
Approximate Bayesian inference

q⇤
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Latent Dirichlet Allocation (LDA)

[Blei et al 2003]
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Automated, Scalable 
Bayesian Inference via 

Data Summarization

http://www.tamarabroderick.com/tutorials.html
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data set
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• ε-coreset: 
• Bound on Wasserstein distance to exact posterior ➔ 

bound on posterior mean/uncertainty estimate quality
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Hilbert coresets

• need to consider (residual) error direction 
• sparse optimization

min
w2RN
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• Convex combination of M vertices after M -1 steps
min
w2RN

kL(w)� Lk2• Our problem:

�N�1 :=

(
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Thm (CB). After M iterations, 

9
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Real data experiments

Data sets include: 
• Phishing 
• Chemical reactivity 
• Bicycle trips 
• Airport delays
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error
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Data sets include: 
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• Chemical reactivity 
• Bicycle trips 
• Airport delays

lower 
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less total time
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[Campbell, Broderick 2019, 2018]14
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= exp
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T (yn, xn)

)
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#

Sufficient statistics

• Scalable, single-pass, streaming, distributed, 
complementary to MCMC 

• But: Often no simple sufficient statistics 
• E.g. Bayesian logistic regression; GLMs; “deeper” models

• Our proposal: (polynomial) approximate sufficient statistics
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[Huggins, Adams, Broderick 2017]

Data summarization

• 6M data points, 1000 
features 

• Streaming, distributed; 
minimal communication 

• 22 cores, 16 sec 
• Finite-data guarantees on 

Wasserstein distance to 
exact posterior16
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Conclusions
• Data summarization for scalable, automated 

approximate Bayes algorithms with error bounds on 
quality for finite data
• Coresets 
• Approx. suff. statistics  
• More accurate with 

more computation 
investment 

• A start 
• Lots of potential 

improvements/
directions

lower 
error

17

less total time
[Campbell, Broderick 2017, 2018; Huggins, Campbell, Broderick 2016; Huggins, Adams, Broderick 2017]
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Bayesian inference

• Challenge: fast (compute, user), reliable inference 
• Today: variational Bayes and beyond 
• Fundamental questions

• What is achievable in speed and accuracy?
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