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Roadmap
• Bayesian modeling and inference 
• Gaussian process model 

• Popular version using a squared exponential kernel 
• Gaussian process inference 

• Prediction & uncertainty quantification 
• Observation noise 
• What uncertainty are we quantifying? 
• What can go wrong? 
• Bayesian optimization

4

• Goals: 
• Learn the mechanism behind standard GPs to 

identify benefits and pitfalls (also in BayesOpt) 
• Learn the skills to be responsible users of standard 

GPs (transferable to other ML/AI methods)
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A Bayesian approach
• p(unknowns | data)     p(data | unknowns) p(unknowns)<latexit sha1_base64="IfssuVaKVWgzBHwbK2y9I+0LCSU=">AAAB7nicbVDLSgNBEOyNrxhfUY9eFoPgKeyKRI9BLx4jmAckS5idzCZDZmeGmV4hhHyEFw+KePV7vPk3TpI9aLSgoajqprsr1oJbDIIvr7C2vrG5Vdwu7ezu7R+UD49aVmWGsiZVQplOTCwTXLImchSsow0jaSxYOx7fzv32IzOWK/mAE82ilAwlTzgl6KR2TxulUfXLlaAaLOD/JWFOKpCj0S9/9gaKZimTSAWxthsGGqMpMcipYLNSL7NMEzomQ9Z1VJKU2Wi6OHfmnzll4CfKuJLoL9SfE1OSWjtJY9eZEhzZVW8u/ud1M0yuoymXOkMm6XJRkgkflT//3R9wwyiKiSOEGu5u9emIGELRJVRyIYSrL/8lrYtqWKvW7i8r9Zs8jiKcwCmcQwhXUIc7aEATKIzhCV7g1dPes/fmvS9bC14+cwy/4H18A6Ztj8s=</latexit>/

Given the data we’ve 
seen, what do we 
know about the 
underlying function? 

A (statistical) model 
that can generate 
functions and data 
of interest
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Closer look at the uncertainty interval
• Under GP,                            

at a point x’ is marginally 
Gaussian
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Closer look at the uncertainty interval
• Under GP,                            

at a point x’ is marginally 
Gaussian 

• The green line at point x’ is 
the mean of that Gaussian
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Closer look at the uncertainty interval
• Under GP,                            

at a point x’ is marginally 
Gaussian 

• The green line at point x’ is 
the mean of that Gaussian 

• The green interval at that 
point: mean +/- 2 std devs
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Closer look at the uncertainty interval
• Under GP,                            

at a point x’ is marginally 
Gaussian 

• The green line at point x’ is 
the mean of that Gaussian 

• The green interval at that 
point: mean +/- 2 std devs

• Draw random f conditional 
on the training data
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<latexit sha1_base64="sO1Bu19CHXTtC/K2+WI7yuYVl3g=">AAAB/HicbVDLSgMxFM3UV62v0S7dBIvQbsqMSHVZdOOygn1AO5ZMmmlDk8yQZMQyjL/ixoUibv0Qd/6NmXYW2nogcDjnXu7J8SNGlXacb6uwtr6xuVXcLu3s7u0f2IdHHRXGEpM2Dlkoez5ShFFB2ppqRnqRJIj7jHT96XXmdx+IVDQUd3oWEY+jsaABxUgbaWiXeXXAkZ74QfKY3idVUUtrQ7vi1J054Cpxc1IBOVpD+2swCnHMidCYIaX6rhNpL0FSU8xIWhrEikQIT9GY9A0ViBPlJfPwKTw1yggGoTRPaDhXf28kiCs1476ZzIKqZS8T//P6sQ4uvYSKKNZE4MWhIGZQhzBrAo6oJFizmSEIS2qyQjxBEmFt+iqZEtzlL6+SzlndbdQbt+eV5lVeRxEcgxNQBS64AE1wA1qgDTCYgWfwCt6sJ+vFerc+FqMFK98pgz+wPn8APXeUhQ==</latexit>

m(x(n)) Why compare 
indices, not x’s?

<latexit sha1_base64="RWY1FThaRXpXqsUh/Zx7U2AXmJ4="></latexit>
f(X)
f(X 0)

�
⇠ N

✓
0,


K(X,X) K(X,X 0)
K(X 0, X) K(X 0, X 0)

�◆

<latexit sha1_base64="O1u2VwXc/D4VGCR47sPwR95cIPI="></latexit>
y(1:N)

f(X 0)

�
⇠ N

✓
0,


K(X,X) + ⌧2I K(X,X 0)

K(X 0, X) K(X 0, X 0)

�◆
• Before:

• Now:

<latexit sha1_base64="Q9RUCLUCuOmwzieB77tbCLnTbRc="></latexit>

Cov(y(n), y(n
0)) = k(x(n),x(n0)) + ⌧21{n = n0}

[demo1]

<latexit sha1_base64="tsc8LxJoS9f1LLx44TvTZCL5Syw=">AAACEHicbZDLSsNAFIYnXmu9RV26GSxiC1ISkepGKLpxJRXsBZq0TKaTduhkEmYmYgl5BDe+ihsXirh16c63cdJ2oa0/DHz85xzmnN+LGJXKsr6NhcWl5ZXV3Fp+fWNza9vc2W3IMBaY1HHIQtHykCSMclJXVDHSigRBgcdI0xteZfXmPRGShvxOjSLiBqjPqU8xUtrqmkdOUnQCpAaenzyknaTIS+kxHE2g5KTdhF/YaeemaxassjUWnAd7CgUwVa1rfjm9EMcB4QozJGXbtiLlJkgoihlJ804sSYTwEPVJWyNHAZFuMj4ohYfa6UE/FPpxBcfu74kEBVKOAk93ZrvL2Vpm/ldrx8o/dxPKo1gRjicf+TGDKoRZOrBHBcGKjTQgLKjeFeIBEggrnWFeh2DPnjwPjZOyXSlXbk8L1ctpHDmwDw5AEdjgDFTBNaiBOsDgETyDV/BmPBkvxrvxMWldMKYze+CPjM8fjJicSQ==</latexit>

{(x(n), y(n))}Nn=1

17



• So far we’ve been assuming that we observed f(x) directly 
• But often the actual observation y has additional noise: 

• We observe                            and want to learn the latent f 
• The y’s are multivariate-Gaussian-distributed 

• Note: the sum of independent Gaussians is a Gaussian 
with means summed and covariances summed 

• So the mean of        is               and 

Observation noise

<latexit sha1_base64="Mi4j3r3ewl1A9d3nmYkKvxijxiQ=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRahXsquSPVY9OKxgv2Adi3ZNNuGZrMhyQrL0h/hxYMiXv093vw3pu0etPXBwOO9GWbmBZIzbVz32ymsrW9sbhW3Szu7e/sH5cOjto4TRWiLxDxW3QBrypmgLcMMp12pKI4CTjvB5Hbmd56o0iwWDyaV1I/wSLCQEWys1Ekfs6o4nw7KFbfmzoFWiZeTCuRoDspf/WFMkogKQzjWuue50vgZVoYRTqelfqKpxGSCR7RnqcAR1X42P3eKzqwyRGGsbAmD5urviQxHWqdRYDsjbMZ62ZuJ/3m9xITXfsaETAwVZLEoTDgyMZr9joZMUWJ4agkmitlbERljhYmxCZVsCN7yy6ukfVHz6rX6/WWlcZPHUYQTOIUqeHAFDbiDJrSAwASe4RXeHOm8OO/Ox6K14OQzx/AHzucP+OqPWQ==</latexit>

y(n)

<latexit sha1_base64="QzLeCqFSJJtpdIuqUfb9sLXwnUU="></latexit>

f ⇠ GP(m, k), y(n) ⇠ f(x(n)) + ✏(n), ✏(n)
iid⇠ N (0, ⌧2)

<latexit sha1_base64="sO1Bu19CHXTtC/K2+WI7yuYVl3g=">AAAB/HicbVDLSgMxFM3UV62v0S7dBIvQbsqMSHVZdOOygn1AO5ZMmmlDk8yQZMQyjL/ixoUibv0Qd/6NmXYW2nogcDjnXu7J8SNGlXacb6uwtr6xuVXcLu3s7u0f2IdHHRXGEpM2Dlkoez5ShFFB2ppqRnqRJIj7jHT96XXmdx+IVDQUd3oWEY+jsaABxUgbaWiXeXXAkZ74QfKY3idVUUtrQ7vi1J054Cpxc1IBOVpD+2swCnHMidCYIaX6rhNpL0FSU8xIWhrEikQIT9GY9A0ViBPlJfPwKTw1yggGoTRPaDhXf28kiCs1476ZzIKqZS8T//P6sQ4uvYSKKNZE4MWhIGZQhzBrAo6oJFizmSEIS2qyQjxBEmFt+iqZEtzlL6+SzlndbdQbt+eV5lVeRxEcgxNQBS64AE1wA1qgDTCYgWfwCt6sJ+vFerc+FqMFK98pgz+wPn8APXeUhQ==</latexit>

m(x(n)) Why compare 
indices, not x’s?

<latexit sha1_base64="RWY1FThaRXpXqsUh/Zx7U2AXmJ4="></latexit>
f(X)
f(X 0)

�
⇠ N

✓
0,


K(X,X) K(X,X 0)
K(X 0, X) K(X 0, X 0)

�◆

<latexit sha1_base64="O1u2VwXc/D4VGCR47sPwR95cIPI="></latexit>
y(1:N)

f(X 0)

�
⇠ N

✓
0,


K(X,X) + ⌧2I K(X,X 0)

K(X 0, X) K(X 0, X 0)

�◆
• Before:

• Now:

<latexit sha1_base64="Q9RUCLUCuOmwzieB77tbCLnTbRc="></latexit>

Cov(y(n), y(n
0)) = k(x(n),x(n0)) + ⌧21{n = n0}

[demo1]

<latexit sha1_base64="tsc8LxJoS9f1LLx44TvTZCL5Syw=">AAACEHicbZDLSsNAFIYnXmu9RV26GSxiC1ISkepGKLpxJRXsBZq0TKaTduhkEmYmYgl5BDe+ihsXirh16c63cdJ2oa0/DHz85xzmnN+LGJXKsr6NhcWl5ZXV3Fp+fWNza9vc2W3IMBaY1HHIQtHykCSMclJXVDHSigRBgcdI0xteZfXmPRGShvxOjSLiBqjPqU8xUtrqmkdOUnQCpAaenzyknaTIS+kxHE2g5KTdhF/YaeemaxassjUWnAd7CgUwVa1rfjm9EMcB4QozJGXbtiLlJkgoihlJ804sSYTwEPVJWyNHAZFuMj4ohYfa6UE/FPpxBcfu74kEBVKOAk93ZrvL2Vpm/ldrx8o/dxPKo1gRjicf+TGDKoRZOrBHBcGKjTQgLKjeFeIBEggrnWFeh2DPnjwPjZOyXSlXbk8L1ctpHDmwDw5AEdjgDFTBNaiBOsDgETyDV/BmPBkvxrvxMWldMKYze+CPjM8fjJicSQ==</latexit>

{(x(n), y(n))}Nn=1

17



• So far we’ve been assuming that we observed f(x) directly 
• But often the actual observation y has additional noise: 

• We observe                            and want to learn the latent f 
• The y’s are multivariate-Gaussian-distributed 

• Note: the sum of independent Gaussians is a Gaussian 
with means summed and covariances summed 

• So the mean of        is               and 

Observation noise

<latexit sha1_base64="Mi4j3r3ewl1A9d3nmYkKvxijxiQ=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRahXsquSPVY9OKxgv2Adi3ZNNuGZrMhyQrL0h/hxYMiXv093vw3pu0etPXBwOO9GWbmBZIzbVz32ymsrW9sbhW3Szu7e/sH5cOjto4TRWiLxDxW3QBrypmgLcMMp12pKI4CTjvB5Hbmd56o0iwWDyaV1I/wSLCQEWys1Ekfs6o4nw7KFbfmzoFWiZeTCuRoDspf/WFMkogKQzjWuue50vgZVoYRTqelfqKpxGSCR7RnqcAR1X42P3eKzqwyRGGsbAmD5urviQxHWqdRYDsjbMZ62ZuJ/3m9xITXfsaETAwVZLEoTDgyMZr9joZMUWJ4agkmitlbERljhYmxCZVsCN7yy6ukfVHz6rX6/WWlcZPHUYQTOIUqeHAFDbiDJrSAwASe4RXeHOm8OO/Ox6K14OQzx/AHzucP+OqPWQ==</latexit>

y(n)

<latexit sha1_base64="QzLeCqFSJJtpdIuqUfb9sLXwnUU="></latexit>

f ⇠ GP(m, k), y(n) ⇠ f(x(n)) + ✏(n), ✏(n)
iid⇠ N (0, ⌧2)

<latexit sha1_base64="sO1Bu19CHXTtC/K2+WI7yuYVl3g=">AAAB/HicbVDLSgMxFM3UV62v0S7dBIvQbsqMSHVZdOOygn1AO5ZMmmlDk8yQZMQyjL/ixoUibv0Qd/6NmXYW2nogcDjnXu7J8SNGlXacb6uwtr6xuVXcLu3s7u0f2IdHHRXGEpM2Dlkoez5ShFFB2ppqRnqRJIj7jHT96XXmdx+IVDQUd3oWEY+jsaABxUgbaWiXeXXAkZ74QfKY3idVUUtrQ7vi1J054Cpxc1IBOVpD+2swCnHMidCYIaX6rhNpL0FSU8xIWhrEikQIT9GY9A0ViBPlJfPwKTw1yggGoTRPaDhXf28kiCs1476ZzIKqZS8T//P6sQ4uvYSKKNZE4MWhIGZQhzBrAo6oJFizmSEIS2qyQjxBEmFt+iqZEtzlL6+SzlndbdQbt+eV5lVeRxEcgxNQBS64AE1wA1qgDTCYgWfwCt6sJ+vFerc+FqMFK98pgz+wPn8APXeUhQ==</latexit>

m(x(n)) Why compare 
indices, not x’s?

<latexit sha1_base64="RWY1FThaRXpXqsUh/Zx7U2AXmJ4="></latexit>
f(X)
f(X 0)

�
⇠ N

✓
0,


K(X,X) K(X,X 0)
K(X 0, X) K(X 0, X 0)

�◆

<latexit sha1_base64="O1u2VwXc/D4VGCR47sPwR95cIPI="></latexit>
y(1:N)

f(X 0)

�
⇠ N

✓
0,


K(X,X) + ⌧2I K(X,X 0)

K(X 0, X) K(X 0, X 0)

�◆
• Before:

• Now:

<latexit sha1_base64="Q9RUCLUCuOmwzieB77tbCLnTbRc="></latexit>

Cov(y(n), y(n
0)) = k(x(n),x(n0)) + ⌧21{n = n0}

[demo1]

<latexit sha1_base64="tsc8LxJoS9f1LLx44TvTZCL5Syw=">AAACEHicbZDLSsNAFIYnXmu9RV26GSxiC1ISkepGKLpxJRXsBZq0TKaTduhkEmYmYgl5BDe+ihsXirh16c63cdJ2oa0/DHz85xzmnN+LGJXKsr6NhcWl5ZXV3Fp+fWNza9vc2W3IMBaY1HHIQtHykCSMclJXVDHSigRBgcdI0xteZfXmPRGShvxOjSLiBqjPqU8xUtrqmkdOUnQCpAaenzyknaTIS+kxHE2g5KTdhF/YaeemaxassjUWnAd7CgUwVa1rfjm9EMcB4QozJGXbtiLlJkgoihlJ804sSYTwEPVJWyNHAZFuMj4ohYfa6UE/FPpxBcfu74kEBVKOAk93ZrvL2Vpm/ldrx8o/dxPKo1gRjicf+TGDKoRZOrBHBcGKjTQgLKjeFeIBEggrnWFeh2DPnjwPjZOyXSlXbk8L1ctpHDmwDw5AEdjgDFTBNaiBOsDgETyDV/BmPBkvxrvxMWldMKYze+CPjM8fjJicSQ==</latexit>

{(x(n), y(n))}Nn=1

17
What if we put y 
here instead?



• So far we’ve been assuming that we observed f(x) directly 
• But often the actual observation y has additional noise: 

• We observe                            and want to learn the latent f 
• The y’s are multivariate-Gaussian-distributed 

• Note: the sum of independent Gaussians is a Gaussian 
with means summed and covariances summed 

• So the mean of        is               and 

Observation noise

<latexit sha1_base64="Mi4j3r3ewl1A9d3nmYkKvxijxiQ=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRahXsquSPVY9OKxgv2Adi3ZNNuGZrMhyQrL0h/hxYMiXv093vw3pu0etPXBwOO9GWbmBZIzbVz32ymsrW9sbhW3Szu7e/sH5cOjto4TRWiLxDxW3QBrypmgLcMMp12pKI4CTjvB5Hbmd56o0iwWDyaV1I/wSLCQEWys1Ekfs6o4nw7KFbfmzoFWiZeTCuRoDspf/WFMkogKQzjWuue50vgZVoYRTqelfqKpxGSCR7RnqcAR1X42P3eKzqwyRGGsbAmD5urviQxHWqdRYDsjbMZ62ZuJ/3m9xITXfsaETAwVZLEoTDgyMZr9joZMUWJ4agkmitlbERljhYmxCZVsCN7yy6ukfVHz6rX6/WWlcZPHUYQTOIUqeHAFDbiDJrSAwASe4RXeHOm8OO/Ox6K14OQzx/AHzucP+OqPWQ==</latexit>

y(n)

<latexit sha1_base64="QzLeCqFSJJtpdIuqUfb9sLXwnUU="></latexit>

f ⇠ GP(m, k), y(n) ⇠ f(x(n)) + ✏(n), ✏(n)
iid⇠ N (0, ⌧2)

<latexit sha1_base64="sO1Bu19CHXTtC/K2+WI7yuYVl3g=">AAAB/HicbVDLSgMxFM3UV62v0S7dBIvQbsqMSHVZdOOygn1AO5ZMmmlDk8yQZMQyjL/ixoUibv0Qd/6NmXYW2nogcDjnXu7J8SNGlXacb6uwtr6xuVXcLu3s7u0f2IdHHRXGEpM2Dlkoez5ShFFB2ppqRnqRJIj7jHT96XXmdx+IVDQUd3oWEY+jsaABxUgbaWiXeXXAkZ74QfKY3idVUUtrQ7vi1J054Cpxc1IBOVpD+2swCnHMidCYIaX6rhNpL0FSU8xIWhrEikQIT9GY9A0ViBPlJfPwKTw1yggGoTRPaDhXf28kiCs1476ZzIKqZS8T//P6sQ4uvYSKKNZE4MWhIGZQhzBrAo6oJFizmSEIS2qyQjxBEmFt+iqZEtzlL6+SzlndbdQbt+eV5lVeRxEcgxNQBS64AE1wA1qgDTCYgWfwCt6sJ+vFerc+FqMFK98pgz+wPn8APXeUhQ==</latexit>

m(x(n)) Why compare 
indices, not x’s?

<latexit sha1_base64="RWY1FThaRXpXqsUh/Zx7U2AXmJ4="></latexit>
f(X)
f(X 0)

�
⇠ N

✓
0,


K(X,X) K(X,X 0)
K(X 0, X) K(X 0, X 0)

�◆

<latexit sha1_base64="O1u2VwXc/D4VGCR47sPwR95cIPI="></latexit>
y(1:N)

f(X 0)

�
⇠ N

✓
0,


K(X,X) + ⌧2I K(X,X 0)

K(X 0, X) K(X 0, X 0)

�◆
• Before:

• Now:

<latexit sha1_base64="Q9RUCLUCuOmwzieB77tbCLnTbRc="></latexit>

Cov(y(n), y(n
0)) = k(x(n),x(n0)) + ⌧21{n = n0}

[demo1]

<latexit sha1_base64="tsc8LxJoS9f1LLx44TvTZCL5Syw=">AAACEHicbZDLSsNAFIYnXmu9RV26GSxiC1ISkepGKLpxJRXsBZq0TKaTduhkEmYmYgl5BDe+ihsXirh16c63cdJ2oa0/DHz85xzmnN+LGJXKsr6NhcWl5ZXV3Fp+fWNza9vc2W3IMBaY1HHIQtHykCSMclJXVDHSigRBgcdI0xteZfXmPRGShvxOjSLiBqjPqU8xUtrqmkdOUnQCpAaenzyknaTIS+kxHE2g5KTdhF/YaeemaxassjUWnAd7CgUwVa1rfjm9EMcB4QozJGXbtiLlJkgoihlJ804sSYTwEPVJWyNHAZFuMj4ohYfa6UE/FPpxBcfu74kEBVKOAk93ZrvL2Vpm/ldrx8o/dxPKo1gRjicf+TGDKoRZOrBHBcGKjTQgLKjeFeIBEggrnWFeh2DPnjwPjZOyXSlXbk8L1ctpHDmwDw5AEdjgDFTBNaiBOsDgETyDV/BmPBkvxrvxMWldMKYze+CPjM8fjJicSQ==</latexit>

{(x(n), y(n))}Nn=1

17 [demo2, demo3]



• So far we’ve been assuming that we observed f(x) directly 
• But often the actual observation y has additional noise: 

• We observe                            and want to learn the latent f 
• The y’s are multivariate-Gaussian-distributed 

• Note: the sum of independent Gaussians is a Gaussian 
with means summed and covariances summed 

• So the mean of        is               and 

Observation noise

[demo2, demo3]

<latexit sha1_base64="Mi4j3r3ewl1A9d3nmYkKvxijxiQ=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRahXsquSPVY9OKxgv2Adi3ZNNuGZrMhyQrL0h/hxYMiXv093vw3pu0etPXBwOO9GWbmBZIzbVz32ymsrW9sbhW3Szu7e/sH5cOjto4TRWiLxDxW3QBrypmgLcMMp12pKI4CTjvB5Hbmd56o0iwWDyaV1I/wSLCQEWys1Ekfs6o4nw7KFbfmzoFWiZeTCuRoDspf/WFMkogKQzjWuue50vgZVoYRTqelfqKpxGSCR7RnqcAR1X42P3eKzqwyRGGsbAmD5urviQxHWqdRYDsjbMZ62ZuJ/3m9xITXfsaETAwVZLEoTDgyMZr9joZMUWJ4agkmitlbERljhYmxCZVsCN7yy6ukfVHz6rX6/WWlcZPHUYQTOIUqeHAFDbiDJrSAwASe4RXeHOm8OO/Ox6K14OQzx/AHzucP+OqPWQ==</latexit>

y(n)

<latexit sha1_base64="QzLeCqFSJJtpdIuqUfb9sLXwnUU="></latexit>

f ⇠ GP(m, k), y(n) ⇠ f(x(n)) + ✏(n), ✏(n)
iid⇠ N (0, ⌧2)

<latexit sha1_base64="sO1Bu19CHXTtC/K2+WI7yuYVl3g=">AAAB/HicbVDLSgMxFM3UV62v0S7dBIvQbsqMSHVZdOOygn1AO5ZMmmlDk8yQZMQyjL/ixoUibv0Qd/6NmXYW2nogcDjnXu7J8SNGlXacb6uwtr6xuVXcLu3s7u0f2IdHHRXGEpM2Dlkoez5ShFFB2ppqRnqRJIj7jHT96XXmdx+IVDQUd3oWEY+jsaABxUgbaWiXeXXAkZ74QfKY3idVUUtrQ7vi1J054Cpxc1IBOVpD+2swCnHMidCYIaX6rhNpL0FSU8xIWhrEikQIT9GY9A0ViBPlJfPwKTw1yggGoTRPaDhXf28kiCs1476ZzIKqZS8T//P6sQ4uvYSKKNZE4MWhIGZQhzBrAo6oJFizmSEIS2qyQjxBEmFt+iqZEtzlL6+SzlndbdQbt+eV5lVeRxEcgxNQBS64AE1wA1qgDTCYgWfwCt6sJ+vFerc+FqMFK98pgz+wPn8APXeUhQ==</latexit>

m(x(n)) Why compare 
indices, not x’s?

<latexit sha1_base64="RWY1FThaRXpXqsUh/Zx7U2AXmJ4="></latexit>
f(X)
f(X 0)

�
⇠ N

✓
0,


K(X,X) K(X,X 0)
K(X 0, X) K(X 0, X 0)

�◆

<latexit sha1_base64="O1u2VwXc/D4VGCR47sPwR95cIPI="></latexit>
y(1:N)

f(X 0)

�
⇠ N

✓
0,


K(X,X) + ⌧2I K(X,X 0)

K(X 0, X) K(X 0, X 0)

�◆
• Before:

• Now:

<latexit sha1_base64="Q9RUCLUCuOmwzieB77tbCLnTbRc="></latexit>

Cov(y(n), y(n
0)) = k(x(n),x(n0)) + ⌧21{n = n0}

[demo1]

<latexit sha1_base64="tsc8LxJoS9f1LLx44TvTZCL5Syw=">AAACEHicbZDLSsNAFIYnXmu9RV26GSxiC1ISkepGKLpxJRXsBZq0TKaTduhkEmYmYgl5BDe+ihsXirh16c63cdJ2oa0/DHz85xzmnN+LGJXKsr6NhcWl5ZXV3Fp+fWNza9vc2W3IMBaY1HHIQtHykCSMclJXVDHSigRBgcdI0xteZfXmPRGShvxOjSLiBqjPqU8xUtrqmkdOUnQCpAaenzyknaTIS+kxHE2g5KTdhF/YaeemaxassjUWnAd7CgUwVa1rfjm9EMcB4QozJGXbtiLlJkgoihlJ804sSYTwEPVJWyNHAZFuMj4ohYfa6UE/FPpxBcfu74kEBVKOAk93ZrvL2Vpm/ldrx8o/dxPKo1gRjicf+TGDKoRZOrBHBcGKjTQgLKjeFeIBEggrnWFeh2DPnjwPjZOyXSlXbk8L1ctpHDmwDw5AEdjgDFTBNaiBOsDgETyDV/BmPBkvxrvxMWldMKYze+CPjM8fjJicSQ==</latexit>

{(x(n), y(n))}Nn=1

17
Can you state a non-trivial lower bound 
on the marginal variance of a test y(m)?



• So far we’ve been assuming that we observed f(x) directly 
• But often the actual observation y has additional noise: 

• We observe                            and want to learn the latent f 
• The y’s are multivariate-Gaussian-distributed 

• Note: the sum of independent Gaussians is a Gaussian 
with means summed and covariances summed 

• So the mean of        is               and 

Observation noise

[demo2, demo3]

<latexit sha1_base64="Mi4j3r3ewl1A9d3nmYkKvxijxiQ=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRahXsquSPVY9OKxgv2Adi3ZNNuGZrMhyQrL0h/hxYMiXv093vw3pu0etPXBwOO9GWbmBZIzbVz32ymsrW9sbhW3Szu7e/sH5cOjto4TRWiLxDxW3QBrypmgLcMMp12pKI4CTjvB5Hbmd56o0iwWDyaV1I/wSLCQEWys1Ekfs6o4nw7KFbfmzoFWiZeTCuRoDspf/WFMkogKQzjWuue50vgZVoYRTqelfqKpxGSCR7RnqcAR1X42P3eKzqwyRGGsbAmD5urviQxHWqdRYDsjbMZ62ZuJ/3m9xITXfsaETAwVZLEoTDgyMZr9joZMUWJ4agkmitlbERljhYmxCZVsCN7yy6ukfVHz6rX6/WWlcZPHUYQTOIUqeHAFDbiDJrSAwASe4RXeHOm8OO/Ox6K14OQzx/AHzucP+OqPWQ==</latexit>

y(n)

<latexit sha1_base64="QzLeCqFSJJtpdIuqUfb9sLXwnUU="></latexit>

f ⇠ GP(m, k), y(n) ⇠ f(x(n)) + ✏(n), ✏(n)
iid⇠ N (0, ⌧2)

<latexit sha1_base64="sO1Bu19CHXTtC/K2+WI7yuYVl3g=">AAAB/HicbVDLSgMxFM3UV62v0S7dBIvQbsqMSHVZdOOygn1AO5ZMmmlDk8yQZMQyjL/ixoUibv0Qd/6NmXYW2nogcDjnXu7J8SNGlXacb6uwtr6xuVXcLu3s7u0f2IdHHRXGEpM2Dlkoez5ShFFB2ppqRnqRJIj7jHT96XXmdx+IVDQUd3oWEY+jsaABxUgbaWiXeXXAkZ74QfKY3idVUUtrQ7vi1J054Cpxc1IBOVpD+2swCnHMidCYIaX6rhNpL0FSU8xIWhrEikQIT9GY9A0ViBPlJfPwKTw1yggGoTRPaDhXf28kiCs1476ZzIKqZS8T//P6sQ4uvYSKKNZE4MWhIGZQhzBrAo6oJFizmSEIS2qyQjxBEmFt+iqZEtzlL6+SzlndbdQbt+eV5lVeRxEcgxNQBS64AE1wA1qgDTCYgWfwCt6sJ+vFerc+FqMFK98pgz+wPn8APXeUhQ==</latexit>

m(x(n)) Why compare 
indices, not x’s?

<latexit sha1_base64="RWY1FThaRXpXqsUh/Zx7U2AXmJ4="></latexit>
f(X)
f(X 0)

�
⇠ N

✓
0,


K(X,X) K(X,X 0)
K(X 0, X) K(X 0, X 0)

�◆

<latexit sha1_base64="O1u2VwXc/D4VGCR47sPwR95cIPI="></latexit>
y(1:N)

f(X 0)

�
⇠ N

✓
0,


K(X,X) + ⌧2I K(X,X 0)

K(X 0, X) K(X 0, X 0)

�◆
• Before:

• Now:

<latexit sha1_base64="Q9RUCLUCuOmwzieB77tbCLnTbRc="></latexit>

Cov(y(n), y(n
0)) = k(x(n),x(n0)) + ⌧21{n = n0}

[demo1]

<latexit sha1_base64="tsc8LxJoS9f1LLx44TvTZCL5Syw=">AAACEHicbZDLSsNAFIYnXmu9RV26GSxiC1ISkepGKLpxJRXsBZq0TKaTduhkEmYmYgl5BDe+ihsXirh16c63cdJ2oa0/DHz85xzmnN+LGJXKsr6NhcWl5ZXV3Fp+fWNza9vc2W3IMBaY1HHIQtHykCSMclJXVDHSigRBgcdI0xteZfXmPRGShvxOjSLiBqjPqU8xUtrqmkdOUnQCpAaenzyknaTIS+kxHE2g5KTdhF/YaeemaxassjUWnAd7CgUwVa1rfjm9EMcB4QozJGXbtiLlJkgoihlJ804sSYTwEPVJWyNHAZFuMj4ohYfa6UE/FPpxBcfu74kEBVKOAk93ZrvL2Vpm/ldrx8o/dxPKo1gRjicf+TGDKoRZOrBHBcGKjTQgLKjeFeIBEggrnWFeh2DPnjwPjZOyXSlXbk8L1ctpHDmwDw5AEdjgDFTBNaiBOsDgETyDV/BmPBkvxrvxMWldMKYze+CPjM8fjJicSQ==</latexit>

{(x(n), y(n))}Nn=1

17

Even when observations are 
“perfect,” use a (very small) 

nugget for numerical reasons

Can you state a non-trivial lower bound 
on the marginal variance of a test y(m)?


