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Variational Bayes
• Modern problems: often large data, large dimensions 
• Variational Bayes can be very fast

[Blei et al 
2003]

[Xing et al 2004] 
[Xing 2003]

[Stegle et al 2010]

[Gershman et al 2014][Airoldi et al 2008] [Blei et al 2018]
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1. Build a model: choose prior, likelihood 
2. Compute the posterior 
3. Report a summary, e.g. posterior means and (co)variances 
• Why are steps 2 and 3 hard? High-dimensional integration 
• Turn to approximation

Bayes!
Theorem

✓ ✓

parametersdataBayesian inference

posterior likelihood prior evidence
p(✓|y1:N ) = p(y1:N |✓)p(✓)/

Z
p(y1:N , ✓)d✓
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Approximate Bayesian Inference
• Gold standard: Markov Chain Monte Carlo (MCMC) 

• Eventually accurate but can be slow

q⇤(✓)

NICE

CLOSE

p(✓|y) Instead: an optimization 
approach 
• Approximate posterior 

with q*
q⇤ = argminq2Qf(q(·), p(·|y))

• Variational Bayes (VB): f is Kullback-Leibler divergence 
KL(q(·)||p(·|y))
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with q*
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• VB practical success: point estimates and prediction, fast
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[Bardenet, 
Doucet, 
Holmes 
2017]



Approximate Bayesian Inference
• Gold standard: Markov Chain Monte Carlo (MCMC) 

• Eventually accurate but can be slow

q⇤(✓)

NICE

CLOSE

p(✓|y) Instead: an optimization 
approach 
• Approximate posterior 

with q*
q⇤ = argminq2Qf(q(·), p(·|y))

• Variational Bayes (VB): f is Kullback-Leibler divergence 
!

• VB practical success: point estimates and prediction, fast, 
streaming, distributed (3.6M Wikipedia, 350K Nature)

KL(q(·)||p(·|y))
<latexit sha1_base64="zsCueRS6IzL+o+XufrYrw70PPWU=">AAACBXicbZDLSgMxFIYz9VbrbdSlLoJFaDdlRgRdFt0IuqhgL9AOJZNJ29BMMiYZYZh248ZXceNCEbe+gzvfxrSdhbb+EPj4zzmcnN+PGFXacb6t3NLyyupafr2wsbm1vWPv7jWUiCUmdSyYkC0fKcIoJ3VNNSOtSBIU+ow0/eHlpN58IFJRwe90EhEvRH1OexQjbayufXh9U7ovdXAgdBmORjCaMRzBpFzu2kWn4kwFF8HNoAgy1br2VycQOA4J15ghpdquE2kvRVJTzMi40IkViRAeoj5pG+QoJMpLp1eM4bFxAtgT0jyu4dT9PZGiUKkk9E1niPRAzdcm5n+1dqx7515KeRRrwvFsUS9mUAs4iQQGVBKsWWIAYUnNXyEeIImwNsEVTAju/MmL0DipuE7FvT0tVi+yOPLgAByBEnDBGaiCK1ADdYDBI3gGr+DNerJerHfrY9aas7KZffBH1ucPhFqWpw==</latexit><latexit sha1_base64="zsCueRS6IzL+o+XufrYrw70PPWU=">AAACBXicbZDLSgMxFIYz9VbrbdSlLoJFaDdlRgRdFt0IuqhgL9AOJZNJ29BMMiYZYZh248ZXceNCEbe+gzvfxrSdhbb+EPj4zzmcnN+PGFXacb6t3NLyyupafr2wsbm1vWPv7jWUiCUmdSyYkC0fKcIoJ3VNNSOtSBIU+ow0/eHlpN58IFJRwe90EhEvRH1OexQjbayufXh9U7ovdXAgdBmORjCaMRzBpFzu2kWn4kwFF8HNoAgy1br2VycQOA4J15ghpdquE2kvRVJTzMi40IkViRAeoj5pG+QoJMpLp1eM4bFxAtgT0jyu4dT9PZGiUKkk9E1niPRAzdcm5n+1dqx7515KeRRrwvFsUS9mUAs4iQQGVBKsWWIAYUnNXyEeIImwNsEVTAju/MmL0DipuE7FvT0tVi+yOPLgAByBEnDBGaiCK1ADdYDBI3gGr+DNerJerHfrY9aas7KZffBH1ucPhFqWpw==</latexit><latexit sha1_base64="zsCueRS6IzL+o+XufrYrw70PPWU=">AAACBXicbZDLSgMxFIYz9VbrbdSlLoJFaDdlRgRdFt0IuqhgL9AOJZNJ29BMMiYZYZh248ZXceNCEbe+gzvfxrSdhbb+EPj4zzmcnN+PGFXacb6t3NLyyupafr2wsbm1vWPv7jWUiCUmdSyYkC0fKcIoJ3VNNSOtSBIU+ow0/eHlpN58IFJRwe90EhEvRH1OexQjbayufXh9U7ovdXAgdBmORjCaMRzBpFzu2kWn4kwFF8HNoAgy1br2VycQOA4J15ghpdquE2kvRVJTzMi40IkViRAeoj5pG+QoJMpLp1eM4bFxAtgT0jyu4dT9PZGiUKkk9E1niPRAzdcm5n+1dqx7515KeRRrwvFsUS9mUAs4iQQGVBKsWWIAYUnNXyEeIImwNsEVTAju/MmL0DipuE7FvT0tVi+yOPLgAByBEnDBGaiCK1ADdYDBI3gGr+DNerJerHfrY9aas7KZffBH1ucPhFqWpw==</latexit><latexit sha1_base64="zsCueRS6IzL+o+XufrYrw70PPWU=">AAACBXicbZDLSgMxFIYz9VbrbdSlLoJFaDdlRgRdFt0IuqhgL9AOJZNJ29BMMiYZYZh248ZXceNCEbe+gzvfxrSdhbb+EPj4zzmcnN+PGFXacb6t3NLyyupafr2wsbm1vWPv7jWUiCUmdSyYkC0fKcIoJ3VNNSOtSBIU+ow0/eHlpN58IFJRwe90EhEvRH1OexQjbayufXh9U7ovdXAgdBmORjCaMRzBpFzu2kWn4kwFF8HNoAgy1br2VycQOA4J15ghpdquE2kvRVJTzMi40IkViRAeoj5pG+QoJMpLp1eM4bFxAtgT0jyu4dT9PZGiUKkk9E1niPRAzdcm5n+1dqx7515KeRRrwvFsUS9mUAs4iQQGVBKsWWIAYUnNXyEeIImwNsEVTAju/MmL0DipuE7FvT0tVi+yOPLgAByBEnDBGaiCK1ADdYDBI3gGr+DNerJerHfrY9aas7KZffBH1ucPhFqWpw==</latexit>

[Broderick, Boyd, Wibisono, Wilson, Jordan 2013]

[Bardenet, 
Doucet, 
Holmes 
2017]



Why KL?
q⇤(✓)

NICE

CLOSE

p(✓|y)
• Variational Bayes
q⇤ = argminq2QKL (q(·)||p(·|y))

<latexit sha1_base64="9/DDYscHAkdhf/FmS2H4nFjPGDo=">AAACO3icbZDPaxNBFMdnW7U1Wk3r0cvDICQ9hN0itJdCsZeCHloxbSGbhtnJ22TozOxm5m0xbPb/8uI/4c2LFw+W4tW7kx+Itn0w8OH7fY9575vkSjoKw2/ByuqDh4/W1h/XnjzdePa8vrl16rLCCuyITGX2POEOlTTYIUkKz3OLXCcKz5LLw5l/doXWycx8pEmOPc2HRqZScPJSv/5hfLEN+xATfiKrS26HWpqqX44hlgZOqr /Ou/dVrDClJoybsRhk1ILpFPIFwxQmLYitHI6o1a83wnY4L7gL0RIabFnH/frXeJCJQqMhobhz3SjMqed3ISkUVrW4cJhzccmH2PVouEbXK+e3V/DaKwNIM+ufIZir/06UXDs30Ynv1JxG7rY3E+/zugWle71SmrwgNGLxUVoooAxmQcJAWhSkJh64sNLvCmLELRfk4675EKLbJ9+F0512FLajkzeNg7fLONbZS/aKNVnEdtkBO2LHrMME+8y+s5/sOvgS/Ahugl+L1pVgOfOC/VfB7z91bq0U</latexit><latexit sha1_base64="9/DDYscHAkdhf/FmS2H4nFjPGDo=">AAACO3icbZDPaxNBFMdnW7U1Wk3r0cvDICQ9hN0itJdCsZeCHloxbSGbhtnJ22TozOxm5m0xbPb/8uI/4c2LFw+W4tW7kx+Itn0w8OH7fY9575vkSjoKw2/ByuqDh4/W1h/XnjzdePa8vrl16rLCCuyITGX2POEOlTTYIUkKz3OLXCcKz5LLw5l/doXWycx8pEmOPc2HRqZScPJSv/5hfLEN+xATfiKrS26HWpqqX44hlgZOqr /Ou/dVrDClJoybsRhk1ILpFPIFwxQmLYitHI6o1a83wnY4L7gL0RIabFnH/frXeJCJQqMhobhz3SjMqed3ISkUVrW4cJhzccmH2PVouEbXK+e3V/DaKwNIM+ufIZir/06UXDs30Ynv1JxG7rY3E+/zugWle71SmrwgNGLxUVoooAxmQcJAWhSkJh64sNLvCmLELRfk4675EKLbJ9+F0512FLajkzeNg7fLONbZS/aKNVnEdtkBO2LHrMME+8y+s5/sOvgS/Ahugl+L1pVgOfOC/VfB7z91bq0U</latexit><latexit sha1_base64="9/DDYscHAkdhf/FmS2H4nFjPGDo=">AAACO3icbZDPaxNBFMdnW7U1Wk3r0cvDICQ9hN0itJdCsZeCHloxbSGbhtnJ22TozOxm5m0xbPb/8uI/4c2LFw+W4tW7kx+Itn0w8OH7fY9575vkSjoKw2/ByuqDh4/W1h/XnjzdePa8vrl16rLCCuyITGX2POEOlTTYIUkKz3OLXCcKz5LLw5l/doXWycx8pEmOPc2HRqZScPJSv/5hfLEN+xATfiKrS26HWpqqX44hlgZOqr /Ou/dVrDClJoybsRhk1ILpFPIFwxQmLYitHI6o1a83wnY4L7gL0RIabFnH/frXeJCJQqMhobhz3SjMqed3ISkUVrW4cJhzccmH2PVouEbXK+e3V/DaKwNIM+ufIZir/06UXDs30Ynv1JxG7rY3E+/zugWle71SmrwgNGLxUVoooAxmQcJAWhSkJh64sNLvCmLELRfk4675EKLbJ9+F0512FLajkzeNg7fLONbZS/aKNVnEdtkBO2LHrMME+8y+s5/sOvgS/Ahugl+L1pVgOfOC/VfB7z91bq0U</latexit><latexit sha1_base64="9/DDYscHAkdhf/FmS2H4nFjPGDo=">AAACO3icbZDPaxNBFMdnW7U1Wk3r0cvDICQ9hN0itJdCsZeCHloxbSGbhtnJ22TozOxm5m0xbPb/8uI/4c2LFw+W4tW7kx+Itn0w8OH7fY9575vkSjoKw2/ByuqDh4/W1h/XnjzdePa8vrl16rLCCuyITGX2POEOlTTYIUkKz3OLXCcKz5LLw5l/doXWycx8pEmOPc2HRqZScPJSv/5hfLEN+xATfiKrS26HWpqqX44hlgZOqr /Ou/dVrDClJoybsRhk1ILpFPIFwxQmLYitHI6o1a83wnY4L7gL0RIabFnH/frXeJCJQqMhobhz3SjMqed3ISkUVrW4cJhzccmH2PVouEbXK+e3V/DaKwNIM+ufIZir/06UXDs30Ynv1JxG7rY3E+/zugWle71SmrwgNGLxUVoooAxmQcJAWhSkJh64sNLvCmLELRfk4675EKLbJ9+F0512FLajkzeNg7fLONbZS/aKNVnEdtkBO2LHrMME+8y+s5/sOvgS/Ahugl+L1pVgOfOC/VfB7z91bq0U</latexit>



Why KL?
q⇤(✓)

NICE

CLOSE

p(✓|y)
• Variational Bayes
q⇤ = argminq2QKL (q(·)||p(·|y))

<latexit sha1_base64="9/DDYscHAkdhf/FmS2H4nFjPGDo=">AAACO3icbZDPaxNBFMdnW7U1Wk3r0cvDICQ9hN0itJdCsZeCHloxbSGbhtnJ22TozOxm5m0xbPb/8uI/4c2LFw+W4tW7kx+Itn0w8OH7fY9575vkSjoKw2/ByuqDh4/W1h/XnjzdePa8vrl16rLCCuyITGX2POEOlTTYIUkKz3OLXCcKz5LLw5l/doXWycx8pEmOPc2HRqZScPJSv/5hfLEN+xATfiKrS26HWpqqX44hlgZOqr /Ou/dVrDClJoybsRhk1ILpFPIFwxQmLYitHI6o1a83wnY4L7gL0RIabFnH/frXeJCJQqMhobhz3SjMqed3ISkUVrW4cJhzccmH2PVouEbXK+e3V/DaKwNIM+ufIZir/06UXDs30Ynv1JxG7rY3E+/zugWle71SmrwgNGLxUVoooAxmQcJAWhSkJh64sNLvCmLELRfk4675EKLbJ9+F0512FLajkzeNg7fLONbZS/aKNVnEdtkBO2LHrMME+8y+s5/sOvgS/Ahugl+L1pVgOfOC/VfB7z91bq0U</latexit><latexit sha1_base64="9/DDYscHAkdhf/FmS2H4nFjPGDo=">AAACO3icbZDPaxNBFMdnW7U1Wk3r0cvDICQ9hN0itJdCsZeCHloxbSGbhtnJ22TozOxm5m0xbPb/8uI/4c2LFw+W4tW7kx+Itn0w8OH7fY9575vkSjoKw2/ByuqDh4/W1h/XnjzdePa8vrl16rLCCuyITGX2POEOlTTYIUkKz3OLXCcKz5LLw5l/doXWycx8pEmOPc2HRqZScPJSv/5hfLEN+xATfiKrS26HWpqqX44hlgZOqr /Ou/dVrDClJoybsRhk1ILpFPIFwxQmLYitHI6o1a83wnY4L7gL0RIabFnH/frXeJCJQqMhobhz3SjMqed3ISkUVrW4cJhzccmH2PVouEbXK+e3V/DaKwNIM+ufIZir/06UXDs30Ynv1JxG7rY3E+/zugWle71SmrwgNGLxUVoooAxmQcJAWhSkJh64sNLvCmLELRfk4675EKLbJ9+F0512FLajkzeNg7fLONbZS/aKNVnEdtkBO2LHrMME+8y+s5/sOvgS/Ahugl+L1pVgOfOC/VfB7z91bq0U</latexit><latexit sha1_base64="9/DDYscHAkdhf/FmS2H4nFjPGDo=">AAACO3icbZDPaxNBFMdnW7U1Wk3r0cvDICQ9hN0itJdCsZeCHloxbSGbhtnJ22TozOxm5m0xbPb/8uI/4c2LFw+W4tW7kx+Itn0w8OH7fY9575vkSjoKw2/ByuqDh4/W1h/XnjzdePa8vrl16rLCCuyITGX2POEOlTTYIUkKz3OLXCcKz5LLw5l/doXWycx8pEmOPc2HRqZScPJSv/5hfLEN+xATfiKrS26HWpqqX44hlgZOqr /Ou/dVrDClJoybsRhk1ILpFPIFwxQmLYitHI6o1a83wnY4L7gL0RIabFnH/frXeJCJQqMhobhz3SjMqed3ISkUVrW4cJhzccmH2PVouEbXK+e3V/DaKwNIM+ufIZir/06UXDs30Ynv1JxG7rY3E+/zugWle71SmrwgNGLxUVoooAxmQcJAWhSkJh64sNLvCmLELRfk4675EKLbJ9+F0512FLajkzeNg7fLONbZS/aKNVnEdtkBO2LHrMME+8y+s5/sOvgS/Ahugl+L1pVgOfOC/VfB7z91bq0U</latexit><latexit sha1_base64="9/DDYscHAkdhf/FmS2H4nFjPGDo=">AAACO3icbZDPaxNBFMdnW7U1Wk3r0cvDICQ9hN0itJdCsZeCHloxbSGbhtnJ22TozOxm5m0xbPb/8uI/4c2LFw+W4tW7kx+Itn0w8OH7fY9575vkSjoKw2/ByuqDh4/W1h/XnjzdePa8vrl16rLCCuyITGX2POEOlTTYIUkKz3OLXCcKz5LLw5l/doXWycx8pEmOPc2HRqZScPJSv/5hfLEN+xATfiKrS26HWpqqX44hlgZOqr /Ou/dVrDClJoybsRhk1ILpFPIFwxQmLYitHI6o1a83wnY4L7gL0RIabFnH/frXeJCJQqMhobhz3SjMqed3ISkUVrW4cJhzccmH2PVouEbXK+e3V/DaKwNIM+ufIZir/06UXDs30Ynv1JxG7rY3E+/zugWle71SmrwgNGLxUVoooAxmQcJAWhSkJh64sNLvCmLELRfk4675EKLbJ9+F0512FLajkzeNg7fLONbZS/aKNVnEdtkBO2LHrMME+8y+s5/sOvgS/Ahugl+L1pVgOfOC/VfB7z91bq0U</latexit>

KL (q(·)||p(·|y))
<latexit sha1_base64="H5C5uxY6VK80YaXtuxqewtzWBx8=">AAACG3icbZDJSgNBEIZ73I3bqEcvjUFILmEmCHoUvQh6UDAqZIbQ01OTNOlZ7K4RwyTv4cVX8eJBEU+CB9/GznJw+6Hh468qqusPMik0Os6nNTU9Mzs3v7BYWlpeWV2z1zcudZorDg2eylRdB0yDFAk0UKCE60wBiwMJV0H3aFi/ugWlRZpcYC8DP2btRESCMzRWy657CHeo4uLkdOBJiLBCbyoeD1Os0n6fZmOmfdqrUk+Jdg erLbvs1JyR6F9wJ1AmE5217HcvTHkeQ4JcMq2brpOhXzCFgksYlLxcQ8Z4l7WhaTBhMWi/GN02oDvGCWmUKvMSpCP3+0TBYq17cWA6Y4Yd/bs2NP+rNXOM9v1CJFmOkPDxoiiXFFM6DIqGQgFH2TPAuBLmr5R3mGIcTZwlE4L7++S/cFmvuU7NPd8tHxxO4lggW2SbVIhL9sgBOSZnpEE4uSeP5Jm8WA/Wk/VqvY1bp6zJzCb5IevjCzsSoDw=</latexit><latexit sha1_base64="H5C5uxY6VK80YaXtuxqewtzWBx8=">AAACG3icbZDJSgNBEIZ73I3bqEcvjUFILmEmCHoUvQh6UDAqZIbQ01OTNOlZ7K4RwyTv4cVX8eJBEU+CB9/GznJw+6Hh468qqusPMik0Os6nNTU9Mzs3v7BYWlpeWV2z1zcudZorDg2eylRdB0yDFAk0UKCE60wBiwMJV0H3aFi/ugWlRZpcYC8DP2btRESCMzRWy657CHeo4uLkdOBJiLBCbyoeD1Os0n6fZmOmfdqrUk+Jdg erLbvs1JyR6F9wJ1AmE5217HcvTHkeQ4JcMq2brpOhXzCFgksYlLxcQ8Z4l7WhaTBhMWi/GN02oDvGCWmUKvMSpCP3+0TBYq17cWA6Y4Yd/bs2NP+rNXOM9v1CJFmOkPDxoiiXFFM6DIqGQgFH2TPAuBLmr5R3mGIcTZwlE4L7++S/cFmvuU7NPd8tHxxO4lggW2SbVIhL9sgBOSZnpEE4uSeP5Jm8WA/Wk/VqvY1bp6zJzCb5IevjCzsSoDw=</latexit><latexit sha1_base64="H5C5uxY6VK80YaXtuxqewtzWBx8=">AAACG3icbZDJSgNBEIZ73I3bqEcvjUFILmEmCHoUvQh6UDAqZIbQ01OTNOlZ7K4RwyTv4cVX8eJBEU+CB9/GznJw+6Hh468qqusPMik0Os6nNTU9Mzs3v7BYWlpeWV2z1zcudZorDg2eylRdB0yDFAk0UKCE60wBiwMJV0H3aFi/ugWlRZpcYC8DP2btRESCMzRWy657CHeo4uLkdOBJiLBCbyoeD1Os0n6fZmOmfdqrUk+Jdg erLbvs1JyR6F9wJ1AmE5217HcvTHkeQ4JcMq2brpOhXzCFgksYlLxcQ8Z4l7WhaTBhMWi/GN02oDvGCWmUKvMSpCP3+0TBYq17cWA6Y4Yd/bs2NP+rNXOM9v1CJFmOkPDxoiiXFFM6DIqGQgFH2TPAuBLmr5R3mGIcTZwlE4L7++S/cFmvuU7NPd8tHxxO4lggW2SbVIhL9sgBOSZnpEE4uSeP5Jm8WA/Wk/VqvY1bp6zJzCb5IevjCzsSoDw=</latexit><latexit sha1_base64="H5C5uxY6VK80YaXtuxqewtzWBx8=">AAACG3icbZDJSgNBEIZ73I3bqEcvjUFILmEmCHoUvQh6UDAqZIbQ01OTNOlZ7K4RwyTv4cVX8eJBEU+CB9/GznJw+6Hh468qqusPMik0Os6nNTU9Mzs3v7BYWlpeWV2z1zcudZorDg2eylRdB0yDFAk0UKCE60wBiwMJV0H3aFi/ugWlRZpcYC8DP2btRESCMzRWy657CHeo4uLkdOBJiLBCbyoeD1Os0n6fZmOmfdqrUk+Jdg erLbvs1JyR6F9wJ1AmE5217HcvTHkeQ4JcMq2brpOhXzCFgksYlLxcQ8Z4l7WhaTBhMWi/GN02oDvGCWmUKvMSpCP3+0TBYq17cWA6Y4Yd/bs2NP+rNXOM9v1CJFmOkPDxoiiXFFM6DIqGQgFH2TPAuBLmr5R3mGIcTZwlE4L7++S/cFmvuU7NPd8tHxxO4lggW2SbVIhL9sgBOSZnpEE4uSeP5Jm8WA/Wk/VqvY1bp6zJzCb5IevjCzsSoDw=</latexit>

:=

Z
q(✓) log

q(✓)

p(✓|y)d✓
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[Bishop 2006, Sec 1.6.1]
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KL (q(·)||p(·|y))
<latexit sha1_base64="H5C5uxY6VK80YaXtuxqewtzWBx8=">AAACG3icbZDJSgNBEIZ73I3bqEcvjUFILmEmCHoUvQh6UDAqZIbQ01OTNOlZ7K4RwyTv4cVX8eJBEU+CB9/GznJw+6Hh468qqusPMik0Os6nNTU9Mzs3v7BYWlpeWV2z1zcudZorDg2eylRdB0yDFAk0UKCE60wBiwMJV0H3aFi/ugWlRZpcYC8DP2btRESCMzRWy657CHeo4uLkdOBJiLBCbyoeD1Os0n6fZmOmfdqrUk+Jdg erLbvs1JyR6F9wJ1AmE5217HcvTHkeQ4JcMq2brpOhXzCFgksYlLxcQ8Z4l7WhaTBhMWi/GN02oDvGCWmUKvMSpCP3+0TBYq17cWA6Y4Yd/bs2NP+rNXOM9v1CJFmOkPDxoiiXFFM6DIqGQgFH2TPAuBLmr5R3mGIcTZwlE4L7++S/cFmvuU7NPd8tHxxO4lggW2SbVIhL9sgBOSZnpEE4uSeP5Jm8WA/Wk/VqvY1bp6zJzCb5IevjCzsSoDw=</latexit><latexit sha1_base64="H5C5uxY6VK80YaXtuxqewtzWBx8=">AAACG3icbZDJSgNBEIZ73I3bqEcvjUFILmEmCHoUvQh6UDAqZIbQ01OTNOlZ7K4RwyTv4cVX8eJBEU+CB9/GznJw+6Hh468qqusPMik0Os6nNTU9Mzs3v7BYWlpeWV2z1zcudZorDg2eylRdB0yDFAk0UKCE60wBiwMJV0H3aFi/ugWlRZpcYC8DP2btRESCMzRWy657CHeo4uLkdOBJiLBCbyoeD1Os0n6fZmOmfdqrUk+Jdg erLbvs1JyR6F9wJ1AmE5217HcvTHkeQ4JcMq2brpOhXzCFgksYlLxcQ8Z4l7WhaTBhMWi/GN02oDvGCWmUKvMSpCP3+0TBYq17cWA6Y4Yd/bs2NP+rNXOM9v1CJFmOkPDxoiiXFFM6DIqGQgFH2TPAuBLmr5R3mGIcTZwlE4L7++S/cFmvuU7NPd8tHxxO4lggW2SbVIhL9sgBOSZnpEE4uSeP5Jm8WA/Wk/VqvY1bp6zJzCb5IevjCzsSoDw=</latexit><latexit sha1_base64="H5C5uxY6VK80YaXtuxqewtzWBx8=">AAACG3icbZDJSgNBEIZ73I3bqEcvjUFILmEmCHoUvQh6UDAqZIbQ01OTNOlZ7K4RwyTv4cVX8eJBEU+CB9/GznJw+6Hh468qqusPMik0Os6nNTU9Mzs3v7BYWlpeWV2z1zcudZorDg2eylRdB0yDFAk0UKCE60wBiwMJV0H3aFi/ugWlRZpcYC8DP2btRESCMzRWy657CHeo4uLkdOBJiLBCbyoeD1Os0n6fZmOmfdqrUk+Jdg erLbvs1JyR6F9wJ1AmE5217HcvTHkeQ4JcMq2brpOhXzCFgksYlLxcQ8Z4l7WhaTBhMWi/GN02oDvGCWmUKvMSpCP3+0TBYq17cWA6Y4Yd/bs2NP+rNXOM9v1CJFmOkPDxoiiXFFM6DIqGQgFH2TPAuBLmr5R3mGIcTZwlE4L7++S/cFmvuU7NPd8tHxxO4lggW2SbVIhL9sgBOSZnpEE4uSeP5Jm8WA/Wk/VqvY1bp6zJzCb5IevjCzsSoDw=</latexit><latexit sha1_base64="H5C5uxY6VK80YaXtuxqewtzWBx8=">AAACG3icbZDJSgNBEIZ73I3bqEcvjUFILmEmCHoUvQh6UDAqZIbQ01OTNOlZ7K4RwyTv4cVX8eJBEU+CB9/GznJw+6Hh468qqusPMik0Os6nNTU9Mzs3v7BYWlpeWV2z1zcudZorDg2eylRdB0yDFAk0UKCE60wBiwMJV0H3aFi/ugWlRZpcYC8DP2btRESCMzRWy657CHeo4uLkdOBJiLBCbyoeD1Os0n6fZmOmfdqrUk+Jdg erLbvs1JyR6F9wJ1AmE5217HcvTHkeQ4JcMq2brpOhXzCFgksYlLxcQ8Z4l7WhaTBhMWi/GN02oDvGCWmUKvMSpCP3+0TBYq17cWA6Y4Yd/bs2NP+rNXOM9v1CJFmOkPDxoiiXFFM6DIqGQgFH2TPAuBLmr5R3mGIcTZwlE4L7++S/cFmvuU7NPd8tHxxO4lggW2SbVIhL9sgBOSZnpEE4uSeP5Jm8WA/Wk/VqvY1bp6zJzCb5IevjCzsSoDw=</latexit>

:=

Z
q(✓) log

q(✓)

p(✓|y)d✓
<latexit sha1_base64="AuLHZm9aAb8EPu8yud88+RW7WTE=">AAACK3icbVDLSsNAFJ34rPUVdelmsAh1UxIRFEEodeOygn1AE8pkOmmHTh7O3Agh9n/c+CsudOEDt/6H0zaL2npg4Nxz7mXuPV4suALL+jSWlldW19YLG8XNre2dXXNvv6miRFLWoJGIZNsjigkesgZwEKwdS0YCT7CWN7we+60HJhWPwjtIY+YGpB9yn1MCWuqatcsr7PAQ8H3ZgQEDcoIdEfWx40tCsxl1lOE4L/AjTrWAe9Oya5asijUBXiR2TkooR71rvjq9iCYBC4EKolTHtmJwMyKBU8FGRSdRLCZ0SPqso2lIAqbcbHLrCB9rpYf9SOqn156osxMZCZRKA093BgQGat4bi/95nQT8CzfjYZwAC+n0Iz8RGCI8Dg73uGQURKoJoZLrXTEdEJ0S6HiLOgR7/uRF0jyt2FbFvj0rVWt5HAV0iI5QGdnoHFXRDaqjBqLoCb2gd/RhPBtvxpfxPW1dMvKZA/QHxs8v5G2lqQ==</latexit><latexit sha1_base64="AuLHZm9aAb8EPu8yud88+RW7WTE=">AAACK3icbVDLSsNAFJ34rPUVdelmsAh1UxIRFEEodeOygn1AE8pkOmmHTh7O3Agh9n/c+CsudOEDt/6H0zaL2npg4Nxz7mXuPV4suALL+jSWlldW19YLG8XNre2dXXNvv6miRFLWoJGIZNsjigkesgZwEKwdS0YCT7CWN7we+60HJhWPwjtIY+YGpB9yn1MCWuqatcsr7PAQ8H3ZgQEDcoIdEfWx40tCsxl1lOE4L/AjTrWAe9Oya5asijUBXiR2TkooR71rvjq9iCYBC4EKolTHtmJwMyKBU8FGRSdRLCZ0SPqso2lIAqbcbHLrCB9rpYf9SOqn156osxMZCZRKA093BgQGat4bi/95nQT8CzfjYZwAC+n0Iz8RGCI8Dg73uGQURKoJoZLrXTEdEJ0S6HiLOgR7/uRF0jyt2FbFvj0rVWt5HAV0iI5QGdnoHFXRDaqjBqLoCb2gd/RhPBtvxpfxPW1dMvKZA/QHxs8v5G2lqQ==</latexit><latexit sha1_base64="AuLHZm9aAb8EPu8yud88+RW7WTE=">AAACK3icbVDLSsNAFJ34rPUVdelmsAh1UxIRFEEodeOygn1AE8pkOmmHTh7O3Agh9n/c+CsudOEDt/6H0zaL2npg4Nxz7mXuPV4suALL+jSWlldW19YLG8XNre2dXXNvv6miRFLWoJGIZNsjigkesgZwEKwdS0YCT7CWN7we+60HJhWPwjtIY+YGpB9yn1MCWuqatcsr7PAQ8H3ZgQEDcoIdEfWx40tCsxl1lOE4L/AjTrWAe9Oya5asijUBXiR2TkooR71rvjq9iCYBC4EKolTHtmJwMyKBU8FGRSdRLCZ0SPqso2lIAqbcbHLrCB9rpYf9SOqn156osxMZCZRKA093BgQGat4bi/95nQT8CzfjYZwAC+n0Iz8RGCI8Dg73uGQURKoJoZLrXTEdEJ0S6HiLOgR7/uRF0jyt2FbFvj0rVWt5HAV0iI5QGdnoHFXRDaqjBqLoCb2gd/RhPBtvxpfxPW1dMvKZA/QHxs8v5G2lqQ==</latexit><latexit sha1_base64="AuLHZm9aAb8EPu8yud88+RW7WTE=">AAACK3icbVDLSsNAFJ34rPUVdelmsAh1UxIRFEEodeOygn1AE8pkOmmHTh7O3Agh9n/c+CsudOEDt/6H0zaL2npg4Nxz7mXuPV4suALL+jSWlldW19YLG8XNre2dXXNvv6miRFLWoJGIZNsjigkesgZwEKwdS0YCT7CWN7we+60HJhWPwjtIY+YGpB9yn1MCWuqatcsr7PAQ8H3ZgQEDcoIdEfWx40tCsxl1lOE4L/AjTrWAe9Oya5asijUBXiR2TkooR71rvjq9iCYBC4EKolTHtmJwMyKBU8FGRSdRLCZ0SPqso2lIAqbcbHLrCB9rpYf9SOqn156osxMZCZRKA093BgQGat4bi/95nQT8CzfjYZwAC+n0Iz8RGCI8Dg73uGQURKoJoZLrXTEdEJ0S6HiLOgR7/uRF0jyt2FbFvj0rVWt5HAV0iI5QGdnoHFXRDaqjBqLoCb2gd/RhPBtvxpfxPW1dMvKZA/QHxs8v5G2lqQ==</latexit>

KL � 0
<latexit sha1_base64="sGzExkXRZ0jKxW7uKwXGrDIBHXo=">AAAB+nicbVDLSgNBEJz1GeNro0cvg0HwFHZF0GPQi6CHCOYByRJmJ73JkNkHM71qWPMpXjwo4tUv8ebfOEn2oIkFDUVVN91dfiKFRsf5tpaWV1bX1gsbxc2t7Z1du7TX0HGqONR5LGPV8pkGKSKoo0AJrUQBC30JTX94OfGb96C0iKM7HCXghawfiUBwhkbq2qUOwiOqMLu+GdNOH6jTtctOxZmCLhI3J2WSo9a1vzq9mKchRMgl07rtOgl6GVMouIRxsZNqSBgfsj60DY1YCNrLpqeP6ZFRejSIlakI6VT9PZGxUOtR6JvOkOFAz3sT8T+vnWJw7mUiSlKEiM8WBamkGNNJDrQnFHCUI0MYV8LcSvmAKcbRpFU0IbjzLy+SxknFdSru7Wm5epHHUSAH5JAcE5eckSq5IjVSJ5w8kGfySt6sJ+vFerc+Zq1LVj6zT/7A+vwBgeqTfA==</latexit><latexit sha1_base64="sGzExkXRZ0jKxW7uKwXGrDIBHXo=">AAAB+nicbVDLSgNBEJz1GeNro0cvg0HwFHZF0GPQi6CHCOYByRJmJ73JkNkHM71qWPMpXjwo4tUv8ebfOEn2oIkFDUVVN91dfiKFRsf5tpaWV1bX1gsbxc2t7Z1du7TX0HGqONR5LGPV8pkGKSKoo0AJrUQBC30JTX94OfGb96C0iKM7HCXghawfiUBwhkbq2qUOwiOqMLu+GdNOH6jTtctOxZmCLhI3J2WSo9a1vzq9mKchRMgl07rtOgl6GVMouIRxsZNqSBgfsj60DY1YCNrLpqeP6ZFRejSIlakI6VT9PZGxUOtR6JvOkOFAz3sT8T+vnWJw7mUiSlKEiM8WBamkGNNJDrQnFHCUI0MYV8LcSvmAKcbRpFU0IbjzLy+SxknFdSru7Wm5epHHUSAH5JAcE5eckSq5IjVSJ5w8kGfySt6sJ+vFerc+Zq1LVj6zT/7A+vwBgeqTfA==</latexit><latexit sha1_base64="sGzExkXRZ0jKxW7uKwXGrDIBHXo=">AAAB+nicbVDLSgNBEJz1GeNro0cvg0HwFHZF0GPQi6CHCOYByRJmJ73JkNkHM71qWPMpXjwo4tUv8ebfOEn2oIkFDUVVN91dfiKFRsf5tpaWV1bX1gsbxc2t7Z1du7TX0HGqONR5LGPV8pkGKSKoo0AJrUQBC30JTX94OfGb96C0iKM7HCXghawfiUBwhkbq2qUOwiOqMLu+GdNOH6jTtctOxZmCLhI3J2WSo9a1vzq9mKchRMgl07rtOgl6GVMouIRxsZNqSBgfsj60DY1YCNrLpqeP6ZFRejSIlakI6VT9PZGxUOtR6JvOkOFAz3sT8T+vnWJw7mUiSlKEiM8WBamkGNNJDrQnFHCUI0MYV8LcSvmAKcbRpFU0IbjzLy+SxknFdSru7Wm5epHHUSAH5JAcE5eckSq5IjVSJ5w8kGfySt6sJ+vFerc+Zq1LVj6zT/7A+vwBgeqTfA==</latexit><latexit sha1_base64="sGzExkXRZ0jKxW7uKwXGrDIBHXo=">AAAB+nicbVDLSgNBEJz1GeNro0cvg0HwFHZF0GPQi6CHCOYByRJmJ73JkNkHM71qWPMpXjwo4tUv8ebfOEn2oIkFDUVVN91dfiKFRsf5tpaWV1bX1gsbxc2t7Z1du7TX0HGqONR5LGPV8pkGKSKoo0AJrUQBC30JTX94OfGb96C0iKM7HCXghawfiUBwhkbq2qUOwiOqMLu+GdNOH6jTtctOxZmCLhI3J2WSo9a1vzq9mKchRMgl07rtOgl6GVMouIRxsZNqSBgfsj60DY1YCNrLpqeP6ZFRejSIlakI6VT9PZGxUOtR6JvOkOFAz3sT8T+vnWJw7mUiSlKEiM8WBamkGNNJDrQnFHCUI0MYV8LcSvmAKcbRpFU0IbjzLy+SxknFdSru7Wm5epHHUSAH5JAcE5eckSq5IjVSJ5w8kGfySt6sJ+vFerc+Zq1LVj6zT/7A+vwBgeqTfA==</latexit>

KL � 0 ) log p(y) � ELBO
<latexit sha1_base64="f41S1FHuz3n/2yTtdvTfYWSWhbI=">AAACInicbVDLSgMxFM34tr6qLt0Ei1A3ZUYEdSeKICj4wFahU0omvZ0GM5MhuaOWod/ixl9x40JRV4IfY/oQ1HogcDjnXG7uCRIpDLruhzMyOjY+MTk1nZuZnZtfyC8uVYxKNYcyV1Lpq4AZkCKGMgqUcJVoYFEg4TK43u/6lzegjVDxBbYTqEUsjEVTcIZWqud3fIQ71FF2dNyhfgjUpf65CFvItFa31JcqpEmxvd7zvrMHx3snnXq+4JbcHugw8QakQAY4reff/IbiaQQxcsmMqXpugrWMaRRcQifnpwYSxq9ZCFVLYxaBqWW9Ezt0zSoN2lTavhhpT/05kbHImHYU2GTEsGX+el3xP6+aYnO7lok4SRFi3l/UTCVFRbt90YbQwFG2LWFcC/tXyltMM4621Zwtwft78jCpbJQ8t+SdbRZ29wZ1TJEVskqKxCNbZJccklNSJpzck0fyTF6cB+fJeXXe+9ERZzCzTH7B+fwC+H6jSw==</latexit><latexit sha1_base64="f41S1FHuz3n/2yTtdvTfYWSWhbI=">AAACInicbVDLSgMxFM34tr6qLt0Ei1A3ZUYEdSeKICj4wFahU0omvZ0GM5MhuaOWod/ixl9x40JRV4IfY/oQ1HogcDjnXG7uCRIpDLruhzMyOjY+MTk1nZuZnZtfyC8uVYxKNYcyV1Lpq4AZkCKGMgqUcJVoYFEg4TK43u/6lzegjVDxBbYTqEUsjEVTcIZWqud3fIQ71FF2dNyhfgjUpf65CFvItFa31JcqpEmxvd7zvrMHx3snnXq+4JbcHugw8QakQAY4reff/IbiaQQxcsmMqXpugrWMaRRcQifnpwYSxq9ZCFVLYxaBqWW9Ezt0zSoN2lTavhhpT/05kbHImHYU2GTEsGX+el3xP6+aYnO7lok4SRFi3l/UTCVFRbt90YbQwFG2LWFcC/tXyltMM4621Zwtwft78jCpbJQ8t+SdbRZ29wZ1TJEVskqKxCNbZJccklNSJpzck0fyTF6cB+fJeXXe+9ERZzCzTH7B+fwC+H6jSw==</latexit><latexit sha1_base64="f41S1FHuz3n/2yTtdvTfYWSWhbI=">AAACInicbVDLSgMxFM34tr6qLt0Ei1A3ZUYEdSeKICj4wFahU0omvZ0GM5MhuaOWod/ixl9x40JRV4IfY/oQ1HogcDjnXG7uCRIpDLruhzMyOjY+MTk1nZuZnZtfyC8uVYxKNYcyV1Lpq4AZkCKGMgqUcJVoYFEg4TK43u/6lzegjVDxBbYTqEUsjEVTcIZWqud3fIQ71FF2dNyhfgjUpf65CFvItFa31JcqpEmxvd7zvrMHx3snnXq+4JbcHugw8QakQAY4reff/IbiaQQxcsmMqXpugrWMaRRcQifnpwYSxq9ZCFVLYxaBqWW9Ezt0zSoN2lTavhhpT/05kbHImHYU2GTEsGX+el3xP6+aYnO7lok4SRFi3l/UTCVFRbt90YbQwFG2LWFcC/tXyltMM4621Zwtwft78jCpbJQ8t+SdbRZ29wZ1TJEVskqKxCNbZJccklNSJpzck0fyTF6cB+fJeXXe+9ERZzCzTH7B+fwC+H6jSw==</latexit><latexit sha1_base64="f41S1FHuz3n/2yTtdvTfYWSWhbI=">AAACInicbVDLSgMxFM34tr6qLt0Ei1A3ZUYEdSeKICj4wFahU0omvZ0GM5MhuaOWod/ixl9x40JRV4IfY/oQ1HogcDjnXG7uCRIpDLruhzMyOjY+MTk1nZuZnZtfyC8uVYxKNYcyV1Lpq4AZkCKGMgqUcJVoYFEg4TK43u/6lzegjVDxBbYTqEUsjEVTcIZWqud3fIQ71FF2dNyhfgjUpf65CFvItFa31JcqpEmxvd7zvrMHx3snnXq+4JbcHugw8QakQAY4reff/IbiaQQxcsmMqXpugrWMaRRcQifnpwYSxq9ZCFVLYxaBqWW9Ezt0zSoN2lTavhhpT/05kbHImHYU2GTEsGX+el3xP6+aYnO7lok4SRFi3l/UTCVFRbt90YbQwFG2LWFcC/tXyltMM4621Zwtwft78jCpbJQ8t+SdbRZ29wZ1TJEVskqKxCNbZJccklNSJpzck0fyTF6cB+fJeXXe+9ERZzCzTH7B+fwC+H6jSw==</latexit>

[Bishop 2006, Sec 1.6.1]



Why KL?

“Evidence lower 
bound” (ELBO)

=

Z
q(✓) log

q(✓)p(y)

p(✓, y)
d✓ = log p(y)�

Z
q(✓) log

p(✓, y)

q(✓)
d✓

• Exercise: Show  
• test  
• test q⇤ = argmaxq2QELBO(q)

q⇤(✓)

NICE

CLOSE

p(✓|y)
• Variational Bayes
q⇤ = argminq2QKL (q(·)||p(·|y))

<latexit sha1_base64="9/DDYscHAkdhf/FmS2H4nFjPGDo=">AAACO3icbZDPaxNBFMdnW7U1Wk3r0cvDICQ9hN0itJdCsZeCHloxbSGbhtnJ22TozOxm5m0xbPb/8uI/4c2LFw+W4tW7kx+Itn0w8OH7fY9575vkSjoKw2/ByuqDh4/W1h/XnjzdePa8vrl16rLCCuyITGX2POEOlTTYIUkKz3OLXCcKz5LLw5l/doXWycx8pEmOPc2HRqZScPJSv/5hfLEN+xATfiKrS26HWpqqX44hlgZOqr /Ou/dVrDClJoybsRhk1ILpFPIFwxQmLYitHI6o1a83wnY4L7gL0RIabFnH/frXeJCJQqMhobhz3SjMqed3ISkUVrW4cJhzccmH2PVouEbXK+e3V/DaKwNIM+ufIZir/06UXDs30Ynv1JxG7rY3E+/zugWle71SmrwgNGLxUVoooAxmQcJAWhSkJh64sNLvCmLELRfk4675EKLbJ9+F0512FLajkzeNg7fLONbZS/aKNVnEdtkBO2LHrMME+8y+s5/sOvgS/Ahugl+L1pVgOfOC/VfB7z91bq0U</latexit><latexit sha1_base64="9/DDYscHAkdhf/FmS2H4nFjPGDo=">AAACO3icbZDPaxNBFMdnW7U1Wk3r0cvDICQ9hN0itJdCsZeCHloxbSGbhtnJ22TozOxm5m0xbPb/8uI/4c2LFw+W4tW7kx+Itn0w8OH7fY9575vkSjoKw2/ByuqDh4/W1h/XnjzdePa8vrl16rLCCuyITGX2POEOlTTYIUkKz3OLXCcKz5LLw5l/doXWycx8pEmOPc2HRqZScPJSv/5hfLEN+xATfiKrS26HWpqqX44hlgZOqr /Ou/dVrDClJoybsRhk1ILpFPIFwxQmLYitHI6o1a83wnY4L7gL0RIabFnH/frXeJCJQqMhobhz3SjMqed3ISkUVrW4cJhzccmH2PVouEbXK+e3V/DaKwNIM+ufIZir/06UXDs30Ynv1JxG7rY3E+/zugWle71SmrwgNGLxUVoooAxmQcJAWhSkJh64sNLvCmLELRfk4675EKLbJ9+F0512FLajkzeNg7fLONbZS/aKNVnEdtkBO2LHrMME+8y+s5/sOvgS/Ahugl+L1pVgOfOC/VfB7z91bq0U</latexit><latexit sha1_base64="9/DDYscHAkdhf/FmS2H4nFjPGDo=">AAACO3icbZDPaxNBFMdnW7U1Wk3r0cvDICQ9hN0itJdCsZeCHloxbSGbhtnJ22TozOxm5m0xbPb/8uI/4c2LFw+W4tW7kx+Itn0w8OH7fY9575vkSjoKw2/ByuqDh4/W1h/XnjzdePa8vrl16rLCCuyITGX2POEOlTTYIUkKz3OLXCcKz5LLw5l/doXWycx8pEmOPc2HRqZScPJSv/5hfLEN+xATfiKrS26HWpqqX44hlgZOqr /Ou/dVrDClJoybsRhk1ILpFPIFwxQmLYitHI6o1a83wnY4L7gL0RIabFnH/frXeJCJQqMhobhz3SjMqed3ISkUVrW4cJhzccmH2PVouEbXK+e3V/DaKwNIM+ufIZir/06UXDs30Ynv1JxG7rY3E+/zugWle71SmrwgNGLxUVoooAxmQcJAWhSkJh64sNLvCmLELRfk4675EKLbJ9+F0512FLajkzeNg7fLONbZS/aKNVnEdtkBO2LHrMME+8y+s5/sOvgS/Ahugl+L1pVgOfOC/VfB7z91bq0U</latexit><latexit sha1_base64="9/DDYscHAkdhf/FmS2H4nFjPGDo=">AAACO3icbZDPaxNBFMdnW7U1Wk3r0cvDICQ9hN0itJdCsZeCHloxbSGbhtnJ22TozOxm5m0xbPb/8uI/4c2LFw+W4tW7kx+Itn0w8OH7fY9575vkSjoKw2/ByuqDh4/W1h/XnjzdePa8vrl16rLCCuyITGX2POEOlTTYIUkKz3OLXCcKz5LLw5l/doXWycx8pEmOPc2HRqZScPJSv/5hfLEN+xATfiKrS26HWpqqX44hlgZOqr /Ou/dVrDClJoybsRhk1ILpFPIFwxQmLYitHI6o1a83wnY4L7gL0RIabFnH/frXeJCJQqMhobhz3SjMqed3ISkUVrW4cJhzccmH2PVouEbXK+e3V/DaKwNIM+ufIZir/06UXDs30Ynv1JxG7rY3E+/zugWle71SmrwgNGLxUVoooAxmQcJAWhSkJh64sNLvCmLELRfk4675EKLbJ9+F0512FLajkzeNg7fLONbZS/aKNVnEdtkBO2LHrMME+8y+s5/sOvgS/Ahugl+L1pVgOfOC/VfB7z91bq0U</latexit>

KL (q(·)||p(·|y))
<latexit sha1_base64="H5C5uxY6VK80YaXtuxqewtzWBx8=">AAACG3icbZDJSgNBEIZ73I3bqEcvjUFILmEmCHoUvQh6UDAqZIbQ01OTNOlZ7K4RwyTv4cVX8eJBEU+CB9/GznJw+6Hh468qqusPMik0Os6nNTU9Mzs3v7BYWlpeWV2z1zcudZorDg2eylRdB0yDFAk0UKCE60wBiwMJV0H3aFi/ugWlRZpcYC8DP2btRESCMzRWy657CHeo4uLkdOBJiLBCbyoeD1Os0n6fZmOmfdqrUk+Jdg erLbvs1JyR6F9wJ1AmE5217HcvTHkeQ4JcMq2brpOhXzCFgksYlLxcQ8Z4l7WhaTBhMWi/GN02oDvGCWmUKvMSpCP3+0TBYq17cWA6Y4Yd/bs2NP+rNXOM9v1CJFmOkPDxoiiXFFM6DIqGQgFH2TPAuBLmr5R3mGIcTZwlE4L7++S/cFmvuU7NPd8tHxxO4lggW2SbVIhL9sgBOSZnpEE4uSeP5Jm8WA/Wk/VqvY1bp6zJzCb5IevjCzsSoDw=</latexit><latexit sha1_base64="H5C5uxY6VK80YaXtuxqewtzWBx8=">AAACG3icbZDJSgNBEIZ73I3bqEcvjUFILmEmCHoUvQh6UDAqZIbQ01OTNOlZ7K4RwyTv4cVX8eJBEU+CB9/GznJw+6Hh468qqusPMik0Os6nNTU9Mzs3v7BYWlpeWV2z1zcudZorDg2eylRdB0yDFAk0UKCE60wBiwMJV0H3aFi/ugWlRZpcYC8DP2btRESCMzRWy657CHeo4uLkdOBJiLBCbyoeD1Os0n6fZmOmfdqrUk+Jdg erLbvs1JyR6F9wJ1AmE5217HcvTHkeQ4JcMq2brpOhXzCFgksYlLxcQ8Z4l7WhaTBhMWi/GN02oDvGCWmUKvMSpCP3+0TBYq17cWA6Y4Yd/bs2NP+rNXOM9v1CJFmOkPDxoiiXFFM6DIqGQgFH2TPAuBLmr5R3mGIcTZwlE4L7++S/cFmvuU7NPd8tHxxO4lggW2SbVIhL9sgBOSZnpEE4uSeP5Jm8WA/Wk/VqvY1bp6zJzCb5IevjCzsSoDw=</latexit><latexit sha1_base64="H5C5uxY6VK80YaXtuxqewtzWBx8=">AAACG3icbZDJSgNBEIZ73I3bqEcvjUFILmEmCHoUvQh6UDAqZIbQ01OTNOlZ7K4RwyTv4cVX8eJBEU+CB9/GznJw+6Hh468qqusPMik0Os6nNTU9Mzs3v7BYWlpeWV2z1zcudZorDg2eylRdB0yDFAk0UKCE60wBiwMJV0H3aFi/ugWlRZpcYC8DP2btRESCMzRWy657CHeo4uLkdOBJiLBCbyoeD1Os0n6fZmOmfdqrUk+Jdg erLbvs1JyR6F9wJ1AmE5217HcvTHkeQ4JcMq2brpOhXzCFgksYlLxcQ8Z4l7WhaTBhMWi/GN02oDvGCWmUKvMSpCP3+0TBYq17cWA6Y4Yd/bs2NP+rNXOM9v1CJFmOkPDxoiiXFFM6DIqGQgFH2TPAuBLmr5R3mGIcTZwlE4L7++S/cFmvuU7NPd8tHxxO4lggW2SbVIhL9sgBOSZnpEE4uSeP5Jm8WA/Wk/VqvY1bp6zJzCb5IevjCzsSoDw=</latexit><latexit sha1_base64="H5C5uxY6VK80YaXtuxqewtzWBx8=">AAACG3icbZDJSgNBEIZ73I3bqEcvjUFILmEmCHoUvQh6UDAqZIbQ01OTNOlZ7K4RwyTv4cVX8eJBEU+CB9/GznJw+6Hh468qqusPMik0Os6nNTU9Mzs3v7BYWlpeWV2z1zcudZorDg2eylRdB0yDFAk0UKCE60wBiwMJV0H3aFi/ugWlRZpcYC8DP2btRESCMzRWy657CHeo4uLkdOBJiLBCbyoeD1Os0n6fZmOmfdqrUk+Jdg erLbvs1JyR6F9wJ1AmE5217HcvTHkeQ4JcMq2brpOhXzCFgksYlLxcQ8Z4l7WhaTBhMWi/GN02oDvGCWmUKvMSpCP3+0TBYq17cWA6Y4Yd/bs2NP+rNXOM9v1CJFmOkPDxoiiXFFM6DIqGQgFH2TPAuBLmr5R3mGIcTZwlE4L7++S/cFmvuU7NPd8tHxxO4lggW2SbVIhL9sgBOSZnpEE4uSeP5Jm8WA/Wk/VqvY1bp6zJzCb5IevjCzsSoDw=</latexit>
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<latexit sha1_base64="AuLHZm9aAb8EPu8yud88+RW7WTE=">AAACK3icbVDLSsNAFJ34rPUVdelmsAh1UxIRFEEodeOygn1AE8pkOmmHTh7O3Agh9n/c+CsudOEDt/6H0zaL2npg4Nxz7mXuPV4suALL+jSWlldW19YLG8XNre2dXXNvv6miRFLWoJGIZNsjigkesgZwEKwdS0YCT7CWN7we+60HJhWPwjtIY+YGpB9yn1MCWuqatcsr7PAQ8H3ZgQEDcoIdEfWx40tCsxl1lOE4L/AjTrWAe9Oya5asijUBXiR2TkooR71rvjq9iCYBC4EKolTHtmJwMyKBU8FGRSdRLCZ0SPqso2lIAqbcbHLrCB9rpYf9SOqn156osxMZCZRKA093BgQGat4bi/95nQT8CzfjYZwAC+n0Iz8RGCI8Dg73uGQURKoJoZLrXTEdEJ0S6HiLOgR7/uRF0jyt2FbFvj0rVWt5HAV0iI5QGdnoHFXRDaqjBqLoCb2gd/RhPBtvxpfxPW1dMvKZA/QHxs8v5G2lqQ==</latexit><latexit sha1_base64="AuLHZm9aAb8EPu8yud88+RW7WTE=">AAACK3icbVDLSsNAFJ34rPUVdelmsAh1UxIRFEEodeOygn1AE8pkOmmHTh7O3Agh9n/c+CsudOEDt/6H0zaL2npg4Nxz7mXuPV4suALL+jSWlldW19YLG8XNre2dXXNvv6miRFLWoJGIZNsjigkesgZwEKwdS0YCT7CWN7we+60HJhWPwjtIY+YGpB9yn1MCWuqatcsr7PAQ8H3ZgQEDcoIdEfWx40tCsxl1lOE4L/AjTrWAe9Oya5asijUBXiR2TkooR71rvjq9iCYBC4EKolTHtmJwMyKBU8FGRSdRLCZ0SPqso2lIAqbcbHLrCB9rpYf9SOqn156osxMZCZRKA093BgQGat4bi/95nQT8CzfjYZwAC+n0Iz8RGCI8Dg73uGQURKoJoZLrXTEdEJ0S6HiLOgR7/uRF0jyt2FbFvj0rVWt5HAV0iI5QGdnoHFXRDaqjBqLoCb2gd/RhPBtvxpfxPW1dMvKZA/QHxs8v5G2lqQ==</latexit><latexit sha1_base64="AuLHZm9aAb8EPu8yud88+RW7WTE=">AAACK3icbVDLSsNAFJ34rPUVdelmsAh1UxIRFEEodeOygn1AE8pkOmmHTh7O3Agh9n/c+CsudOEDt/6H0zaL2npg4Nxz7mXuPV4suALL+jSWlldW19YLG8XNre2dXXNvv6miRFLWoJGIZNsjigkesgZwEKwdS0YCT7CWN7we+60HJhWPwjtIY+YGpB9yn1MCWuqatcsr7PAQ8H3ZgQEDcoIdEfWx40tCsxl1lOE4L/AjTrWAe9Oya5asijUBXiR2TkooR71rvjq9iCYBC4EKolTHtmJwMyKBU8FGRSdRLCZ0SPqso2lIAqbcbHLrCB9rpYf9SOqn156osxMZCZRKA093BgQGat4bi/95nQT8CzfjYZwAC+n0Iz8RGCI8Dg73uGQURKoJoZLrXTEdEJ0S6HiLOgR7/uRF0jyt2FbFvj0rVWt5HAV0iI5QGdnoHFXRDaqjBqLoCb2gd/RhPBtvxpfxPW1dMvKZA/QHxs8v5G2lqQ==</latexit><latexit sha1_base64="AuLHZm9aAb8EPu8yud88+RW7WTE=">AAACK3icbVDLSsNAFJ34rPUVdelmsAh1UxIRFEEodeOygn1AE8pkOmmHTh7O3Agh9n/c+CsudOEDt/6H0zaL2npg4Nxz7mXuPV4suALL+jSWlldW19YLG8XNre2dXXNvv6miRFLWoJGIZNsjigkesgZwEKwdS0YCT7CWN7we+60HJhWPwjtIY+YGpB9yn1MCWuqatcsr7PAQ8H3ZgQEDcoIdEfWx40tCsxl1lOE4L/AjTrWAe9Oya5asijUBXiR2TkooR71rvjq9iCYBC4EKolTHtmJwMyKBU8FGRSdRLCZ0SPqso2lIAqbcbHLrCB9rpYf9SOqn156osxMZCZRKA093BgQGat4bi/95nQT8CzfjYZwAC+n0Iz8RGCI8Dg73uGQURKoJoZLrXTEdEJ0S6HiLOgR7/uRF0jyt2FbFvj0rVWt5HAV0iI5QGdnoHFXRDaqjBqLoCb2gd/RhPBtvxpfxPW1dMvKZA/QHxs8v5G2lqQ==</latexit>

KL � 0
<latexit sha1_base64="sGzExkXRZ0jKxW7uKwXGrDIBHXo=">AAAB+nicbVDLSgNBEJz1GeNro0cvg0HwFHZF0GPQi6CHCOYByRJmJ73JkNkHM71qWPMpXjwo4tUv8ebfOEn2oIkFDUVVN91dfiKFRsf5tpaWV1bX1gsbxc2t7Z1du7TX0HGqONR5LGPV8pkGKSKoo0AJrUQBC30JTX94OfGb96C0iKM7HCXghawfiUBwhkbq2qUOwiOqMLu+GdNOH6jTtctOxZmCLhI3J2WSo9a1vzq9mKchRMgl07rtOgl6GVMouIRxsZNqSBgfsj60DY1YCNrLpqeP6ZFRejSIlakI6VT9PZGxUOtR6JvOkOFAz3sT8T+vnWJw7mUiSlKEiM8WBamkGNNJDrQnFHCUI0MYV8LcSvmAKcbRpFU0IbjzLy+SxknFdSru7Wm5epHHUSAH5JAcE5eckSq5IjVSJ5w8kGfySt6sJ+vFerc+Zq1LVj6zT/7A+vwBgeqTfA==</latexit><latexit sha1_base64="sGzExkXRZ0jKxW7uKwXGrDIBHXo=">AAAB+nicbVDLSgNBEJz1GeNro0cvg0HwFHZF0GPQi6CHCOYByRJmJ73JkNkHM71qWPMpXjwo4tUv8ebfOEn2oIkFDUVVN91dfiKFRsf5tpaWV1bX1gsbxc2t7Z1du7TX0HGqONR5LGPV8pkGKSKoo0AJrUQBC30JTX94OfGb96C0iKM7HCXghawfiUBwhkbq2qUOwiOqMLu+GdNOH6jTtctOxZmCLhI3J2WSo9a1vzq9mKchRMgl07rtOgl6GVMouIRxsZNqSBgfsj60DY1YCNrLpqeP6ZFRejSIlakI6VT9PZGxUOtR6JvOkOFAz3sT8T+vnWJw7mUiSlKEiM8WBamkGNNJDrQnFHCUI0MYV8LcSvmAKcbRpFU0IbjzLy+SxknFdSru7Wm5epHHUSAH5JAcE5eckSq5IjVSJ5w8kGfySt6sJ+vFerc+Zq1LVj6zT/7A+vwBgeqTfA==</latexit><latexit sha1_base64="sGzExkXRZ0jKxW7uKwXGrDIBHXo=">AAAB+nicbVDLSgNBEJz1GeNro0cvg0HwFHZF0GPQi6CHCOYByRJmJ73JkNkHM71qWPMpXjwo4tUv8ebfOEn2oIkFDUVVN91dfiKFRsf5tpaWV1bX1gsbxc2t7Z1du7TX0HGqONR5LGPV8pkGKSKoo0AJrUQBC30JTX94OfGb96C0iKM7HCXghawfiUBwhkbq2qUOwiOqMLu+GdNOH6jTtctOxZmCLhI3J2WSo9a1vzq9mKchRMgl07rtOgl6GVMouIRxsZNqSBgfsj60DY1YCNrLpqeP6ZFRejSIlakI6VT9PZGxUOtR6JvOkOFAz3sT8T+vnWJw7mUiSlKEiM8WBamkGNNJDrQnFHCUI0MYV8LcSvmAKcbRpFU0IbjzLy+SxknFdSru7Wm5epHHUSAH5JAcE5eckSq5IjVSJ5w8kGfySt6sJ+vFerc+Zq1LVj6zT/7A+vwBgeqTfA==</latexit><latexit sha1_base64="sGzExkXRZ0jKxW7uKwXGrDIBHXo=">AAAB+nicbVDLSgNBEJz1GeNro0cvg0HwFHZF0GPQi6CHCOYByRJmJ73JkNkHM71qWPMpXjwo4tUv8ebfOEn2oIkFDUVVN91dfiKFRsf5tpaWV1bX1gsbxc2t7Z1du7TX0HGqONR5LGPV8pkGKSKoo0AJrUQBC30JTX94OfGb96C0iKM7HCXghawfiUBwhkbq2qUOwiOqMLu+GdNOH6jTtctOxZmCLhI3J2WSo9a1vzq9mKchRMgl07rtOgl6GVMouIRxsZNqSBgfsj60DY1YCNrLpqeP6ZFRejSIlakI6VT9PZGxUOtR6JvOkOFAz3sT8T+vnWJw7mUiSlKEiM8WBamkGNNJDrQnFHCUI0MYV8LcSvmAKcbRpFU0IbjzLy+SxknFdSru7Wm5epHHUSAH5JAcE5eckSq5IjVSJ5w8kGfySt6sJ+vFerc+Zq1LVj6zT/7A+vwBgeqTfA==</latexit>

KL � 0 ) log p(y) � ELBO
<latexit sha1_base64="f41S1FHuz3n/2yTtdvTfYWSWhbI=">AAACInicbVDLSgMxFM34tr6qLt0Ei1A3ZUYEdSeKICj4wFahU0omvZ0GM5MhuaOWod/ixl9x40JRV4IfY/oQ1HogcDjnXG7uCRIpDLruhzMyOjY+MTk1nZuZnZtfyC8uVYxKNYcyV1Lpq4AZkCKGMgqUcJVoYFEg4TK43u/6lzegjVDxBbYTqEUsjEVTcIZWqud3fIQ71FF2dNyhfgjUpf65CFvItFa31JcqpEmxvd7zvrMHx3snnXq+4JbcHugw8QakQAY4reff/IbiaQQxcsmMqXpugrWMaRRcQifnpwYSxq9ZCFVLYxaBqWW9Ezt0zSoN2lTavhhpT/05kbHImHYU2GTEsGX+el3xP6+aYnO7lok4SRFi3l/UTCVFRbt90YbQwFG2LWFcC/tXyltMM4621Zwtwft78jCpbJQ8t+SdbRZ29wZ1TJEVskqKxCNbZJccklNSJpzck0fyTF6cB+fJeXXe+9ERZzCzTH7B+fwC+H6jSw==</latexit><latexit sha1_base64="f41S1FHuz3n/2yTtdvTfYWSWhbI=">AAACInicbVDLSgMxFM34tr6qLt0Ei1A3ZUYEdSeKICj4wFahU0omvZ0GM5MhuaOWod/ixl9x40JRV4IfY/oQ1HogcDjnXG7uCRIpDLruhzMyOjY+MTk1nZuZnZtfyC8uVYxKNYcyV1Lpq4AZkCKGMgqUcJVoYFEg4TK43u/6lzegjVDxBbYTqEUsjEVTcIZWqud3fIQ71FF2dNyhfgjUpf65CFvItFa31JcqpEmxvd7zvrMHx3snnXq+4JbcHugw8QakQAY4reff/IbiaQQxcsmMqXpugrWMaRRcQifnpwYSxq9ZCFVLYxaBqWW9Ezt0zSoN2lTavhhpT/05kbHImHYU2GTEsGX+el3xP6+aYnO7lok4SRFi3l/UTCVFRbt90YbQwFG2LWFcC/tXyltMM4621Zwtwft78jCpbJQ8t+SdbRZ29wZ1TJEVskqKxCNbZJccklNSJpzck0fyTF6cB+fJeXXe+9ERZzCzTH7B+fwC+H6jSw==</latexit><latexit sha1_base64="f41S1FHuz3n/2yTtdvTfYWSWhbI=">AAACInicbVDLSgMxFM34tr6qLt0Ei1A3ZUYEdSeKICj4wFahU0omvZ0GM5MhuaOWod/ixl9x40JRV4IfY/oQ1HogcDjnXG7uCRIpDLruhzMyOjY+MTk1nZuZnZtfyC8uVYxKNYcyV1Lpq4AZkCKGMgqUcJVoYFEg4TK43u/6lzegjVDxBbYTqEUsjEVTcIZWqud3fIQ71FF2dNyhfgjUpf65CFvItFa31JcqpEmxvd7zvrMHx3snnXq+4JbcHugw8QakQAY4reff/IbiaQQxcsmMqXpugrWMaRRcQifnpwYSxq9ZCFVLYxaBqWW9Ezt0zSoN2lTavhhpT/05kbHImHYU2GTEsGX+el3xP6+aYnO7lok4SRFi3l/UTCVFRbt90YbQwFG2LWFcC/tXyltMM4621Zwtwft78jCpbJQ8t+SdbRZ29wZ1TJEVskqKxCNbZJccklNSJpzck0fyTF6cB+fJeXXe+9ERZzCzTH7B+fwC+H6jSw==</latexit><latexit sha1_base64="f41S1FHuz3n/2yTtdvTfYWSWhbI=">AAACInicbVDLSgMxFM34tr6qLt0Ei1A3ZUYEdSeKICj4wFahU0omvZ0GM5MhuaOWod/ixl9x40JRV4IfY/oQ1HogcDjnXG7uCRIpDLruhzMyOjY+MTk1nZuZnZtfyC8uVYxKNYcyV1Lpq4AZkCKGMgqUcJVoYFEg4TK43u/6lzegjVDxBbYTqEUsjEVTcIZWqud3fIQ71FF2dNyhfgjUpf65CFvItFa31JcqpEmxvd7zvrMHx3snnXq+4JbcHugw8QakQAY4reff/IbiaQQxcsmMqXpugrWMaRRcQifnpwYSxq9ZCFVLYxaBqWW9Ezt0zSoN2lTavhhpT/05kbHImHYU2GTEsGX+el3xP6+aYnO7lok4SRFi3l/UTCVFRbt90YbQwFG2LWFcC/tXyltMM4621Zwtwft78jCpbJQ8t+SdbRZ29wZ1TJEVskqKxCNbZJccklNSJpzck0fyTF6cB+fJeXXe+9ERZzCzTH7B+fwC+H6jSw==</latexit>

[Bishop 2006, Sec 1.6.1]



Why KL?

“Evidence lower 
bound” (ELBO)

=

Z
q(✓) log

q(✓)p(y)

p(✓, y)
d✓ = log p(y)�

Z
q(✓) log

p(✓, y)

q(✓)
d✓

• Exercise: Show  
• test  
• test 
• Why KL (in this direction)?

q⇤ = argmaxq2QELBO(q)

q⇤(✓)

NICE

CLOSE

p(✓|y)
• Variational Bayes
q⇤ = argminq2QKL (q(·)||p(·|y))

<latexit sha1_base64="9/DDYscHAkdhf/FmS2H4nFjPGDo=">AAACO3icbZDPaxNBFMdnW7U1Wk3r0cvDICQ9hN0itJdCsZeCHloxbSGbhtnJ22TozOxm5m0xbPb/8uI/4c2LFw+W4tW7kx+Itn0w8OH7fY9575vkSjoKw2/ByuqDh4/W1h/XnjzdePa8vrl16rLCCuyITGX2POEOlTTYIUkKz3OLXCcKz5LLw5l/doXWycx8pEmOPc2HRqZScPJSv/5hfLEN+xATfiKrS26HWpqqX44hlgZOqr /Ou/dVrDClJoybsRhk1ILpFPIFwxQmLYitHI6o1a83wnY4L7gL0RIabFnH/frXeJCJQqMhobhz3SjMqed3ISkUVrW4cJhzccmH2PVouEbXK+e3V/DaKwNIM+ufIZir/06UXDs30Ynv1JxG7rY3E+/zugWle71SmrwgNGLxUVoooAxmQcJAWhSkJh64sNLvCmLELRfk4675EKLbJ9+F0512FLajkzeNg7fLONbZS/aKNVnEdtkBO2LHrMME+8y+s5/sOvgS/Ahugl+L1pVgOfOC/VfB7z91bq0U</latexit><latexit sha1_base64="9/DDYscHAkdhf/FmS2H4nFjPGDo=">AAACO3icbZDPaxNBFMdnW7U1Wk3r0cvDICQ9hN0itJdCsZeCHloxbSGbhtnJ22TozOxm5m0xbPb/8uI/4c2LFw+W4tW7kx+Itn0w8OH7fY9575vkSjoKw2/ByuqDh4/W1h/XnjzdePa8vrl16rLCCuyITGX2POEOlTTYIUkKz3OLXCcKz5LLw5l/doXWycx8pEmOPc2HRqZScPJSv/5hfLEN+xATfiKrS26HWpqqX44hlgZOqr /Ou/dVrDClJoybsRhk1ILpFPIFwxQmLYitHI6o1a83wnY4L7gL0RIabFnH/frXeJCJQqMhobhz3SjMqed3ISkUVrW4cJhzccmH2PVouEbXK+e3V/DaKwNIM+ufIZir/06UXDs30Ynv1JxG7rY3E+/zugWle71SmrwgNGLxUVoooAxmQcJAWhSkJh64sNLvCmLELRfk4675EKLbJ9+F0512FLajkzeNg7fLONbZS/aKNVnEdtkBO2LHrMME+8y+s5/sOvgS/Ahugl+L1pVgOfOC/VfB7z91bq0U</latexit><latexit sha1_base64="9/DDYscHAkdhf/FmS2H4nFjPGDo=">AAACO3icbZDPaxNBFMdnW7U1Wk3r0cvDICQ9hN0itJdCsZeCHloxbSGbhtnJ22TozOxm5m0xbPb/8uI/4c2LFw+W4tW7kx+Itn0w8OH7fY9575vkSjoKw2/ByuqDh4/W1h/XnjzdePa8vrl16rLCCuyITGX2POEOlTTYIUkKz3OLXCcKz5LLw5l/doXWycx8pEmOPc2HRqZScPJSv/5hfLEN+xATfiKrS26HWpqqX44hlgZOqr /Ou/dVrDClJoybsRhk1ILpFPIFwxQmLYitHI6o1a83wnY4L7gL0RIabFnH/frXeJCJQqMhobhz3SjMqed3ISkUVrW4cJhzccmH2PVouEbXK+e3V/DaKwNIM+ufIZir/06UXDs30Ynv1JxG7rY3E+/zugWle71SmrwgNGLxUVoooAxmQcJAWhSkJh64sNLvCmLELRfk4675EKLbJ9+F0512FLajkzeNg7fLONbZS/aKNVnEdtkBO2LHrMME+8y+s5/sOvgS/Ahugl+L1pVgOfOC/VfB7z91bq0U</latexit><latexit sha1_base64="9/DDYscHAkdhf/FmS2H4nFjPGDo=">AAACO3icbZDPaxNBFMdnW7U1Wk3r0cvDICQ9hN0itJdCsZeCHloxbSGbhtnJ22TozOxm5m0xbPb/8uI/4c2LFw+W4tW7kx+Itn0w8OH7fY9575vkSjoKw2/ByuqDh4/W1h/XnjzdePa8vrl16rLCCuyITGX2POEOlTTYIUkKz3OLXCcKz5LLw5l/doXWycx8pEmOPc2HRqZScPJSv/5hfLEN+xATfiKrS26HWpqqX44hlgZOqr /Ou/dVrDClJoybsRhk1ILpFPIFwxQmLYitHI6o1a83wnY4L7gL0RIabFnH/frXeJCJQqMhobhz3SjMqed3ISkUVrW4cJhzccmH2PVouEbXK+e3V/DaKwNIM+ufIZir/06UXDs30Ynv1JxG7rY3E+/zugWle71SmrwgNGLxUVoooAxmQcJAWhSkJh64sNLvCmLELRfk4675EKLbJ9+F0512FLajkzeNg7fLONbZS/aKNVnEdtkBO2LHrMME+8y+s5/sOvgS/Ahugl+L1pVgOfOC/VfB7z91bq0U</latexit>

KL (q(·)||p(·|y))
<latexit sha1_base64="H5C5uxY6VK80YaXtuxqewtzWBx8=">AAACG3icbZDJSgNBEIZ73I3bqEcvjUFILmEmCHoUvQh6UDAqZIbQ01OTNOlZ7K4RwyTv4cVX8eJBEU+CB9/GznJw+6Hh468qqusPMik0Os6nNTU9Mzs3v7BYWlpeWV2z1zcudZorDg2eylRdB0yDFAk0UKCE60wBiwMJV0H3aFi/ugWlRZpcYC8DP2btRESCMzRWy657CHeo4uLkdOBJiLBCbyoeD1Os0n6fZmOmfdqrUk+Jdg erLbvs1JyR6F9wJ1AmE5217HcvTHkeQ4JcMq2brpOhXzCFgksYlLxcQ8Z4l7WhaTBhMWi/GN02oDvGCWmUKvMSpCP3+0TBYq17cWA6Y4Yd/bs2NP+rNXOM9v1CJFmOkPDxoiiXFFM6DIqGQgFH2TPAuBLmr5R3mGIcTZwlE4L7++S/cFmvuU7NPd8tHxxO4lggW2SbVIhL9sgBOSZnpEE4uSeP5Jm8WA/Wk/VqvY1bp6zJzCb5IevjCzsSoDw=</latexit><latexit sha1_base64="H5C5uxY6VK80YaXtuxqewtzWBx8=">AAACG3icbZDJSgNBEIZ73I3bqEcvjUFILmEmCHoUvQh6UDAqZIbQ01OTNOlZ7K4RwyTv4cVX8eJBEU+CB9/GznJw+6Hh468qqusPMik0Os6nNTU9Mzs3v7BYWlpeWV2z1zcudZorDg2eylRdB0yDFAk0UKCE60wBiwMJV0H3aFi/ugWlRZpcYC8DP2btRESCMzRWy657CHeo4uLkdOBJiLBCbyoeD1Os0n6fZmOmfdqrUk+Jdg erLbvs1JyR6F9wJ1AmE5217HcvTHkeQ4JcMq2brpOhXzCFgksYlLxcQ8Z4l7WhaTBhMWi/GN02oDvGCWmUKvMSpCP3+0TBYq17cWA6Y4Yd/bs2NP+rNXOM9v1CJFmOkPDxoiiXFFM6DIqGQgFH2TPAuBLmr5R3mGIcTZwlE4L7++S/cFmvuU7NPd8tHxxO4lggW2SbVIhL9sgBOSZnpEE4uSeP5Jm8WA/Wk/VqvY1bp6zJzCb5IevjCzsSoDw=</latexit><latexit sha1_base64="H5C5uxY6VK80YaXtuxqewtzWBx8=">AAACG3icbZDJSgNBEIZ73I3bqEcvjUFILmEmCHoUvQh6UDAqZIbQ01OTNOlZ7K4RwyTv4cVX8eJBEU+CB9/GznJw+6Hh468qqusPMik0Os6nNTU9Mzs3v7BYWlpeWV2z1zcudZorDg2eylRdB0yDFAk0UKCE60wBiwMJV0H3aFi/ugWlRZpcYC8DP2btRESCMzRWy657CHeo4uLkdOBJiLBCbyoeD1Os0n6fZmOmfdqrUk+Jdg erLbvs1JyR6F9wJ1AmE5217HcvTHkeQ4JcMq2brpOhXzCFgksYlLxcQ8Z4l7WhaTBhMWi/GN02oDvGCWmUKvMSpCP3+0TBYq17cWA6Y4Yd/bs2NP+rNXOM9v1CJFmOkPDxoiiXFFM6DIqGQgFH2TPAuBLmr5R3mGIcTZwlE4L7++S/cFmvuU7NPd8tHxxO4lggW2SbVIhL9sgBOSZnpEE4uSeP5Jm8WA/Wk/VqvY1bp6zJzCb5IevjCzsSoDw=</latexit><latexit sha1_base64="H5C5uxY6VK80YaXtuxqewtzWBx8=">AAACG3icbZDJSgNBEIZ73I3bqEcvjUFILmEmCHoUvQh6UDAqZIbQ01OTNOlZ7K4RwyTv4cVX8eJBEU+CB9/GznJw+6Hh468qqusPMik0Os6nNTU9Mzs3v7BYWlpeWV2z1zcudZorDg2eylRdB0yDFAk0UKCE60wBiwMJV0H3aFi/ugWlRZpcYC8DP2btRESCMzRWy657CHeo4uLkdOBJiLBCbyoeD1Os0n6fZmOmfdqrUk+Jdg erLbvs1JyR6F9wJ1AmE5217HcvTHkeQ4JcMq2brpOhXzCFgksYlLxcQ8Z4l7WhaTBhMWi/GN02oDvGCWmUKvMSpCP3+0TBYq17cWA6Y4Yd/bs2NP+rNXOM9v1CJFmOkPDxoiiXFFM6DIqGQgFH2TPAuBLmr5R3mGIcTZwlE4L7++S/cFmvuU7NPd8tHxxO4lggW2SbVIhL9sgBOSZnpEE4uSeP5Jm8WA/Wk/VqvY1bp6zJzCb5IevjCzsSoDw=</latexit>

:=

Z
q(✓) log

q(✓)

p(✓|y)d✓
<latexit sha1_base64="AuLHZm9aAb8EPu8yud88+RW7WTE=">AAACK3icbVDLSsNAFJ34rPUVdelmsAh1UxIRFEEodeOygn1AE8pkOmmHTh7O3Agh9n/c+CsudOEDt/6H0zaL2npg4Nxz7mXuPV4suALL+jSWlldW19YLG8XNre2dXXNvv6miRFLWoJGIZNsjigkesgZwEKwdS0YCT7CWN7we+60HJhWPwjtIY+YGpB9yn1MCWuqatcsr7PAQ8H3ZgQEDcoIdEfWx40tCsxl1lOE4L/AjTrWAe9Oya5asijUBXiR2TkooR71rvjq9iCYBC4EKolTHtmJwMyKBU8FGRSdRLCZ0SPqso2lIAqbcbHLrCB9rpYf9SOqn156osxMZCZRKA093BgQGat4bi/95nQT8CzfjYZwAC+n0Iz8RGCI8Dg73uGQURKoJoZLrXTEdEJ0S6HiLOgR7/uRF0jyt2FbFvj0rVWt5HAV0iI5QGdnoHFXRDaqjBqLoCb2gd/RhPBtvxpfxPW1dMvKZA/QHxs8v5G2lqQ==</latexit><latexit sha1_base64="AuLHZm9aAb8EPu8yud88+RW7WTE=">AAACK3icbVDLSsNAFJ34rPUVdelmsAh1UxIRFEEodeOygn1AE8pkOmmHTh7O3Agh9n/c+CsudOEDt/6H0zaL2npg4Nxz7mXuPV4suALL+jSWlldW19YLG8XNre2dXXNvv6miRFLWoJGIZNsjigkesgZwEKwdS0YCT7CWN7we+60HJhWPwjtIY+YGpB9yn1MCWuqatcsr7PAQ8H3ZgQEDcoIdEfWx40tCsxl1lOE4L/AjTrWAe9Oya5asijUBXiR2TkooR71rvjq9iCYBC4EKolTHtmJwMyKBU8FGRSdRLCZ0SPqso2lIAqbcbHLrCB9rpYf9SOqn156osxMZCZRKA093BgQGat4bi/95nQT8CzfjYZwAC+n0Iz8RGCI8Dg73uGQURKoJoZLrXTEdEJ0S6HiLOgR7/uRF0jyt2FbFvj0rVWt5HAV0iI5QGdnoHFXRDaqjBqLoCb2gd/RhPBtvxpfxPW1dMvKZA/QHxs8v5G2lqQ==</latexit><latexit sha1_base64="AuLHZm9aAb8EPu8yud88+RW7WTE=">AAACK3icbVDLSsNAFJ34rPUVdelmsAh1UxIRFEEodeOygn1AE8pkOmmHTh7O3Agh9n/c+CsudOEDt/6H0zaL2npg4Nxz7mXuPV4suALL+jSWlldW19YLG8XNre2dXXNvv6miRFLWoJGIZNsjigkesgZwEKwdS0YCT7CWN7we+60HJhWPwjtIY+YGpB9yn1MCWuqatcsr7PAQ8H3ZgQEDcoIdEfWx40tCsxl1lOE4L/AjTrWAe9Oya5asijUBXiR2TkooR71rvjq9iCYBC4EKolTHtmJwMyKBU8FGRSdRLCZ0SPqso2lIAqbcbHLrCB9rpYf9SOqn156osxMZCZRKA093BgQGat4bi/95nQT8CzfjYZwAC+n0Iz8RGCI8Dg73uGQURKoJoZLrXTEdEJ0S6HiLOgR7/uRF0jyt2FbFvj0rVWt5HAV0iI5QGdnoHFXRDaqjBqLoCb2gd/RhPBtvxpfxPW1dMvKZA/QHxs8v5G2lqQ==</latexit><latexit sha1_base64="AuLHZm9aAb8EPu8yud88+RW7WTE=">AAACK3icbVDLSsNAFJ34rPUVdelmsAh1UxIRFEEodeOygn1AE8pkOmmHTh7O3Agh9n/c+CsudOEDt/6H0zaL2npg4Nxz7mXuPV4suALL+jSWlldW19YLG8XNre2dXXNvv6miRFLWoJGIZNsjigkesgZwEKwdS0YCT7CWN7we+60HJhWPwjtIY+YGpB9yn1MCWuqatcsr7PAQ8H3ZgQEDcoIdEfWx40tCsxl1lOE4L/AjTrWAe9Oya5asijUBXiR2TkooR71rvjq9iCYBC4EKolTHtmJwMyKBU8FGRSdRLCZ0SPqso2lIAqbcbHLrCB9rpYf9SOqn156osxMZCZRKA093BgQGat4bi/95nQT8CzfjYZwAC+n0Iz8RGCI8Dg73uGQURKoJoZLrXTEdEJ0S6HiLOgR7/uRF0jyt2FbFvj0rVWt5HAV0iI5QGdnoHFXRDaqjBqLoCb2gd/RhPBtvxpfxPW1dMvKZA/QHxs8v5G2lqQ==</latexit>

KL � 0
<latexit sha1_base64="sGzExkXRZ0jKxW7uKwXGrDIBHXo=">AAAB+nicbVDLSgNBEJz1GeNro0cvg0HwFHZF0GPQi6CHCOYByRJmJ73JkNkHM71qWPMpXjwo4tUv8ebfOEn2oIkFDUVVN91dfiKFRsf5tpaWV1bX1gsbxc2t7Z1du7TX0HGqONR5LGPV8pkGKSKoo0AJrUQBC30JTX94OfGb96C0iKM7HCXghawfiUBwhkbq2qUOwiOqMLu+GdNOH6jTtctOxZmCLhI3J2WSo9a1vzq9mKchRMgl07rtOgl6GVMouIRxsZNqSBgfsj60DY1YCNrLpqeP6ZFRejSIlakI6VT9PZGxUOtR6JvOkOFAz3sT8T+vnWJw7mUiSlKEiM8WBamkGNNJDrQnFHCUI0MYV8LcSvmAKcbRpFU0IbjzLy+SxknFdSru7Wm5epHHUSAH5JAcE5eckSq5IjVSJ5w8kGfySt6sJ+vFerc+Zq1LVj6zT/7A+vwBgeqTfA==</latexit><latexit sha1_base64="sGzExkXRZ0jKxW7uKwXGrDIBHXo=">AAAB+nicbVDLSgNBEJz1GeNro0cvg0HwFHZF0GPQi6CHCOYByRJmJ73JkNkHM71qWPMpXjwo4tUv8ebfOEn2oIkFDUVVN91dfiKFRsf5tpaWV1bX1gsbxc2t7Z1du7TX0HGqONR5LGPV8pkGKSKoo0AJrUQBC30JTX94OfGb96C0iKM7HCXghawfiUBwhkbq2qUOwiOqMLu+GdNOH6jTtctOxZmCLhI3J2WSo9a1vzq9mKchRMgl07rtOgl6GVMouIRxsZNqSBgfsj60DY1YCNrLpqeP6ZFRejSIlakI6VT9PZGxUOtR6JvOkOFAz3sT8T+vnWJw7mUiSlKEiM8WBamkGNNJDrQnFHCUI0MYV8LcSvmAKcbRpFU0IbjzLy+SxknFdSru7Wm5epHHUSAH5JAcE5eckSq5IjVSJ5w8kGfySt6sJ+vFerc+Zq1LVj6zT/7A+vwBgeqTfA==</latexit><latexit sha1_base64="sGzExkXRZ0jKxW7uKwXGrDIBHXo=">AAAB+nicbVDLSgNBEJz1GeNro0cvg0HwFHZF0GPQi6CHCOYByRJmJ73JkNkHM71qWPMpXjwo4tUv8ebfOEn2oIkFDUVVN91dfiKFRsf5tpaWV1bX1gsbxc2t7Z1du7TX0HGqONR5LGPV8pkGKSKoo0AJrUQBC30JTX94OfGb96C0iKM7HCXghawfiUBwhkbq2qUOwiOqMLu+GdNOH6jTtctOxZmCLhI3J2WSo9a1vzq9mKchRMgl07rtOgl6GVMouIRxsZNqSBgfsj60DY1YCNrLpqeP6ZFRejSIlakI6VT9PZGxUOtR6JvOkOFAz3sT8T+vnWJw7mUiSlKEiM8WBamkGNNJDrQnFHCUI0MYV8LcSvmAKcbRpFU0IbjzLy+SxknFdSru7Wm5epHHUSAH5JAcE5eckSq5IjVSJ5w8kGfySt6sJ+vFerc+Zq1LVj6zT/7A+vwBgeqTfA==</latexit><latexit sha1_base64="sGzExkXRZ0jKxW7uKwXGrDIBHXo=">AAAB+nicbVDLSgNBEJz1GeNro0cvg0HwFHZF0GPQi6CHCOYByRJmJ73JkNkHM71qWPMpXjwo4tUv8ebfOEn2oIkFDUVVN91dfiKFRsf5tpaWV1bX1gsbxc2t7Z1du7TX0HGqONR5LGPV8pkGKSKoo0AJrUQBC30JTX94OfGb96C0iKM7HCXghawfiUBwhkbq2qUOwiOqMLu+GdNOH6jTtctOxZmCLhI3J2WSo9a1vzq9mKchRMgl07rtOgl6GVMouIRxsZNqSBgfsj60DY1YCNrLpqeP6ZFRejSIlakI6VT9PZGxUOtR6JvOkOFAz3sT8T+vnWJw7mUiSlKEiM8WBamkGNNJDrQnFHCUI0MYV8LcSvmAKcbRpFU0IbjzLy+SxknFdSru7Wm5epHHUSAH5JAcE5eckSq5IjVSJ5w8kGfySt6sJ+vFerc+Zq1LVj6zT/7A+vwBgeqTfA==</latexit>

KL � 0 ) log p(y) � ELBO
<latexit sha1_base64="f41S1FHuz3n/2yTtdvTfYWSWhbI=">AAACInicbVDLSgMxFM34tr6qLt0Ei1A3ZUYEdSeKICj4wFahU0omvZ0GM5MhuaOWod/ixl9x40JRV4IfY/oQ1HogcDjnXG7uCRIpDLruhzMyOjY+MTk1nZuZnZtfyC8uVYxKNYcyV1Lpq4AZkCKGMgqUcJVoYFEg4TK43u/6lzegjVDxBbYTqEUsjEVTcIZWqud3fIQ71FF2dNyhfgjUpf65CFvItFa31JcqpEmxvd7zvrMHx3snnXq+4JbcHugw8QakQAY4reff/IbiaQQxcsmMqXpugrWMaRRcQifnpwYSxq9ZCFVLYxaBqWW9Ezt0zSoN2lTavhhpT/05kbHImHYU2GTEsGX+el3xP6+aYnO7lok4SRFi3l/UTCVFRbt90YbQwFG2LWFcC/tXyltMM4621Zwtwft78jCpbJQ8t+SdbRZ29wZ1TJEVskqKxCNbZJccklNSJpzck0fyTF6cB+fJeXXe+9ERZzCzTH7B+fwC+H6jSw==</latexit><latexit sha1_base64="f41S1FHuz3n/2yTtdvTfYWSWhbI=">AAACInicbVDLSgMxFM34tr6qLt0Ei1A3ZUYEdSeKICj4wFahU0omvZ0GM5MhuaOWod/ixl9x40JRV4IfY/oQ1HogcDjnXG7uCRIpDLruhzMyOjY+MTk1nZuZnZtfyC8uVYxKNYcyV1Lpq4AZkCKGMgqUcJVoYFEg4TK43u/6lzegjVDxBbYTqEUsjEVTcIZWqud3fIQ71FF2dNyhfgjUpf65CFvItFa31JcqpEmxvd7zvrMHx3snnXq+4JbcHugw8QakQAY4reff/IbiaQQxcsmMqXpugrWMaRRcQifnpwYSxq9ZCFVLYxaBqWW9Ezt0zSoN2lTavhhpT/05kbHImHYU2GTEsGX+el3xP6+aYnO7lok4SRFi3l/UTCVFRbt90YbQwFG2LWFcC/tXyltMM4621Zwtwft78jCpbJQ8t+SdbRZ29wZ1TJEVskqKxCNbZJccklNSJpzck0fyTF6cB+fJeXXe+9ERZzCzTH7B+fwC+H6jSw==</latexit><latexit sha1_base64="f41S1FHuz3n/2yTtdvTfYWSWhbI=">AAACInicbVDLSgMxFM34tr6qLt0Ei1A3ZUYEdSeKICj4wFahU0omvZ0GM5MhuaOWod/ixl9x40JRV4IfY/oQ1HogcDjnXG7uCRIpDLruhzMyOjY+MTk1nZuZnZtfyC8uVYxKNYcyV1Lpq4AZkCKGMgqUcJVoYFEg4TK43u/6lzegjVDxBbYTqEUsjEVTcIZWqud3fIQ71FF2dNyhfgjUpf65CFvItFa31JcqpEmxvd7zvrMHx3snnXq+4JbcHugw8QakQAY4reff/IbiaQQxcsmMqXpugrWMaRRcQifnpwYSxq9ZCFVLYxaBqWW9Ezt0zSoN2lTavhhpT/05kbHImHYU2GTEsGX+el3xP6+aYnO7lok4SRFi3l/UTCVFRbt90YbQwFG2LWFcC/tXyltMM4621Zwtwft78jCpbJQ8t+SdbRZ29wZ1TJEVskqKxCNbZJccklNSJpzck0fyTF6cB+fJeXXe+9ERZzCzTH7B+fwC+H6jSw==</latexit><latexit sha1_base64="f41S1FHuz3n/2yTtdvTfYWSWhbI=">AAACInicbVDLSgMxFM34tr6qLt0Ei1A3ZUYEdSeKICj4wFahU0omvZ0GM5MhuaOWod/ixl9x40JRV4IfY/oQ1HogcDjnXG7uCRIpDLruhzMyOjY+MTk1nZuZnZtfyC8uVYxKNYcyV1Lpq4AZkCKGMgqUcJVoYFEg4TK43u/6lzegjVDxBbYTqEUsjEVTcIZWqud3fIQ71FF2dNyhfgjUpf65CFvItFa31JcqpEmxvd7zvrMHx3snnXq+4JbcHugw8QakQAY4reff/IbiaQQxcsmMqXpugrWMaRRcQifnpwYSxq9ZCFVLYxaBqWW9Ezt0zSoN2lTavhhpT/05kbHImHYU2GTEsGX+el3xP6+aYnO7lok4SRFi3l/UTCVFRbt90YbQwFG2LWFcC/tXyltMM4621Zwtwft78jCpbJQ8t+SdbRZ29wZ1TJEVskqKxCNbZJccklNSJpzck0fyTF6cB+fJeXXe+9ERZzCzTH7B+fwC+H6jSw==</latexit>

[Bishop 2006, Sec 1.6.1]



Variational Bayes

q⇤(✓)

NICE

CLOSE

p(✓|y)

q⇤ = argminq2QKL (q(·)||p(·|y))
<latexit sha1_base64="9/DDYscHAkdhf/FmS2H4nFjPGDo="></latexit><latexit sha1_base64="9/DDYscHAkdhf/FmS2H4nFjPGDo="></latexit><latexit sha1_base64="9/DDYscHAkdhf/FmS2H4nFjPGDo="></latexit><latexit sha1_base64="9/DDYscHAkdhf/FmS2H4nFjPGDo="></latexit>



Variational Bayes

q⇤(✓)

NICE

CLOSE

p(✓|y)
Choose “NICE” distributions

q⇤ = argminq2QKL (q(·)||p(·|y))
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Variational Bayes

q⇤(✓)

NICE

CLOSE

p(✓|y)
Choose “NICE” distributions

q⇤ = argminq2QKL (q(·)||p(·|y))
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Variational Bayes

q⇤(✓)

NICE

CLOSE

p(✓|y)
Choose “NICE” distributions

q⇤ = argminq2QKL (q(·)||p(·|y))
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Variational Bayes

q⇤(✓)

NICE

CLOSE

p(✓|y)
Choose “NICE” distributions 
• Mean-field variational Bayes 

(MFVB)

q⇤ = argminq2QKL (q(·)||p(·|y))
<latexit sha1_base64="9/DDYscHAkdhf/FmS2H4nFjPGDo="></latexit><latexit sha1_base64="9/DDYscHAkdhf/FmS2H4nFjPGDo="></latexit><latexit sha1_base64="9/DDYscHAkdhf/FmS2H4nFjPGDo="></latexit><latexit sha1_base64="9/DDYscHAkdhf/FmS2H4nFjPGDo="></latexit>

QMFVB :=

8
<

:q : q(✓) =
JY

j=1

qj(✓j)

9
=

;
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Variational Bayes

q⇤(✓)

NICE

CLOSE

p(✓|y)
Choose “NICE” distributions 
• Mean-field variational Bayes 

(MFVB)

q⇤ = argminq2QKL (q(·)||p(·|y))
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• Not a modeling assumption

QMFVB :=

8
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:q : q(✓) =
JY

j=1

qj(✓j)

9
=

;
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Variational Bayes

q⇤(✓)

NICE

CLOSE

p(✓|y)
Choose “NICE” distributions 
• Mean-field variational Bayes 

(MFVB)

q⇤ = argminq2QKL (q(·)||p(·|y))
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• Not a modeling assumption

QMFVB :=

8
<

:q : q(✓) =
JY

j=1

qj(✓j)

9
=

;
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[Bishop 2006]

exact 
posterior

MFVB approx



Variational Bayes

q⇤(✓)

NICE

CLOSE

p(✓|y)
Choose “NICE” distributions 
• Mean-field variational Bayes 

(MFVB)

q⇤ = argminq2QKL (q(·)||p(·|y))
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• Not a modeling assumption

Now we have an optimization 
problem; how to solve it?

QMFVB :=
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:q : q(✓) =
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;
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Variational Bayes

q⇤(✓)

NICE

CLOSE

p(✓|y)
Choose “NICE” distributions 
• Mean-field variational Bayes 

(MFVB)

q⇤ = argminq2QKL (q(·)||p(·|y))
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• Not a modeling assumption

Now we have an optimization 
problem; how to solve it? 
• One option: Coordinate 

descent in q1, . . . , qJ
<latexit sha1_base64="z0s1/Xnfh2MGOPxEcM6I4yMBeV0=">AAAB+XicbVBNS8NAEJ34WetX1KOXxSJ4KCURQY9FL+Kpgv2ANoTNZtMu3WzS3U2hhP4TLx4U8eo/8ea/cdvmoK0PBh7vzTAzL0g5U9pxvq219Y3Nre3STnl3b//g0D46bqkkk4Q2ScIT2QmwopwJ2tRMc9pJJcVxwGk7GN7N/PaYSsUS8aQnKfVi3BcsYgRrI/m2PfLdKurxMNGqikb+g29XnJozB1olbkEqUKDh21+9MCFZTIUmHCvVdZ1UezmWmhFOp+VepmiKyRD3addQgWOqvHx++RSdGyVEUSJNCY3m6u+JHMdKTeLAdMZYD9SyNxP/87qZjm68nIk001SQxaIo40gnaBYDCpmkRPOJIZhIZm5FZIAlJtqEVTYhuMsvr5LWZc11au7jVaV+W8RRglM4gwtw4RrqcA8NaAKBMTzDK7xZufVivVsfi9Y1q5g5gT+wPn8A3diSgA==</latexit><latexit sha1_base64="z0s1/Xnfh2MGOPxEcM6I4yMBeV0=">AAAB+XicbVBNS8NAEJ34WetX1KOXxSJ4KCURQY9FL+Kpgv2ANoTNZtMu3WzS3U2hhP4TLx4U8eo/8ea/cdvmoK0PBh7vzTAzL0g5U9pxvq219Y3Nre3STnl3b//g0D46bqkkk4Q2ScIT2QmwopwJ2tRMc9pJJcVxwGk7GN7N/PaYSsUS8aQnKfVi3BcsYgRrI/m2PfLdKurxMNGqikb+g29XnJozB1olbkEqUKDh21+9MCFZTIUmHCvVdZ1UezmWmhFOp+VepmiKyRD3addQgWOqvHx++RSdGyVEUSJNCY3m6u+JHMdKTeLAdMZYD9SyNxP/87qZjm68nIk001SQxaIo40gnaBYDCpmkRPOJIZhIZm5FZIAlJtqEVTYhuMsvr5LWZc11au7jVaV+W8RRglM4gwtw4RrqcA8NaAKBMTzDK7xZufVivVsfi9Y1q5g5gT+wPn8A3diSgA==</latexit><latexit sha1_base64="z0s1/Xnfh2MGOPxEcM6I4yMBeV0=">AAAB+XicbVBNS8NAEJ34WetX1KOXxSJ4KCURQY9FL+Kpgv2ANoTNZtMu3WzS3U2hhP4TLx4U8eo/8ea/cdvmoK0PBh7vzTAzL0g5U9pxvq219Y3Nre3STnl3b//g0D46bqkkk4Q2ScIT2QmwopwJ2tRMc9pJJcVxwGk7GN7N/PaYSsUS8aQnKfVi3BcsYgRrI/m2PfLdKurxMNGqikb+g29XnJozB1olbkEqUKDh21+9MCFZTIUmHCvVdZ1UezmWmhFOp+VepmiKyRD3addQgWOqvHx++RSdGyVEUSJNCY3m6u+JHMdKTeLAdMZYD9SyNxP/87qZjm68nIk001SQxaIo40gnaBYDCpmkRPOJIZhIZm5FZIAlJtqEVTYhuMsvr5LWZc11au7jVaV+W8RRglM4gwtw4RrqcA8NaAKBMTzDK7xZufVivVsfi9Y1q5g5gT+wPn8A3diSgA==</latexit><latexit sha1_base64="z0s1/Xnfh2MGOPxEcM6I4yMBeV0=">AAAB+XicbVBNS8NAEJ34WetX1KOXxSJ4KCURQY9FL+Kpgv2ANoTNZtMu3WzS3U2hhP4TLx4U8eo/8ea/cdvmoK0PBh7vzTAzL0g5U9pxvq219Y3Nre3STnl3b//g0D46bqkkk4Q2ScIT2QmwopwJ2tRMc9pJJcVxwGk7GN7N/PaYSsUS8aQnKfVi3BcsYgRrI/m2PfLdKurxMNGqikb+g29XnJozB1olbkEqUKDh21+9MCFZTIUmHCvVdZ1UezmWmhFOp+VepmiKyRD3addQgWOqvHx++RSdGyVEUSJNCY3m6u+JHMdKTeLAdMZYD9SyNxP/87qZjm68nIk001SQxaIo40gnaBYDCpmkRPOJIZhIZm5FZIAlJtqEVTYhuMsvr5LWZc11au7jVaV+W8RRglM4gwtw4RrqcA8NaAKBMTzDK7xZufVivVsfi9Y1q5g5gT+wPn8A3diSgA==</latexit>
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;
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[Bishop 2006]
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Approximate Bayesian inference



Use     to approximate
Approximate Bayesian inference

q⇤
<latexit sha1_base64="SEQ3KyBYMOJ0WzNLIO0tp2ioeTQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSKIh5KIoMeiF48V7Qe0sWy2k3bpZhN3N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O0vLK6tr64WN4ubW9s5uaW+/oeNUMayzWMSqFVCNgkusG24EthKFNAoENoPh9cRvPqHSPJb3ZpSgH9G+5CFn1Fjp7vHhtFsquxV3CrJIvJyUIUetW/rq9GKWRigNE1Trtucmxs+oMpwJHBc7qcaEsiHtY9tSSSPUfjY9dUyOrdIjYaxsSUOm6u+JjEZaj6LAdkbUDPS8NxH/89qpCS/9jMskNSjZbFGYCmJiMvmb9LhCZsTIEsoUt7cSNqCKMmPTKdoQvPmXF0njrOK5Fe/2vFy9yuMowCEcwQl4cAFVuIEa1IFBH57hFd4c4bw4787HrHXJyWcO4A+czx/01o2R</latexit><latexit sha1_base64="SEQ3KyBYMOJ0WzNLIO0tp2ioeTQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSKIh5KIoMeiF48V7Qe0sWy2k3bpZhN3N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O0vLK6tr64WN4ubW9s5uaW+/oeNUMayzWMSqFVCNgkusG24EthKFNAoENoPh9cRvPqHSPJb3ZpSgH9G+5CFn1Fjp7vHhtFsquxV3CrJIvJyUIUetW/rq9GKWRigNE1Trtucmxs+oMpwJHBc7qcaEsiHtY9tSSSPUfjY9dUyOrdIjYaxsSUOm6u+JjEZaj6LAdkbUDPS8NxH/89qpCS/9jMskNSjZbFGYCmJiMvmb9LhCZsTIEsoUt7cSNqCKMmPTKdoQvPmXF0njrOK5Fe/2vFy9yuMowCEcwQl4cAFVuIEa1IFBH57hFd4c4bw4787HrHXJyWcO4A+czx/01o2R</latexit><latexit sha1_base64="SEQ3KyBYMOJ0WzNLIO0tp2ioeTQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSKIh5KIoMeiF48V7Qe0sWy2k3bpZhN3N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O0vLK6tr64WN4ubW9s5uaW+/oeNUMayzWMSqFVCNgkusG24EthKFNAoENoPh9cRvPqHSPJb3ZpSgH9G+5CFn1Fjp7vHhtFsquxV3CrJIvJyUIUetW/rq9GKWRigNE1Trtucmxs+oMpwJHBc7qcaEsiHtY9tSSSPUfjY9dUyOrdIjYaxsSUOm6u+JjEZaj6LAdkbUDPS8NxH/89qpCS/9jMskNSjZbFGYCmJiMvmb9LhCZsTIEsoUt7cSNqCKMmPTKdoQvPmXF0njrOK5Fe/2vFy9yuMowCEcwQl4cAFVuIEa1IFBH57hFd4c4bw4787HrHXJyWcO4A+czx/01o2R</latexit><latexit sha1_base64="SEQ3KyBYMOJ0WzNLIO0tp2ioeTQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSKIh5KIoMeiF48V7Qe0sWy2k3bpZhN3N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O0vLK6tr64WN4ubW9s5uaW+/oeNUMayzWMSqFVCNgkusG24EthKFNAoENoPh9cRvPqHSPJb3ZpSgH9G+5CFn1Fjp7vHhtFsquxV3CrJIvJyUIUetW/rq9GKWRigNE1Trtucmxs+oMpwJHBc7qcaEsiHtY9tSSSPUfjY9dUyOrdIjYaxsSUOm6u+JjEZaj6LAdkbUDPS8NxH/89qpCS/9jMskNSjZbFGYCmJiMvmb9LhCZsTIEsoUt7cSNqCKMmPTKdoQvPmXF0njrOK5Fe/2vFy9yuMowCEcwQl4cAFVuIEa1IFBH57hFd4c4bw4787HrHXJyWcO4A+czx/01o2R</latexit>

p(·|y)
<latexit sha1_base64="ZFD1+cP8HHNhNha/j35y7+s0n5E=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWsB/QhLLZbtqlm82yuxFC7N/w4kERr/4Zb/4bt20O2vpg4PHeDDPzQsmZNq777ZTW1jc2t8rblZ3dvf2D6uFRRyepIrRNEp6oXog15UzQtmGG055UFMchp91wcjvzu49UaZaIB5NJGsR4JFjECDZW8mXdJ8PEoCeUnQ+qNbfhzoFWiVeQGhRoDapf/jAhaUyFIRxr3fdcaYIcK8MIp9OKn2oqMZngEe1bKnBMdZDPb56iM6sMUZQoW8Kgufp7Isex1lkc2s4Ym7Fe9mbif14/NdF1kDMhU0MFWSyKUo5MgmYBoCFTlBieWYKJYvZWRMZYYWJsTBUbgrf88irpXDQ8t+HdX9aaN0UcZTiBU6iDB1fQhDtoQRsISHiGV3hzUufFeXc+Fq0lp5g5hj9wPn8A5+eQ7g==</latexit><latexit sha1_base64="ZFD1+cP8HHNhNha/j35y7+s0n5E=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWsB/QhLLZbtqlm82yuxFC7N/w4kERr/4Zb/4bt20O2vpg4PHeDDPzQsmZNq777ZTW1jc2t8rblZ3dvf2D6uFRRyepIrRNEp6oXog15UzQtmGG055UFMchp91wcjvzu49UaZaIB5NJGsR4JFjECDZW8mXdJ8PEoCeUnQ+qNbfhzoFWiVeQGhRoDapf/jAhaUyFIRxr3fdcaYIcK8MIp9OKn2oqMZngEe1bKnBMdZDPb56iM6sMUZQoW8Kgufp7Isex1lkc2s4Ym7Fe9mbif14/NdF1kDMhU0MFWSyKUo5MgmYBoCFTlBieWYKJYvZWRMZYYWJsTBUbgrf88irpXDQ8t+HdX9aaN0UcZTiBU6iDB1fQhDtoQRsISHiGV3hzUufFeXc+Fq0lp5g5hj9wPn8A5+eQ7g==</latexit><latexit sha1_base64="ZFD1+cP8HHNhNha/j35y7+s0n5E=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWsB/QhLLZbtqlm82yuxFC7N/w4kERr/4Zb/4bt20O2vpg4PHeDDPzQsmZNq777ZTW1jc2t8rblZ3dvf2D6uFRRyepIrRNEp6oXog15UzQtmGG055UFMchp91wcjvzu49UaZaIB5NJGsR4JFjECDZW8mXdJ8PEoCeUnQ+qNbfhzoFWiVeQGhRoDapf/jAhaUyFIRxr3fdcaYIcK8MIp9OKn2oqMZngEe1bKnBMdZDPb56iM6sMUZQoW8Kgufp7Isex1lkc2s4Ym7Fe9mbif14/NdF1kDMhU0MFWSyKUo5MgmYBoCFTlBieWYKJYvZWRMZYYWJsTBUbgrf88irpXDQ8t+HdX9aaN0UcZTiBU6iDB1fQhDtoQRsISHiGV3hzUufFeXc+Fq0lp5g5hj9wPn8A5+eQ7g==</latexit><latexit sha1_base64="ZFD1+cP8HHNhNha/j35y7+s0n5E=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWsB/QhLLZbtqlm82yuxFC7N/w4kERr/4Zb/4bt20O2vpg4PHeDDPzQsmZNq777ZTW1jc2t8rblZ3dvf2D6uFRRyepIrRNEp6oXog15UzQtmGG055UFMchp91wcjvzu49UaZaIB5NJGsR4JFjECDZW8mXdJ8PEoCeUnQ+qNbfhzoFWiVeQGhRoDapf/jAhaUyFIRxr3fdcaYIcK8MIp9OKn2oqMZngEe1bKnBMdZDPb56iM6sMUZQoW8Kgufp7Isex1lkc2s4Ym7Fe9mbif14/NdF1kDMhU0MFWSyKUo5MgmYBoCFTlBieWYKJYvZWRMZYYWJsTBUbgrf88irpXDQ8t+HdX9aaN0UcZTiBU6iDB1fQhDtoQRsISHiGV3hzUufFeXc+Fq0lp5g5hj9wPn8A5+eQ7g==</latexit>



Optimization 
q⇤ = argminq2Qf(q(·), p(·|y))

Use     to approximate
Approximate Bayesian inference

q⇤
<latexit sha1_base64="SEQ3KyBYMOJ0WzNLIO0tp2ioeTQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSKIh5KIoMeiF48V7Qe0sWy2k3bpZhN3N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O0vLK6tr64WN4ubW9s5uaW+/oeNUMayzWMSqFVCNgkusG24EthKFNAoENoPh9cRvPqHSPJb3ZpSgH9G+5CFn1Fjp7vHhtFsquxV3CrJIvJyUIUetW/rq9GKWRigNE1Trtucmxs+oMpwJHBc7qcaEsiHtY9tSSSPUfjY9dUyOrdIjYaxsSUOm6u+JjEZaj6LAdkbUDPS8NxH/89qpCS/9jMskNSjZbFGYCmJiMvmb9LhCZsTIEsoUt7cSNqCKMmPTKdoQvPmXF0njrOK5Fe/2vFy9yuMowCEcwQl4cAFVuIEa1IFBH57hFd4c4bw4787HrHXJyWcO4A+czx/01o2R</latexit><latexit sha1_base64="SEQ3KyBYMOJ0WzNLIO0tp2ioeTQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSKIh5KIoMeiF48V7Qe0sWy2k3bpZhN3N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O0vLK6tr64WN4ubW9s5uaW+/oeNUMayzWMSqFVCNgkusG24EthKFNAoENoPh9cRvPqHSPJb3ZpSgH9G+5CFn1Fjp7vHhtFsquxV3CrJIvJyUIUetW/rq9GKWRigNE1Trtucmxs+oMpwJHBc7qcaEsiHtY9tSSSPUfjY9dUyOrdIjYaxsSUOm6u+JjEZaj6LAdkbUDPS8NxH/89qpCS/9jMskNSjZbFGYCmJiMvmb9LhCZsTIEsoUt7cSNqCKMmPTKdoQvPmXF0njrOK5Fe/2vFy9yuMowCEcwQl4cAFVuIEa1IFBH57hFd4c4bw4787HrHXJyWcO4A+czx/01o2R</latexit><latexit sha1_base64="SEQ3KyBYMOJ0WzNLIO0tp2ioeTQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSKIh5KIoMeiF48V7Qe0sWy2k3bpZhN3N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O0vLK6tr64WN4ubW9s5uaW+/oeNUMayzWMSqFVCNgkusG24EthKFNAoENoPh9cRvPqHSPJb3ZpSgH9G+5CFn1Fjp7vHhtFsquxV3CrJIvJyUIUetW/rq9GKWRigNE1Trtucmxs+oMpwJHBc7qcaEsiHtY9tSSSPUfjY9dUyOrdIjYaxsSUOm6u+JjEZaj6LAdkbUDPS8NxH/89qpCS/9jMskNSjZbFGYCmJiMvmb9LhCZsTIEsoUt7cSNqCKMmPTKdoQvPmXF0njrOK5Fe/2vFy9yuMowCEcwQl4cAFVuIEa1IFBH57hFd4c4bw4787HrHXJyWcO4A+czx/01o2R</latexit><latexit sha1_base64="SEQ3KyBYMOJ0WzNLIO0tp2ioeTQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSKIh5KIoMeiF48V7Qe0sWy2k3bpZhN3N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O0vLK6tr64WN4ubW9s5uaW+/oeNUMayzWMSqFVCNgkusG24EthKFNAoENoPh9cRvPqHSPJb3ZpSgH9G+5CFn1Fjp7vHhtFsquxV3CrJIvJyUIUetW/rq9GKWRigNE1Trtucmxs+oMpwJHBc7qcaEsiHtY9tSSSPUfjY9dUyOrdIjYaxsSUOm6u+JjEZaj6LAdkbUDPS8NxH/89qpCS/9jMskNSjZbFGYCmJiMvmb9LhCZsTIEsoUt7cSNqCKMmPTKdoQvPmXF0njrOK5Fe/2vFy9yuMowCEcwQl4cAFVuIEa1IFBH57hFd4c4bw4787HrHXJyWcO4A+czx/01o2R</latexit>

p(·|y)
<latexit sha1_base64="ZFD1+cP8HHNhNha/j35y7+s0n5E=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWsB/QhLLZbtqlm82yuxFC7N/w4kERr/4Zb/4bt20O2vpg4PHeDDPzQsmZNq777ZTW1jc2t8rblZ3dvf2D6uFRRyepIrRNEp6oXog15UzQtmGG055UFMchp91wcjvzu49UaZaIB5NJGsR4JFjECDZW8mXdJ8PEoCeUnQ+qNbfhzoFWiVeQGhRoDapf/jAhaUyFIRxr3fdcaYIcK8MIp9OKn2oqMZngEe1bKnBMdZDPb56iM6sMUZQoW8Kgufp7Isex1lkc2s4Ym7Fe9mbif14/NdF1kDMhU0MFWSyKUo5MgmYBoCFTlBieWYKJYvZWRMZYYWJsTBUbgrf88irpXDQ8t+HdX9aaN0UcZTiBU6iDB1fQhDtoQRsISHiGV3hzUufFeXc+Fq0lp5g5hj9wPn8A5+eQ7g==</latexit><latexit sha1_base64="ZFD1+cP8HHNhNha/j35y7+s0n5E=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWsB/QhLLZbtqlm82yuxFC7N/w4kERr/4Zb/4bt20O2vpg4PHeDDPzQsmZNq777ZTW1jc2t8rblZ3dvf2D6uFRRyepIrRNEp6oXog15UzQtmGG055UFMchp91wcjvzu49UaZaIB5NJGsR4JFjECDZW8mXdJ8PEoCeUnQ+qNbfhzoFWiVeQGhRoDapf/jAhaUyFIRxr3fdcaYIcK8MIp9OKn2oqMZngEe1bKnBMdZDPb56iM6sMUZQoW8Kgufp7Isex1lkc2s4Ym7Fe9mbif14/NdF1kDMhU0MFWSyKUo5MgmYBoCFTlBieWYKJYvZWRMZYYWJsTBUbgrf88irpXDQ8t+HdX9aaN0UcZTiBU6iDB1fQhDtoQRsISHiGV3hzUufFeXc+Fq0lp5g5hj9wPn8A5+eQ7g==</latexit><latexit sha1_base64="ZFD1+cP8HHNhNha/j35y7+s0n5E=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWsB/QhLLZbtqlm82yuxFC7N/w4kERr/4Zb/4bt20O2vpg4PHeDDPzQsmZNq777ZTW1jc2t8rblZ3dvf2D6uFRRyepIrRNEp6oXog15UzQtmGG055UFMchp91wcjvzu49UaZaIB5NJGsR4JFjECDZW8mXdJ8PEoCeUnQ+qNbfhzoFWiVeQGhRoDapf/jAhaUyFIRxr3fdcaYIcK8MIp9OKn2oqMZngEe1bKnBMdZDPb56iM6sMUZQoW8Kgufp7Isex1lkc2s4Ym7Fe9mbif14/NdF1kDMhU0MFWSyKUo5MgmYBoCFTlBieWYKJYvZWRMZYYWJsTBUbgrf88irpXDQ8t+HdX9aaN0UcZTiBU6iDB1fQhDtoQRsISHiGV3hzUufFeXc+Fq0lp5g5hj9wPn8A5+eQ7g==</latexit><latexit sha1_base64="ZFD1+cP8HHNhNha/j35y7+s0n5E=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWsB/QhLLZbtqlm82yuxFC7N/w4kERr/4Zb/4bt20O2vpg4PHeDDPzQsmZNq777ZTW1jc2t8rblZ3dvf2D6uFRRyepIrRNEp6oXog15UzQtmGG055UFMchp91wcjvzu49UaZaIB5NJGsR4JFjECDZW8mXdJ8PEoCeUnQ+qNbfhzoFWiVeQGhRoDapf/jAhaUyFIRxr3fdcaYIcK8MIp9OKn2oqMZngEe1bKnBMdZDPb56iM6sMUZQoW8Kgufp7Isex1lkc2s4Ym7Fe9mbif14/NdF1kDMhU0MFWSyKUo5MgmYBoCFTlBieWYKJYvZWRMZYYWJsTBUbgrf88irpXDQ8t+HdX9aaN0UcZTiBU6iDB1fQhDtoQRsISHiGV3hzUufFeXc+Fq0lp5g5hj9wPn8A5+eQ7g==</latexit>



Optimization 
q⇤ = argminq2Qf(q(·), p(·|y))

Variational Bayes 
q⇤ = argminq2QKL(q(·)||p(·|y))

Use     to approximate
Approximate Bayesian inference

q⇤
<latexit sha1_base64="SEQ3KyBYMOJ0WzNLIO0tp2ioeTQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSKIh5KIoMeiF48V7Qe0sWy2k3bpZhN3N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O0vLK6tr64WN4ubW9s5uaW+/oeNUMayzWMSqFVCNgkusG24EthKFNAoENoPh9cRvPqHSPJb3ZpSgH9G+5CFn1Fjp7vHhtFsquxV3CrJIvJyUIUetW/rq9GKWRigNE1Trtucmxs+oMpwJHBc7qcaEsiHtY9tSSSPUfjY9dUyOrdIjYaxsSUOm6u+JjEZaj6LAdkbUDPS8NxH/89qpCS/9jMskNSjZbFGYCmJiMvmb9LhCZsTIEsoUt7cSNqCKMmPTKdoQvPmXF0njrOK5Fe/2vFy9yuMowCEcwQl4cAFVuIEa1IFBH57hFd4c4bw4787HrHXJyWcO4A+czx/01o2R</latexit><latexit sha1_base64="SEQ3KyBYMOJ0WzNLIO0tp2ioeTQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSKIh5KIoMeiF48V7Qe0sWy2k3bpZhN3N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O0vLK6tr64WN4ubW9s5uaW+/oeNUMayzWMSqFVCNgkusG24EthKFNAoENoPh9cRvPqHSPJb3ZpSgH9G+5CFn1Fjp7vHhtFsquxV3CrJIvJyUIUetW/rq9GKWRigNE1Trtucmxs+oMpwJHBc7qcaEsiHtY9tSSSPUfjY9dUyOrdIjYaxsSUOm6u+JjEZaj6LAdkbUDPS8NxH/89qpCS/9jMskNSjZbFGYCmJiMvmb9LhCZsTIEsoUt7cSNqCKMmPTKdoQvPmXF0njrOK5Fe/2vFy9yuMowCEcwQl4cAFVuIEa1IFBH57hFd4c4bw4787HrHXJyWcO4A+czx/01o2R</latexit><latexit sha1_base64="SEQ3KyBYMOJ0WzNLIO0tp2ioeTQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSKIh5KIoMeiF48V7Qe0sWy2k3bpZhN3N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O0vLK6tr64WN4ubW9s5uaW+/oeNUMayzWMSqFVCNgkusG24EthKFNAoENoPh9cRvPqHSPJb3ZpSgH9G+5CFn1Fjp7vHhtFsquxV3CrJIvJyUIUetW/rq9GKWRigNE1Trtucmxs+oMpwJHBc7qcaEsiHtY9tSSSPUfjY9dUyOrdIjYaxsSUOm6u+JjEZaj6LAdkbUDPS8NxH/89qpCS/9jMskNSjZbFGYCmJiMvmb9LhCZsTIEsoUt7cSNqCKMmPTKdoQvPmXF0njrOK5Fe/2vFy9yuMowCEcwQl4cAFVuIEa1IFBH57hFd4c4bw4787HrHXJyWcO4A+czx/01o2R</latexit><latexit sha1_base64="SEQ3KyBYMOJ0WzNLIO0tp2ioeTQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSKIh5KIoMeiF48V7Qe0sWy2k3bpZhN3N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O0vLK6tr64WN4ubW9s5uaW+/oeNUMayzWMSqFVCNgkusG24EthKFNAoENoPh9cRvPqHSPJb3ZpSgH9G+5CFn1Fjp7vHhtFsquxV3CrJIvJyUIUetW/rq9GKWRigNE1Trtucmxs+oMpwJHBc7qcaEsiHtY9tSSSPUfjY9dUyOrdIjYaxsSUOm6u+JjEZaj6LAdkbUDPS8NxH/89qpCS/9jMskNSjZbFGYCmJiMvmb9LhCZsTIEsoUt7cSNqCKMmPTKdoQvPmXF0njrOK5Fe/2vFy9yuMowCEcwQl4cAFVuIEa1IFBH57hFd4c4bw4787HrHXJyWcO4A+czx/01o2R</latexit>

p(·|y)
<latexit sha1_base64="ZFD1+cP8HHNhNha/j35y7+s0n5E=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWsB/QhLLZbtqlm82yuxFC7N/w4kERr/4Zb/4bt20O2vpg4PHeDDPzQsmZNq777ZTW1jc2t8rblZ3dvf2D6uFRRyepIrRNEp6oXog15UzQtmGG055UFMchp91wcjvzu49UaZaIB5NJGsR4JFjECDZW8mXdJ8PEoCeUnQ+qNbfhzoFWiVeQGhRoDapf/jAhaUyFIRxr3fdcaYIcK8MIp9OKn2oqMZngEe1bKnBMdZDPb56iM6sMUZQoW8Kgufp7Isex1lkc2s4Ym7Fe9mbif14/NdF1kDMhU0MFWSyKUo5MgmYBoCFTlBieWYKJYvZWRMZYYWJsTBUbgrf88irpXDQ8t+HdX9aaN0UcZTiBU6iDB1fQhDtoQRsISHiGV3hzUufFeXc+Fq0lp5g5hj9wPn8A5+eQ7g==</latexit><latexit sha1_base64="ZFD1+cP8HHNhNha/j35y7+s0n5E=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWsB/QhLLZbtqlm82yuxFC7N/w4kERr/4Zb/4bt20O2vpg4PHeDDPzQsmZNq777ZTW1jc2t8rblZ3dvf2D6uFRRyepIrRNEp6oXog15UzQtmGG055UFMchp91wcjvzu49UaZaIB5NJGsR4JFjECDZW8mXdJ8PEoCeUnQ+qNbfhzoFWiVeQGhRoDapf/jAhaUyFIRxr3fdcaYIcK8MIp9OKn2oqMZngEe1bKnBMdZDPb56iM6sMUZQoW8Kgufp7Isex1lkc2s4Ym7Fe9mbif14/NdF1kDMhU0MFWSyKUo5MgmYBoCFTlBieWYKJYvZWRMZYYWJsTBUbgrf88irpXDQ8t+HdX9aaN0UcZTiBU6iDB1fQhDtoQRsISHiGV3hzUufFeXc+Fq0lp5g5hj9wPn8A5+eQ7g==</latexit><latexit sha1_base64="ZFD1+cP8HHNhNha/j35y7+s0n5E=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWsB/QhLLZbtqlm82yuxFC7N/w4kERr/4Zb/4bt20O2vpg4PHeDDPzQsmZNq777ZTW1jc2t8rblZ3dvf2D6uFRRyepIrRNEp6oXog15UzQtmGG055UFMchp91wcjvzu49UaZaIB5NJGsR4JFjECDZW8mXdJ8PEoCeUnQ+qNbfhzoFWiVeQGhRoDapf/jAhaUyFIRxr3fdcaYIcK8MIp9OKn2oqMZngEe1bKnBMdZDPb56iM6sMUZQoW8Kgufp7Isex1lkc2s4Ym7Fe9mbif14/NdF1kDMhU0MFWSyKUo5MgmYBoCFTlBieWYKJYvZWRMZYYWJsTBUbgrf88irpXDQ8t+HdX9aaN0UcZTiBU6iDB1fQhDtoQRsISHiGV3hzUufFeXc+Fq0lp5g5hj9wPn8A5+eQ7g==</latexit><latexit sha1_base64="ZFD1+cP8HHNhNha/j35y7+s0n5E=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWsB/QhLLZbtqlm82yuxFC7N/w4kERr/4Zb/4bt20O2vpg4PHeDDPzQsmZNq777ZTW1jc2t8rblZ3dvf2D6uFRRyepIrRNEp6oXog15UzQtmGG055UFMchp91wcjvzu49UaZaIB5NJGsR4JFjECDZW8mXdJ8PEoCeUnQ+qNbfhzoFWiVeQGhRoDapf/jAhaUyFIRxr3fdcaYIcK8MIp9OKn2oqMZngEe1bKnBMdZDPb56iM6sMUZQoW8Kgufp7Isex1lkc2s4Ym7Fe9mbif14/NdF1kDMhU0MFWSyKUo5MgmYBoCFTlBieWYKJYvZWRMZYYWJsTBUbgrf88irpXDQ8t+HdX9aaN0UcZTiBU6iDB1fQhDtoQRsISHiGV3hzUufFeXc+Fq0lp5g5hj9wPn8A5+eQ7g==</latexit>



Optimization 
q⇤ = argminq2Qf(q(·), p(·|y))

Variational Bayes 
q⇤ = argminq2QKL(q(·)||p(·|y))

Mean-field variational Bayes
q⇤ = argminq2QMFVB

KL(q(·)||p(·|y))

Use     to approximate
Approximate Bayesian inference

q⇤
<latexit sha1_base64="SEQ3KyBYMOJ0WzNLIO0tp2ioeTQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSKIh5KIoMeiF48V7Qe0sWy2k3bpZhN3N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O0vLK6tr64WN4ubW9s5uaW+/oeNUMayzWMSqFVCNgkusG24EthKFNAoENoPh9cRvPqHSPJb3ZpSgH9G+5CFn1Fjp7vHhtFsquxV3CrJIvJyUIUetW/rq9GKWRigNE1Trtucmxs+oMpwJHBc7qcaEsiHtY9tSSSPUfjY9dUyOrdIjYaxsSUOm6u+JjEZaj6LAdkbUDPS8NxH/89qpCS/9jMskNSjZbFGYCmJiMvmb9LhCZsTIEsoUt7cSNqCKMmPTKdoQvPmXF0njrOK5Fe/2vFy9yuMowCEcwQl4cAFVuIEa1IFBH57hFd4c4bw4787HrHXJyWcO4A+czx/01o2R</latexit><latexit sha1_base64="SEQ3KyBYMOJ0WzNLIO0tp2ioeTQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSKIh5KIoMeiF48V7Qe0sWy2k3bpZhN3N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O0vLK6tr64WN4ubW9s5uaW+/oeNUMayzWMSqFVCNgkusG24EthKFNAoENoPh9cRvPqHSPJb3ZpSgH9G+5CFn1Fjp7vHhtFsquxV3CrJIvJyUIUetW/rq9GKWRigNE1Trtucmxs+oMpwJHBc7qcaEsiHtY9tSSSPUfjY9dUyOrdIjYaxsSUOm6u+JjEZaj6LAdkbUDPS8NxH/89qpCS/9jMskNSjZbFGYCmJiMvmb9LhCZsTIEsoUt7cSNqCKMmPTKdoQvPmXF0njrOK5Fe/2vFy9yuMowCEcwQl4cAFVuIEa1IFBH57hFd4c4bw4787HrHXJyWcO4A+czx/01o2R</latexit><latexit sha1_base64="SEQ3KyBYMOJ0WzNLIO0tp2ioeTQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSKIh5KIoMeiF48V7Qe0sWy2k3bpZhN3N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O0vLK6tr64WN4ubW9s5uaW+/oeNUMayzWMSqFVCNgkusG24EthKFNAoENoPh9cRvPqHSPJb3ZpSgH9G+5CFn1Fjp7vHhtFsquxV3CrJIvJyUIUetW/rq9GKWRigNE1Trtucmxs+oMpwJHBc7qcaEsiHtY9tSSSPUfjY9dUyOrdIjYaxsSUOm6u+JjEZaj6LAdkbUDPS8NxH/89qpCS/9jMskNSjZbFGYCmJiMvmb9LhCZsTIEsoUt7cSNqCKMmPTKdoQvPmXF0njrOK5Fe/2vFy9yuMowCEcwQl4cAFVuIEa1IFBH57hFd4c4bw4787HrHXJyWcO4A+czx/01o2R</latexit><latexit sha1_base64="SEQ3KyBYMOJ0WzNLIO0tp2ioeTQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSKIh5KIoMeiF48V7Qe0sWy2k3bpZhN3N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O0vLK6tr64WN4ubW9s5uaW+/oeNUMayzWMSqFVCNgkusG24EthKFNAoENoPh9cRvPqHSPJb3ZpSgH9G+5CFn1Fjp7vHhtFsquxV3CrJIvJyUIUetW/rq9GKWRigNE1Trtucmxs+oMpwJHBc7qcaEsiHtY9tSSSPUfjY9dUyOrdIjYaxsSUOm6u+JjEZaj6LAdkbUDPS8NxH/89qpCS/9jMskNSjZbFGYCmJiMvmb9LhCZsTIEsoUt7cSNqCKMmPTKdoQvPmXF0njrOK5Fe/2vFy9yuMowCEcwQl4cAFVuIEa1IFBH57hFd4c4bw4787HrHXJyWcO4A+czx/01o2R</latexit>

p(·|y)
<latexit sha1_base64="ZFD1+cP8HHNhNha/j35y7+s0n5E=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWsB/QhLLZbtqlm82yuxFC7N/w4kERr/4Zb/4bt20O2vpg4PHeDDPzQsmZNq777ZTW1jc2t8rblZ3dvf2D6uFRRyepIrRNEp6oXog15UzQtmGG055UFMchp91wcjvzu49UaZaIB5NJGsR4JFjECDZW8mXdJ8PEoCeUnQ+qNbfhzoFWiVeQGhRoDapf/jAhaUyFIRxr3fdcaYIcK8MIp9OKn2oqMZngEe1bKnBMdZDPb56iM6sMUZQoW8Kgufp7Isex1lkc2s4Ym7Fe9mbif14/NdF1kDMhU0MFWSyKUo5MgmYBoCFTlBieWYKJYvZWRMZYYWJsTBUbgrf88irpXDQ8t+HdX9aaN0UcZTiBU6iDB1fQhDtoQRsISHiGV3hzUufFeXc+Fq0lp5g5hj9wPn8A5+eQ7g==</latexit><latexit sha1_base64="ZFD1+cP8HHNhNha/j35y7+s0n5E=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWsB/QhLLZbtqlm82yuxFC7N/w4kERr/4Zb/4bt20O2vpg4PHeDDPzQsmZNq777ZTW1jc2t8rblZ3dvf2D6uFRRyepIrRNEp6oXog15UzQtmGG055UFMchp91wcjvzu49UaZaIB5NJGsR4JFjECDZW8mXdJ8PEoCeUnQ+qNbfhzoFWiVeQGhRoDapf/jAhaUyFIRxr3fdcaYIcK8MIp9OKn2oqMZngEe1bKnBMdZDPb56iM6sMUZQoW8Kgufp7Isex1lkc2s4Ym7Fe9mbif14/NdF1kDMhU0MFWSyKUo5MgmYBoCFTlBieWYKJYvZWRMZYYWJsTBUbgrf88irpXDQ8t+HdX9aaN0UcZTiBU6iDB1fQhDtoQRsISHiGV3hzUufFeXc+Fq0lp5g5hj9wPn8A5+eQ7g==</latexit><latexit sha1_base64="ZFD1+cP8HHNhNha/j35y7+s0n5E=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWsB/QhLLZbtqlm82yuxFC7N/w4kERr/4Zb/4bt20O2vpg4PHeDDPzQsmZNq777ZTW1jc2t8rblZ3dvf2D6uFRRyepIrRNEp6oXog15UzQtmGG055UFMchp91wcjvzu49UaZaIB5NJGsR4JFjECDZW8mXdJ8PEoCeUnQ+qNbfhzoFWiVeQGhRoDapf/jAhaUyFIRxr3fdcaYIcK8MIp9OKn2oqMZngEe1bKnBMdZDPb56iM6sMUZQoW8Kgufp7Isex1lkc2s4Ym7Fe9mbif14/NdF1kDMhU0MFWSyKUo5MgmYBoCFTlBieWYKJYvZWRMZYYWJsTBUbgrf88irpXDQ8t+HdX9aaN0UcZTiBU6iDB1fQhDtoQRsISHiGV3hzUufFeXc+Fq0lp5g5hj9wPn8A5+eQ7g==</latexit><latexit sha1_base64="ZFD1+cP8HHNhNha/j35y7+s0n5E=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWsB/QhLLZbtqlm82yuxFC7N/w4kERr/4Zb/4bt20O2vpg4PHeDDPzQsmZNq777ZTW1jc2t8rblZ3dvf2D6uFRRyepIrRNEp6oXog15UzQtmGG055UFMchp91wcjvzu49UaZaIB5NJGsR4JFjECDZW8mXdJ8PEoCeUnQ+qNbfhzoFWiVeQGhRoDapf/jAhaUyFIRxr3fdcaYIcK8MIp9OKn2oqMZngEe1bKnBMdZDPb56iM6sMUZQoW8Kgufp7Isex1lkc2s4Ym7Fe9mbif14/NdF1kDMhU0MFWSyKUo5MgmYBoCFTlBieWYKJYvZWRMZYYWJsTBUbgrf88irpXDQ8t+HdX9aaN0UcZTiBU6iDB1fQhDtoQRsISHiGV3hzUufFeXc+Fq0lp5g5hj9wPn8A5+eQ7g==</latexit>



Optimization 
q⇤ = argminq2Qf(q(·), p(·|y))

Variational Bayes 
q⇤ = argminq2QKL(q(·)||p(·|y))

Mean-field variational Bayes
q⇤ = argminq2QMFVB

KL(q(·)||p(·|y))

Use     to approximate
Approximate Bayesian inference
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Optimization 
q⇤ = argminq2Qf(q(·), p(·|y))

Variational Bayes 
q⇤ = argminq2QKL(q(·)||p(·|y))

Mean-field variational Bayes
q⇤ = argminq2QMFVB

KL(q(·)||p(·|y))

Use     to approximate
Approximate Bayesian inference

• Coordinate descent
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Optimization 
q⇤ = argminq2Qf(q(·), p(·|y))

Variational Bayes 
q⇤ = argminq2QKL(q(·)||p(·|y))

Mean-field variational Bayes
q⇤ = argminq2QMFVB

KL(q(·)||p(·|y))

Use     to approximate
Approximate Bayesian inference

• Coordinate descent 
• Stochastic variational inference (SVI) [Hoffman et al 2013]
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Optimization 
q⇤ = argminq2Qf(q(·), p(·|y))

Variational Bayes 
q⇤ = argminq2QKL(q(·)||p(·|y))

Mean-field variational Bayes
q⇤ = argminq2QMFVB

KL(q(·)||p(·|y))

Use     to approximate
Approximate Bayesian inference

• Coordinate descent 
• Stochastic variational inference (SVI) 
• Automatic differentiation variational 

inference (ADVI) [Kucukelbir et al 2015, 2017]

[Hoffman et al 2013]
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q⇤((�2)�1) = Gamma((�2)�1|a�, b�)
<latexit sha1_base64="TrKwtRRcn4vmpS4lwL6rk2hejKY="></latexit><latexit sha1_base64="TrKwtRRcn4vmpS4lwL6rk2hejKY="></latexit><latexit sha1_base64="TrKwtRRcn4vmpS4lwL6rk2hejKY="></latexit><latexit sha1_base64="TrKwtRRcn4vmpS4lwL6rk2hejKY="></latexit>

✓ = (µ,�2)

[Bishop 2006, Sec 10.1.3]



Midge wing length

[Hoff 2009; Grogan, Wirth 1981; MacKay 2003; Bishop 2006]

• Catalogued midge wing lengths (mm) 
• Parameters of interest: population mean and variance 
• Model:

y = (y1, . . . , yN )

p(y|✓) : yn
iid⇠ N(µ,�2), n = 1, . . . , N

p(✓) : (�2)�1 ⇠ Gamma(a0, b0)

µ|�2 ⇠ N (µ0,�0�
2)

• Exercise: check 
• MFVB approximation: 

q⇤(µ,�) = q⇤µ(µ)q
⇤
�2(�2) = argminq2QMFVB

KL(q(·)||p(·|y))
• Coordinate descent [Exercise: derive this]

p(µ,�2|y) 6= f1(µ, y)f2(�
2, y)

q⇤(µ) = N(µ|mµ, ⇢
2
µ)

<latexit sha1_base64="nbVCMTgewbg/ISXJHhEbtHFyCWU=">AAACEnicbZBNS8MwGMfT+TbnW9Wjl+AQNpHRDkEvwtCLJ5ngXmDtSpqlW1jS1iQVRt1n8OJX8eJBEa+evPltTLcddPqHwC//53lInr8fMyqVZX0ZuYXFpeWV/GphbX1jc8vc3mnKKBGYNHDEItH2kSSMhqShqGKkHQuCuM9Iyx9eZPXWHRGSRuGNGsXE5agf0oBipLTlmeXb7mHJ4UkZnsGrDOA95F6qYXwEHTGIutXpreyZRatiTQT/gj2DIpip7pmfTi/CCSehwgxJ2bGtWLkpEopiRsYFJ5EkRniI+qSjMUScSDedrDSGB9rpwSAS+oQKTtyfEyniUo64rzs5UgM5X8vM/2qdRAWnbkrDOFEkxNOHgoRBFcEsH9ijgmDFRhoQFlT/FeIBEggrnWJBh2DPr/wXmtWKbVXs6+Ni7XwWRx7sgX1QAjY4ATVwCeqgATB4AE/gBbwaj8az8Wa8T1tzxmxmF/yS8fENQJib+w==</latexit><latexit sha1_base64="nbVCMTgewbg/ISXJHhEbtHFyCWU=">AAACEnicbZBNS8MwGMfT+TbnW9Wjl+AQNpHRDkEvwtCLJ5ngXmDtSpqlW1jS1iQVRt1n8OJX8eJBEa+evPltTLcddPqHwC//53lInr8fMyqVZX0ZuYXFpeWV/GphbX1jc8vc3mnKKBGYNHDEItH2kSSMhqShqGKkHQuCuM9Iyx9eZPXWHRGSRuGNGsXE5agf0oBipLTlmeXb7mHJ4UkZnsGrDOA95F6qYXwEHTGIutXpreyZRatiTQT/gj2DIpip7pmfTi/CCSehwgxJ2bGtWLkpEopiRsYFJ5EkRniI+qSjMUScSDedrDSGB9rpwSAS+oQKTtyfEyniUo64rzs5UgM5X8vM/2qdRAWnbkrDOFEkxNOHgoRBFcEsH9ijgmDFRhoQFlT/FeIBEggrnWJBh2DPr/wXmtWKbVXs6+Ni7XwWRx7sgX1QAjY4ATVwCeqgATB4AE/gBbwaj8az8Wa8T1tzxmxmF/yS8fENQJib+w==</latexit><latexit sha1_base64="nbVCMTgewbg/ISXJHhEbtHFyCWU=">AAACEnicbZBNS8MwGMfT+TbnW9Wjl+AQNpHRDkEvwtCLJ5ngXmDtSpqlW1jS1iQVRt1n8OJX8eJBEa+evPltTLcddPqHwC//53lInr8fMyqVZX0ZuYXFpeWV/GphbX1jc8vc3mnKKBGYNHDEItH2kSSMhqShqGKkHQuCuM9Iyx9eZPXWHRGSRuGNGsXE5agf0oBipLTlmeXb7mHJ4UkZnsGrDOA95F6qYXwEHTGIutXpreyZRatiTQT/gj2DIpip7pmfTi/CCSehwgxJ2bGtWLkpEopiRsYFJ5EkRniI+qSjMUScSDedrDSGB9rpwSAS+oQKTtyfEyniUo64rzs5UgM5X8vM/2qdRAWnbkrDOFEkxNOHgoRBFcEsH9ijgmDFRhoQFlT/FeIBEggrnWJBh2DPr/wXmtWKbVXs6+Ni7XwWRx7sgX1QAjY4ATVwCeqgATB4AE/gBbwaj8az8Wa8T1tzxmxmF/yS8fENQJib+w==</latexit><latexit sha1_base64="nbVCMTgewbg/ISXJHhEbtHFyCWU=">AAACEnicbZBNS8MwGMfT+TbnW9Wjl+AQNpHRDkEvwtCLJ5ngXmDtSpqlW1jS1iQVRt1n8OJX8eJBEa+evPltTLcddPqHwC//53lInr8fMyqVZX0ZuYXFpeWV/GphbX1jc8vc3mnKKBGYNHDEItH2kSSMhqShqGKkHQuCuM9Iyx9eZPXWHRGSRuGNGsXE5agf0oBipLTlmeXb7mHJ4UkZnsGrDOA95F6qYXwEHTGIutXpreyZRatiTQT/gj2DIpip7pmfTi/CCSehwgxJ2bGtWLkpEopiRsYFJ5EkRniI+qSjMUScSDedrDSGB9rpwSAS+oQKTtyfEyniUo64rzs5UgM5X8vM/2qdRAWnbkrDOFEkxNOHgoRBFcEsH9ijgmDFRhoQFlT/FeIBEggrnWJBh2DPr/wXmtWKbVXs6+Ni7XwWRx7sgX1QAjY4ATVwCeqgATB4AE/gBbwaj8az8Wa8T1tzxmxmF/yS8fENQJib+w==</latexit>

q⇤((�2)�1) = Gamma((�2)�1|a�, b�)
<latexit sha1_base64="TrKwtRRcn4vmpS4lwL6rk2hejKY="></latexit><latexit sha1_base64="TrKwtRRcn4vmpS4lwL6rk2hejKY="></latexit><latexit sha1_base64="TrKwtRRcn4vmpS4lwL6rk2hejKY="></latexit><latexit sha1_base64="TrKwtRRcn4vmpS4lwL6rk2hejKY="></latexit>

✓ = (µ,�2)

[Bishop 2006, Sec 10.1.3]

“variational 
parameters”



Midge wing length

[Hoff 2009; Grogan, Wirth 1981; MacKay 2003; Bishop 2006]

• Catalogued midge wing lengths (mm) 
• Parameters of interest: population mean and variance 
• Model:

y = (y1, . . . , yN )

p(y|✓) : yn
iid⇠ N(µ,�2), n = 1, . . . , N

p(✓) : (�2)�1 ⇠ Gamma(a0, b0)

µ|�2 ⇠ N (µ0,�0�
2)

• Exercise: check 
• MFVB approximation: 

q⇤(µ,�) = q⇤µ(µ)q
⇤
�2(�2) = argminq2QMFVB

KL(q(·)||p(·|y))
• Coordinate descent [Exercise: derive this]

p(µ,�2|y) 6= f1(µ, y)f2(�
2, y)

q⇤(µ) = N(µ|mµ, ⇢
2
µ)

<latexit sha1_base64="nbVCMTgewbg/ISXJHhEbtHFyCWU=">AAACEnicbZBNS8MwGMfT+TbnW9Wjl+AQNpHRDkEvwtCLJ5ngXmDtSpqlW1jS1iQVRt1n8OJX8eJBEa+evPltTLcddPqHwC//53lInr8fMyqVZX0ZuYXFpeWV/GphbX1jc8vc3mnKKBGYNHDEItH2kSSMhqShqGKkHQuCuM9Iyx9eZPXWHRGSRuGNGsXE5agf0oBipLTlmeXb7mHJ4UkZnsGrDOA95F6qYXwEHTGIutXpreyZRatiTQT/gj2DIpip7pmfTi/CCSehwgxJ2bGtWLkpEopiRsYFJ5EkRniI+qSjMUScSDedrDSGB9rpwSAS+oQKTtyfEyniUo64rzs5UgM5X8vM/2qdRAWnbkrDOFEkxNOHgoRBFcEsH9ijgmDFRhoQFlT/FeIBEggrnWJBh2DPr/wXmtWKbVXs6+Ni7XwWRx7sgX1QAjY4ATVwCeqgATB4AE/gBbwaj8az8Wa8T1tzxmxmF/yS8fENQJib+w==</latexit><latexit sha1_base64="nbVCMTgewbg/ISXJHhEbtHFyCWU=">AAACEnicbZBNS8MwGMfT+TbnW9Wjl+AQNpHRDkEvwtCLJ5ngXmDtSpqlW1jS1iQVRt1n8OJX8eJBEa+evPltTLcddPqHwC//53lInr8fMyqVZX0ZuYXFpeWV/GphbX1jc8vc3mnKKBGYNHDEItH2kSSMhqShqGKkHQuCuM9Iyx9eZPXWHRGSRuGNGsXE5agf0oBipLTlmeXb7mHJ4UkZnsGrDOA95F6qYXwEHTGIutXpreyZRatiTQT/gj2DIpip7pmfTi/CCSehwgxJ2bGtWLkpEopiRsYFJ5EkRniI+qSjMUScSDedrDSGB9rpwSAS+oQKTtyfEyniUo64rzs5UgM5X8vM/2qdRAWnbkrDOFEkxNOHgoRBFcEsH9ijgmDFRhoQFlT/FeIBEggrnWJBh2DPr/wXmtWKbVXs6+Ni7XwWRx7sgX1QAjY4ATVwCeqgATB4AE/gBbwaj8az8Wa8T1tzxmxmF/yS8fENQJib+w==</latexit><latexit sha1_base64="nbVCMTgewbg/ISXJHhEbtHFyCWU=">AAACEnicbZBNS8MwGMfT+TbnW9Wjl+AQNpHRDkEvwtCLJ5ngXmDtSpqlW1jS1iQVRt1n8OJX8eJBEa+evPltTLcddPqHwC//53lInr8fMyqVZX0ZuYXFpeWV/GphbX1jc8vc3mnKKBGYNHDEItH2kSSMhqShqGKkHQuCuM9Iyx9eZPXWHRGSRuGNGsXE5agf0oBipLTlmeXb7mHJ4UkZnsGrDOA95F6qYXwEHTGIutXpreyZRatiTQT/gj2DIpip7pmfTi/CCSehwgxJ2bGtWLkpEopiRsYFJ5EkRniI+qSjMUScSDedrDSGB9rpwSAS+oQKTtyfEyniUo64rzs5UgM5X8vM/2qdRAWnbkrDOFEkxNOHgoRBFcEsH9ijgmDFRhoQFlT/FeIBEggrnWJBh2DPr/wXmtWKbVXs6+Ni7XwWRx7sgX1QAjY4ATVwCeqgATB4AE/gBbwaj8az8Wa8T1tzxmxmF/yS8fENQJib+w==</latexit><latexit sha1_base64="nbVCMTgewbg/ISXJHhEbtHFyCWU=">AAACEnicbZBNS8MwGMfT+TbnW9Wjl+AQNpHRDkEvwtCLJ5ngXmDtSpqlW1jS1iQVRt1n8OJX8eJBEa+evPltTLcddPqHwC//53lInr8fMyqVZX0ZuYXFpeWV/GphbX1jc8vc3mnKKBGYNHDEItH2kSSMhqShqGKkHQuCuM9Iyx9eZPXWHRGSRuGNGsXE5agf0oBipLTlmeXb7mHJ4UkZnsGrDOA95F6qYXwEHTGIutXpreyZRatiTQT/gj2DIpip7pmfTi/CCSehwgxJ2bGtWLkpEopiRsYFJ5EkRniI+qSjMUScSDedrDSGB9rpwSAS+oQKTtyfEyniUo64rzs5UgM5X8vM/2qdRAWnbkrDOFEkxNOHgoRBFcEsH9ijgmDFRhoQFlT/FeIBEggrnWJBh2DPr/wXmtWKbVXs6+Ni7XwWRx7sgX1QAjY4ATVwCeqgATB4AE/gBbwaj8az8Wa8T1tzxmxmF/yS8fENQJib+w==</latexit>

q⇤((�2)�1) = Gamma((�2)�1|a�, b�)
<latexit sha1_base64="TrKwtRRcn4vmpS4lwL6rk2hejKY="></latexit><latexit sha1_base64="TrKwtRRcn4vmpS4lwL6rk2hejKY="></latexit><latexit sha1_base64="TrKwtRRcn4vmpS4lwL6rk2hejKY="></latexit><latexit sha1_base64="TrKwtRRcn4vmpS4lwL6rk2hejKY="></latexit>

• Iterate: (mµ, ⇢
2
µ) = f(a�, b�)

<latexit sha1_base64="FGBrbCcgJbJjFXs70O/YqpG2XDY=">AAACHHicbVDLSgMxFM3UV62vUZdugkVoQcpMFXQjFN24rGAf0BlLJs20oclkSDJCGfohbvwVNy4UceNC8G9M20G09UDg3HPu5eaeIGZUacf5snJLyyura/n1wsbm1vaOvbvXVCKRmDSwYEK2A6QIoxFpaKoZaceSIB4w0gqGVxO/dU+koiK61aOY+Bz1IxpSjLSRuvZJiXdTjyfjY+jJgbirzqoyvIBhCZlC0T5Hxg1+eLlrF52KMwVcJG5GiiBDvWt/eD2BE04ijRlSquM6sfZTJDXFjIwLXqJIjPAQ9UnH0Ahxovx0etwYHhmlB0MhzYs0nKq/J1LElRrxwHRypAdq3puI/3mdRIfnfkqjONEkwrNFYcKgFnCSFOxRSbBmI0MQltT8FeIBkghrk2fBhODOn7xImtWK61Tcm9Ni7TKLIw8OwCEoARecgRq4BnXQABg8gCfwAl6tR+vZerPeZ605K5vZB39gfX4DRk+g3Q==</latexit><latexit sha1_base64="FGBrbCcgJbJjFXs70O/YqpG2XDY=">AAACHHicbVDLSgMxFM3UV62vUZdugkVoQcpMFXQjFN24rGAf0BlLJs20oclkSDJCGfohbvwVNy4UceNC8G9M20G09UDg3HPu5eaeIGZUacf5snJLyyura/n1wsbm1vaOvbvXVCKRmDSwYEK2A6QIoxFpaKoZaceSIB4w0gqGVxO/dU+koiK61aOY+Bz1IxpSjLSRuvZJiXdTjyfjY+jJgbirzqoyvIBhCZlC0T5Hxg1+eLlrF52KMwVcJG5GiiBDvWt/eD2BE04ijRlSquM6sfZTJDXFjIwLXqJIjPAQ9UnH0Ahxovx0etwYHhmlB0MhzYs0nKq/J1LElRrxwHRypAdq3puI/3mdRIfnfkqjONEkwrNFYcKgFnCSFOxRSbBmI0MQltT8FeIBkghrk2fBhODOn7xImtWK61Tcm9Ni7TKLIw8OwCEoARecgRq4BnXQABg8gCfwAl6tR+vZerPeZ605K5vZB39gfX4DRk+g3Q==</latexit><latexit sha1_base64="FGBrbCcgJbJjFXs70O/YqpG2XDY=">AAACHHicbVDLSgMxFM3UV62vUZdugkVoQcpMFXQjFN24rGAf0BlLJs20oclkSDJCGfohbvwVNy4UceNC8G9M20G09UDg3HPu5eaeIGZUacf5snJLyyura/n1wsbm1vaOvbvXVCKRmDSwYEK2A6QIoxFpaKoZaceSIB4w0gqGVxO/dU+koiK61aOY+Bz1IxpSjLSRuvZJiXdTjyfjY+jJgbirzqoyvIBhCZlC0T5Hxg1+eLlrF52KMwVcJG5GiiBDvWt/eD2BE04ijRlSquM6sfZTJDXFjIwLXqJIjPAQ9UnH0Ahxovx0etwYHhmlB0MhzYs0nKq/J1LElRrxwHRypAdq3puI/3mdRIfnfkqjONEkwrNFYcKgFnCSFOxRSbBmI0MQltT8FeIBkghrk2fBhODOn7xImtWK61Tcm9Ni7TKLIw8OwCEoARecgRq4BnXQABg8gCfwAl6tR+vZerPeZ605K5vZB39gfX4DRk+g3Q==</latexit><latexit sha1_base64="FGBrbCcgJbJjFXs70O/YqpG2XDY=">AAACHHicbVDLSgMxFM3UV62vUZdugkVoQcpMFXQjFN24rGAf0BlLJs20oclkSDJCGfohbvwVNy4UceNC8G9M20G09UDg3HPu5eaeIGZUacf5snJLyyura/n1wsbm1vaOvbvXVCKRmDSwYEK2A6QIoxFpaKoZaceSIB4w0gqGVxO/dU+koiK61aOY+Bz1IxpSjLSRuvZJiXdTjyfjY+jJgbirzqoyvIBhCZlC0T5Hxg1+eLlrF52KMwVcJG5GiiBDvWt/eD2BE04ijRlSquM6sfZTJDXFjIwLXqJIjPAQ9UnH0Ahxovx0etwYHhmlB0MhzYs0nKq/J1LElRrxwHRypAdq3puI/3mdRIfnfkqjONEkwrNFYcKgFnCSFOxRSbBmI0MQltT8FeIBkghrk2fBhODOn7xImtWK61Tcm9Ni7TKLIw8OwCEoARecgRq4BnXQABg8gCfwAl6tR+vZerPeZ605K5vZB39gfX4DRk+g3Q==</latexit>

(a�, b�) = g(mµ, ⇢
2
µ)

<latexit sha1_base64="Dqws2RsEo0D0UUGCBxEDo5D2iT4=">AAACHHicbVDLSsNAFJ3UV62vqEs3g0VoQUpSBd0IRTcuK9gHNDFMppN06EwSZiZCCf0QN/6KGxeKuHEh+DdO2yDaemDg3HPu5c49fsKoVJb1ZRSWlldW14rrpY3Nre0dc3evLeNUYNLCMYtF10eSMBqRlqKKkW4iCOI+Ix1/eDXxO/dESBpHt2qUEJejMKIBxUhpyTNPKsjLHElDjsbH0P/hVXgBwwrXNU+14YhBfFefVVXPLFs1awq4SOyclEGOpmd+OP0Yp5xECjMkZc+2EuVmSCiKGRmXnFSSBOEhCklP0whxIt1setwYHmmlD4NY6BcpOFV/T2SISznivu7kSA3kvDcR//N6qQrO3YxGSapIhGeLgpRBFcNJUrBPBcGKjTRBWFD9V4gHSCCsdJ4lHYI9f/IiaddrtlWzb07Ljcs8jiI4AIegAmxwBhrgGjRBC2DwAJ7AC3g1Ho1n4814n7UWjHxmH/yB8fkNTAOg3g==</latexit><latexit sha1_base64="Dqws2RsEo0D0UUGCBxEDo5D2iT4=">AAACHHicbVDLSsNAFJ3UV62vqEs3g0VoQUpSBd0IRTcuK9gHNDFMppN06EwSZiZCCf0QN/6KGxeKuHEh+DdO2yDaemDg3HPu5c49fsKoVJb1ZRSWlldW14rrpY3Nre0dc3evLeNUYNLCMYtF10eSMBqRlqKKkW4iCOI+Ix1/eDXxO/dESBpHt2qUEJejMKIBxUhpyTNPKsjLHElDjsbH0P/hVXgBwwrXNU+14YhBfFefVVXPLFs1awq4SOyclEGOpmd+OP0Yp5xECjMkZc+2EuVmSCiKGRmXnFSSBOEhCklP0whxIt1setwYHmmlD4NY6BcpOFV/T2SISznivu7kSA3kvDcR//N6qQrO3YxGSapIhGeLgpRBFcNJUrBPBcGKjTRBWFD9V4gHSCCsdJ4lHYI9f/IiaddrtlWzb07Ljcs8jiI4AIegAmxwBhrgGjRBC2DwAJ7AC3g1Ho1n4814n7UWjHxmH/yB8fkNTAOg3g==</latexit><latexit sha1_base64="Dqws2RsEo0D0UUGCBxEDo5D2iT4=">AAACHHicbVDLSsNAFJ3UV62vqEs3g0VoQUpSBd0IRTcuK9gHNDFMppN06EwSZiZCCf0QN/6KGxeKuHEh+DdO2yDaemDg3HPu5c49fsKoVJb1ZRSWlldW14rrpY3Nre0dc3evLeNUYNLCMYtF10eSMBqRlqKKkW4iCOI+Ix1/eDXxO/dESBpHt2qUEJejMKIBxUhpyTNPKsjLHElDjsbH0P/hVXgBwwrXNU+14YhBfFefVVXPLFs1awq4SOyclEGOpmd+OP0Yp5xECjMkZc+2EuVmSCiKGRmXnFSSBOEhCklP0whxIt1setwYHmmlD4NY6BcpOFV/T2SISznivu7kSA3kvDcR//N6qQrO3YxGSapIhGeLgpRBFcNJUrBPBcGKjTRBWFD9V4gHSCCsdJ4lHYI9f/IiaddrtlWzb07Ljcs8jiI4AIegAmxwBhrgGjRBC2DwAJ7AC3g1Ho1n4814n7UWjHxmH/yB8fkNTAOg3g==</latexit><latexit sha1_base64="Dqws2RsEo0D0UUGCBxEDo5D2iT4=">AAACHHicbVDLSsNAFJ3UV62vqEs3g0VoQUpSBd0IRTcuK9gHNDFMppN06EwSZiZCCf0QN/6KGxeKuHEh+DdO2yDaemDg3HPu5c49fsKoVJb1ZRSWlldW14rrpY3Nre0dc3evLeNUYNLCMYtF10eSMBqRlqKKkW4iCOI+Ix1/eDXxO/dESBpHt2qUEJejMKIBxUhpyTNPKsjLHElDjsbH0P/hVXgBwwrXNU+14YhBfFefVVXPLFs1awq4SOyclEGOpmd+OP0Yp5xECjMkZc+2EuVmSCiKGRmXnFSSBOEhCklP0whxIt1setwYHmmlD4NY6BcpOFV/T2SISznivu7kSA3kvDcR//N6qQrO3YxGSapIhGeLgpRBFcNJUrBPBcGKjTRBWFD9V4gHSCCsdJ4lHYI9f/IiaddrtlWzb07Ljcs8jiI4AIegAmxwBhrgGjRBC2DwAJ7AC3g1Ho1n4814n7UWjHxmH/yB8fkNTAOg3g==</latexit>

✓ = (µ,�2)

[Bishop 2006, Sec 10.1.3]
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Microcredit

Criteo Online Ads Experiment
• Click-through conversion prediction 
• Q: Will a customer (e.g.) buy a product after clicking? 
• Q: How predictive of conversion are different features? 
• Logistic GLMM; N = 61,895 subset to compare to MCMC

[Giordano, Broderick, Meager, Huggins, Jordan 2016; Giordano, Broderick, Jordan 2017]
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Criteo Online Ads Experiment

• MAP: 12 s 
• VB: 57 s 
• MCMC (5K 

samples): 
21,066 s 
(5.85 h)

[Giordano, Broderick, Jordan 2017]
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How to optimize: MFVB

• Conditionally conjugate model 
• Coordinate ascent in q1, . . . , qJ
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How to optimize: MFVB

• Conditionally conjugate model 
• Coordinate ascent in 

• ELBO in closed form
q1, . . . , qJ
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How to optimize: MFVB

• Conditionally conjugate model 
• Coordinate ascent in 

• ELBO in closed form 
• E.g.           nice enough (e.g. exponential family 

components) and familiar q (e.g. exp fam)

q1, . . . , qJ
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How to optimize: MFVB

• Conditionally conjugate model 
• Coordinate ascent in 

• ELBO in closed form 
• E.g.           nice enough (e.g. exponential family 

components) and familiar q (e.g. exp fam) 
• Optimize over variational params (method of choice)
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How to optimize: MFVB

• Conditionally conjugate model 
• Coordinate ascent in 

• ELBO in closed form 
• E.g.           nice enough (e.g. exponential family 

components) and familiar q (e.g. exp fam) 
• Optimize over variational params (method of choice) 

• Continuous parameters
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p(·|y)
<latexit sha1_base64="ZFD1+cP8HHNhNha/j35y7+s0n5E=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWsB/QhLLZbtqlm82yuxFC7N/w4kERr/4Zb/4bt20O2vpg4PHeDDPzQsmZNq777ZTW1jc2t8rblZ3dvf2D6uFRRyepIrRNEp6oXog15UzQtmGG055UFMchp91wcjvzu49UaZaIB5NJGsR4JFjECDZW8mXdJ8PEoCeUnQ+qNbfhzoFWiVeQGhRoDapf/jAhaUyFIRxr3fdcaYIcK8MIp9OKn2oqMZngEe1bKnBMdZDPb56iM6sMUZQoW8Kgufp7Isex1lkc2s4Ym7Fe9mbif14/NdF1kDMhU0MFWSyKUo5MgmYBoCFTlBieWYKJYvZWRMZYYWJsTBUbgrf88irpXDQ8t+HdX9aaN0UcZTiBU6iDB1fQhDtoQRsISHiGV3hzUufFeXc+Fq0lp5g5hj9wPn8A5+eQ7g==</latexit><latexit sha1_base64="ZFD1+cP8HHNhNha/j35y7+s0n5E=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWsB/QhLLZbtqlm82yuxFC7N/w4kERr/4Zb/4bt20O2vpg4PHeDDPzQsmZNq777ZTW1jc2t8rblZ3dvf2D6uFRRyepIrRNEp6oXog15UzQtmGG055UFMchp91wcjvzu49UaZaIB5NJGsR4JFjECDZW8mXdJ8PEoCeUnQ+qNbfhzoFWiVeQGhRoDapf/jAhaUyFIRxr3fdcaYIcK8MIp9OKn2oqMZngEe1bKnBMdZDPb56iM6sMUZQoW8Kgufp7Isex1lkc2s4Ym7Fe9mbif14/NdF1kDMhU0MFWSyKUo5MgmYBoCFTlBieWYKJYvZWRMZYYWJsTBUbgrf88irpXDQ8t+HdX9aaN0UcZTiBU6iDB1fQhDtoQRsISHiGV3hzUufFeXc+Fq0lp5g5hj9wPn8A5+eQ7g==</latexit><latexit sha1_base64="ZFD1+cP8HHNhNha/j35y7+s0n5E=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWsB/QhLLZbtqlm82yuxFC7N/w4kERr/4Zb/4bt20O2vpg4PHeDDPzQsmZNq777ZTW1jc2t8rblZ3dvf2D6uFRRyepIrRNEp6oXog15UzQtmGG055UFMchp91wcjvzu49UaZaIB5NJGsR4JFjECDZW8mXdJ8PEoCeUnQ+qNbfhzoFWiVeQGhRoDapf/jAhaUyFIRxr3fdcaYIcK8MIp9OKn2oqMZngEe1bKnBMdZDPb56iM6sMUZQoW8Kgufp7Isex1lkc2s4Ym7Fe9mbif14/NdF1kDMhU0MFWSyKUo5MgmYBoCFTlBieWYKJYvZWRMZYYWJsTBUbgrf88irpXDQ8t+HdX9aaN0UcZTiBU6iDB1fQhDtoQRsISHiGV3hzUufFeXc+Fq0lp5g5hj9wPn8A5+eQ7g==</latexit><latexit sha1_base64="ZFD1+cP8HHNhNha/j35y7+s0n5E=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWsB/QhLLZbtqlm82yuxFC7N/w4kERr/4Zb/4bt20O2vpg4PHeDDPzQsmZNq777ZTW1jc2t8rblZ3dvf2D6uFRRyepIrRNEp6oXog15UzQtmGG055UFMchp91wcjvzu49UaZaIB5NJGsR4JFjECDZW8mXdJ8PEoCeUnQ+qNbfhzoFWiVeQGhRoDapf/jAhaUyFIRxr3fdcaYIcK8MIp9OKn2oqMZngEe1bKnBMdZDPb56iM6sMUZQoW8Kgufp7Isex1lkc2s4Ym7Fe9mbif14/NdF1kDMhU0MFWSyKUo5MgmYBoCFTlBieWYKJYvZWRMZYYWJsTBUbgrf88irpXDQ8t+HdX9aaN0UcZTiBU6iDB1fQhDtoQRsISHiGV3hzUufFeXc+Fq0lp5g5hj9wPn8A5+eQ7g==</latexit>



How to optimize: MFVB

• Conditionally conjugate model 
• Coordinate ascent in 

• ELBO in closed form 
• E.g.           nice enough (e.g. exponential family 

components) and familiar q (e.g. exp fam) 
• Optimize over variational params (method of choice) 

• Continuous parameters 
• Assume Gaussian q (possibly in transformed space)
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How to optimize: MFVB

• Conditionally conjugate model 
• Coordinate ascent in 

• ELBO in closed form 
• E.g.           nice enough (e.g. exponential family 

components) and familiar q (e.g. exp fam) 
• Optimize over variational params (method of choice) 

• Continuous parameters 
• Assume Gaussian q (possibly in transformed space) 
• Automatic differentiation variational inference (ADVI)
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[MacKay 2003, Bishop 2006]

[Kucukelbir et al 2015, 2017]

[Baydin et al 2018]

p(·|y)
<latexit sha1_base64="ZFD1+cP8HHNhNha/j35y7+s0n5E=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWsB/QhLLZbtqlm82yuxFC7N/w4kERr/4Zb/4bt20O2vpg4PHeDDPzQsmZNq777ZTW1jc2t8rblZ3dvf2D6uFRRyepIrRNEp6oXog15UzQtmGG055UFMchp91wcjvzu49UaZaIB5NJGsR4JFjECDZW8mXdJ8PEoCeUnQ+qNbfhzoFWiVeQGhRoDapf/jAhaUyFIRxr3fdcaYIcK8MIp9OKn2oqMZngEe1bKnBMdZDPb56iM6sMUZQoW8Kgufp7Isex1lkc2s4Ym7Fe9mbif14/NdF1kDMhU0MFWSyKUo5MgmYBoCFTlBieWYKJYvZWRMZYYWJsTBUbgrf88irpXDQ8t+HdX9aaN0UcZTiBU6iDB1fQhDtoQRsISHiGV3hzUufFeXc+Fq0lp5g5hj9wPn8A5+eQ7g==</latexit><latexit sha1_base64="ZFD1+cP8HHNhNha/j35y7+s0n5E=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWsB/QhLLZbtqlm82yuxFC7N/w4kERr/4Zb/4bt20O2vpg4PHeDDPzQsmZNq777ZTW1jc2t8rblZ3dvf2D6uFRRyepIrRNEp6oXog15UzQtmGG055UFMchp91wcjvzu49UaZaIB5NJGsR4JFjECDZW8mXdJ8PEoCeUnQ+qNbfhzoFWiVeQGhRoDapf/jAhaUyFIRxr3fdcaYIcK8MIp9OKn2oqMZngEe1bKnBMdZDPb56iM6sMUZQoW8Kgufp7Isex1lkc2s4Ym7Fe9mbif14/NdF1kDMhU0MFWSyKUo5MgmYBoCFTlBieWYKJYvZWRMZYYWJsTBUbgrf88irpXDQ8t+HdX9aaN0UcZTiBU6iDB1fQhDtoQRsISHiGV3hzUufFeXc+Fq0lp5g5hj9wPn8A5+eQ7g==</latexit><latexit sha1_base64="ZFD1+cP8HHNhNha/j35y7+s0n5E=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWsB/QhLLZbtqlm82yuxFC7N/w4kERr/4Zb/4bt20O2vpg4PHeDDPzQsmZNq777ZTW1jc2t8rblZ3dvf2D6uFRRyepIrRNEp6oXog15UzQtmGG055UFMchp91wcjvzu49UaZaIB5NJGsR4JFjECDZW8mXdJ8PEoCeUnQ+qNbfhzoFWiVeQGhRoDapf/jAhaUyFIRxr3fdcaYIcK8MIp9OKn2oqMZngEe1bKnBMdZDPb56iM6sMUZQoW8Kgufp7Isex1lkc2s4Ym7Fe9mbif14/NdF1kDMhU0MFWSyKUo5MgmYBoCFTlBieWYKJYvZWRMZYYWJsTBUbgrf88irpXDQ8t+HdX9aaN0UcZTiBU6iDB1fQhDtoQRsISHiGV3hzUufFeXc+Fq0lp5g5hj9wPn8A5+eQ7g==</latexit><latexit sha1_base64="ZFD1+cP8HHNhNha/j35y7+s0n5E=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWsB/QhLLZbtqlm82yuxFC7N/w4kERr/4Zb/4bt20O2vpg4PHeDDPzQsmZNq777ZTW1jc2t8rblZ3dvf2D6uFRRyepIrRNEp6oXog15UzQtmGG055UFMchp91wcjvzu49UaZaIB5NJGsR4JFjECDZW8mXdJ8PEoCeUnQ+qNbfhzoFWiVeQGhRoDapf/jAhaUyFIRxr3fdcaYIcK8MIp9OKn2oqMZngEe1bKnBMdZDPb56iM6sMUZQoW8Kgufp7Isex1lkc2s4Ym7Fe9mbif14/NdF1kDMhU0MFWSyKUo5MgmYBoCFTlBieWYKJYvZWRMZYYWJsTBUbgrf88irpXDQ8t+HdX9aaN0UcZTiBU6iDB1fQhDtoQRsISHiGV3hzUufFeXc+Fq0lp5g5hj9wPn8A5+eQ7g==</latexit>



Stochastic gradient descent (SGD)
• MFVB: min
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Stochastic gradient descent (SGD)

• Recall: Stochastic gradient
• MFVB: min

⌘:q⌘2QMFVB
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<latexit sha1_base64="PrK/7yXNP42VAidiNJmqPQ1TfWA="></latexit><latexit sha1_base64="PrK/7yXNP42VAidiNJmqPQ1TfWA="></latexit><latexit sha1_base64="PrK/7yXNP42VAidiNJmqPQ1TfWA="></latexit><latexit sha1_base64="PrK/7yXNP42VAidiNJmqPQ1TfWA="></latexit>



Stochastic gradient descent (SGD)

• Recall: Stochastic gradient 
• Goal:

• MFVB:

min⌘ f(⌘) := EY f(Y, ⌘)
<latexit sha1_base64="MNl2hhgvSz+PGE4IGfXao6Z2LmI="></latexit><latexit sha1_base64="8+sInliVQNhnKBGZsAe5XkcbLeU="></latexit><latexit sha1_base64="8+sInliVQNhnKBGZsAe5XkcbLeU="></latexit><latexit sha1_base64="CxSA/NtG5du9cjXIay03oNXaZwA=">AAACGXicbVDLSsNAFJ3UV62vqEs3g0WoICVxowhCUQSXFeyLpoTJdNIOnUzCzEQoIb/hxl9x40IRl7ryb5ykWWjrgWEO59zLvfd4EaNSWda3UVpaXlldK69XNja3tnfM3b22DGOBSQuHLBRdD0nCKCctRRUj3UgQFHiMdLzJdeZ3HoiQNOT3ahqRQYBGnPoUI6Ul17ScgHI3cYhCKfRr2X8MLy6hEyA19rzkJnWTXub0TmBuumbVqls54CKxC1IFBZqu+ekMQxwHhCvMkJR924rUIEFCUcxIWnFiSSKEJ2hE+ppyFBA5SPLLUniklSH0Q6EfVzBXf3ckKJByGni6MltYznuZ+J/Xj5V/Pkgoj2JFOJ4N8mMGVQizmOCQCoIVm2qCsKB6V4jHSCCsdJgVHYI9f/IiaZ/Wbatu39nVxlURRxkcgENQAzY4Aw1wC5qgBTB4BM/gFbwZT8aL8W58zEpLRtGzD/7A+PoBBZ2fAg==</latexit>
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Stochastic gradient descent (SGD)

• Recall: Stochastic gradient 
• Goal: yn

iid⇠ Y
<latexit sha1_base64="BdTKOt2T2/AhUxqL/B73JJjLpe8=">AAACA3icbVBNS8NAEN3Ur1q/ot70slgETyURQY9FLx4r2FZpQthsNu3S3U3Y3QghBLz4V7x4UMSrf8Kb/8Ztm4O2Phh4vDfDzLwwZVRpx/m2akvLK6tr9fXGxubW9o69u9dTSSYx6eKEJfIuRIowKkhXU83IXSoJ4iEj/XB8NfH7D0QqmohbnafE52goaEwx0kYK7IM8ENBTGuGxJKygNCoLT1FewvvAbjotZwq4SNyKNEGFTmB/eVGCM06ExgwpNXCdVPsFkppiRsqGlymSmkVoSAaGCsSJ8ovpDyU8NkoE40SaEhpO1d8TBeJK5Tw0nRzpkZr3JuJ/3iDT8YVfUJFmmgg8WxRnDOoETgKBEZUEa5YbgrCk5laIR0girE1sDROCO//yIumdtlyn5d6cNduXVRx1cAiOwAlwwTlog2vQAV2AwSN4Bq/gzXqyXqx362PWWrOqmX3wB9bnD4EBmA4=</latexit><latexit sha1_base64="BdTKOt2T2/AhUxqL/B73JJjLpe8=">AAACA3icbVBNS8NAEN3Ur1q/ot70slgETyURQY9FLx4r2FZpQthsNu3S3U3Y3QghBLz4V7x4UMSrf8Kb/8Ztm4O2Phh4vDfDzLwwZVRpx/m2akvLK6tr9fXGxubW9o69u9dTSSYx6eKEJfIuRIowKkhXU83IXSoJ4iEj/XB8NfH7D0QqmohbnafE52goaEwx0kYK7IM8ENBTGuGxJKygNCoLT1FewvvAbjotZwq4SNyKNEGFTmB/eVGCM06ExgwpNXCdVPsFkppiRsqGlymSmkVoSAaGCsSJ8ovpDyU8NkoE40SaEhpO1d8TBeJK5Tw0nRzpkZr3JuJ/3iDT8YVfUJFmmgg8WxRnDOoETgKBEZUEa5YbgrCk5laIR0girE1sDROCO//yIumdtlyn5d6cNduXVRx1cAiOwAlwwTlog2vQAV2AwSN4Bq/gzXqyXqx362PWWrOqmX3wB9bnD4EBmA4=</latexit><latexit sha1_base64="BdTKOt2T2/AhUxqL/B73JJjLpe8=">AAACA3icbVBNS8NAEN3Ur1q/ot70slgETyURQY9FLx4r2FZpQthsNu3S3U3Y3QghBLz4V7x4UMSrf8Kb/8Ztm4O2Phh4vDfDzLwwZVRpx/m2akvLK6tr9fXGxubW9o69u9dTSSYx6eKEJfIuRIowKkhXU83IXSoJ4iEj/XB8NfH7D0QqmohbnafE52goaEwx0kYK7IM8ENBTGuGxJKygNCoLT1FewvvAbjotZwq4SNyKNEGFTmB/eVGCM06ExgwpNXCdVPsFkppiRsqGlymSmkVoSAaGCsSJ8ovpDyU8NkoE40SaEhpO1d8TBeJK5Tw0nRzpkZr3JuJ/3iDT8YVfUJFmmgg8WxRnDOoETgKBEZUEa5YbgrCk5laIR0girE1sDROCO//yIumdtlyn5d6cNduXVRx1cAiOwAlwwTlog2vQAV2AwSN4Bq/gzXqyXqx362PWWrOqmX3wB9bnD4EBmA4=</latexit><latexit sha1_base64="BdTKOt2T2/AhUxqL/B73JJjLpe8=">AAACA3icbVBNS8NAEN3Ur1q/ot70slgETyURQY9FLx4r2FZpQthsNu3S3U3Y3QghBLz4V7x4UMSrf8Kb/8Ztm4O2Phh4vDfDzLwwZVRpx/m2akvLK6tr9fXGxubW9o69u9dTSSYx6eKEJfIuRIowKkhXU83IXSoJ4iEj/XB8NfH7D0QqmohbnafE52goaEwx0kYK7IM8ENBTGuGxJKygNCoLT1FewvvAbjotZwq4SNyKNEGFTmB/eVGCM06ExgwpNXCdVPsFkppiRsqGlymSmkVoSAaGCsSJ8ovpDyU8NkoE40SaEhpO1d8TBeJK5Tw0nRzpkZr3JuJ/3iDT8YVfUJFmmgg8WxRnDOoETgKBEZUEa5YbgrCk5laIR0girE1sDROCO//yIumdtlyn5d6cNduXVRx1cAiOwAlwwTlog2vQAV2AwSN4Bq/gzXqyXqx362PWWrOqmX3wB9bnD4EBmA4=</latexit>

• Observe

• MFVB:

min⌘ f(⌘) := EY f(Y, ⌘)
<latexit sha1_base64="MNl2hhgvSz+PGE4IGfXao6Z2LmI="></latexit><latexit sha1_base64="8+sInliVQNhnKBGZsAe5XkcbLeU="></latexit><latexit sha1_base64="8+sInliVQNhnKBGZsAe5XkcbLeU="></latexit><latexit sha1_base64="CxSA/NtG5du9cjXIay03oNXaZwA=">AAACGXicbVDLSsNAFJ3UV62vqEs3g0WoICVxowhCUQSXFeyLpoTJdNIOnUzCzEQoIb/hxl9x40IRl7ryb5ykWWjrgWEO59zLvfd4EaNSWda3UVpaXlldK69XNja3tnfM3b22DGOBSQuHLBRdD0nCKCctRRUj3UgQFHiMdLzJdeZ3HoiQNOT3ahqRQYBGnPoUI6Ul17ScgHI3cYhCKfRr2X8MLy6hEyA19rzkJnWTXub0TmBuumbVqls54CKxC1IFBZqu+ekMQxwHhCvMkJR924rUIEFCUcxIWnFiSSKEJ2hE+ppyFBA5SPLLUniklSH0Q6EfVzBXf3ckKJByGni6MltYznuZ+J/Xj5V/Pkgoj2JFOJ4N8mMGVQizmOCQCoIVm2qCsKB6V4jHSCCsdJgVHYI9f/IiaZ/Wbatu39nVxlURRxkcgENQAzY4Aw1wC5qgBTB4BM/gFbwZT8aL8W58zEpLRtGzD/7A+PoBBZ2fAg==</latexit>
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Stochastic gradient descent (SGD)

• Recall: Stochastic gradient 
• Goal: 

• One option:
yn

iid⇠ Y
<latexit sha1_base64="BdTKOt2T2/AhUxqL/B73JJjLpe8=">AAACA3icbVBNS8NAEN3Ur1q/ot70slgETyURQY9FLx4r2FZpQthsNu3S3U3Y3QghBLz4V7x4UMSrf8Kb/8Ztm4O2Phh4vDfDzLwwZVRpx/m2akvLK6tr9fXGxubW9o69u9dTSSYx6eKEJfIuRIowKkhXU83IXSoJ4iEj/XB8NfH7D0QqmohbnafE52goaEwx0kYK7IM8ENBTGuGxJKygNCoLT1FewvvAbjotZwq4SNyKNEGFTmB/eVGCM06ExgwpNXCdVPsFkppiRsqGlymSmkVoSAaGCsSJ8ovpDyU8NkoE40SaEhpO1d8TBeJK5Tw0nRzpkZr3JuJ/3iDT8YVfUJFmmgg8WxRnDOoETgKBEZUEa5YbgrCk5laIR0girE1sDROCO//yIumdtlyn5d6cNduXVRx1cAiOwAlwwTlog2vQAV2AwSN4Bq/gzXqyXqx362PWWrOqmX3wB9bnD4EBmA4=</latexit><latexit sha1_base64="BdTKOt2T2/AhUxqL/B73JJjLpe8=">AAACA3icbVBNS8NAEN3Ur1q/ot70slgETyURQY9FLx4r2FZpQthsNu3S3U3Y3QghBLz4V7x4UMSrf8Kb/8Ztm4O2Phh4vDfDzLwwZVRpx/m2akvLK6tr9fXGxubW9o69u9dTSSYx6eKEJfIuRIowKkhXU83IXSoJ4iEj/XB8NfH7D0QqmohbnafE52goaEwx0kYK7IM8ENBTGuGxJKygNCoLT1FewvvAbjotZwq4SNyKNEGFTmB/eVGCM06ExgwpNXCdVPsFkppiRsqGlymSmkVoSAaGCsSJ8ovpDyU8NkoE40SaEhpO1d8TBeJK5Tw0nRzpkZr3JuJ/3iDT8YVfUJFmmgg8WxRnDOoETgKBEZUEa5YbgrCk5laIR0girE1sDROCO//yIumdtlyn5d6cNduXVRx1cAiOwAlwwTlog2vQAV2AwSN4Bq/gzXqyXqx362PWWrOqmX3wB9bnD4EBmA4=</latexit><latexit sha1_base64="BdTKOt2T2/AhUxqL/B73JJjLpe8=">AAACA3icbVBNS8NAEN3Ur1q/ot70slgETyURQY9FLx4r2FZpQthsNu3S3U3Y3QghBLz4V7x4UMSrf8Kb/8Ztm4O2Phh4vDfDzLwwZVRpx/m2akvLK6tr9fXGxubW9o69u9dTSSYx6eKEJfIuRIowKkhXU83IXSoJ4iEj/XB8NfH7D0QqmohbnafE52goaEwx0kYK7IM8ENBTGuGxJKygNCoLT1FewvvAbjotZwq4SNyKNEGFTmB/eVGCM06ExgwpNXCdVPsFkppiRsqGlymSmkVoSAaGCsSJ8ovpDyU8NkoE40SaEhpO1d8TBeJK5Tw0nRzpkZr3JuJ/3iDT8YVfUJFmmgg8WxRnDOoETgKBEZUEa5YbgrCk5laIR0girE1sDROCO//yIumdtlyn5d6cNduXVRx1cAiOwAlwwTlog2vQAV2AwSN4Bq/gzXqyXqx362PWWrOqmX3wB9bnD4EBmA4=</latexit><latexit sha1_base64="BdTKOt2T2/AhUxqL/B73JJjLpe8=">AAACA3icbVBNS8NAEN3Ur1q/ot70slgETyURQY9FLx4r2FZpQthsNu3S3U3Y3QghBLz4V7x4UMSrf8Kb/8Ztm4O2Phh4vDfDzLwwZVRpx/m2akvLK6tr9fXGxubW9o69u9dTSSYx6eKEJfIuRIowKkhXU83IXSoJ4iEj/XB8NfH7D0QqmohbnafE52goaEwx0kYK7IM8ENBTGuGxJKygNCoLT1FewvvAbjotZwq4SNyKNEGFTmB/eVGCM06ExgwpNXCdVPsFkppiRsqGlymSmkVoSAaGCsSJ8ovpDyU8NkoE40SaEhpO1d8TBeJK5Tw0nRzpkZr3JuJ/3iDT8YVfUJFmmgg8WxRnDOoETgKBEZUEa5YbgrCk5laIR0girE1sDROCO//yIumdtlyn5d6cNduXVRx1cAiOwAlwwTlog2vQAV2AwSN4Bq/gzXqyXqx362PWWrOqmX3wB9bnD4EBmA4=</latexit>

• Observe

• MFVB:

min⌘ f(⌘) := EY f(Y, ⌘)
<latexit sha1_base64="MNl2hhgvSz+PGE4IGfXao6Z2LmI="></latexit><latexit sha1_base64="8+sInliVQNhnKBGZsAe5XkcbLeU="></latexit><latexit sha1_base64="8+sInliVQNhnKBGZsAe5XkcbLeU="></latexit><latexit sha1_base64="CxSA/NtG5du9cjXIay03oNXaZwA=">AAACGXicbVDLSsNAFJ3UV62vqEs3g0WoICVxowhCUQSXFeyLpoTJdNIOnUzCzEQoIb/hxl9x40IRl7ryb5ykWWjrgWEO59zLvfd4EaNSWda3UVpaXlldK69XNja3tnfM3b22DGOBSQuHLBRdD0nCKCctRRUj3UgQFHiMdLzJdeZ3HoiQNOT3ahqRQYBGnPoUI6Ul17ScgHI3cYhCKfRr2X8MLy6hEyA19rzkJnWTXub0TmBuumbVqls54CKxC1IFBZqu+ekMQxwHhCvMkJR924rUIEFCUcxIWnFiSSKEJ2hE+ppyFBA5SPLLUniklSH0Q6EfVzBXf3ckKJByGni6MltYznuZ+J/Xj5V/Pkgoj2JFOJ4N8mMGVQizmOCQCoIVm2qCsKB6V4jHSCCsdJgVHYI9f/IiaZ/Wbatu39nVxlURRxkcgENQAzY4Aw1wC5qgBTB4BM/gFbwZT8aL8W58zEpLRtGzD/7A+PoBBZ2fAg==</latexit>

min⌘ N�1
PN

n=1 f(yn, ⌘)
<latexit sha1_base64="WkZloljWLcIGXxgPxl1sfgNzch4="></latexit><latexit sha1_base64="IbvxSD0/YmHWs6Y7PmA8vYvHT3w="></latexit><latexit sha1_base64="IbvxSD0/YmHWs6Y7PmA8vYvHT3w="></latexit><latexit sha1_base64="qeJGZMR3DkYIeSpjFkWv+GcguUM=">AAACF3icbVDLSgMxFM3UV62vqks3wSJU0DJxoxuh6MZVqWAf0GmHTJppQ5PMkGSEMsxfuPFX3LhQxK3u/BvTx0KrBwKHc87l5p4g5kwb1/1yckvLK6tr+fXCxubW9k5xd6+po0QR2iARj1Q7wJpyJmnDMMNpO1YUi4DTVjC6nvite6o0i+SdGce0K/BAspARbKzkFyueYNJPPWpwBmu99BRl0NOJ8FN5ibJeWstgWB778gROIsd+seRW3CngX4LmpATmqPvFT68fkURQaQjHWneQG5tuipVhhNOs4CWaxpiM8IB2LJVYUN1Np3dl8MgqfRhGyj5p4FT9OZFiofVYBDYpsBnqRW8i/ud1EhNedFMm48RQSWaLwoRDE8FJSbDPFCWGjy3BRDH7V0iGWGFibJUFWwJaPPkvaZ5VkFtBt6hUvZrXkQcH4BCUAQLnoApuQB00AAEP4Am8gFfn0Xl23pz3WTTnzGf2wS84H99ws57K</latexit>

min

⌘:q⌘2QMFVB

�Eq⌘ log
p(✓, y1:N )

q⌘(✓)
d✓

<latexit sha1_base64="PrK/7yXNP42VAidiNJmqPQ1TfWA="></latexit><latexit sha1_base64="PrK/7yXNP42VAidiNJmqPQ1TfWA="></latexit><latexit sha1_base64="PrK/7yXNP42VAidiNJmqPQ1TfWA="></latexit><latexit sha1_base64="PrK/7yXNP42VAidiNJmqPQ1TfWA="></latexit>



Stochastic gradient descent (SGD)

• Recall: Stochastic gradient 
• Goal: 

• One option: 
• GD:

yn
iid⇠ Y

<latexit sha1_base64="BdTKOt2T2/AhUxqL/B73JJjLpe8=">AAACA3icbVBNS8NAEN3Ur1q/ot70slgETyURQY9FLx4r2FZpQthsNu3S3U3Y3QghBLz4V7x4UMSrf8Kb/8Ztm4O2Phh4vDfDzLwwZVRpx/m2akvLK6tr9fXGxubW9o69u9dTSSYx6eKEJfIuRIowKkhXU83IXSoJ4iEj/XB8NfH7D0QqmohbnafE52goaEwx0kYK7IM8ENBTGuGxJKygNCoLT1FewvvAbjotZwq4SNyKNEGFTmB/eVGCM06ExgwpNXCdVPsFkppiRsqGlymSmkVoSAaGCsSJ8ovpDyU8NkoE40SaEhpO1d8TBeJK5Tw0nRzpkZr3JuJ/3iDT8YVfUJFmmgg8WxRnDOoETgKBEZUEa5YbgrCk5laIR0girE1sDROCO//yIumdtlyn5d6cNduXVRx1cAiOwAlwwTlog2vQAV2AwSN4Bq/gzXqyXqx362PWWrOqmX3wB9bnD4EBmA4=</latexit><latexit sha1_base64="BdTKOt2T2/AhUxqL/B73JJjLpe8=">AAACA3icbVBNS8NAEN3Ur1q/ot70slgETyURQY9FLx4r2FZpQthsNu3S3U3Y3QghBLz4V7x4UMSrf8Kb/8Ztm4O2Phh4vDfDzLwwZVRpx/m2akvLK6tr9fXGxubW9o69u9dTSSYx6eKEJfIuRIowKkhXU83IXSoJ4iEj/XB8NfH7D0QqmohbnafE52goaEwx0kYK7IM8ENBTGuGxJKygNCoLT1FewvvAbjotZwq4SNyKNEGFTmB/eVGCM06ExgwpNXCdVPsFkppiRsqGlymSmkVoSAaGCsSJ8ovpDyU8NkoE40SaEhpO1d8TBeJK5Tw0nRzpkZr3JuJ/3iDT8YVfUJFmmgg8WxRnDOoETgKBEZUEa5YbgrCk5laIR0girE1sDROCO//yIumdtlyn5d6cNduXVRx1cAiOwAlwwTlog2vQAV2AwSN4Bq/gzXqyXqx362PWWrOqmX3wB9bnD4EBmA4=</latexit><latexit sha1_base64="BdTKOt2T2/AhUxqL/B73JJjLpe8=">AAACA3icbVBNS8NAEN3Ur1q/ot70slgETyURQY9FLx4r2FZpQthsNu3S3U3Y3QghBLz4V7x4UMSrf8Kb/8Ztm4O2Phh4vDfDzLwwZVRpx/m2akvLK6tr9fXGxubW9o69u9dTSSYx6eKEJfIuRIowKkhXU83IXSoJ4iEj/XB8NfH7D0QqmohbnafE52goaEwx0kYK7IM8ENBTGuGxJKygNCoLT1FewvvAbjotZwq4SNyKNEGFTmB/eVGCM06ExgwpNXCdVPsFkppiRsqGlymSmkVoSAaGCsSJ8ovpDyU8NkoE40SaEhpO1d8TBeJK5Tw0nRzpkZr3JuJ/3iDT8YVfUJFmmgg8WxRnDOoETgKBEZUEa5YbgrCk5laIR0girE1sDROCO//yIumdtlyn5d6cNduXVRx1cAiOwAlwwTlog2vQAV2AwSN4Bq/gzXqyXqx362PWWrOqmX3wB9bnD4EBmA4=</latexit><latexit sha1_base64="BdTKOt2T2/AhUxqL/B73JJjLpe8=">AAACA3icbVBNS8NAEN3Ur1q/ot70slgETyURQY9FLx4r2FZpQthsNu3S3U3Y3QghBLz4V7x4UMSrf8Kb/8Ztm4O2Phh4vDfDzLwwZVRpx/m2akvLK6tr9fXGxubW9o69u9dTSSYx6eKEJfIuRIowKkhXU83IXSoJ4iEj/XB8NfH7D0QqmohbnafE52goaEwx0kYK7IM8ENBTGuGxJKygNCoLT1FewvvAbjotZwq4SNyKNEGFTmB/eVGCM06ExgwpNXCdVPsFkppiRsqGlymSmkVoSAaGCsSJ8ovpDyU8NkoE40SaEhpO1d8TBeJK5Tw0nRzpkZr3JuJ/3iDT8YVfUJFmmgg8WxRnDOoETgKBEZUEa5YbgrCk5laIR0girE1sDROCO//yIumdtlyn5d6cNduXVRx1cAiOwAlwwTlog2vQAV2AwSN4Bq/gzXqyXqx362PWWrOqmX3wB9bnD4EBmA4=</latexit>

• Observe

• MFVB:

min⌘ f(⌘) := EY f(Y, ⌘)
<latexit sha1_base64="MNl2hhgvSz+PGE4IGfXao6Z2LmI="></latexit><latexit sha1_base64="8+sInliVQNhnKBGZsAe5XkcbLeU="></latexit><latexit sha1_base64="8+sInliVQNhnKBGZsAe5XkcbLeU="></latexit><latexit sha1_base64="CxSA/NtG5du9cjXIay03oNXaZwA=">AAACGXicbVDLSsNAFJ3UV62vqEs3g0WoICVxowhCUQSXFeyLpoTJdNIOnUzCzEQoIb/hxl9x40IRl7ryb5ykWWjrgWEO59zLvfd4EaNSWda3UVpaXlldK69XNja3tnfM3b22DGOBSQuHLBRdD0nCKCctRRUj3UgQFHiMdLzJdeZ3HoiQNOT3ahqRQYBGnPoUI6Ul17ScgHI3cYhCKfRr2X8MLy6hEyA19rzkJnWTXub0TmBuumbVqls54CKxC1IFBZqu+ekMQxwHhCvMkJR924rUIEFCUcxIWnFiSSKEJ2hE+ppyFBA5SPLLUniklSH0Q6EfVzBXf3ckKJByGni6MltYznuZ+J/Xj5V/Pkgoj2JFOJ4N8mMGVQizmOCQCoIVm2qCsKB6V4jHSCCsdJgVHYI9f/IiaZ/Wbatu39nVxlURRxkcgENQAzY4Aw1wC5qgBTB4BM/gFbwZT8aL8W58zEpLRtGzD/7A+PoBBZ2fAg==</latexit>

min⌘ N�1
PN

n=1 f(yn, ⌘)
<latexit sha1_base64="WkZloljWLcIGXxgPxl1sfgNzch4="></latexit><latexit sha1_base64="IbvxSD0/YmHWs6Y7PmA8vYvHT3w="></latexit><latexit sha1_base64="IbvxSD0/YmHWs6Y7PmA8vYvHT3w="></latexit><latexit sha1_base64="qeJGZMR3DkYIeSpjFkWv+GcguUM=">AAACF3icbVDLSgMxFM3UV62vqks3wSJU0DJxoxuh6MZVqWAf0GmHTJppQ5PMkGSEMsxfuPFX3LhQxK3u/BvTx0KrBwKHc87l5p4g5kwb1/1yckvLK6tr+fXCxubW9k5xd6+po0QR2iARj1Q7wJpyJmnDMMNpO1YUi4DTVjC6nvite6o0i+SdGce0K/BAspARbKzkFyueYNJPPWpwBmu99BRl0NOJ8FN5ibJeWstgWB778gROIsd+seRW3CngX4LmpATmqPvFT68fkURQaQjHWneQG5tuipVhhNOs4CWaxpiM8IB2LJVYUN1Np3dl8MgqfRhGyj5p4FT9OZFiofVYBDYpsBnqRW8i/ud1EhNedFMm48RQSWaLwoRDE8FJSbDPFCWGjy3BRDH7V0iGWGFibJUFWwJaPPkvaZ5VkFtBt6hUvZrXkQcH4BCUAQLnoApuQB00AAEP4Am8gFfn0Xl23pz3WTTnzGf2wS84H99ws57K</latexit>

⌘(t) = ⌘(t�1) � ⇢tr⌘

h
N�1

PN
n=1 f(yn, ⌘)

i

⌘=⌘(t)
<latexit sha1_base64="3ufooJuMEXH0NvzjQVJ/y9d5AD8="></latexit><latexit sha1_base64="r9kyY2zIjhM73yDfVGMWHmTrvAY="></latexit><latexit sha1_base64="r9kyY2zIjhM73yDfVGMWHmTrvAY="></latexit><latexit sha1_base64="fRU0QqMYkpz1uZAcsSLfKaNAa94="></latexit>

min

⌘:q⌘2QMFVB

�Eq⌘ log
p(✓, y1:N )

q⌘(✓)
d✓

<latexit sha1_base64="PrK/7yXNP42VAidiNJmqPQ1TfWA="></latexit><latexit sha1_base64="PrK/7yXNP42VAidiNJmqPQ1TfWA="></latexit><latexit sha1_base64="PrK/7yXNP42VAidiNJmqPQ1TfWA="></latexit><latexit sha1_base64="PrK/7yXNP42VAidiNJmqPQ1TfWA="></latexit>



Stochastic gradient descent (SGD)

• Recall: Stochastic gradient 
• Goal: 

• One option: 
• GD: 
• SGD:

yn
iid⇠ Y

<latexit sha1_base64="BdTKOt2T2/AhUxqL/B73JJjLpe8=">AAACA3icbVBNS8NAEN3Ur1q/ot70slgETyURQY9FLx4r2FZpQthsNu3S3U3Y3QghBLz4V7x4UMSrf8Kb/8Ztm4O2Phh4vDfDzLwwZVRpx/m2akvLK6tr9fXGxubW9o69u9dTSSYx6eKEJfIuRIowKkhXU83IXSoJ4iEj/XB8NfH7D0QqmohbnafE52goaEwx0kYK7IM8ENBTGuGxJKygNCoLT1FewvvAbjotZwq4SNyKNEGFTmB/eVGCM06ExgwpNXCdVPsFkppiRsqGlymSmkVoSAaGCsSJ8ovpDyU8NkoE40SaEhpO1d8TBeJK5Tw0nRzpkZr3JuJ/3iDT8YVfUJFmmgg8WxRnDOoETgKBEZUEa5YbgrCk5laIR0girE1sDROCO//yIumdtlyn5d6cNduXVRx1cAiOwAlwwTlog2vQAV2AwSN4Bq/gzXqyXqx362PWWrOqmX3wB9bnD4EBmA4=</latexit><latexit sha1_base64="BdTKOt2T2/AhUxqL/B73JJjLpe8=">AAACA3icbVBNS8NAEN3Ur1q/ot70slgETyURQY9FLx4r2FZpQthsNu3S3U3Y3QghBLz4V7x4UMSrf8Kb/8Ztm4O2Phh4vDfDzLwwZVRpx/m2akvLK6tr9fXGxubW9o69u9dTSSYx6eKEJfIuRIowKkhXU83IXSoJ4iEj/XB8NfH7D0QqmohbnafE52goaEwx0kYK7IM8ENBTGuGxJKygNCoLT1FewvvAbjotZwq4SNyKNEGFTmB/eVGCM06ExgwpNXCdVPsFkppiRsqGlymSmkVoSAaGCsSJ8ovpDyU8NkoE40SaEhpO1d8TBeJK5Tw0nRzpkZr3JuJ/3iDT8YVfUJFmmgg8WxRnDOoETgKBEZUEa5YbgrCk5laIR0girE1sDROCO//yIumdtlyn5d6cNduXVRx1cAiOwAlwwTlog2vQAV2AwSN4Bq/gzXqyXqx362PWWrOqmX3wB9bnD4EBmA4=</latexit><latexit sha1_base64="BdTKOt2T2/AhUxqL/B73JJjLpe8=">AAACA3icbVBNS8NAEN3Ur1q/ot70slgETyURQY9FLx4r2FZpQthsNu3S3U3Y3QghBLz4V7x4UMSrf8Kb/8Ztm4O2Phh4vDfDzLwwZVRpx/m2akvLK6tr9fXGxubW9o69u9dTSSYx6eKEJfIuRIowKkhXU83IXSoJ4iEj/XB8NfH7D0QqmohbnafE52goaEwx0kYK7IM8ENBTGuGxJKygNCoLT1FewvvAbjotZwq4SNyKNEGFTmB/eVGCM06ExgwpNXCdVPsFkppiRsqGlymSmkVoSAaGCsSJ8ovpDyU8NkoE40SaEhpO1d8TBeJK5Tw0nRzpkZr3JuJ/3iDT8YVfUJFmmgg8WxRnDOoETgKBEZUEa5YbgrCk5laIR0girE1sDROCO//yIumdtlyn5d6cNduXVRx1cAiOwAlwwTlog2vQAV2AwSN4Bq/gzXqyXqx362PWWrOqmX3wB9bnD4EBmA4=</latexit><latexit sha1_base64="BdTKOt2T2/AhUxqL/B73JJjLpe8=">AAACA3icbVBNS8NAEN3Ur1q/ot70slgETyURQY9FLx4r2FZpQthsNu3S3U3Y3QghBLz4V7x4UMSrf8Kb/8Ztm4O2Phh4vDfDzLwwZVRpx/m2akvLK6tr9fXGxubW9o69u9dTSSYx6eKEJfIuRIowKkhXU83IXSoJ4iEj/XB8NfH7D0QqmohbnafE52goaEwx0kYK7IM8ENBTGuGxJKygNCoLT1FewvvAbjotZwq4SNyKNEGFTmB/eVGCM06ExgwpNXCdVPsFkppiRsqGlymSmkVoSAaGCsSJ8ovpDyU8NkoE40SaEhpO1d8TBeJK5Tw0nRzpkZr3JuJ/3iDT8YVfUJFmmgg8WxRnDOoETgKBEZUEa5YbgrCk5laIR0girE1sDROCO//yIumdtlyn5d6cNduXVRx1cAiOwAlwwTlog2vQAV2AwSN4Bq/gzXqyXqx362PWWrOqmX3wB9bnD4EBmA4=</latexit>

• Observe

• MFVB:

min⌘ f(⌘) := EY f(Y, ⌘)
<latexit sha1_base64="MNl2hhgvSz+PGE4IGfXao6Z2LmI="></latexit><latexit sha1_base64="8+sInliVQNhnKBGZsAe5XkcbLeU="></latexit><latexit sha1_base64="8+sInliVQNhnKBGZsAe5XkcbLeU="></latexit><latexit sha1_base64="CxSA/NtG5du9cjXIay03oNXaZwA=">AAACGXicbVDLSsNAFJ3UV62vqEs3g0WoICVxowhCUQSXFeyLpoTJdNIOnUzCzEQoIb/hxl9x40IRl7ryb5ykWWjrgWEO59zLvfd4EaNSWda3UVpaXlldK69XNja3tnfM3b22DGOBSQuHLBRdD0nCKCctRRUj3UgQFHiMdLzJdeZ3HoiQNOT3ahqRQYBGnPoUI6Ul17ScgHI3cYhCKfRr2X8MLy6hEyA19rzkJnWTXub0TmBuumbVqls54CKxC1IFBZqu+ekMQxwHhCvMkJR924rUIEFCUcxIWnFiSSKEJ2hE+ppyFBA5SPLLUniklSH0Q6EfVzBXf3ckKJByGni6MltYznuZ+J/Xj5V/Pkgoj2JFOJ4N8mMGVQizmOCQCoIVm2qCsKB6V4jHSCCsdJgVHYI9f/IiaZ/Wbatu39nVxlURRxkcgENQAzY4Aw1wC5qgBTB4BM/gFbwZT8aL8W58zEpLRtGzD/7A+PoBBZ2fAg==</latexit>

min⌘ N�1
PN

n=1 f(yn, ⌘)
<latexit sha1_base64="WkZloljWLcIGXxgPxl1sfgNzch4="></latexit><latexit sha1_base64="IbvxSD0/YmHWs6Y7PmA8vYvHT3w="></latexit><latexit sha1_base64="IbvxSD0/YmHWs6Y7PmA8vYvHT3w="></latexit><latexit sha1_base64="qeJGZMR3DkYIeSpjFkWv+GcguUM=">AAACF3icbVDLSgMxFM3UV62vqks3wSJU0DJxoxuh6MZVqWAf0GmHTJppQ5PMkGSEMsxfuPFX3LhQxK3u/BvTx0KrBwKHc87l5p4g5kwb1/1yckvLK6tr+fXCxubW9k5xd6+po0QR2iARj1Q7wJpyJmnDMMNpO1YUi4DTVjC6nvite6o0i+SdGce0K/BAspARbKzkFyueYNJPPWpwBmu99BRl0NOJ8FN5ibJeWstgWB778gROIsd+seRW3CngX4LmpATmqPvFT68fkURQaQjHWneQG5tuipVhhNOs4CWaxpiM8IB2LJVYUN1Np3dl8MgqfRhGyj5p4FT9OZFiofVYBDYpsBnqRW8i/ud1EhNedFMm48RQSWaLwoRDE8FJSbDPFCWGjy3BRDH7V0iGWGFibJUFWwJaPPkvaZ5VkFtBt6hUvZrXkQcH4BCUAQLnoApuQB00AAEP4Am8gFfn0Xl23pz3WTTnzGf2wS84H99ws57K</latexit>

⌘(t) = ⌘(t�1) � ⇢tr⌘

h
N�1

PN
n=1 f(yn, ⌘)

i

⌘=⌘(t)
<latexit sha1_base64="3ufooJuMEXH0NvzjQVJ/y9d5AD8="></latexit><latexit sha1_base64="r9kyY2zIjhM73yDfVGMWHmTrvAY="></latexit><latexit sha1_base64="r9kyY2zIjhM73yDfVGMWHmTrvAY="></latexit><latexit sha1_base64="fRU0QqMYkpz1uZAcsSLfKaNAa94="></latexit>

⌘(t) = ⌘(t�1) � ⇢t [r⌘f(yt, ⌘)]⌘=⌘(t)
<latexit sha1_base64="jcOztqTWOwPHgH3jJeyZrUw909Y="></latexit><latexit sha1_base64="6GN+qhyY3/rcR+ctkMCjAEf4h4w="></latexit><latexit sha1_base64="6GN+qhyY3/rcR+ctkMCjAEf4h4w="></latexit><latexit sha1_base64="9vRBryJa39Onvgc3TYqoW+iSwxY="></latexit>

min

⌘:q⌘2QMFVB

�Eq⌘ log
p(✓, y1:N )

q⌘(✓)
d✓

<latexit sha1_base64="PrK/7yXNP42VAidiNJmqPQ1TfWA="></latexit><latexit sha1_base64="PrK/7yXNP42VAidiNJmqPQ1TfWA="></latexit><latexit sha1_base64="PrK/7yXNP42VAidiNJmqPQ1TfWA="></latexit><latexit sha1_base64="PrK/7yXNP42VAidiNJmqPQ1TfWA="></latexit>



Stochastic gradient descent (SGD)

• Recall: Stochastic gradient 
• Goal: 

• One option: 
• GD: 
• SGD:  

• Can we apply SGD to our problem? Assume indep data

yn
iid⇠ Y

<latexit sha1_base64="BdTKOt2T2/AhUxqL/B73JJjLpe8=">AAACA3icbVBNS8NAEN3Ur1q/ot70slgETyURQY9FLx4r2FZpQthsNu3S3U3Y3QghBLz4V7x4UMSrf8Kb/8Ztm4O2Phh4vDfDzLwwZVRpx/m2akvLK6tr9fXGxubW9o69u9dTSSYx6eKEJfIuRIowKkhXU83IXSoJ4iEj/XB8NfH7D0QqmohbnafE52goaEwx0kYK7IM8ENBTGuGxJKygNCoLT1FewvvAbjotZwq4SNyKNEGFTmB/eVGCM06ExgwpNXCdVPsFkppiRsqGlymSmkVoSAaGCsSJ8ovpDyU8NkoE40SaEhpO1d8TBeJK5Tw0nRzpkZr3JuJ/3iDT8YVfUJFmmgg8WxRnDOoETgKBEZUEa5YbgrCk5laIR0girE1sDROCO//yIumdtlyn5d6cNduXVRx1cAiOwAlwwTlog2vQAV2AwSN4Bq/gzXqyXqx362PWWrOqmX3wB9bnD4EBmA4=</latexit><latexit sha1_base64="BdTKOt2T2/AhUxqL/B73JJjLpe8=">AAACA3icbVBNS8NAEN3Ur1q/ot70slgETyURQY9FLx4r2FZpQthsNu3S3U3Y3QghBLz4V7x4UMSrf8Kb/8Ztm4O2Phh4vDfDzLwwZVRpx/m2akvLK6tr9fXGxubW9o69u9dTSSYx6eKEJfIuRIowKkhXU83IXSoJ4iEj/XB8NfH7D0QqmohbnafE52goaEwx0kYK7IM8ENBTGuGxJKygNCoLT1FewvvAbjotZwq4SNyKNEGFTmB/eVGCM06ExgwpNXCdVPsFkppiRsqGlymSmkVoSAaGCsSJ8ovpDyU8NkoE40SaEhpO1d8TBeJK5Tw0nRzpkZr3JuJ/3iDT8YVfUJFmmgg8WxRnDOoETgKBEZUEa5YbgrCk5laIR0girE1sDROCO//yIumdtlyn5d6cNduXVRx1cAiOwAlwwTlog2vQAV2AwSN4Bq/gzXqyXqx362PWWrOqmX3wB9bnD4EBmA4=</latexit><latexit sha1_base64="BdTKOt2T2/AhUxqL/B73JJjLpe8=">AAACA3icbVBNS8NAEN3Ur1q/ot70slgETyURQY9FLx4r2FZpQthsNu3S3U3Y3QghBLz4V7x4UMSrf8Kb/8Ztm4O2Phh4vDfDzLwwZVRpx/m2akvLK6tr9fXGxubW9o69u9dTSSYx6eKEJfIuRIowKkhXU83IXSoJ4iEj/XB8NfH7D0QqmohbnafE52goaEwx0kYK7IM8ENBTGuGxJKygNCoLT1FewvvAbjotZwq4SNyKNEGFTmB/eVGCM06ExgwpNXCdVPsFkppiRsqGlymSmkVoSAaGCsSJ8ovpDyU8NkoE40SaEhpO1d8TBeJK5Tw0nRzpkZr3JuJ/3iDT8YVfUJFmmgg8WxRnDOoETgKBEZUEa5YbgrCk5laIR0girE1sDROCO//yIumdtlyn5d6cNduXVRx1cAiOwAlwwTlog2vQAV2AwSN4Bq/gzXqyXqx362PWWrOqmX3wB9bnD4EBmA4=</latexit><latexit sha1_base64="BdTKOt2T2/AhUxqL/B73JJjLpe8=">AAACA3icbVBNS8NAEN3Ur1q/ot70slgETyURQY9FLx4r2FZpQthsNu3S3U3Y3QghBLz4V7x4UMSrf8Kb/8Ztm4O2Phh4vDfDzLwwZVRpx/m2akvLK6tr9fXGxubW9o69u9dTSSYx6eKEJfIuRIowKkhXU83IXSoJ4iEj/XB8NfH7D0QqmohbnafE52goaEwx0kYK7IM8ENBTGuGxJKygNCoLT1FewvvAbjotZwq4SNyKNEGFTmB/eVGCM06ExgwpNXCdVPsFkppiRsqGlymSmkVoSAaGCsSJ8ovpDyU8NkoE40SaEhpO1d8TBeJK5Tw0nRzpkZr3JuJ/3iDT8YVfUJFmmgg8WxRnDOoETgKBEZUEa5YbgrCk5laIR0girE1sDROCO//yIumdtlyn5d6cNduXVRx1cAiOwAlwwTlog2vQAV2AwSN4Bq/gzXqyXqx362PWWrOqmX3wB9bnD4EBmA4=</latexit>

• Observe

• MFVB:

min⌘ f(⌘) := EY f(Y, ⌘)
<latexit sha1_base64="MNl2hhgvSz+PGE4IGfXao6Z2LmI="></latexit><latexit sha1_base64="8+sInliVQNhnKBGZsAe5XkcbLeU="></latexit><latexit sha1_base64="8+sInliVQNhnKBGZsAe5XkcbLeU="></latexit><latexit sha1_base64="CxSA/NtG5du9cjXIay03oNXaZwA=">AAACGXicbVDLSsNAFJ3UV62vqEs3g0WoICVxowhCUQSXFeyLpoTJdNIOnUzCzEQoIb/hxl9x40IRl7ryb5ykWWjrgWEO59zLvfd4EaNSWda3UVpaXlldK69XNja3tnfM3b22DGOBSQuHLBRdD0nCKCctRRUj3UgQFHiMdLzJdeZ3HoiQNOT3ahqRQYBGnPoUI6Ul17ScgHI3cYhCKfRr2X8MLy6hEyA19rzkJnWTXub0TmBuumbVqls54CKxC1IFBZqu+ekMQxwHhCvMkJR924rUIEFCUcxIWnFiSSKEJ2hE+ppyFBA5SPLLUniklSH0Q6EfVzBXf3ckKJByGni6MltYznuZ+J/Xj5V/Pkgoj2JFOJ4N8mMGVQizmOCQCoIVm2qCsKB6V4jHSCCsdJgVHYI9f/IiaZ/Wbatu39nVxlURRxkcgENQAzY4Aw1wC5qgBTB4BM/gFbwZT8aL8W58zEpLRtGzD/7A+PoBBZ2fAg==</latexit>
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<latexit sha1_base64="WkZloljWLcIGXxgPxl1sfgNzch4="></latexit><latexit sha1_base64="IbvxSD0/YmHWs6Y7PmA8vYvHT3w="></latexit><latexit sha1_base64="IbvxSD0/YmHWs6Y7PmA8vYvHT3w="></latexit><latexit sha1_base64="qeJGZMR3DkYIeSpjFkWv+GcguUM=">AAACF3icbVDLSgMxFM3UV62vqks3wSJU0DJxoxuh6MZVqWAf0GmHTJppQ5PMkGSEMsxfuPFX3LhQxK3u/BvTx0KrBwKHc87l5p4g5kwb1/1yckvLK6tr+fXCxubW9k5xd6+po0QR2iARj1Q7wJpyJmnDMMNpO1YUi4DTVjC6nvite6o0i+SdGce0K/BAspARbKzkFyueYNJPPWpwBmu99BRl0NOJ8FN5ibJeWstgWB778gROIsd+seRW3CngX4LmpATmqPvFT68fkURQaQjHWneQG5tuipVhhNOs4CWaxpiM8IB2LJVYUN1Np3dl8MgqfRhGyj5p4FT9OZFiofVYBDYpsBnqRW8i/ud1EhNedFMm48RQSWaLwoRDE8FJSbDPFCWGjy3BRDH7V0iGWGFibJUFWwJaPPkvaZ5VkFtBt6hUvZrXkQcH4BCUAQLnoApuQB00AAEP4Am8gFfn0Xl23pz3WTTnzGf2wS84H99ws57K</latexit>
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<latexit sha1_base64="jcOztqTWOwPHgH3jJeyZrUw909Y="></latexit><latexit sha1_base64="6GN+qhyY3/rcR+ctkMCjAEf4h4w="></latexit><latexit sha1_base64="6GN+qhyY3/rcR+ctkMCjAEf4h4w="></latexit><latexit sha1_base64="9vRBryJa39Onvgc3TYqoW+iSwxY="></latexit>
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Stochastic gradient descent (SGD)

• Recall: Stochastic gradient 
• Goal: 

• One option: 
• GD: 
• SGD:  

• Can we apply SGD to our problem? Assume indep data
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<latexit sha1_base64="BdTKOt2T2/AhUxqL/B73JJjLpe8=">AAACA3icbVBNS8NAEN3Ur1q/ot70slgETyURQY9FLx4r2FZpQthsNu3S3U3Y3QghBLz4V7x4UMSrf8Kb/8Ztm4O2Phh4vDfDzLwwZVRpx/m2akvLK6tr9fXGxubW9o69u9dTSSYx6eKEJfIuRIowKkhXU83IXSoJ4iEj/XB8NfH7D0QqmohbnafE52goaEwx0kYK7IM8ENBTGuGxJKygNCoLT1FewvvAbjotZwq4SNyKNEGFTmB/eVGCM06ExgwpNXCdVPsFkppiRsqGlymSmkVoSAaGCsSJ8ovpDyU8NkoE40SaEhpO1d8TBeJK5Tw0nRzpkZr3JuJ/3iDT8YVfUJFmmgg8WxRnDOoETgKBEZUEa5YbgrCk5laIR0girE1sDROCO//yIumdtlyn5d6cNduXVRx1cAiOwAlwwTlog2vQAV2AwSN4Bq/gzXqyXqx362PWWrOqmX3wB9bnD4EBmA4=</latexit><latexit sha1_base64="BdTKOt2T2/AhUxqL/B73JJjLpe8=">AAACA3icbVBNS8NAEN3Ur1q/ot70slgETyURQY9FLx4r2FZpQthsNu3S3U3Y3QghBLz4V7x4UMSrf8Kb/8Ztm4O2Phh4vDfDzLwwZVRpx/m2akvLK6tr9fXGxubW9o69u9dTSSYx6eKEJfIuRIowKkhXU83IXSoJ4iEj/XB8NfH7D0QqmohbnafE52goaEwx0kYK7IM8ENBTGuGxJKygNCoLT1FewvvAbjotZwq4SNyKNEGFTmB/eVGCM06ExgwpNXCdVPsFkppiRsqGlymSmkVoSAaGCsSJ8ovpDyU8NkoE40SaEhpO1d8TBeJK5Tw0nRzpkZr3JuJ/3iDT8YVfUJFmmgg8WxRnDOoETgKBEZUEa5YbgrCk5laIR0girE1sDROCO//yIumdtlyn5d6cNduXVRx1cAiOwAlwwTlog2vQAV2AwSN4Bq/gzXqyXqx362PWWrOqmX3wB9bnD4EBmA4=</latexit><latexit sha1_base64="BdTKOt2T2/AhUxqL/B73JJjLpe8=">AAACA3icbVBNS8NAEN3Ur1q/ot70slgETyURQY9FLx4r2FZpQthsNu3S3U3Y3QghBLz4V7x4UMSrf8Kb/8Ztm4O2Phh4vDfDzLwwZVRpx/m2akvLK6tr9fXGxubW9o69u9dTSSYx6eKEJfIuRIowKkhXU83IXSoJ4iEj/XB8NfH7D0QqmohbnafE52goaEwx0kYK7IM8ENBTGuGxJKygNCoLT1FewvvAbjotZwq4SNyKNEGFTmB/eVGCM06ExgwpNXCdVPsFkppiRsqGlymSmkVoSAaGCsSJ8ovpDyU8NkoE40SaEhpO1d8TBeJK5Tw0nRzpkZr3JuJ/3iDT8YVfUJFmmgg8WxRnDOoETgKBEZUEa5YbgrCk5laIR0girE1sDROCO//yIumdtlyn5d6cNduXVRx1cAiOwAlwwTlog2vQAV2AwSN4Bq/gzXqyXqx362PWWrOqmX3wB9bnD4EBmA4=</latexit><latexit sha1_base64="BdTKOt2T2/AhUxqL/B73JJjLpe8=">AAACA3icbVBNS8NAEN3Ur1q/ot70slgETyURQY9FLx4r2FZpQthsNu3S3U3Y3QghBLz4V7x4UMSrf8Kb/8Ztm4O2Phh4vDfDzLwwZVRpx/m2akvLK6tr9fXGxubW9o69u9dTSSYx6eKEJfIuRIowKkhXU83IXSoJ4iEj/XB8NfH7D0QqmohbnafE52goaEwx0kYK7IM8ENBTGuGxJKygNCoLT1FewvvAbjotZwq4SNyKNEGFTmB/eVGCM06ExgwpNXCdVPsFkppiRsqGlymSmkVoSAaGCsSJ8ovpDyU8NkoE40SaEhpO1d8TBeJK5Tw0nRzpkZr3JuJ/3iDT8YVfUJFmmgg8WxRnDOoETgKBEZUEa5YbgrCk5laIR0girE1sDROCO//yIumdtlyn5d6cNduXVRx1cAiOwAlwwTlog2vQAV2AwSN4Bq/gzXqyXqx362PWWrOqmX3wB9bnD4EBmA4=</latexit>

• Observe

• MFVB:

min⌘ f(⌘) := EY f(Y, ⌘)
<latexit sha1_base64="MNl2hhgvSz+PGE4IGfXao6Z2LmI="></latexit><latexit sha1_base64="8+sInliVQNhnKBGZsAe5XkcbLeU="></latexit><latexit sha1_base64="8+sInliVQNhnKBGZsAe5XkcbLeU="></latexit><latexit sha1_base64="CxSA/NtG5du9cjXIay03oNXaZwA=">AAACGXicbVDLSsNAFJ3UV62vqEs3g0WoICVxowhCUQSXFeyLpoTJdNIOnUzCzEQoIb/hxl9x40IRl7ryb5ykWWjrgWEO59zLvfd4EaNSWda3UVpaXlldK69XNja3tnfM3b22DGOBSQuHLBRdD0nCKCctRRUj3UgQFHiMdLzJdeZ3HoiQNOT3ahqRQYBGnPoUI6Ul17ScgHI3cYhCKfRr2X8MLy6hEyA19rzkJnWTXub0TmBuumbVqls54CKxC1IFBZqu+ekMQxwHhCvMkJR924rUIEFCUcxIWnFiSSKEJ2hE+ppyFBA5SPLLUniklSH0Q6EfVzBXf3ckKJByGni6MltYznuZ+J/Xj5V/Pkgoj2JFOJ4N8mMGVQizmOCQCoIVm2qCsKB6V4jHSCCsdJgVHYI9f/IiaZ/Wbatu39nVxlURRxkcgENQAzY4Aw1wC5qgBTB4BM/gFbwZT8aL8W58zEpLRtGzD/7A+PoBBZ2fAg==</latexit>

min⌘ N�1
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n=1 f(yn, ⌘)
<latexit sha1_base64="WkZloljWLcIGXxgPxl1sfgNzch4="></latexit><latexit sha1_base64="IbvxSD0/YmHWs6Y7PmA8vYvHT3w="></latexit><latexit sha1_base64="IbvxSD0/YmHWs6Y7PmA8vYvHT3w="></latexit><latexit sha1_base64="qeJGZMR3DkYIeSpjFkWv+GcguUM=">AAACF3icbVDLSgMxFM3UV62vqks3wSJU0DJxoxuh6MZVqWAf0GmHTJppQ5PMkGSEMsxfuPFX3LhQxK3u/BvTx0KrBwKHc87l5p4g5kwb1/1yckvLK6tr+fXCxubW9k5xd6+po0QR2iARj1Q7wJpyJmnDMMNpO1YUi4DTVjC6nvite6o0i+SdGce0K/BAspARbKzkFyueYNJPPWpwBmu99BRl0NOJ8FN5ibJeWstgWB778gROIsd+seRW3CngX4LmpATmqPvFT68fkURQaQjHWneQG5tuipVhhNOs4CWaxpiM8IB2LJVYUN1Np3dl8MgqfRhGyj5p4FT9OZFiofVYBDYpsBnqRW8i/ud1EhNedFMm48RQSWaLwoRDE8FJSbDPFCWGjy3BRDH7V0iGWGFibJUFWwJaPPkvaZ5VkFtBt6hUvZrXkQcH4BCUAQLnoApuQB00AAEP4Am8gFfn0Xl23pz3WTTnzGf2wS84H99ws57K</latexit>
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<latexit sha1_base64="3ufooJuMEXH0NvzjQVJ/y9d5AD8="></latexit><latexit sha1_base64="r9kyY2zIjhM73yDfVGMWHmTrvAY="></latexit><latexit sha1_base64="r9kyY2zIjhM73yDfVGMWHmTrvAY="></latexit><latexit sha1_base64="fRU0QqMYkpz1uZAcsSLfKaNAa94="></latexit>

⌘(t) = ⌘(t�1) � ⇢t [r⌘f(yt, ⌘)]⌘=⌘(t)
<latexit sha1_base64="jcOztqTWOwPHgH3jJeyZrUw909Y="></latexit><latexit sha1_base64="6GN+qhyY3/rcR+ctkMCjAEf4h4w="></latexit><latexit sha1_base64="6GN+qhyY3/rcR+ctkMCjAEf4h4w="></latexit><latexit sha1_base64="9vRBryJa39Onvgc3TYqoW+iSwxY="></latexit>
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<latexit sha1_base64="PrK/7yXNP42VAidiNJmqPQ1TfWA="></latexit><latexit sha1_base64="PrK/7yXNP42VAidiNJmqPQ1TfWA="></latexit><latexit sha1_base64="PrK/7yXNP42VAidiNJmqPQ1TfWA="></latexit><latexit sha1_base64="PrK/7yXNP42VAidiNJmqPQ1TfWA="></latexit>



Stochastic gradient descent (SGD)

• Recall: Stochastic gradient 
• Goal: 

• One option: 
• GD: 
• SGD:  

• Can we apply SGD to our problem? Assume indep data

yn
iid⇠ Y

<latexit sha1_base64="BdTKOt2T2/AhUxqL/B73JJjLpe8=">AAACA3icbVBNS8NAEN3Ur1q/ot70slgETyURQY9FLx4r2FZpQthsNu3S3U3Y3QghBLz4V7x4UMSrf8Kb/8Ztm4O2Phh4vDfDzLwwZVRpx/m2akvLK6tr9fXGxubW9o69u9dTSSYx6eKEJfIuRIowKkhXU83IXSoJ4iEj/XB8NfH7D0QqmohbnafE52goaEwx0kYK7IM8ENBTGuGxJKygNCoLT1FewvvAbjotZwq4SNyKNEGFTmB/eVGCM06ExgwpNXCdVPsFkppiRsqGlymSmkVoSAaGCsSJ8ovpDyU8NkoE40SaEhpO1d8TBeJK5Tw0nRzpkZr3JuJ/3iDT8YVfUJFmmgg8WxRnDOoETgKBEZUEa5YbgrCk5laIR0girE1sDROCO//yIumdtlyn5d6cNduXVRx1cAiOwAlwwTlog2vQAV2AwSN4Bq/gzXqyXqx362PWWrOqmX3wB9bnD4EBmA4=</latexit><latexit sha1_base64="BdTKOt2T2/AhUxqL/B73JJjLpe8=">AAACA3icbVBNS8NAEN3Ur1q/ot70slgETyURQY9FLx4r2FZpQthsNu3S3U3Y3QghBLz4V7x4UMSrf8Kb/8Ztm4O2Phh4vDfDzLwwZVRpx/m2akvLK6tr9fXGxubW9o69u9dTSSYx6eKEJfIuRIowKkhXU83IXSoJ4iEj/XB8NfH7D0QqmohbnafE52goaEwx0kYK7IM8ENBTGuGxJKygNCoLT1FewvvAbjotZwq4SNyKNEGFTmB/eVGCM06ExgwpNXCdVPsFkppiRsqGlymSmkVoSAaGCsSJ8ovpDyU8NkoE40SaEhpO1d8TBeJK5Tw0nRzpkZr3JuJ/3iDT8YVfUJFmmgg8WxRnDOoETgKBEZUEa5YbgrCk5laIR0girE1sDROCO//yIumdtlyn5d6cNduXVRx1cAiOwAlwwTlog2vQAV2AwSN4Bq/gzXqyXqx362PWWrOqmX3wB9bnD4EBmA4=</latexit><latexit sha1_base64="BdTKOt2T2/AhUxqL/B73JJjLpe8=">AAACA3icbVBNS8NAEN3Ur1q/ot70slgETyURQY9FLx4r2FZpQthsNu3S3U3Y3QghBLz4V7x4UMSrf8Kb/8Ztm4O2Phh4vDfDzLwwZVRpx/m2akvLK6tr9fXGxubW9o69u9dTSSYx6eKEJfIuRIowKkhXU83IXSoJ4iEj/XB8NfH7D0QqmohbnafE52goaEwx0kYK7IM8ENBTGuGxJKygNCoLT1FewvvAbjotZwq4SNyKNEGFTmB/eVGCM06ExgwpNXCdVPsFkppiRsqGlymSmkVoSAaGCsSJ8ovpDyU8NkoE40SaEhpO1d8TBeJK5Tw0nRzpkZr3JuJ/3iDT8YVfUJFmmgg8WxRnDOoETgKBEZUEa5YbgrCk5laIR0girE1sDROCO//yIumdtlyn5d6cNduXVRx1cAiOwAlwwTlog2vQAV2AwSN4Bq/gzXqyXqx362PWWrOqmX3wB9bnD4EBmA4=</latexit><latexit sha1_base64="BdTKOt2T2/AhUxqL/B73JJjLpe8=">AAACA3icbVBNS8NAEN3Ur1q/ot70slgETyURQY9FLx4r2FZpQthsNu3S3U3Y3QghBLz4V7x4UMSrf8Kb/8Ztm4O2Phh4vDfDzLwwZVRpx/m2akvLK6tr9fXGxubW9o69u9dTSSYx6eKEJfIuRIowKkhXU83IXSoJ4iEj/XB8NfH7D0QqmohbnafE52goaEwx0kYK7IM8ENBTGuGxJKygNCoLT1FewvvAbjotZwq4SNyKNEGFTmB/eVGCM06ExgwpNXCdVPsFkppiRsqGlymSmkVoSAaGCsSJ8ovpDyU8NkoE40SaEhpO1d8TBeJK5Tw0nRzpkZr3JuJ/3iDT8YVfUJFmmgg8WxRnDOoETgKBEZUEa5YbgrCk5laIR0girE1sDROCO//yIumdtlyn5d6cNduXVRx1cAiOwAlwwTlog2vQAV2AwSN4Bq/gzXqyXqx362PWWrOqmX3wB9bnD4EBmA4=</latexit>

• Observe
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min⌘ f(⌘) := EY f(Y, ⌘)
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⌘(t) = ⌘(t�1) � ⇢t [r⌘f(yt, ⌘)]⌘=⌘(t)
<latexit sha1_base64="jcOztqTWOwPHgH3jJeyZrUw909Y="></latexit><latexit sha1_base64="6GN+qhyY3/rcR+ctkMCjAEf4h4w="></latexit><latexit sha1_base64="6GN+qhyY3/rcR+ctkMCjAEf4h4w="></latexit><latexit sha1_base64="9vRBryJa39Onvgc3TYqoW+iSwxY="></latexit>

min

⌘:q⌘2QMFVB

�Eq⌘ log

"
NY

n=1

p(yn|✓)
p(✓)

q⌘(✓)

#
d✓

<latexit sha1_base64="KV8+0xH879cSGWmOpQMA4h7ojDI="></latexit><latexit sha1_base64="KV8+0xH879cSGWmOpQMA4h7ojDI="></latexit><latexit sha1_base64="KV8+0xH879cSGWmOpQMA4h7ojDI="></latexit><latexit sha1_base64="KV8+0xH879cSGWmOpQMA4h7ojDI="></latexit>



Stochastic gradient descent (SGD)

• Recall: Stochastic gradient 
• Goal: 

• One option: 
• GD: 
• SGD:  

• Can we apply SGD to our problem? Assume indep data
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<latexit sha1_base64="BdTKOt2T2/AhUxqL/B73JJjLpe8=">AAACA3icbVBNS8NAEN3Ur1q/ot70slgETyURQY9FLx4r2FZpQthsNu3S3U3Y3QghBLz4V7x4UMSrf8Kb/8Ztm4O2Phh4vDfDzLwwZVRpx/m2akvLK6tr9fXGxubW9o69u9dTSSYx6eKEJfIuRIowKkhXU83IXSoJ4iEj/XB8NfH7D0QqmohbnafE52goaEwx0kYK7IM8ENBTGuGxJKygNCoLT1FewvvAbjotZwq4SNyKNEGFTmB/eVGCM06ExgwpNXCdVPsFkppiRsqGlymSmkVoSAaGCsSJ8ovpDyU8NkoE40SaEhpO1d8TBeJK5Tw0nRzpkZr3JuJ/3iDT8YVfUJFmmgg8WxRnDOoETgKBEZUEa5YbgrCk5laIR0girE1sDROCO//yIumdtlyn5d6cNduXVRx1cAiOwAlwwTlog2vQAV2AwSN4Bq/gzXqyXqx362PWWrOqmX3wB9bnD4EBmA4=</latexit><latexit sha1_base64="BdTKOt2T2/AhUxqL/B73JJjLpe8=">AAACA3icbVBNS8NAEN3Ur1q/ot70slgETyURQY9FLx4r2FZpQthsNu3S3U3Y3QghBLz4V7x4UMSrf8Kb/8Ztm4O2Phh4vDfDzLwwZVRpx/m2akvLK6tr9fXGxubW9o69u9dTSSYx6eKEJfIuRIowKkhXU83IXSoJ4iEj/XB8NfH7D0QqmohbnafE52goaEwx0kYK7IM8ENBTGuGxJKygNCoLT1FewvvAbjotZwq4SNyKNEGFTmB/eVGCM06ExgwpNXCdVPsFkppiRsqGlymSmkVoSAaGCsSJ8ovpDyU8NkoE40SaEhpO1d8TBeJK5Tw0nRzpkZr3JuJ/3iDT8YVfUJFmmgg8WxRnDOoETgKBEZUEa5YbgrCk5laIR0girE1sDROCO//yIumdtlyn5d6cNduXVRx1cAiOwAlwwTlog2vQAV2AwSN4Bq/gzXqyXqx362PWWrOqmX3wB9bnD4EBmA4=</latexit><latexit sha1_base64="BdTKOt2T2/AhUxqL/B73JJjLpe8=">AAACA3icbVBNS8NAEN3Ur1q/ot70slgETyURQY9FLx4r2FZpQthsNu3S3U3Y3QghBLz4V7x4UMSrf8Kb/8Ztm4O2Phh4vDfDzLwwZVRpx/m2akvLK6tr9fXGxubW9o69u9dTSSYx6eKEJfIuRIowKkhXU83IXSoJ4iEj/XB8NfH7D0QqmohbnafE52goaEwx0kYK7IM8ENBTGuGxJKygNCoLT1FewvvAbjotZwq4SNyKNEGFTmB/eVGCM06ExgwpNXCdVPsFkppiRsqGlymSmkVoSAaGCsSJ8ovpDyU8NkoE40SaEhpO1d8TBeJK5Tw0nRzpkZr3JuJ/3iDT8YVfUJFmmgg8WxRnDOoETgKBEZUEa5YbgrCk5laIR0girE1sDROCO//yIumdtlyn5d6cNduXVRx1cAiOwAlwwTlog2vQAV2AwSN4Bq/gzXqyXqx362PWWrOqmX3wB9bnD4EBmA4=</latexit><latexit sha1_base64="BdTKOt2T2/AhUxqL/B73JJjLpe8=">AAACA3icbVBNS8NAEN3Ur1q/ot70slgETyURQY9FLx4r2FZpQthsNu3S3U3Y3QghBLz4V7x4UMSrf8Kb/8Ztm4O2Phh4vDfDzLwwZVRpx/m2akvLK6tr9fXGxubW9o69u9dTSSYx6eKEJfIuRIowKkhXU83IXSoJ4iEj/XB8NfH7D0QqmohbnafE52goaEwx0kYK7IM8ENBTGuGxJKygNCoLT1FewvvAbjotZwq4SNyKNEGFTmB/eVGCM06ExgwpNXCdVPsFkppiRsqGlymSmkVoSAaGCsSJ8ovpDyU8NkoE40SaEhpO1d8TBeJK5Tw0nRzpkZr3JuJ/3iDT8YVfUJFmmgg8WxRnDOoETgKBEZUEa5YbgrCk5laIR0girE1sDROCO//yIumdtlyn5d6cNduXVRx1cAiOwAlwwTlog2vQAV2AwSN4Bq/gzXqyXqx362PWWrOqmX3wB9bnD4EBmA4=</latexit>
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<latexit sha1_base64="MNl2hhgvSz+PGE4IGfXao6Z2LmI="></latexit><latexit sha1_base64="8+sInliVQNhnKBGZsAe5XkcbLeU="></latexit><latexit sha1_base64="8+sInliVQNhnKBGZsAe5XkcbLeU="></latexit><latexit sha1_base64="CxSA/NtG5du9cjXIay03oNXaZwA=">AAACGXicbVDLSsNAFJ3UV62vqEs3g0WoICVxowhCUQSXFeyLpoTJdNIOnUzCzEQoIb/hxl9x40IRl7ryb5ykWWjrgWEO59zLvfd4EaNSWda3UVpaXlldK69XNja3tnfM3b22DGOBSQuHLBRdD0nCKCctRRUj3UgQFHiMdLzJdeZ3HoiQNOT3ahqRQYBGnPoUI6Ul17ScgHI3cYhCKfRr2X8MLy6hEyA19rzkJnWTXub0TmBuumbVqls54CKxC1IFBZqu+ekMQxwHhCvMkJR924rUIEFCUcxIWnFiSSKEJ2hE+ppyFBA5SPLLUniklSH0Q6EfVzBXf3ckKJByGni6MltYznuZ+J/Xj5V/Pkgoj2JFOJ4N8mMGVQizmOCQCoIVm2qCsKB6V4jHSCCsdJgVHYI9f/IiaZ/Wbatu39nVxlURRxkcgENQAzY4Aw1wC5qgBTB4BM/gFbwZT8aL8W58zEpLRtGzD/7A+PoBBZ2fAg==</latexit>
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<latexit sha1_base64="WkZloljWLcIGXxgPxl1sfgNzch4="></latexit><latexit sha1_base64="IbvxSD0/YmHWs6Y7PmA8vYvHT3w="></latexit><latexit sha1_base64="IbvxSD0/YmHWs6Y7PmA8vYvHT3w="></latexit><latexit sha1_base64="qeJGZMR3DkYIeSpjFkWv+GcguUM=">AAACF3icbVDLSgMxFM3UV62vqks3wSJU0DJxoxuh6MZVqWAf0GmHTJppQ5PMkGSEMsxfuPFX3LhQxK3u/BvTx0KrBwKHc87l5p4g5kwb1/1yckvLK6tr+fXCxubW9k5xd6+po0QR2iARj1Q7wJpyJmnDMMNpO1YUi4DTVjC6nvite6o0i+SdGce0K/BAspARbKzkFyueYNJPPWpwBmu99BRl0NOJ8FN5ibJeWstgWB778gROIsd+seRW3CngX4LmpATmqPvFT68fkURQaQjHWneQG5tuipVhhNOs4CWaxpiM8IB2LJVYUN1Np3dl8MgqfRhGyj5p4FT9OZFiofVYBDYpsBnqRW8i/ud1EhNedFMm48RQSWaLwoRDE8FJSbDPFCWGjy3BRDH7V0iGWGFibJUFWwJaPPkvaZ5VkFtBt6hUvZrXkQcH4BCUAQLnoApuQB00AAEP4Am8gFfn0Xl23pz3WTTnzGf2wS84H99ws57K</latexit>
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Stochastic gradient descent (SGD)

• Recall: Stochastic gradient 
• Goal: 

• One option: 
• GD: 
• SGD:  

• Can we apply SGD to our problem? Assume indep data
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iid⇠ Y

<latexit sha1_base64="BdTKOt2T2/AhUxqL/B73JJjLpe8=">AAACA3icbVBNS8NAEN3Ur1q/ot70slgETyURQY9FLx4r2FZpQthsNu3S3U3Y3QghBLz4V7x4UMSrf8Kb/8Ztm4O2Phh4vDfDzLwwZVRpx/m2akvLK6tr9fXGxubW9o69u9dTSSYx6eKEJfIuRIowKkhXU83IXSoJ4iEj/XB8NfH7D0QqmohbnafE52goaEwx0kYK7IM8ENBTGuGxJKygNCoLT1FewvvAbjotZwq4SNyKNEGFTmB/eVGCM06ExgwpNXCdVPsFkppiRsqGlymSmkVoSAaGCsSJ8ovpDyU8NkoE40SaEhpO1d8TBeJK5Tw0nRzpkZr3JuJ/3iDT8YVfUJFmmgg8WxRnDOoETgKBEZUEa5YbgrCk5laIR0girE1sDROCO//yIumdtlyn5d6cNduXVRx1cAiOwAlwwTlog2vQAV2AwSN4Bq/gzXqyXqx362PWWrOqmX3wB9bnD4EBmA4=</latexit><latexit sha1_base64="BdTKOt2T2/AhUxqL/B73JJjLpe8=">AAACA3icbVBNS8NAEN3Ur1q/ot70slgETyURQY9FLx4r2FZpQthsNu3S3U3Y3QghBLz4V7x4UMSrf8Kb/8Ztm4O2Phh4vDfDzLwwZVRpx/m2akvLK6tr9fXGxubW9o69u9dTSSYx6eKEJfIuRIowKkhXU83IXSoJ4iEj/XB8NfH7D0QqmohbnafE52goaEwx0kYK7IM8ENBTGuGxJKygNCoLT1FewvvAbjotZwq4SNyKNEGFTmB/eVGCM06ExgwpNXCdVPsFkppiRsqGlymSmkVoSAaGCsSJ8ovpDyU8NkoE40SaEhpO1d8TBeJK5Tw0nRzpkZr3JuJ/3iDT8YVfUJFmmgg8WxRnDOoETgKBEZUEa5YbgrCk5laIR0girE1sDROCO//yIumdtlyn5d6cNduXVRx1cAiOwAlwwTlog2vQAV2AwSN4Bq/gzXqyXqx362PWWrOqmX3wB9bnD4EBmA4=</latexit><latexit sha1_base64="BdTKOt2T2/AhUxqL/B73JJjLpe8=">AAACA3icbVBNS8NAEN3Ur1q/ot70slgETyURQY9FLx4r2FZpQthsNu3S3U3Y3QghBLz4V7x4UMSrf8Kb/8Ztm4O2Phh4vDfDzLwwZVRpx/m2akvLK6tr9fXGxubW9o69u9dTSSYx6eKEJfIuRIowKkhXU83IXSoJ4iEj/XB8NfH7D0QqmohbnafE52goaEwx0kYK7IM8ENBTGuGxJKygNCoLT1FewvvAbjotZwq4SNyKNEGFTmB/eVGCM06ExgwpNXCdVPsFkppiRsqGlymSmkVoSAaGCsSJ8ovpDyU8NkoE40SaEhpO1d8TBeJK5Tw0nRzpkZr3JuJ/3iDT8YVfUJFmmgg8WxRnDOoETgKBEZUEa5YbgrCk5laIR0girE1sDROCO//yIumdtlyn5d6cNduXVRx1cAiOwAlwwTlog2vQAV2AwSN4Bq/gzXqyXqx362PWWrOqmX3wB9bnD4EBmA4=</latexit><latexit sha1_base64="BdTKOt2T2/AhUxqL/B73JJjLpe8=">AAACA3icbVBNS8NAEN3Ur1q/ot70slgETyURQY9FLx4r2FZpQthsNu3S3U3Y3QghBLz4V7x4UMSrf8Kb/8Ztm4O2Phh4vDfDzLwwZVRpx/m2akvLK6tr9fXGxubW9o69u9dTSSYx6eKEJfIuRIowKkhXU83IXSoJ4iEj/XB8NfH7D0QqmohbnafE52goaEwx0kYK7IM8ENBTGuGxJKygNCoLT1FewvvAbjotZwq4SNyKNEGFTmB/eVGCM06ExgwpNXCdVPsFkppiRsqGlymSmkVoSAaGCsSJ8ovpDyU8NkoE40SaEhpO1d8TBeJK5Tw0nRzpkZr3JuJ/3iDT8YVfUJFmmgg8WxRnDOoETgKBEZUEa5YbgrCk5laIR0girE1sDROCO//yIumdtlyn5d6cNduXVRx1cAiOwAlwwTlog2vQAV2AwSN4Bq/gzXqyXqx362PWWrOqmX3wB9bnD4EBmA4=</latexit>
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<latexit sha1_base64="3ufooJuMEXH0NvzjQVJ/y9d5AD8="></latexit><latexit sha1_base64="r9kyY2zIjhM73yDfVGMWHmTrvAY="></latexit><latexit sha1_base64="r9kyY2zIjhM73yDfVGMWHmTrvAY="></latexit><latexit sha1_base64="fRU0QqMYkpz1uZAcsSLfKaNAa94="></latexit>

⌘(t) = ⌘(t�1) � ⇢t [r⌘f(yt, ⌘)]⌘=⌘(t)
<latexit sha1_base64="jcOztqTWOwPHgH3jJeyZrUw909Y="></latexit><latexit sha1_base64="6GN+qhyY3/rcR+ctkMCjAEf4h4w="></latexit><latexit sha1_base64="6GN+qhyY3/rcR+ctkMCjAEf4h4w="></latexit><latexit sha1_base64="9vRBryJa39Onvgc3TYqoW+iSwxY="></latexit>
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Stochastic gradient descent (SGD)

• Recall: Stochastic gradient 
• Goal: 

• One option: 
• GD: 
• SGD:  

• Can we apply SGD to our problem? Assume indep data
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<latexit sha1_base64="BdTKOt2T2/AhUxqL/B73JJjLpe8=">AAACA3icbVBNS8NAEN3Ur1q/ot70slgETyURQY9FLx4r2FZpQthsNu3S3U3Y3QghBLz4V7x4UMSrf8Kb/8Ztm4O2Phh4vDfDzLwwZVRpx/m2akvLK6tr9fXGxubW9o69u9dTSSYx6eKEJfIuRIowKkhXU83IXSoJ4iEj/XB8NfH7D0QqmohbnafE52goaEwx0kYK7IM8ENBTGuGxJKygNCoLT1FewvvAbjotZwq4SNyKNEGFTmB/eVGCM06ExgwpNXCdVPsFkppiRsqGlymSmkVoSAaGCsSJ8ovpDyU8NkoE40SaEhpO1d8TBeJK5Tw0nRzpkZr3JuJ/3iDT8YVfUJFmmgg8WxRnDOoETgKBEZUEa5YbgrCk5laIR0girE1sDROCO//yIumdtlyn5d6cNduXVRx1cAiOwAlwwTlog2vQAV2AwSN4Bq/gzXqyXqx362PWWrOqmX3wB9bnD4EBmA4=</latexit><latexit sha1_base64="BdTKOt2T2/AhUxqL/B73JJjLpe8=">AAACA3icbVBNS8NAEN3Ur1q/ot70slgETyURQY9FLx4r2FZpQthsNu3S3U3Y3QghBLz4V7x4UMSrf8Kb/8Ztm4O2Phh4vDfDzLwwZVRpx/m2akvLK6tr9fXGxubW9o69u9dTSSYx6eKEJfIuRIowKkhXU83IXSoJ4iEj/XB8NfH7D0QqmohbnafE52goaEwx0kYK7IM8ENBTGuGxJKygNCoLT1FewvvAbjotZwq4SNyKNEGFTmB/eVGCM06ExgwpNXCdVPsFkppiRsqGlymSmkVoSAaGCsSJ8ovpDyU8NkoE40SaEhpO1d8TBeJK5Tw0nRzpkZr3JuJ/3iDT8YVfUJFmmgg8WxRnDOoETgKBEZUEa5YbgrCk5laIR0girE1sDROCO//yIumdtlyn5d6cNduXVRx1cAiOwAlwwTlog2vQAV2AwSN4Bq/gzXqyXqx362PWWrOqmX3wB9bnD4EBmA4=</latexit><latexit sha1_base64="BdTKOt2T2/AhUxqL/B73JJjLpe8=">AAACA3icbVBNS8NAEN3Ur1q/ot70slgETyURQY9FLx4r2FZpQthsNu3S3U3Y3QghBLz4V7x4UMSrf8Kb/8Ztm4O2Phh4vDfDzLwwZVRpx/m2akvLK6tr9fXGxubW9o69u9dTSSYx6eKEJfIuRIowKkhXU83IXSoJ4iEj/XB8NfH7D0QqmohbnafE52goaEwx0kYK7IM8ENBTGuGxJKygNCoLT1FewvvAbjotZwq4SNyKNEGFTmB/eVGCM06ExgwpNXCdVPsFkppiRsqGlymSmkVoSAaGCsSJ8ovpDyU8NkoE40SaEhpO1d8TBeJK5Tw0nRzpkZr3JuJ/3iDT8YVfUJFmmgg8WxRnDOoETgKBEZUEa5YbgrCk5laIR0girE1sDROCO//yIumdtlyn5d6cNduXVRx1cAiOwAlwwTlog2vQAV2AwSN4Bq/gzXqyXqx362PWWrOqmX3wB9bnD4EBmA4=</latexit><latexit sha1_base64="BdTKOt2T2/AhUxqL/B73JJjLpe8=">AAACA3icbVBNS8NAEN3Ur1q/ot70slgETyURQY9FLx4r2FZpQthsNu3S3U3Y3QghBLz4V7x4UMSrf8Kb/8Ztm4O2Phh4vDfDzLwwZVRpx/m2akvLK6tr9fXGxubW9o69u9dTSSYx6eKEJfIuRIowKkhXU83IXSoJ4iEj/XB8NfH7D0QqmohbnafE52goaEwx0kYK7IM8ENBTGuGxJKygNCoLT1FewvvAbjotZwq4SNyKNEGFTmB/eVGCM06ExgwpNXCdVPsFkppiRsqGlymSmkVoSAaGCsSJ8ovpDyU8NkoE40SaEhpO1d8TBeJK5Tw0nRzpkZr3JuJ/3iDT8YVfUJFmmgg8WxRnDOoETgKBEZUEa5YbgrCk5laIR0girE1sDROCO//yIumdtlyn5d6cNduXVRx1cAiOwAlwwTlog2vQAV2AwSN4Bq/gzXqyXqx362PWWrOqmX3wB9bnD4EBmA4=</latexit>

• Observe

• MFVB:

min⌘ f(⌘) := EY f(Y, ⌘)
<latexit sha1_base64="MNl2hhgvSz+PGE4IGfXao6Z2LmI="></latexit><latexit sha1_base64="8+sInliVQNhnKBGZsAe5XkcbLeU="></latexit><latexit sha1_base64="8+sInliVQNhnKBGZsAe5XkcbLeU="></latexit><latexit sha1_base64="CxSA/NtG5du9cjXIay03oNXaZwA=">AAACGXicbVDLSsNAFJ3UV62vqEs3g0WoICVxowhCUQSXFeyLpoTJdNIOnUzCzEQoIb/hxl9x40IRl7ryb5ykWWjrgWEO59zLvfd4EaNSWda3UVpaXlldK69XNja3tnfM3b22DGOBSQuHLBRdD0nCKCctRRUj3UgQFHiMdLzJdeZ3HoiQNOT3ahqRQYBGnPoUI6Ul17ScgHI3cYhCKfRr2X8MLy6hEyA19rzkJnWTXub0TmBuumbVqls54CKxC1IFBZqu+ekMQxwHhCvMkJR924rUIEFCUcxIWnFiSSKEJ2hE+ppyFBA5SPLLUniklSH0Q6EfVzBXf3ckKJByGni6MltYznuZ+J/Xj5V/Pkgoj2JFOJ4N8mMGVQizmOCQCoIVm2qCsKB6V4jHSCCsdJgVHYI9f/IiaZ/Wbatu39nVxlURRxkcgENQAzY4Aw1wC5qgBTB4BM/gFbwZT8aL8W58zEpLRtGzD/7A+PoBBZ2fAg==</latexit>

min⌘ N�1
PN

n=1 f(yn, ⌘)
<latexit sha1_base64="WkZloljWLcIGXxgPxl1sfgNzch4="></latexit><latexit sha1_base64="IbvxSD0/YmHWs6Y7PmA8vYvHT3w="></latexit><latexit sha1_base64="IbvxSD0/YmHWs6Y7PmA8vYvHT3w="></latexit><latexit sha1_base64="qeJGZMR3DkYIeSpjFkWv+GcguUM=">AAACF3icbVDLSgMxFM3UV62vqks3wSJU0DJxoxuh6MZVqWAf0GmHTJppQ5PMkGSEMsxfuPFX3LhQxK3u/BvTx0KrBwKHc87l5p4g5kwb1/1yckvLK6tr+fXCxubW9k5xd6+po0QR2iARj1Q7wJpyJmnDMMNpO1YUi4DTVjC6nvite6o0i+SdGce0K/BAspARbKzkFyueYNJPPWpwBmu99BRl0NOJ8FN5ibJeWstgWB778gROIsd+seRW3CngX4LmpATmqPvFT68fkURQaQjHWneQG5tuipVhhNOs4CWaxpiM8IB2LJVYUN1Np3dl8MgqfRhGyj5p4FT9OZFiofVYBDYpsBnqRW8i/ud1EhNedFMm48RQSWaLwoRDE8FJSbDPFCWGjy3BRDH7V0iGWGFibJUFWwJaPPkvaZ5VkFtBt6hUvZrXkQcH4BCUAQLnoApuQB00AAEP4Am8gFfn0Xl23pz3WTTnzGf2wS84H99ws57K</latexit>

⌘(t) = ⌘(t�1) � ⇢tr⌘

h
N�1

PN
n=1 f(yn, ⌘)

i

⌘=⌘(t)
<latexit sha1_base64="3ufooJuMEXH0NvzjQVJ/y9d5AD8="></latexit><latexit sha1_base64="r9kyY2zIjhM73yDfVGMWHmTrvAY="></latexit><latexit sha1_base64="r9kyY2zIjhM73yDfVGMWHmTrvAY="></latexit><latexit sha1_base64="fRU0QqMYkpz1uZAcsSLfKaNAa94="></latexit>

⌘(t) = ⌘(t�1) � ⇢t [r⌘f(yt, ⌘)]⌘=⌘(t)
<latexit sha1_base64="jcOztqTWOwPHgH3jJeyZrUw909Y="></latexit><latexit sha1_base64="6GN+qhyY3/rcR+ctkMCjAEf4h4w="></latexit><latexit sha1_base64="6GN+qhyY3/rcR+ctkMCjAEf4h4w="></latexit><latexit sha1_base64="9vRBryJa39Onvgc3TYqoW+iSwxY="></latexit>

min⌘ N�1
PN

n=1

⇥
�NEq⌘ log p(yn|✓)� Eq⌘ log(p(✓)/q⌘(✓))

⇤
<latexit sha1_base64="wFDep0Lc3tYDcZ5JeASExhtwKJQ="></latexit><latexit sha1_base64="l6cLxxnwl6vxi9rxB94POVUsEXo="></latexit><latexit sha1_base64="l6cLxxnwl6vxi9rxB94POVUsEXo="></latexit><latexit sha1_base64="rp7bag3D2dZVmMp4dleclwMtyQI="></latexit>

✓

p(✓|y1)
<latexit sha1_base64="n+67qYfzIWx2z6C9SHmngaIIGHw=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEI9VISEfRY9OKxgv2ANoTNdtMu3WzC7kSIsb/EiwdFvPpTvPlv3LY5aOuDgcd7M8zMCxLBNTjOt1VaW9/Y3CpvV3Z29/ar9sFhR8epoqxNYxGrXkA0E1yyNnAQrJcoRqJAsG4wuZn53QemNI/lPWQJ8yIykjzklICRfLua1AcwZkDwE85898y3a07DmQOvErcgNVSg5dtfg2FM04hJoIJo3XedBLycKOBUsGllkGqWEDohI9Y3VJKIaS+fHz7Fp0YZ4jBWpiTgufp7IieR1lkUmM6IwFgvezPxP6+fQnjl5VwmKTBJF4vCVGCI8SwFPOSKURCZIYQqbm7FdEwUoWCyqpgQ3OWXV0nnvOE6Dffuota8LuIoo2N0gurIRZeoiW5RC7URRSl6Rq/ozXq0Xqx362PRWrKKmSP0B9bnD1sQkjk=</latexit><latexit sha1_base64="n+67qYfzIWx2z6C9SHmngaIIGHw=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEI9VISEfRY9OKxgv2ANoTNdtMu3WzC7kSIsb/EiwdFvPpTvPlv3LY5aOuDgcd7M8zMCxLBNTjOt1VaW9/Y3CpvV3Z29/ar9sFhR8epoqxNYxGrXkA0E1yyNnAQrJcoRqJAsG4wuZn53QemNI/lPWQJ8yIykjzklICRfLua1AcwZkDwE85898y3a07DmQOvErcgNVSg5dtfg2FM04hJoIJo3XedBLycKOBUsGllkGqWEDohI9Y3VJKIaS+fHz7Fp0YZ4jBWpiTgufp7IieR1lkUmM6IwFgvezPxP6+fQnjl5VwmKTBJF4vCVGCI8SwFPOSKURCZIYQqbm7FdEwUoWCyqpgQ3OWXV0nnvOE6Dffuota8LuIoo2N0gurIRZeoiW5RC7URRSl6Rq/ozXq0Xqx362PRWrKKmSP0B9bnD1sQkjk=</latexit><latexit sha1_base64="n+67qYfzIWx2z6C9SHmngaIIGHw=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEI9VISEfRY9OKxgv2ANoTNdtMu3WzC7kSIsb/EiwdFvPpTvPlv3LY5aOuDgcd7M8zMCxLBNTjOt1VaW9/Y3CpvV3Z29/ar9sFhR8epoqxNYxGrXkA0E1yyNnAQrJcoRqJAsG4wuZn53QemNI/lPWQJ8yIykjzklICRfLua1AcwZkDwE85898y3a07DmQOvErcgNVSg5dtfg2FM04hJoIJo3XedBLycKOBUsGllkGqWEDohI9Y3VJKIaS+fHz7Fp0YZ4jBWpiTgufp7IieR1lkUmM6IwFgvezPxP6+fQnjl5VwmKTBJF4vCVGCI8SwFPOSKURCZIYQqbm7FdEwUoWCyqpgQ3OWXV0nnvOE6Dffuota8LuIoo2N0gurIRZeoiW5RC7URRSl6Rq/ozXq0Xqx362PRWrKKmSP0B9bnD1sQkjk=</latexit><latexit sha1_base64="n+67qYfzIWx2z6C9SHmngaIIGHw=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEI9VISEfRY9OKxgv2ANoTNdtMu3WzC7kSIsb/EiwdFvPpTvPlv3LY5aOuDgcd7M8zMCxLBNTjOt1VaW9/Y3CpvV3Z29/ar9sFhR8epoqxNYxGrXkA0E1yyNnAQrJcoRqJAsG4wuZn53QemNI/lPWQJ8yIykjzklICRfLua1AcwZkDwE85898y3a07DmQOvErcgNVSg5dtfg2FM04hJoIJo3XedBLycKOBUsGllkGqWEDohI9Y3VJKIaS+fHz7Fp0YZ4jBWpiTgufp7IieR1lkUmM6IwFgvezPxP6+fQnjl5VwmKTBJF4vCVGCI8SwFPOSKURCZIYQqbm7FdEwUoWCyqpgQ3OWXV0nnvOE6Dffuota8LuIoo2N0gurIRZeoiW5RC7URRSl6Rq/ozXq0Xqx362PRWrKKmSP0B9bnD1sQkjk=</latexit>

min

⌘:q⌘2QMFVB

�Eq⌘ log

"
NY

n=1

p(yn|✓)
p(✓)

q⌘(✓)

#
d✓

<latexit sha1_base64="KV8+0xH879cSGWmOpQMA4h7ojDI="></latexit><latexit sha1_base64="KV8+0xH879cSGWmOpQMA4h7ojDI="></latexit><latexit sha1_base64="KV8+0xH879cSGWmOpQMA4h7ojDI="></latexit><latexit sha1_base64="KV8+0xH879cSGWmOpQMA4h7ojDI="></latexit>



Stochastic gradient descent (SGD)

• Recall: Stochastic gradient 
• Goal: 

• One option: 
• GD: 
• SGD:  

• Can we apply SGD to our problem? Assume indep data

yn
iid⇠ Y

<latexit sha1_base64="BdTKOt2T2/AhUxqL/B73JJjLpe8=">AAACA3icbVBNS8NAEN3Ur1q/ot70slgETyURQY9FLx4r2FZpQthsNu3S3U3Y3QghBLz4V7x4UMSrf8Kb/8Ztm4O2Phh4vDfDzLwwZVRpx/m2akvLK6tr9fXGxubW9o69u9dTSSYx6eKEJfIuRIowKkhXU83IXSoJ4iEj/XB8NfH7D0QqmohbnafE52goaEwx0kYK7IM8ENBTGuGxJKygNCoLT1FewvvAbjotZwq4SNyKNEGFTmB/eVGCM06ExgwpNXCdVPsFkppiRsqGlymSmkVoSAaGCsSJ8ovpDyU8NkoE40SaEhpO1d8TBeJK5Tw0nRzpkZr3JuJ/3iDT8YVfUJFmmgg8WxRnDOoETgKBEZUEa5YbgrCk5laIR0girE1sDROCO//yIumdtlyn5d6cNduXVRx1cAiOwAlwwTlog2vQAV2AwSN4Bq/gzXqyXqx362PWWrOqmX3wB9bnD4EBmA4=</latexit><latexit sha1_base64="BdTKOt2T2/AhUxqL/B73JJjLpe8=">AAACA3icbVBNS8NAEN3Ur1q/ot70slgETyURQY9FLx4r2FZpQthsNu3S3U3Y3QghBLz4V7x4UMSrf8Kb/8Ztm4O2Phh4vDfDzLwwZVRpx/m2akvLK6tr9fXGxubW9o69u9dTSSYx6eKEJfIuRIowKkhXU83IXSoJ4iEj/XB8NfH7D0QqmohbnafE52goaEwx0kYK7IM8ENBTGuGxJKygNCoLT1FewvvAbjotZwq4SNyKNEGFTmB/eVGCM06ExgwpNXCdVPsFkppiRsqGlymSmkVoSAaGCsSJ8ovpDyU8NkoE40SaEhpO1d8TBeJK5Tw0nRzpkZr3JuJ/3iDT8YVfUJFmmgg8WxRnDOoETgKBEZUEa5YbgrCk5laIR0girE1sDROCO//yIumdtlyn5d6cNduXVRx1cAiOwAlwwTlog2vQAV2AwSN4Bq/gzXqyXqx362PWWrOqmX3wB9bnD4EBmA4=</latexit><latexit sha1_base64="BdTKOt2T2/AhUxqL/B73JJjLpe8=">AAACA3icbVBNS8NAEN3Ur1q/ot70slgETyURQY9FLx4r2FZpQthsNu3S3U3Y3QghBLz4V7x4UMSrf8Kb/8Ztm4O2Phh4vDfDzLwwZVRpx/m2akvLK6tr9fXGxubW9o69u9dTSSYx6eKEJfIuRIowKkhXU83IXSoJ4iEj/XB8NfH7D0QqmohbnafE52goaEwx0kYK7IM8ENBTGuGxJKygNCoLT1FewvvAbjotZwq4SNyKNEGFTmB/eVGCM06ExgwpNXCdVPsFkppiRsqGlymSmkVoSAaGCsSJ8ovpDyU8NkoE40SaEhpO1d8TBeJK5Tw0nRzpkZr3JuJ/3iDT8YVfUJFmmgg8WxRnDOoETgKBEZUEa5YbgrCk5laIR0girE1sDROCO//yIumdtlyn5d6cNduXVRx1cAiOwAlwwTlog2vQAV2AwSN4Bq/gzXqyXqx362PWWrOqmX3wB9bnD4EBmA4=</latexit><latexit sha1_base64="BdTKOt2T2/AhUxqL/B73JJjLpe8=">AAACA3icbVBNS8NAEN3Ur1q/ot70slgETyURQY9FLx4r2FZpQthsNu3S3U3Y3QghBLz4V7x4UMSrf8Kb/8Ztm4O2Phh4vDfDzLwwZVRpx/m2akvLK6tr9fXGxubW9o69u9dTSSYx6eKEJfIuRIowKkhXU83IXSoJ4iEj/XB8NfH7D0QqmohbnafE52goaEwx0kYK7IM8ENBTGuGxJKygNCoLT1FewvvAbjotZwq4SNyKNEGFTmB/eVGCM06ExgwpNXCdVPsFkppiRsqGlymSmkVoSAaGCsSJ8ovpDyU8NkoE40SaEhpO1d8TBeJK5Tw0nRzpkZr3JuJ/3iDT8YVfUJFmmgg8WxRnDOoETgKBEZUEa5YbgrCk5laIR0girE1sDROCO//yIumdtlyn5d6cNduXVRx1cAiOwAlwwTlog2vQAV2AwSN4Bq/gzXqyXqx362PWWrOqmX3wB9bnD4EBmA4=</latexit>

• Observe

• MFVB:

min⌘ f(⌘) := EY f(Y, ⌘)
<latexit sha1_base64="MNl2hhgvSz+PGE4IGfXao6Z2LmI="></latexit><latexit sha1_base64="8+sInliVQNhnKBGZsAe5XkcbLeU="></latexit><latexit sha1_base64="8+sInliVQNhnKBGZsAe5XkcbLeU="></latexit><latexit sha1_base64="CxSA/NtG5du9cjXIay03oNXaZwA=">AAACGXicbVDLSsNAFJ3UV62vqEs3g0WoICVxowhCUQSXFeyLpoTJdNIOnUzCzEQoIb/hxl9x40IRl7ryb5ykWWjrgWEO59zLvfd4EaNSWda3UVpaXlldK69XNja3tnfM3b22DGOBSQuHLBRdD0nCKCctRRUj3UgQFHiMdLzJdeZ3HoiQNOT3ahqRQYBGnPoUI6Ul17ScgHI3cYhCKfRr2X8MLy6hEyA19rzkJnWTXub0TmBuumbVqls54CKxC1IFBZqu+ekMQxwHhCvMkJR924rUIEFCUcxIWnFiSSKEJ2hE+ppyFBA5SPLLUniklSH0Q6EfVzBXf3ckKJByGni6MltYznuZ+J/Xj5V/Pkgoj2JFOJ4N8mMGVQizmOCQCoIVm2qCsKB6V4jHSCCsdJgVHYI9f/IiaZ/Wbatu39nVxlURRxkcgENQAzY4Aw1wC5qgBTB4BM/gFbwZT8aL8W58zEpLRtGzD/7A+PoBBZ2fAg==</latexit>

min⌘ N�1
PN

n=1 f(yn, ⌘)
<latexit sha1_base64="WkZloljWLcIGXxgPxl1sfgNzch4="></latexit><latexit sha1_base64="IbvxSD0/YmHWs6Y7PmA8vYvHT3w="></latexit><latexit sha1_base64="IbvxSD0/YmHWs6Y7PmA8vYvHT3w="></latexit><latexit sha1_base64="qeJGZMR3DkYIeSpjFkWv+GcguUM=">AAACF3icbVDLSgMxFM3UV62vqks3wSJU0DJxoxuh6MZVqWAf0GmHTJppQ5PMkGSEMsxfuPFX3LhQxK3u/BvTx0KrBwKHc87l5p4g5kwb1/1yckvLK6tr+fXCxubW9k5xd6+po0QR2iARj1Q7wJpyJmnDMMNpO1YUi4DTVjC6nvite6o0i+SdGce0K/BAspARbKzkFyueYNJPPWpwBmu99BRl0NOJ8FN5ibJeWstgWB778gROIsd+seRW3CngX4LmpATmqPvFT68fkURQaQjHWneQG5tuipVhhNOs4CWaxpiM8IB2LJVYUN1Np3dl8MgqfRhGyj5p4FT9OZFiofVYBDYpsBnqRW8i/ud1EhNedFMm48RQSWaLwoRDE8FJSbDPFCWGjy3BRDH7V0iGWGFibJUFWwJaPPkvaZ5VkFtBt6hUvZrXkQcH4BCUAQLnoApuQB00AAEP4Am8gFfn0Xl23pz3WTTnzGf2wS84H99ws57K</latexit>

⌘(t) = ⌘(t�1) � ⇢tr⌘

h
N�1

PN
n=1 f(yn, ⌘)

i

⌘=⌘(t)
<latexit sha1_base64="3ufooJuMEXH0NvzjQVJ/y9d5AD8="></latexit><latexit sha1_base64="r9kyY2zIjhM73yDfVGMWHmTrvAY="></latexit><latexit sha1_base64="r9kyY2zIjhM73yDfVGMWHmTrvAY="></latexit><latexit sha1_base64="fRU0QqMYkpz1uZAcsSLfKaNAa94="></latexit>

⌘(t) = ⌘(t�1) � ⇢t [r⌘f(yt, ⌘)]⌘=⌘(t)
<latexit sha1_base64="jcOztqTWOwPHgH3jJeyZrUw909Y="></latexit><latexit sha1_base64="6GN+qhyY3/rcR+ctkMCjAEf4h4w="></latexit><latexit sha1_base64="6GN+qhyY3/rcR+ctkMCjAEf4h4w="></latexit><latexit sha1_base64="9vRBryJa39Onvgc3TYqoW+iSwxY="></latexit>

min⌘ N�1
PN

n=1

⇥
�NEq⌘ log p(yn|✓)� Eq⌘ log(p(✓)/q⌘(✓))

⇤
<latexit sha1_base64="wFDep0Lc3tYDcZ5JeASExhtwKJQ="></latexit><latexit sha1_base64="l6cLxxnwl6vxi9rxB94POVUsEXo="></latexit><latexit sha1_base64="l6cLxxnwl6vxi9rxB94POVUsEXo="></latexit><latexit sha1_base64="rp7bag3D2dZVmMp4dleclwMtyQI="></latexit>

✓ ✓

p(✓|y1)
<latexit sha1_base64="n+67qYfzIWx2z6C9SHmngaIIGHw=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEI9VISEfRY9OKxgv2ANoTNdtMu3WzC7kSIsb/EiwdFvPpTvPlv3LY5aOuDgcd7M8zMCxLBNTjOt1VaW9/Y3CpvV3Z29/ar9sFhR8epoqxNYxGrXkA0E1yyNnAQrJcoRqJAsG4wuZn53QemNI/lPWQJ8yIykjzklICRfLua1AcwZkDwE85898y3a07DmQOvErcgNVSg5dtfg2FM04hJoIJo3XedBLycKOBUsGllkGqWEDohI9Y3VJKIaS+fHz7Fp0YZ4jBWpiTgufp7IieR1lkUmM6IwFgvezPxP6+fQnjl5VwmKTBJF4vCVGCI8SwFPOSKURCZIYQqbm7FdEwUoWCyqpgQ3OWXV0nnvOE6Dffuota8LuIoo2N0gurIRZeoiW5RC7URRSl6Rq/ozXq0Xqx362PRWrKKmSP0B9bnD1sQkjk=</latexit><latexit sha1_base64="n+67qYfzIWx2z6C9SHmngaIIGHw=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEI9VISEfRY9OKxgv2ANoTNdtMu3WzC7kSIsb/EiwdFvPpTvPlv3LY5aOuDgcd7M8zMCxLBNTjOt1VaW9/Y3CpvV3Z29/ar9sFhR8epoqxNYxGrXkA0E1yyNnAQrJcoRqJAsG4wuZn53QemNI/lPWQJ8yIykjzklICRfLua1AcwZkDwE85898y3a07DmQOvErcgNVSg5dtfg2FM04hJoIJo3XedBLycKOBUsGllkGqWEDohI9Y3VJKIaS+fHz7Fp0YZ4jBWpiTgufp7IieR1lkUmM6IwFgvezPxP6+fQnjl5VwmKTBJF4vCVGCI8SwFPOSKURCZIYQqbm7FdEwUoWCyqpgQ3OWXV0nnvOE6Dffuota8LuIoo2N0gurIRZeoiW5RC7URRSl6Rq/ozXq0Xqx362PRWrKKmSP0B9bnD1sQkjk=</latexit><latexit sha1_base64="n+67qYfzIWx2z6C9SHmngaIIGHw=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEI9VISEfRY9OKxgv2ANoTNdtMu3WzC7kSIsb/EiwdFvPpTvPlv3LY5aOuDgcd7M8zMCxLBNTjOt1VaW9/Y3CpvV3Z29/ar9sFhR8epoqxNYxGrXkA0E1yyNnAQrJcoRqJAsG4wuZn53QemNI/lPWQJ8yIykjzklICRfLua1AcwZkDwE85898y3a07DmQOvErcgNVSg5dtfg2FM04hJoIJo3XedBLycKOBUsGllkGqWEDohI9Y3VJKIaS+fHz7Fp0YZ4jBWpiTgufp7IieR1lkUmM6IwFgvezPxP6+fQnjl5VwmKTBJF4vCVGCI8SwFPOSKURCZIYQqbm7FdEwUoWCyqpgQ3OWXV0nnvOE6Dffuota8LuIoo2N0gurIRZeoiW5RC7URRSl6Rq/ozXq0Xqx362PRWrKKmSP0B9bnD1sQkjk=</latexit><latexit sha1_base64="n+67qYfzIWx2z6C9SHmngaIIGHw=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEI9VISEfRY9OKxgv2ANoTNdtMu3WzC7kSIsb/EiwdFvPpTvPlv3LY5aOuDgcd7M8zMCxLBNTjOt1VaW9/Y3CpvV3Z29/ar9sFhR8epoqxNYxGrXkA0E1yyNnAQrJcoRqJAsG4wuZn53QemNI/lPWQJ8yIykjzklICRfLua1AcwZkDwE85898y3a07DmQOvErcgNVSg5dtfg2FM04hJoIJo3XedBLycKOBUsGllkGqWEDohI9Y3VJKIaS+fHz7Fp0YZ4jBWpiTgufp7IieR1lkUmM6IwFgvezPxP6+fQnjl5VwmKTBJF4vCVGCI8SwFPOSKURCZIYQqbm7FdEwUoWCyqpgQ3OWXV0nnvOE6Dffuota8LuIoo2N0gurIRZeoiW5RC7URRSl6Rq/ozXq0Xqx362PRWrKKmSP0B9bnD1sQkjk=</latexit>

p(✓|y1:10)
<latexit sha1_base64="wD/KlhRGTFz6ExJ+3Xc8DrWiKFE=">AAAB/XicbVDJSgNBEO2JW4zbuNy8NAYhXsK0CIqnoBePEcwCyTD0dDpJk56F7hphHIO/4sWDIl79D2/+jZ1kDpr4oODxXhVV9fxYCg2O820VlpZXVteK66WNza3tHXt3r6mjRDHeYJGMVNunmksR8gYIkLwdK04DX/KWP7qe+K17rrSIwjtIY+4GdBCKvmAUjOTZB3GlC0MOFD/i1MvIJXHGJ55ddqrOFHiRkJyUUY66Z391exFLAh4Ck1TrDnFicDOqQDDJx6VuonlM2YgOeMfQkAZcu9n0+jE+NkoP9yNlKgQ8VX9PZDTQOg180xlQGOp5byL+53US6F+4mQjjBHjIZov6icQQ4UkUuCcUZyBTQyhTwtyK2ZAqysAEVjIhkPmXF0nztEqcKrk9K9eu8jiK6BAdoQoi6BzV0A2qowZi6AE9o1f0Zj1ZL9a79TFrLVj5zD76A+vzB5TMk/4=</latexit><latexit sha1_base64="wD/KlhRGTFz6ExJ+3Xc8DrWiKFE=">AAAB/XicbVDJSgNBEO2JW4zbuNy8NAYhXsK0CIqnoBePEcwCyTD0dDpJk56F7hphHIO/4sWDIl79D2/+jZ1kDpr4oODxXhVV9fxYCg2O820VlpZXVteK66WNza3tHXt3r6mjRDHeYJGMVNunmksR8gYIkLwdK04DX/KWP7qe+K17rrSIwjtIY+4GdBCKvmAUjOTZB3GlC0MOFD/i1MvIJXHGJ55ddqrOFHiRkJyUUY66Z391exFLAh4Ck1TrDnFicDOqQDDJx6VuonlM2YgOeMfQkAZcu9n0+jE+NkoP9yNlKgQ8VX9PZDTQOg180xlQGOp5byL+53US6F+4mQjjBHjIZov6icQQ4UkUuCcUZyBTQyhTwtyK2ZAqysAEVjIhkPmXF0nztEqcKrk9K9eu8jiK6BAdoQoi6BzV0A2qowZi6AE9o1f0Zj1ZL9a79TFrLVj5zD76A+vzB5TMk/4=</latexit><latexit sha1_base64="wD/KlhRGTFz6ExJ+3Xc8DrWiKFE=">AAAB/XicbVDJSgNBEO2JW4zbuNy8NAYhXsK0CIqnoBePEcwCyTD0dDpJk56F7hphHIO/4sWDIl79D2/+jZ1kDpr4oODxXhVV9fxYCg2O820VlpZXVteK66WNza3tHXt3r6mjRDHeYJGMVNunmksR8gYIkLwdK04DX/KWP7qe+K17rrSIwjtIY+4GdBCKvmAUjOTZB3GlC0MOFD/i1MvIJXHGJ55ddqrOFHiRkJyUUY66Z391exFLAh4Ck1TrDnFicDOqQDDJx6VuonlM2YgOeMfQkAZcu9n0+jE+NkoP9yNlKgQ8VX9PZDTQOg180xlQGOp5byL+53US6F+4mQjjBHjIZov6icQQ4UkUuCcUZyBTQyhTwtyK2ZAqysAEVjIhkPmXF0nztEqcKrk9K9eu8jiK6BAdoQoi6BzV0A2qowZi6AE9o1f0Zj1ZL9a79TFrLVj5zD76A+vzB5TMk/4=</latexit><latexit sha1_base64="wD/KlhRGTFz6ExJ+3Xc8DrWiKFE=">AAAB/XicbVDJSgNBEO2JW4zbuNy8NAYhXsK0CIqnoBePEcwCyTD0dDpJk56F7hphHIO/4sWDIl79D2/+jZ1kDpr4oODxXhVV9fxYCg2O820VlpZXVteK66WNza3tHXt3r6mjRDHeYJGMVNunmksR8gYIkLwdK04DX/KWP7qe+K17rrSIwjtIY+4GdBCKvmAUjOTZB3GlC0MOFD/i1MvIJXHGJ55ddqrOFHiRkJyUUY66Z391exFLAh4Ck1TrDnFicDOqQDDJx6VuonlM2YgOeMfQkAZcu9n0+jE+NkoP9yNlKgQ8VX9PZDTQOg180xlQGOp5byL+53US6F+4mQjjBHjIZov6icQQ4UkUuCcUZyBTQyhTwtyK2ZAqysAEVjIhkPmXF0nztEqcKrk9K9eu8jiK6BAdoQoi6BzV0A2qowZi6AE9o1f0Zj1ZL9a79TFrLVj5zD76A+vzB5TMk/4=</latexit>

min

⌘:q⌘2QMFVB

�Eq⌘ log

"
NY

n=1

p(yn|✓)
p(✓)

q⌘(✓)

#
d✓

<latexit sha1_base64="KV8+0xH879cSGWmOpQMA4h7ojDI="></latexit><latexit sha1_base64="KV8+0xH879cSGWmOpQMA4h7ojDI="></latexit><latexit sha1_base64="KV8+0xH879cSGWmOpQMA4h7ojDI="></latexit><latexit sha1_base64="KV8+0xH879cSGWmOpQMA4h7ojDI="></latexit>



Stochastic gradient descent (SGD)

• Recall: Stochastic gradient 
• Goal: 

• One option: 
• GD: 
• SGD:  

• Can we apply SGD to our problem? Assume indep data

yn
iid⇠ Y

<latexit sha1_base64="BdTKOt2T2/AhUxqL/B73JJjLpe8=">AAACA3icbVBNS8NAEN3Ur1q/ot70slgETyURQY9FLx4r2FZpQthsNu3S3U3Y3QghBLz4V7x4UMSrf8Kb/8Ztm4O2Phh4vDfDzLwwZVRpx/m2akvLK6tr9fXGxubW9o69u9dTSSYx6eKEJfIuRIowKkhXU83IXSoJ4iEj/XB8NfH7D0QqmohbnafE52goaEwx0kYK7IM8ENBTGuGxJKygNCoLT1FewvvAbjotZwq4SNyKNEGFTmB/eVGCM06ExgwpNXCdVPsFkppiRsqGlymSmkVoSAaGCsSJ8ovpDyU8NkoE40SaEhpO1d8TBeJK5Tw0nRzpkZr3JuJ/3iDT8YVfUJFmmgg8WxRnDOoETgKBEZUEa5YbgrCk5laIR0girE1sDROCO//yIumdtlyn5d6cNduXVRx1cAiOwAlwwTlog2vQAV2AwSN4Bq/gzXqyXqx362PWWrOqmX3wB9bnD4EBmA4=</latexit><latexit sha1_base64="BdTKOt2T2/AhUxqL/B73JJjLpe8=">AAACA3icbVBNS8NAEN3Ur1q/ot70slgETyURQY9FLx4r2FZpQthsNu3S3U3Y3QghBLz4V7x4UMSrf8Kb/8Ztm4O2Phh4vDfDzLwwZVRpx/m2akvLK6tr9fXGxubW9o69u9dTSSYx6eKEJfIuRIowKkhXU83IXSoJ4iEj/XB8NfH7D0QqmohbnafE52goaEwx0kYK7IM8ENBTGuGxJKygNCoLT1FewvvAbjotZwq4SNyKNEGFTmB/eVGCM06ExgwpNXCdVPsFkppiRsqGlymSmkVoSAaGCsSJ8ovpDyU8NkoE40SaEhpO1d8TBeJK5Tw0nRzpkZr3JuJ/3iDT8YVfUJFmmgg8WxRnDOoETgKBEZUEa5YbgrCk5laIR0girE1sDROCO//yIumdtlyn5d6cNduXVRx1cAiOwAlwwTlog2vQAV2AwSN4Bq/gzXqyXqx362PWWrOqmX3wB9bnD4EBmA4=</latexit><latexit sha1_base64="BdTKOt2T2/AhUxqL/B73JJjLpe8=">AAACA3icbVBNS8NAEN3Ur1q/ot70slgETyURQY9FLx4r2FZpQthsNu3S3U3Y3QghBLz4V7x4UMSrf8Kb/8Ztm4O2Phh4vDfDzLwwZVRpx/m2akvLK6tr9fXGxubW9o69u9dTSSYx6eKEJfIuRIowKkhXU83IXSoJ4iEj/XB8NfH7D0QqmohbnafE52goaEwx0kYK7IM8ENBTGuGxJKygNCoLT1FewvvAbjotZwq4SNyKNEGFTmB/eVGCM06ExgwpNXCdVPsFkppiRsqGlymSmkVoSAaGCsSJ8ovpDyU8NkoE40SaEhpO1d8TBeJK5Tw0nRzpkZr3JuJ/3iDT8YVfUJFmmgg8WxRnDOoETgKBEZUEa5YbgrCk5laIR0girE1sDROCO//yIumdtlyn5d6cNduXVRx1cAiOwAlwwTlog2vQAV2AwSN4Bq/gzXqyXqx362PWWrOqmX3wB9bnD4EBmA4=</latexit><latexit sha1_base64="BdTKOt2T2/AhUxqL/B73JJjLpe8=">AAACA3icbVBNS8NAEN3Ur1q/ot70slgETyURQY9FLx4r2FZpQthsNu3S3U3Y3QghBLz4V7x4UMSrf8Kb/8Ztm4O2Phh4vDfDzLwwZVRpx/m2akvLK6tr9fXGxubW9o69u9dTSSYx6eKEJfIuRIowKkhXU83IXSoJ4iEj/XB8NfH7D0QqmohbnafE52goaEwx0kYK7IM8ENBTGuGxJKygNCoLT1FewvvAbjotZwq4SNyKNEGFTmB/eVGCM06ExgwpNXCdVPsFkppiRsqGlymSmkVoSAaGCsSJ8ovpDyU8NkoE40SaEhpO1d8TBeJK5Tw0nRzpkZr3JuJ/3iDT8YVfUJFmmgg8WxRnDOoETgKBEZUEa5YbgrCk5laIR0girE1sDROCO//yIumdtlyn5d6cNduXVRx1cAiOwAlwwTlog2vQAV2AwSN4Bq/gzXqyXqx362PWWrOqmX3wB9bnD4EBmA4=</latexit>

• Observe

• MFVB:

min⌘ f(⌘) := EY f(Y, ⌘)
<latexit sha1_base64="MNl2hhgvSz+PGE4IGfXao6Z2LmI="></latexit><latexit sha1_base64="8+sInliVQNhnKBGZsAe5XkcbLeU="></latexit><latexit sha1_base64="8+sInliVQNhnKBGZsAe5XkcbLeU="></latexit><latexit sha1_base64="CxSA/NtG5du9cjXIay03oNXaZwA=">AAACGXicbVDLSsNAFJ3UV62vqEs3g0WoICVxowhCUQSXFeyLpoTJdNIOnUzCzEQoIb/hxl9x40IRl7ryb5ykWWjrgWEO59zLvfd4EaNSWda3UVpaXlldK69XNja3tnfM3b22DGOBSQuHLBRdD0nCKCctRRUj3UgQFHiMdLzJdeZ3HoiQNOT3ahqRQYBGnPoUI6Ul17ScgHI3cYhCKfRr2X8MLy6hEyA19rzkJnWTXub0TmBuumbVqls54CKxC1IFBZqu+ekMQxwHhCvMkJR924rUIEFCUcxIWnFiSSKEJ2hE+ppyFBA5SPLLUniklSH0Q6EfVzBXf3ckKJByGni6MltYznuZ+J/Xj5V/Pkgoj2JFOJ4N8mMGVQizmOCQCoIVm2qCsKB6V4jHSCCsdJgVHYI9f/IiaZ/Wbatu39nVxlURRxkcgENQAzY4Aw1wC5qgBTB4BM/gFbwZT8aL8W58zEpLRtGzD/7A+PoBBZ2fAg==</latexit>

min⌘ N�1
PN

n=1 f(yn, ⌘)
<latexit sha1_base64="WkZloljWLcIGXxgPxl1sfgNzch4="></latexit><latexit sha1_base64="IbvxSD0/YmHWs6Y7PmA8vYvHT3w="></latexit><latexit sha1_base64="IbvxSD0/YmHWs6Y7PmA8vYvHT3w="></latexit><latexit sha1_base64="qeJGZMR3DkYIeSpjFkWv+GcguUM=">AAACF3icbVDLSgMxFM3UV62vqks3wSJU0DJxoxuh6MZVqWAf0GmHTJppQ5PMkGSEMsxfuPFX3LhQxK3u/BvTx0KrBwKHc87l5p4g5kwb1/1yckvLK6tr+fXCxubW9k5xd6+po0QR2iARj1Q7wJpyJmnDMMNpO1YUi4DTVjC6nvite6o0i+SdGce0K/BAspARbKzkFyueYNJPPWpwBmu99BRl0NOJ8FN5ibJeWstgWB778gROIsd+seRW3CngX4LmpATmqPvFT68fkURQaQjHWneQG5tuipVhhNOs4CWaxpiM8IB2LJVYUN1Np3dl8MgqfRhGyj5p4FT9OZFiofVYBDYpsBnqRW8i/ud1EhNedFMm48RQSWaLwoRDE8FJSbDPFCWGjy3BRDH7V0iGWGFibJUFWwJaPPkvaZ5VkFtBt6hUvZrXkQcH4BCUAQLnoApuQB00AAEP4Am8gFfn0Xl23pz3WTTnzGf2wS84H99ws57K</latexit>

⌘(t) = ⌘(t�1) � ⇢tr⌘

h
N�1

PN
n=1 f(yn, ⌘)

i

⌘=⌘(t)
<latexit sha1_base64="3ufooJuMEXH0NvzjQVJ/y9d5AD8="></latexit><latexit sha1_base64="r9kyY2zIjhM73yDfVGMWHmTrvAY="></latexit><latexit sha1_base64="r9kyY2zIjhM73yDfVGMWHmTrvAY="></latexit><latexit sha1_base64="fRU0QqMYkpz1uZAcsSLfKaNAa94="></latexit>

⌘(t) = ⌘(t�1) � ⇢t [r⌘f(yt, ⌘)]⌘=⌘(t)
<latexit sha1_base64="jcOztqTWOwPHgH3jJeyZrUw909Y="></latexit><latexit sha1_base64="6GN+qhyY3/rcR+ctkMCjAEf4h4w="></latexit><latexit sha1_base64="6GN+qhyY3/rcR+ctkMCjAEf4h4w="></latexit><latexit sha1_base64="9vRBryJa39Onvgc3TYqoW+iSwxY="></latexit>

min⌘ N�1
PN

n=1

⇥
�NEq⌘ log p(yn|✓)� Eq⌘ log(p(✓)/q⌘(✓))

⇤
<latexit sha1_base64="wFDep0Lc3tYDcZ5JeASExhtwKJQ="></latexit><latexit sha1_base64="l6cLxxnwl6vxi9rxB94POVUsEXo="></latexit><latexit sha1_base64="l6cLxxnwl6vxi9rxB94POVUsEXo="></latexit><latexit sha1_base64="rp7bag3D2dZVmMp4dleclwMtyQI="></latexit>

✓ ✓ ✓

p(✓|y1)
<latexit sha1_base64="n+67qYfzIWx2z6C9SHmngaIIGHw=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEI9VISEfRY9OKxgv2ANoTNdtMu3WzC7kSIsb/EiwdFvPpTvPlv3LY5aOuDgcd7M8zMCxLBNTjOt1VaW9/Y3CpvV3Z29/ar9sFhR8epoqxNYxGrXkA0E1yyNnAQrJcoRqJAsG4wuZn53QemNI/lPWQJ8yIykjzklICRfLua1AcwZkDwE85898y3a07DmQOvErcgNVSg5dtfg2FM04hJoIJo3XedBLycKOBUsGllkGqWEDohI9Y3VJKIaS+fHz7Fp0YZ4jBWpiTgufp7IieR1lkUmM6IwFgvezPxP6+fQnjl5VwmKTBJF4vCVGCI8SwFPOSKURCZIYQqbm7FdEwUoWCyqpgQ3OWXV0nnvOE6Dffuota8LuIoo2N0gurIRZeoiW5RC7URRSl6Rq/ozXq0Xqx362PRWrKKmSP0B9bnD1sQkjk=</latexit><latexit sha1_base64="n+67qYfzIWx2z6C9SHmngaIIGHw=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEI9VISEfRY9OKxgv2ANoTNdtMu3WzC7kSIsb/EiwdFvPpTvPlv3LY5aOuDgcd7M8zMCxLBNTjOt1VaW9/Y3CpvV3Z29/ar9sFhR8epoqxNYxGrXkA0E1yyNnAQrJcoRqJAsG4wuZn53QemNI/lPWQJ8yIykjzklICRfLua1AcwZkDwE85898y3a07DmQOvErcgNVSg5dtfg2FM04hJoIJo3XedBLycKOBUsGllkGqWEDohI9Y3VJKIaS+fHz7Fp0YZ4jBWpiTgufp7IieR1lkUmM6IwFgvezPxP6+fQnjl5VwmKTBJF4vCVGCI8SwFPOSKURCZIYQqbm7FdEwUoWCyqpgQ3OWXV0nnvOE6Dffuota8LuIoo2N0gurIRZeoiW5RC7URRSl6Rq/ozXq0Xqx362PRWrKKmSP0B9bnD1sQkjk=</latexit><latexit sha1_base64="n+67qYfzIWx2z6C9SHmngaIIGHw=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEI9VISEfRY9OKxgv2ANoTNdtMu3WzC7kSIsb/EiwdFvPpTvPlv3LY5aOuDgcd7M8zMCxLBNTjOt1VaW9/Y3CpvV3Z29/ar9sFhR8epoqxNYxGrXkA0E1yyNnAQrJcoRqJAsG4wuZn53QemNI/lPWQJ8yIykjzklICRfLua1AcwZkDwE85898y3a07DmQOvErcgNVSg5dtfg2FM04hJoIJo3XedBLycKOBUsGllkGqWEDohI9Y3VJKIaS+fHz7Fp0YZ4jBWpiTgufp7IieR1lkUmM6IwFgvezPxP6+fQnjl5VwmKTBJF4vCVGCI8SwFPOSKURCZIYQqbm7FdEwUoWCyqpgQ3OWXV0nnvOE6Dffuota8LuIoo2N0gurIRZeoiW5RC7URRSl6Rq/ozXq0Xqx362PRWrKKmSP0B9bnD1sQkjk=</latexit><latexit sha1_base64="n+67qYfzIWx2z6C9SHmngaIIGHw=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEI9VISEfRY9OKxgv2ANoTNdtMu3WzC7kSIsb/EiwdFvPpTvPlv3LY5aOuDgcd7M8zMCxLBNTjOt1VaW9/Y3CpvV3Z29/ar9sFhR8epoqxNYxGrXkA0E1yyNnAQrJcoRqJAsG4wuZn53QemNI/lPWQJ8yIykjzklICRfLua1AcwZkDwE85898y3a07DmQOvErcgNVSg5dtfg2FM04hJoIJo3XedBLycKOBUsGllkGqWEDohI9Y3VJKIaS+fHz7Fp0YZ4jBWpiTgufp7IieR1lkUmM6IwFgvezPxP6+fQnjl5VwmKTBJF4vCVGCI8SwFPOSKURCZIYQqbm7FdEwUoWCyqpgQ3OWXV0nnvOE6Dffuota8LuIoo2N0gurIRZeoiW5RC7URRSl6Rq/ozXq0Xqx362PRWrKKmSP0B9bnD1sQkjk=</latexit>

p(✓|y1:10)
<latexit sha1_base64="wD/KlhRGTFz6ExJ+3Xc8DrWiKFE=">AAAB/XicbVDJSgNBEO2JW4zbuNy8NAYhXsK0CIqnoBePEcwCyTD0dDpJk56F7hphHIO/4sWDIl79D2/+jZ1kDpr4oODxXhVV9fxYCg2O820VlpZXVteK66WNza3tHXt3r6mjRDHeYJGMVNunmksR8gYIkLwdK04DX/KWP7qe+K17rrSIwjtIY+4GdBCKvmAUjOTZB3GlC0MOFD/i1MvIJXHGJ55ddqrOFHiRkJyUUY66Z391exFLAh4Ck1TrDnFicDOqQDDJx6VuonlM2YgOeMfQkAZcu9n0+jE+NkoP9yNlKgQ8VX9PZDTQOg180xlQGOp5byL+53US6F+4mQjjBHjIZov6icQQ4UkUuCcUZyBTQyhTwtyK2ZAqysAEVjIhkPmXF0nztEqcKrk9K9eu8jiK6BAdoQoi6BzV0A2qowZi6AE9o1f0Zj1ZL9a79TFrLVj5zD76A+vzB5TMk/4=</latexit><latexit sha1_base64="wD/KlhRGTFz6ExJ+3Xc8DrWiKFE=">AAAB/XicbVDJSgNBEO2JW4zbuNy8NAYhXsK0CIqnoBePEcwCyTD0dDpJk56F7hphHIO/4sWDIl79D2/+jZ1kDpr4oODxXhVV9fxYCg2O820VlpZXVteK66WNza3tHXt3r6mjRDHeYJGMVNunmksR8gYIkLwdK04DX/KWP7qe+K17rrSIwjtIY+4GdBCKvmAUjOTZB3GlC0MOFD/i1MvIJXHGJ55ddqrOFHiRkJyUUY66Z391exFLAh4Ck1TrDnFicDOqQDDJx6VuonlM2YgOeMfQkAZcu9n0+jE+NkoP9yNlKgQ8VX9PZDTQOg180xlQGOp5byL+53US6F+4mQjjBHjIZov6icQQ4UkUuCcUZyBTQyhTwtyK2ZAqysAEVjIhkPmXF0nztEqcKrk9K9eu8jiK6BAdoQoi6BzV0A2qowZi6AE9o1f0Zj1ZL9a79TFrLVj5zD76A+vzB5TMk/4=</latexit><latexit sha1_base64="wD/KlhRGTFz6ExJ+3Xc8DrWiKFE=">AAAB/XicbVDJSgNBEO2JW4zbuNy8NAYhXsK0CIqnoBePEcwCyTD0dDpJk56F7hphHIO/4sWDIl79D2/+jZ1kDpr4oODxXhVV9fxYCg2O820VlpZXVteK66WNza3tHXt3r6mjRDHeYJGMVNunmksR8gYIkLwdK04DX/KWP7qe+K17rrSIwjtIY+4GdBCKvmAUjOTZB3GlC0MOFD/i1MvIJXHGJ55ddqrOFHiRkJyUUY66Z391exFLAh4Ck1TrDnFicDOqQDDJx6VuonlM2YgOeMfQkAZcu9n0+jE+NkoP9yNlKgQ8VX9PZDTQOg180xlQGOp5byL+53US6F+4mQjjBHjIZov6icQQ4UkUuCcUZyBTQyhTwtyK2ZAqysAEVjIhkPmXF0nztEqcKrk9K9eu8jiK6BAdoQoi6BzV0A2qowZi6AE9o1f0Zj1ZL9a79TFrLVj5zD76A+vzB5TMk/4=</latexit><latexit sha1_base64="wD/KlhRGTFz6ExJ+3Xc8DrWiKFE=">AAAB/XicbVDJSgNBEO2JW4zbuNy8NAYhXsK0CIqnoBePEcwCyTD0dDpJk56F7hphHIO/4sWDIl79D2/+jZ1kDpr4oODxXhVV9fxYCg2O820VlpZXVteK66WNza3tHXt3r6mjRDHeYJGMVNunmksR8gYIkLwdK04DX/KWP7qe+K17rrSIwjtIY+4GdBCKvmAUjOTZB3GlC0MOFD/i1MvIJXHGJ55ddqrOFHiRkJyUUY66Z391exFLAh4Ck1TrDnFicDOqQDDJx6VuonlM2YgOeMfQkAZcu9n0+jE+NkoP9yNlKgQ8VX9PZDTQOg180xlQGOp5byL+53US6F+4mQjjBHjIZov6icQQ4UkUuCcUZyBTQyhTwtyK2ZAqysAEVjIhkPmXF0nztEqcKrk9K9eu8jiK6BAdoQoi6BzV0A2qowZi6AE9o1f0Zj1ZL9a79TFrLVj5zD76A+vzB5TMk/4=</latexit>

p(✓|y1:9,000)
<latexit sha1_base64="amiLb8hyCuG4huSlMplxdRPKLxw=">AAACAHicbVDJSgNBEO2JW4xb1IMHL41BiCChRwSXU9CLxwhmgSSEnk5P0qSnZ+iuEYZxLv6KFw+KePUzvPk3dpaDRh8UPN6roqqeF0lhgJAvJ7ewuLS8kl8trK1vbG4Vt3caJow143UWylC3PGq4FIrXQYDkrUhzGniSN73R9dhv3nNtRKjuIIl4N6ADJXzBKFipV9yLyh0YcqD4ASe91L28OCaEZEe9YolUyAT4L3FnpIRmqPWKn51+yOKAK2CSGtN2SQTdlGoQTPKs0IkNjygb0QFvW6powE03nTyQ4UOr9LEfalsK8ET9OZHSwJgk8GxnQGFo5r2x+J/XjsE/76ZCRTFwxaaL/FhiCPE4DdwXmjOQiSWUaWFvxWxINWVgMyvYENz5l/+SxknFJRX39rRUvZrFkUf76ACVkYvOUBXdoBqqI4Yy9IRe0Kvz6Dw7b877tDXnzGZ20S84H9/4J5Sw</latexit><latexit sha1_base64="amiLb8hyCuG4huSlMplxdRPKLxw=">AAACAHicbVDJSgNBEO2JW4xb1IMHL41BiCChRwSXU9CLxwhmgSSEnk5P0qSnZ+iuEYZxLv6KFw+KePUzvPk3dpaDRh8UPN6roqqeF0lhgJAvJ7ewuLS8kl8trK1vbG4Vt3caJow143UWylC3PGq4FIrXQYDkrUhzGniSN73R9dhv3nNtRKjuIIl4N6ADJXzBKFipV9yLyh0YcqD4ASe91L28OCaEZEe9YolUyAT4L3FnpIRmqPWKn51+yOKAK2CSGtN2SQTdlGoQTPKs0IkNjygb0QFvW6powE03nTyQ4UOr9LEfalsK8ET9OZHSwJgk8GxnQGFo5r2x+J/XjsE/76ZCRTFwxaaL/FhiCPE4DdwXmjOQiSWUaWFvxWxINWVgMyvYENz5l/+SxknFJRX39rRUvZrFkUf76ACVkYvOUBXdoBqqI4Yy9IRe0Kvz6Dw7b877tDXnzGZ20S84H9/4J5Sw</latexit><latexit sha1_base64="amiLb8hyCuG4huSlMplxdRPKLxw=">AAACAHicbVDJSgNBEO2JW4xb1IMHL41BiCChRwSXU9CLxwhmgSSEnk5P0qSnZ+iuEYZxLv6KFw+KePUzvPk3dpaDRh8UPN6roqqeF0lhgJAvJ7ewuLS8kl8trK1vbG4Vt3caJow143UWylC3PGq4FIrXQYDkrUhzGniSN73R9dhv3nNtRKjuIIl4N6ADJXzBKFipV9yLyh0YcqD4ASe91L28OCaEZEe9YolUyAT4L3FnpIRmqPWKn51+yOKAK2CSGtN2SQTdlGoQTPKs0IkNjygb0QFvW6powE03nTyQ4UOr9LEfalsK8ET9OZHSwJgk8GxnQGFo5r2x+J/XjsE/76ZCRTFwxaaL/FhiCPE4DdwXmjOQiSWUaWFvxWxINWVgMyvYENz5l/+SxknFJRX39rRUvZrFkUf76ACVkYvOUBXdoBqqI4Yy9IRe0Kvz6Dw7b877tDXnzGZ20S84H9/4J5Sw</latexit><latexit sha1_base64="amiLb8hyCuG4huSlMplxdRPKLxw=">AAACAHicbVDJSgNBEO2JW4xb1IMHL41BiCChRwSXU9CLxwhmgSSEnk5P0qSnZ+iuEYZxLv6KFw+KePUzvPk3dpaDRh8UPN6roqqeF0lhgJAvJ7ewuLS8kl8trK1vbG4Vt3caJow143UWylC3PGq4FIrXQYDkrUhzGniSN73R9dhv3nNtRKjuIIl4N6ADJXzBKFipV9yLyh0YcqD4ASe91L28OCaEZEe9YolUyAT4L3FnpIRmqPWKn51+yOKAK2CSGtN2SQTdlGoQTPKs0IkNjygb0QFvW6powE03nTyQ4UOr9LEfalsK8ET9OZHSwJgk8GxnQGFo5r2x+J/XjsE/76ZCRTFwxaaL/FhiCPE4DdwXmjOQiSWUaWFvxWxINWVgMyvYENz5l/+SxknFJRX39rRUvZrFkUf76ACVkYvOUBXdoBqqI4Yy9IRe0Kvz6Dw7b877tDXnzGZ20S84H9/4J5Sw</latexit>

min

⌘:q⌘2QMFVB

�Eq⌘ log

"
NY

n=1

p(yn|✓)
p(✓)

q⌘(✓)

#
d✓

<latexit sha1_base64="KV8+0xH879cSGWmOpQMA4h7ojDI="></latexit><latexit sha1_base64="KV8+0xH879cSGWmOpQMA4h7ojDI="></latexit><latexit sha1_base64="KV8+0xH879cSGWmOpQMA4h7ojDI="></latexit><latexit sha1_base64="KV8+0xH879cSGWmOpQMA4h7ojDI="></latexit>



Stochastic gradient descent (SGD)

• Recall: Stochastic gradient 
• Goal: 

• One option: 
• GD: 
• SGD:  

• Can we apply SGD to our problem? Assume indep data 
!

• ELBO not an estimate of the objective; is the objective

yn
iid⇠ Y

<latexit sha1_base64="BdTKOt2T2/AhUxqL/B73JJjLpe8=">AAACA3icbVBNS8NAEN3Ur1q/ot70slgETyURQY9FLx4r2FZpQthsNu3S3U3Y3QghBLz4V7x4UMSrf8Kb/8Ztm4O2Phh4vDfDzLwwZVRpx/m2akvLK6tr9fXGxubW9o69u9dTSSYx6eKEJfIuRIowKkhXU83IXSoJ4iEj/XB8NfH7D0QqmohbnafE52goaEwx0kYK7IM8ENBTGuGxJKygNCoLT1FewvvAbjotZwq4SNyKNEGFTmB/eVGCM06ExgwpNXCdVPsFkppiRsqGlymSmkVoSAaGCsSJ8ovpDyU8NkoE40SaEhpO1d8TBeJK5Tw0nRzpkZr3JuJ/3iDT8YVfUJFmmgg8WxRnDOoETgKBEZUEa5YbgrCk5laIR0girE1sDROCO//yIumdtlyn5d6cNduXVRx1cAiOwAlwwTlog2vQAV2AwSN4Bq/gzXqyXqx362PWWrOqmX3wB9bnD4EBmA4=</latexit><latexit sha1_base64="BdTKOt2T2/AhUxqL/B73JJjLpe8=">AAACA3icbVBNS8NAEN3Ur1q/ot70slgETyURQY9FLx4r2FZpQthsNu3S3U3Y3QghBLz4V7x4UMSrf8Kb/8Ztm4O2Phh4vDfDzLwwZVRpx/m2akvLK6tr9fXGxubW9o69u9dTSSYx6eKEJfIuRIowKkhXU83IXSoJ4iEj/XB8NfH7D0QqmohbnafE52goaEwx0kYK7IM8ENBTGuGxJKygNCoLT1FewvvAbjotZwq4SNyKNEGFTmB/eVGCM06ExgwpNXCdVPsFkppiRsqGlymSmkVoSAaGCsSJ8ovpDyU8NkoE40SaEhpO1d8TBeJK5Tw0nRzpkZr3JuJ/3iDT8YVfUJFmmgg8WxRnDOoETgKBEZUEa5YbgrCk5laIR0girE1sDROCO//yIumdtlyn5d6cNduXVRx1cAiOwAlwwTlog2vQAV2AwSN4Bq/gzXqyXqx362PWWrOqmX3wB9bnD4EBmA4=</latexit><latexit sha1_base64="BdTKOt2T2/AhUxqL/B73JJjLpe8=">AAACA3icbVBNS8NAEN3Ur1q/ot70slgETyURQY9FLx4r2FZpQthsNu3S3U3Y3QghBLz4V7x4UMSrf8Kb/8Ztm4O2Phh4vDfDzLwwZVRpx/m2akvLK6tr9fXGxubW9o69u9dTSSYx6eKEJfIuRIowKkhXU83IXSoJ4iEj/XB8NfH7D0QqmohbnafE52goaEwx0kYK7IM8ENBTGuGxJKygNCoLT1FewvvAbjotZwq4SNyKNEGFTmB/eVGCM06ExgwpNXCdVPsFkppiRsqGlymSmkVoSAaGCsSJ8ovpDyU8NkoE40SaEhpO1d8TBeJK5Tw0nRzpkZr3JuJ/3iDT8YVfUJFmmgg8WxRnDOoETgKBEZUEa5YbgrCk5laIR0girE1sDROCO//yIumdtlyn5d6cNduXVRx1cAiOwAlwwTlog2vQAV2AwSN4Bq/gzXqyXqx362PWWrOqmX3wB9bnD4EBmA4=</latexit><latexit sha1_base64="BdTKOt2T2/AhUxqL/B73JJjLpe8=">AAACA3icbVBNS8NAEN3Ur1q/ot70slgETyURQY9FLx4r2FZpQthsNu3S3U3Y3QghBLz4V7x4UMSrf8Kb/8Ztm4O2Phh4vDfDzLwwZVRpx/m2akvLK6tr9fXGxubW9o69u9dTSSYx6eKEJfIuRIowKkhXU83IXSoJ4iEj/XB8NfH7D0QqmohbnafE52goaEwx0kYK7IM8ENBTGuGxJKygNCoLT1FewvvAbjotZwq4SNyKNEGFTmB/eVGCM06ExgwpNXCdVPsFkppiRsqGlymSmkVoSAaGCsSJ8ovpDyU8NkoE40SaEhpO1d8TBeJK5Tw0nRzpkZr3JuJ/3iDT8YVfUJFmmgg8WxRnDOoETgKBEZUEa5YbgrCk5laIR0girE1sDROCO//yIumdtlyn5d6cNduXVRx1cAiOwAlwwTlog2vQAV2AwSN4Bq/gzXqyXqx362PWWrOqmX3wB9bnD4EBmA4=</latexit>

• Observe

• MFVB:

min⌘ f(⌘) := EY f(Y, ⌘)
<latexit sha1_base64="MNl2hhgvSz+PGE4IGfXao6Z2LmI="></latexit><latexit sha1_base64="8+sInliVQNhnKBGZsAe5XkcbLeU="></latexit><latexit sha1_base64="8+sInliVQNhnKBGZsAe5XkcbLeU="></latexit><latexit sha1_base64="CxSA/NtG5du9cjXIay03oNXaZwA=">AAACGXicbVDLSsNAFJ3UV62vqEs3g0WoICVxowhCUQSXFeyLpoTJdNIOnUzCzEQoIb/hxl9x40IRl7ryb5ykWWjrgWEO59zLvfd4EaNSWda3UVpaXlldK69XNja3tnfM3b22DGOBSQuHLBRdD0nCKCctRRUj3UgQFHiMdLzJdeZ3HoiQNOT3ahqRQYBGnPoUI6Ul17ScgHI3cYhCKfRr2X8MLy6hEyA19rzkJnWTXub0TmBuumbVqls54CKxC1IFBZqu+ekMQxwHhCvMkJR924rUIEFCUcxIWnFiSSKEJ2hE+ppyFBA5SPLLUniklSH0Q6EfVzBXf3ckKJByGni6MltYznuZ+J/Xj5V/Pkgoj2JFOJ4N8mMGVQizmOCQCoIVm2qCsKB6V4jHSCCsdJgVHYI9f/IiaZ/Wbatu39nVxlURRxkcgENQAzY4Aw1wC5qgBTB4BM/gFbwZT8aL8W58zEpLRtGzD/7A+PoBBZ2fAg==</latexit>

min⌘ N�1
PN

n=1 f(yn, ⌘)
<latexit sha1_base64="WkZloljWLcIGXxgPxl1sfgNzch4="></latexit><latexit sha1_base64="IbvxSD0/YmHWs6Y7PmA8vYvHT3w="></latexit><latexit sha1_base64="IbvxSD0/YmHWs6Y7PmA8vYvHT3w="></latexit><latexit sha1_base64="qeJGZMR3DkYIeSpjFkWv+GcguUM=">AAACF3icbVDLSgMxFM3UV62vqks3wSJU0DJxoxuh6MZVqWAf0GmHTJppQ5PMkGSEMsxfuPFX3LhQxK3u/BvTx0KrBwKHc87l5p4g5kwb1/1yckvLK6tr+fXCxubW9k5xd6+po0QR2iARj1Q7wJpyJmnDMMNpO1YUi4DTVjC6nvite6o0i+SdGce0K/BAspARbKzkFyueYNJPPWpwBmu99BRl0NOJ8FN5ibJeWstgWB778gROIsd+seRW3CngX4LmpATmqPvFT68fkURQaQjHWneQG5tuipVhhNOs4CWaxpiM8IB2LJVYUN1Np3dl8MgqfRhGyj5p4FT9OZFiofVYBDYpsBnqRW8i/ud1EhNedFMm48RQSWaLwoRDE8FJSbDPFCWGjy3BRDH7V0iGWGFibJUFWwJaPPkvaZ5VkFtBt6hUvZrXkQcH4BCUAQLnoApuQB00AAEP4Am8gFfn0Xl23pz3WTTnzGf2wS84H99ws57K</latexit>

⌘(t) = ⌘(t�1) � ⇢tr⌘

h
N�1

PN
n=1 f(yn, ⌘)

i

⌘=⌘(t)
<latexit sha1_base64="3ufooJuMEXH0NvzjQVJ/y9d5AD8="></latexit><latexit sha1_base64="r9kyY2zIjhM73yDfVGMWHmTrvAY="></latexit><latexit sha1_base64="r9kyY2zIjhM73yDfVGMWHmTrvAY="></latexit><latexit sha1_base64="fRU0QqMYkpz1uZAcsSLfKaNAa94="></latexit>

⌘(t) = ⌘(t�1) � ⇢t [r⌘f(yt, ⌘)]⌘=⌘(t)
<latexit sha1_base64="jcOztqTWOwPHgH3jJeyZrUw909Y="></latexit><latexit sha1_base64="6GN+qhyY3/rcR+ctkMCjAEf4h4w="></latexit><latexit sha1_base64="6GN+qhyY3/rcR+ctkMCjAEf4h4w="></latexit><latexit sha1_base64="9vRBryJa39Onvgc3TYqoW+iSwxY="></latexit>

min⌘ N�1
PN

n=1

⇥
�NEq⌘ log p(yn|✓)� Eq⌘ log(p(✓)/q⌘(✓))

⇤
<latexit sha1_base64="wFDep0Lc3tYDcZ5JeASExhtwKJQ="></latexit><latexit sha1_base64="l6cLxxnwl6vxi9rxB94POVUsEXo="></latexit><latexit sha1_base64="l6cLxxnwl6vxi9rxB94POVUsEXo="></latexit><latexit sha1_base64="rp7bag3D2dZVmMp4dleclwMtyQI="></latexit>

✓ ✓ ✓

p(✓|y1)
<latexit sha1_base64="n+67qYfzIWx2z6C9SHmngaIIGHw=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEI9VISEfRY9OKxgv2ANoTNdtMu3WzC7kSIsb/EiwdFvPpTvPlv3LY5aOuDgcd7M8zMCxLBNTjOt1VaW9/Y3CpvV3Z29/ar9sFhR8epoqxNYxGrXkA0E1yyNnAQrJcoRqJAsG4wuZn53QemNI/lPWQJ8yIykjzklICRfLua1AcwZkDwE85898y3a07DmQOvErcgNVSg5dtfg2FM04hJoIJo3XedBLycKOBUsGllkGqWEDohI9Y3VJKIaS+fHz7Fp0YZ4jBWpiTgufp7IieR1lkUmM6IwFgvezPxP6+fQnjl5VwmKTBJF4vCVGCI8SwFPOSKURCZIYQqbm7FdEwUoWCyqpgQ3OWXV0nnvOE6Dffuota8LuIoo2N0gurIRZeoiW5RC7URRSl6Rq/ozXq0Xqx362PRWrKKmSP0B9bnD1sQkjk=</latexit><latexit sha1_base64="n+67qYfzIWx2z6C9SHmngaIIGHw=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEI9VISEfRY9OKxgv2ANoTNdtMu3WzC7kSIsb/EiwdFvPpTvPlv3LY5aOuDgcd7M8zMCxLBNTjOt1VaW9/Y3CpvV3Z29/ar9sFhR8epoqxNYxGrXkA0E1yyNnAQrJcoRqJAsG4wuZn53QemNI/lPWQJ8yIykjzklICRfLua1AcwZkDwE85898y3a07DmQOvErcgNVSg5dtfg2FM04hJoIJo3XedBLycKOBUsGllkGqWEDohI9Y3VJKIaS+fHz7Fp0YZ4jBWpiTgufp7IieR1lkUmM6IwFgvezPxP6+fQnjl5VwmKTBJF4vCVGCI8SwFPOSKURCZIYQqbm7FdEwUoWCyqpgQ3OWXV0nnvOE6Dffuota8LuIoo2N0gurIRZeoiW5RC7URRSl6Rq/ozXq0Xqx362PRWrKKmSP0B9bnD1sQkjk=</latexit><latexit sha1_base64="n+67qYfzIWx2z6C9SHmngaIIGHw=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEI9VISEfRY9OKxgv2ANoTNdtMu3WzC7kSIsb/EiwdFvPpTvPlv3LY5aOuDgcd7M8zMCxLBNTjOt1VaW9/Y3CpvV3Z29/ar9sFhR8epoqxNYxGrXkA0E1yyNnAQrJcoRqJAsG4wuZn53QemNI/lPWQJ8yIykjzklICRfLua1AcwZkDwE85898y3a07DmQOvErcgNVSg5dtfg2FM04hJoIJo3XedBLycKOBUsGllkGqWEDohI9Y3VJKIaS+fHz7Fp0YZ4jBWpiTgufp7IieR1lkUmM6IwFgvezPxP6+fQnjl5VwmKTBJF4vCVGCI8SwFPOSKURCZIYQqbm7FdEwUoWCyqpgQ3OWXV0nnvOE6Dffuota8LuIoo2N0gurIRZeoiW5RC7URRSl6Rq/ozXq0Xqx362PRWrKKmSP0B9bnD1sQkjk=</latexit><latexit sha1_base64="n+67qYfzIWx2z6C9SHmngaIIGHw=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEI9VISEfRY9OKxgv2ANoTNdtMu3WzC7kSIsb/EiwdFvPpTvPlv3LY5aOuDgcd7M8zMCxLBNTjOt1VaW9/Y3CpvV3Z29/ar9sFhR8epoqxNYxGrXkA0E1yyNnAQrJcoRqJAsG4wuZn53QemNI/lPWQJ8yIykjzklICRfLua1AcwZkDwE85898y3a07DmQOvErcgNVSg5dtfg2FM04hJoIJo3XedBLycKOBUsGllkGqWEDohI9Y3VJKIaS+fHz7Fp0YZ4jBWpiTgufp7IieR1lkUmM6IwFgvezPxP6+fQnjl5VwmKTBJF4vCVGCI8SwFPOSKURCZIYQqbm7FdEwUoWCyqpgQ3OWXV0nnvOE6Dffuota8LuIoo2N0gurIRZeoiW5RC7URRSl6Rq/ozXq0Xqx362PRWrKKmSP0B9bnD1sQkjk=</latexit>

p(✓|y1:10)
<latexit sha1_base64="wD/KlhRGTFz6ExJ+3Xc8DrWiKFE=">AAAB/XicbVDJSgNBEO2JW4zbuNy8NAYhXsK0CIqnoBePEcwCyTD0dDpJk56F7hphHIO/4sWDIl79D2/+jZ1kDpr4oODxXhVV9fxYCg2O820VlpZXVteK66WNza3tHXt3r6mjRDHeYJGMVNunmksR8gYIkLwdK04DX/KWP7qe+K17rrSIwjtIY+4GdBCKvmAUjOTZB3GlC0MOFD/i1MvIJXHGJ55ddqrOFHiRkJyUUY66Z391exFLAh4Ck1TrDnFicDOqQDDJx6VuonlM2YgOeMfQkAZcu9n0+jE+NkoP9yNlKgQ8VX9PZDTQOg180xlQGOp5byL+53US6F+4mQjjBHjIZov6icQQ4UkUuCcUZyBTQyhTwtyK2ZAqysAEVjIhkPmXF0nztEqcKrk9K9eu8jiK6BAdoQoi6BzV0A2qowZi6AE9o1f0Zj1ZL9a79TFrLVj5zD76A+vzB5TMk/4=</latexit><latexit sha1_base64="wD/KlhRGTFz6ExJ+3Xc8DrWiKFE=">AAAB/XicbVDJSgNBEO2JW4zbuNy8NAYhXsK0CIqnoBePEcwCyTD0dDpJk56F7hphHIO/4sWDIl79D2/+jZ1kDpr4oODxXhVV9fxYCg2O820VlpZXVteK66WNza3tHXt3r6mjRDHeYJGMVNunmksR8gYIkLwdK04DX/KWP7qe+K17rrSIwjtIY+4GdBCKvmAUjOTZB3GlC0MOFD/i1MvIJXHGJ55ddqrOFHiRkJyUUY66Z391exFLAh4Ck1TrDnFicDOqQDDJx6VuonlM2YgOeMfQkAZcu9n0+jE+NkoP9yNlKgQ8VX9PZDTQOg180xlQGOp5byL+53US6F+4mQjjBHjIZov6icQQ4UkUuCcUZyBTQyhTwtyK2ZAqysAEVjIhkPmXF0nztEqcKrk9K9eu8jiK6BAdoQoi6BzV0A2qowZi6AE9o1f0Zj1ZL9a79TFrLVj5zD76A+vzB5TMk/4=</latexit><latexit sha1_base64="wD/KlhRGTFz6ExJ+3Xc8DrWiKFE=">AAAB/XicbVDJSgNBEO2JW4zbuNy8NAYhXsK0CIqnoBePEcwCyTD0dDpJk56F7hphHIO/4sWDIl79D2/+jZ1kDpr4oODxXhVV9fxYCg2O820VlpZXVteK66WNza3tHXt3r6mjRDHeYJGMVNunmksR8gYIkLwdK04DX/KWP7qe+K17rrSIwjtIY+4GdBCKvmAUjOTZB3GlC0MOFD/i1MvIJXHGJ55ddqrOFHiRkJyUUY66Z391exFLAh4Ck1TrDnFicDOqQDDJx6VuonlM2YgOeMfQkAZcu9n0+jE+NkoP9yNlKgQ8VX9PZDTQOg180xlQGOp5byL+53US6F+4mQjjBHjIZov6icQQ4UkUuCcUZyBTQyhTwtyK2ZAqysAEVjIhkPmXF0nztEqcKrk9K9eu8jiK6BAdoQoi6BzV0A2qowZi6AE9o1f0Zj1ZL9a79TFrLVj5zD76A+vzB5TMk/4=</latexit><latexit sha1_base64="wD/KlhRGTFz6ExJ+3Xc8DrWiKFE=">AAAB/XicbVDJSgNBEO2JW4zbuNy8NAYhXsK0CIqnoBePEcwCyTD0dDpJk56F7hphHIO/4sWDIl79D2/+jZ1kDpr4oODxXhVV9fxYCg2O820VlpZXVteK66WNza3tHXt3r6mjRDHeYJGMVNunmksR8gYIkLwdK04DX/KWP7qe+K17rrSIwjtIY+4GdBCKvmAUjOTZB3GlC0MOFD/i1MvIJXHGJ55ddqrOFHiRkJyUUY66Z391exFLAh4Ck1TrDnFicDOqQDDJx6VuonlM2YgOeMfQkAZcu9n0+jE+NkoP9yNlKgQ8VX9PZDTQOg180xlQGOp5byL+53US6F+4mQjjBHjIZov6icQQ4UkUuCcUZyBTQyhTwtyK2ZAqysAEVjIhkPmXF0nztEqcKrk9K9eu8jiK6BAdoQoi6BzV0A2qowZi6AE9o1f0Zj1ZL9a79TFrLVj5zD76A+vzB5TMk/4=</latexit>
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<latexit sha1_base64="amiLb8hyCuG4huSlMplxdRPKLxw=">AAACAHicbVDJSgNBEO2JW4xb1IMHL41BiCChRwSXU9CLxwhmgSSEnk5P0qSnZ+iuEYZxLv6KFw+KePUzvPk3dpaDRh8UPN6roqqeF0lhgJAvJ7ewuLS8kl8trK1vbG4Vt3caJow143UWylC3PGq4FIrXQYDkrUhzGniSN73R9dhv3nNtRKjuIIl4N6ADJXzBKFipV9yLyh0YcqD4ASe91L28OCaEZEe9YolUyAT4L3FnpIRmqPWKn51+yOKAK2CSGtN2SQTdlGoQTPKs0IkNjygb0QFvW6powE03nTyQ4UOr9LEfalsK8ET9OZHSwJgk8GxnQGFo5r2x+J/XjsE/76ZCRTFwxaaL/FhiCPE4DdwXmjOQiSWUaWFvxWxINWVgMyvYENz5l/+SxknFJRX39rRUvZrFkUf76ACVkYvOUBXdoBqqI4Yy9IRe0Kvz6Dw7b877tDXnzGZ20S84H9/4J5Sw</latexit><latexit sha1_base64="amiLb8hyCuG4huSlMplxdRPKLxw=">AAACAHicbVDJSgNBEO2JW4xb1IMHL41BiCChRwSXU9CLxwhmgSSEnk5P0qSnZ+iuEYZxLv6KFw+KePUzvPk3dpaDRh8UPN6roqqeF0lhgJAvJ7ewuLS8kl8trK1vbG4Vt3caJow143UWylC3PGq4FIrXQYDkrUhzGniSN73R9dhv3nNtRKjuIIl4N6ADJXzBKFipV9yLyh0YcqD4ASe91L28OCaEZEe9YolUyAT4L3FnpIRmqPWKn51+yOKAK2CSGtN2SQTdlGoQTPKs0IkNjygb0QFvW6powE03nTyQ4UOr9LEfalsK8ET9OZHSwJgk8GxnQGFo5r2x+J/XjsE/76ZCRTFwxaaL/FhiCPE4DdwXmjOQiSWUaWFvxWxINWVgMyvYENz5l/+SxknFJRX39rRUvZrFkUf76ACVkYvOUBXdoBqqI4Yy9IRe0Kvz6Dw7b877tDXnzGZ20S84H9/4J5Sw</latexit><latexit sha1_base64="amiLb8hyCuG4huSlMplxdRPKLxw=">AAACAHicbVDJSgNBEO2JW4xb1IMHL41BiCChRwSXU9CLxwhmgSSEnk5P0qSnZ+iuEYZxLv6KFw+KePUzvPk3dpaDRh8UPN6roqqeF0lhgJAvJ7ewuLS8kl8trK1vbG4Vt3caJow143UWylC3PGq4FIrXQYDkrUhzGniSN73R9dhv3nNtRKjuIIl4N6ADJXzBKFipV9yLyh0YcqD4ASe91L28OCaEZEe9YolUyAT4L3FnpIRmqPWKn51+yOKAK2CSGtN2SQTdlGoQTPKs0IkNjygb0QFvW6powE03nTyQ4UOr9LEfalsK8ET9OZHSwJgk8GxnQGFo5r2x+J/XjsE/76ZCRTFwxaaL/FhiCPE4DdwXmjOQiSWUaWFvxWxINWVgMyvYENz5l/+SxknFJRX39rRUvZrFkUf76ACVkYvOUBXdoBqqI4Yy9IRe0Kvz6Dw7b877tDXnzGZ20S84H9/4J5Sw</latexit><latexit sha1_base64="amiLb8hyCuG4huSlMplxdRPKLxw=">AAACAHicbVDJSgNBEO2JW4xb1IMHL41BiCChRwSXU9CLxwhmgSSEnk5P0qSnZ+iuEYZxLv6KFw+KePUzvPk3dpaDRh8UPN6roqqeF0lhgJAvJ7ewuLS8kl8trK1vbG4Vt3caJow143UWylC3PGq4FIrXQYDkrUhzGniSN73R9dhv3nNtRKjuIIl4N6ADJXzBKFipV9yLyh0YcqD4ASe91L28OCaEZEe9YolUyAT4L3FnpIRmqPWKn51+yOKAK2CSGtN2SQTdlGoQTPKs0IkNjygb0QFvW6powE03nTyQ4UOr9LEfalsK8ET9OZHSwJgk8GxnQGFo5r2x+J/XjsE/76ZCRTFwxaaL/FhiCPE4DdwXmjOQiSWUaWFvxWxINWVgMyvYENz5l/+SxknFJRX39rRUvZrFkUf76ACVkYvOUBXdoBqqI4Yy9IRe0Kvz6Dw7b877tDXnzGZ20S84H9/4J5Sw</latexit>
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<latexit sha1_base64="KV8+0xH879cSGWmOpQMA4h7ojDI="></latexit><latexit sha1_base64="KV8+0xH879cSGWmOpQMA4h7ojDI="></latexit><latexit sha1_base64="KV8+0xH879cSGWmOpQMA4h7ojDI="></latexit><latexit sha1_base64="KV8+0xH879cSGWmOpQMA4h7ojDI="></latexit>



Stochastic gradient descent (SGD)

• Recall: Stochastic gradient 
• Goal: 

• One option: 
• GD: 
• SGD:  

• Can we apply SGD to our problem? Assume indep data 
!

• ELBO not an estimate of the objective; is the objective
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iid⇠ Y

<latexit sha1_base64="BdTKOt2T2/AhUxqL/B73JJjLpe8=">AAACA3icbVBNS8NAEN3Ur1q/ot70slgETyURQY9FLx4r2FZpQthsNu3S3U3Y3QghBLz4V7x4UMSrf8Kb/8Ztm4O2Phh4vDfDzLwwZVRpx/m2akvLK6tr9fXGxubW9o69u9dTSSYx6eKEJfIuRIowKkhXU83IXSoJ4iEj/XB8NfH7D0QqmohbnafE52goaEwx0kYK7IM8ENBTGuGxJKygNCoLT1FewvvAbjotZwq4SNyKNEGFTmB/eVGCM06ExgwpNXCdVPsFkppiRsqGlymSmkVoSAaGCsSJ8ovpDyU8NkoE40SaEhpO1d8TBeJK5Tw0nRzpkZr3JuJ/3iDT8YVfUJFmmgg8WxRnDOoETgKBEZUEa5YbgrCk5laIR0girE1sDROCO//yIumdtlyn5d6cNduXVRx1cAiOwAlwwTlog2vQAV2AwSN4Bq/gzXqyXqx362PWWrOqmX3wB9bnD4EBmA4=</latexit><latexit sha1_base64="BdTKOt2T2/AhUxqL/B73JJjLpe8=">AAACA3icbVBNS8NAEN3Ur1q/ot70slgETyURQY9FLx4r2FZpQthsNu3S3U3Y3QghBLz4V7x4UMSrf8Kb/8Ztm4O2Phh4vDfDzLwwZVRpx/m2akvLK6tr9fXGxubW9o69u9dTSSYx6eKEJfIuRIowKkhXU83IXSoJ4iEj/XB8NfH7D0QqmohbnafE52goaEwx0kYK7IM8ENBTGuGxJKygNCoLT1FewvvAbjotZwq4SNyKNEGFTmB/eVGCM06ExgwpNXCdVPsFkppiRsqGlymSmkVoSAaGCsSJ8ovpDyU8NkoE40SaEhpO1d8TBeJK5Tw0nRzpkZr3JuJ/3iDT8YVfUJFmmgg8WxRnDOoETgKBEZUEa5YbgrCk5laIR0girE1sDROCO//yIumdtlyn5d6cNduXVRx1cAiOwAlwwTlog2vQAV2AwSN4Bq/gzXqyXqx362PWWrOqmX3wB9bnD4EBmA4=</latexit><latexit sha1_base64="BdTKOt2T2/AhUxqL/B73JJjLpe8=">AAACA3icbVBNS8NAEN3Ur1q/ot70slgETyURQY9FLx4r2FZpQthsNu3S3U3Y3QghBLz4V7x4UMSrf8Kb/8Ztm4O2Phh4vDfDzLwwZVRpx/m2akvLK6tr9fXGxubW9o69u9dTSSYx6eKEJfIuRIowKkhXU83IXSoJ4iEj/XB8NfH7D0QqmohbnafE52goaEwx0kYK7IM8ENBTGuGxJKygNCoLT1FewvvAbjotZwq4SNyKNEGFTmB/eVGCM06ExgwpNXCdVPsFkppiRsqGlymSmkVoSAaGCsSJ8ovpDyU8NkoE40SaEhpO1d8TBeJK5Tw0nRzpkZr3JuJ/3iDT8YVfUJFmmgg8WxRnDOoETgKBEZUEa5YbgrCk5laIR0girE1sDROCO//yIumdtlyn5d6cNduXVRx1cAiOwAlwwTlog2vQAV2AwSN4Bq/gzXqyXqx362PWWrOqmX3wB9bnD4EBmA4=</latexit><latexit sha1_base64="BdTKOt2T2/AhUxqL/B73JJjLpe8=">AAACA3icbVBNS8NAEN3Ur1q/ot70slgETyURQY9FLx4r2FZpQthsNu3S3U3Y3QghBLz4V7x4UMSrf8Kb/8Ztm4O2Phh4vDfDzLwwZVRpx/m2akvLK6tr9fXGxubW9o69u9dTSSYx6eKEJfIuRIowKkhXU83IXSoJ4iEj/XB8NfH7D0QqmohbnafE52goaEwx0kYK7IM8ENBTGuGxJKygNCoLT1FewvvAbjotZwq4SNyKNEGFTmB/eVGCM06ExgwpNXCdVPsFkppiRsqGlymSmkVoSAaGCsSJ8ovpDyU8NkoE40SaEhpO1d8TBeJK5Tw0nRzpkZr3JuJ/3iDT8YVfUJFmmgg8WxRnDOoETgKBEZUEa5YbgrCk5laIR0girE1sDROCO//yIumdtlyn5d6cNduXVRx1cAiOwAlwwTlog2vQAV2AwSN4Bq/gzXqyXqx362PWWrOqmX3wB9bnD4EBmA4=</latexit>

• Observe

• MFVB:

min⌘ f(⌘) := EY f(Y, ⌘)
<latexit sha1_base64="MNl2hhgvSz+PGE4IGfXao6Z2LmI="></latexit><latexit sha1_base64="8+sInliVQNhnKBGZsAe5XkcbLeU="></latexit><latexit sha1_base64="8+sInliVQNhnKBGZsAe5XkcbLeU="></latexit><latexit sha1_base64="CxSA/NtG5du9cjXIay03oNXaZwA=">AAACGXicbVDLSsNAFJ3UV62vqEs3g0WoICVxowhCUQSXFeyLpoTJdNIOnUzCzEQoIb/hxl9x40IRl7ryb5ykWWjrgWEO59zLvfd4EaNSWda3UVpaXlldK69XNja3tnfM3b22DGOBSQuHLBRdD0nCKCctRRUj3UgQFHiMdLzJdeZ3HoiQNOT3ahqRQYBGnPoUI6Ul17ScgHI3cYhCKfRr2X8MLy6hEyA19rzkJnWTXub0TmBuumbVqls54CKxC1IFBZqu+ekMQxwHhCvMkJR924rUIEFCUcxIWnFiSSKEJ2hE+ppyFBA5SPLLUniklSH0Q6EfVzBXf3ckKJByGni6MltYznuZ+J/Xj5V/Pkgoj2JFOJ4N8mMGVQizmOCQCoIVm2qCsKB6V4jHSCCsdJgVHYI9f/IiaZ/Wbatu39nVxlURRxkcgENQAzY4Aw1wC5qgBTB4BM/gFbwZT8aL8W58zEpLRtGzD/7A+PoBBZ2fAg==</latexit>
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<latexit sha1_base64="WkZloljWLcIGXxgPxl1sfgNzch4="></latexit><latexit sha1_base64="IbvxSD0/YmHWs6Y7PmA8vYvHT3w="></latexit><latexit sha1_base64="IbvxSD0/YmHWs6Y7PmA8vYvHT3w="></latexit><latexit sha1_base64="qeJGZMR3DkYIeSpjFkWv+GcguUM=">AAACF3icbVDLSgMxFM3UV62vqks3wSJU0DJxoxuh6MZVqWAf0GmHTJppQ5PMkGSEMsxfuPFX3LhQxK3u/BvTx0KrBwKHc87l5p4g5kwb1/1yckvLK6tr+fXCxubW9k5xd6+po0QR2iARj1Q7wJpyJmnDMMNpO1YUi4DTVjC6nvite6o0i+SdGce0K/BAspARbKzkFyueYNJPPWpwBmu99BRl0NOJ8FN5ibJeWstgWB778gROIsd+seRW3CngX4LmpATmqPvFT68fkURQaQjHWneQG5tuipVhhNOs4CWaxpiM8IB2LJVYUN1Np3dl8MgqfRhGyj5p4FT9OZFiofVYBDYpsBnqRW8i/ud1EhNedFMm48RQSWaLwoRDE8FJSbDPFCWGjy3BRDH7V0iGWGFibJUFWwJaPPkvaZ5VkFtBt6hUvZrXkQcH4BCUAQLnoApuQB00AAEP4Am8gFfn0Xl23pz3WTTnzGf2wS84H99ws57K</latexit>
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<latexit sha1_base64="3ufooJuMEXH0NvzjQVJ/y9d5AD8="></latexit><latexit sha1_base64="r9kyY2zIjhM73yDfVGMWHmTrvAY="></latexit><latexit sha1_base64="r9kyY2zIjhM73yDfVGMWHmTrvAY="></latexit><latexit sha1_base64="fRU0QqMYkpz1uZAcsSLfKaNAa94="></latexit>

⌘(t) = ⌘(t�1) � ⇢t [r⌘f(yt, ⌘)]⌘=⌘(t)
<latexit sha1_base64="jcOztqTWOwPHgH3jJeyZrUw909Y="></latexit><latexit sha1_base64="6GN+qhyY3/rcR+ctkMCjAEf4h4w="></latexit><latexit sha1_base64="6GN+qhyY3/rcR+ctkMCjAEf4h4w="></latexit><latexit sha1_base64="9vRBryJa39Onvgc3TYqoW+iSwxY="></latexit>
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⇤
<latexit sha1_base64="wFDep0Lc3tYDcZ5JeASExhtwKJQ="></latexit><latexit sha1_base64="l6cLxxnwl6vxi9rxB94POVUsEXo="></latexit><latexit sha1_base64="l6cLxxnwl6vxi9rxB94POVUsEXo="></latexit><latexit sha1_base64="rp7bag3D2dZVmMp4dleclwMtyQI="></latexit>
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Stochastic gradient descent (SGD)

• Recall: Stochastic gradient 
• Goal: 

• One option: 
• GD: 
• SGD:  

• Can we apply SGD to our problem? Assume indep data 
!

• ELBO not an estimate of the objective; is the objective
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<latexit sha1_base64="BdTKOt2T2/AhUxqL/B73JJjLpe8=">AAACA3icbVBNS8NAEN3Ur1q/ot70slgETyURQY9FLx4r2FZpQthsNu3S3U3Y3QghBLz4V7x4UMSrf8Kb/8Ztm4O2Phh4vDfDzLwwZVRpx/m2akvLK6tr9fXGxubW9o69u9dTSSYx6eKEJfIuRIowKkhXU83IXSoJ4iEj/XB8NfH7D0QqmohbnafE52goaEwx0kYK7IM8ENBTGuGxJKygNCoLT1FewvvAbjotZwq4SNyKNEGFTmB/eVGCM06ExgwpNXCdVPsFkppiRsqGlymSmkVoSAaGCsSJ8ovpDyU8NkoE40SaEhpO1d8TBeJK5Tw0nRzpkZr3JuJ/3iDT8YVfUJFmmgg8WxRnDOoETgKBEZUEa5YbgrCk5laIR0girE1sDROCO//yIumdtlyn5d6cNduXVRx1cAiOwAlwwTlog2vQAV2AwSN4Bq/gzXqyXqx362PWWrOqmX3wB9bnD4EBmA4=</latexit><latexit sha1_base64="BdTKOt2T2/AhUxqL/B73JJjLpe8=">AAACA3icbVBNS8NAEN3Ur1q/ot70slgETyURQY9FLx4r2FZpQthsNu3S3U3Y3QghBLz4V7x4UMSrf8Kb/8Ztm4O2Phh4vDfDzLwwZVRpx/m2akvLK6tr9fXGxubW9o69u9dTSSYx6eKEJfIuRIowKkhXU83IXSoJ4iEj/XB8NfH7D0QqmohbnafE52goaEwx0kYK7IM8ENBTGuGxJKygNCoLT1FewvvAbjotZwq4SNyKNEGFTmB/eVGCM06ExgwpNXCdVPsFkppiRsqGlymSmkVoSAaGCsSJ8ovpDyU8NkoE40SaEhpO1d8TBeJK5Tw0nRzpkZr3JuJ/3iDT8YVfUJFmmgg8WxRnDOoETgKBEZUEa5YbgrCk5laIR0girE1sDROCO//yIumdtlyn5d6cNduXVRx1cAiOwAlwwTlog2vQAV2AwSN4Bq/gzXqyXqx362PWWrOqmX3wB9bnD4EBmA4=</latexit><latexit sha1_base64="BdTKOt2T2/AhUxqL/B73JJjLpe8=">AAACA3icbVBNS8NAEN3Ur1q/ot70slgETyURQY9FLx4r2FZpQthsNu3S3U3Y3QghBLz4V7x4UMSrf8Kb/8Ztm4O2Phh4vDfDzLwwZVRpx/m2akvLK6tr9fXGxubW9o69u9dTSSYx6eKEJfIuRIowKkhXU83IXSoJ4iEj/XB8NfH7D0QqmohbnafE52goaEwx0kYK7IM8ENBTGuGxJKygNCoLT1FewvvAbjotZwq4SNyKNEGFTmB/eVGCM06ExgwpNXCdVPsFkppiRsqGlymSmkVoSAaGCsSJ8ovpDyU8NkoE40SaEhpO1d8TBeJK5Tw0nRzpkZr3JuJ/3iDT8YVfUJFmmgg8WxRnDOoETgKBEZUEa5YbgrCk5laIR0girE1sDROCO//yIumdtlyn5d6cNduXVRx1cAiOwAlwwTlog2vQAV2AwSN4Bq/gzXqyXqx362PWWrOqmX3wB9bnD4EBmA4=</latexit><latexit sha1_base64="BdTKOt2T2/AhUxqL/B73JJjLpe8=">AAACA3icbVBNS8NAEN3Ur1q/ot70slgETyURQY9FLx4r2FZpQthsNu3S3U3Y3QghBLz4V7x4UMSrf8Kb/8Ztm4O2Phh4vDfDzLwwZVRpx/m2akvLK6tr9fXGxubW9o69u9dTSSYx6eKEJfIuRIowKkhXU83IXSoJ4iEj/XB8NfH7D0QqmohbnafE52goaEwx0kYK7IM8ENBTGuGxJKygNCoLT1FewvvAbjotZwq4SNyKNEGFTmB/eVGCM06ExgwpNXCdVPsFkppiRsqGlymSmkVoSAaGCsSJ8ovpDyU8NkoE40SaEhpO1d8TBeJK5Tw0nRzpkZr3JuJ/3iDT8YVfUJFmmgg8WxRnDOoETgKBEZUEa5YbgrCk5laIR0girE1sDROCO//yIumdtlyn5d6cNduXVRx1cAiOwAlwwTlog2vQAV2AwSN4Bq/gzXqyXqx362PWWrOqmX3wB9bnD4EBmA4=</latexit>

• Observe

f(⌘) = EY f(Y, ⌘) = �Eq⌘ log(p(✓, y1:N )/q⌘(✓))
<latexit sha1_base64="4FnL8wq2IoXktEHLzggmjavZX4Y="></latexit><latexit sha1_base64="4FnL8wq2IoXktEHLzggmjavZX4Y="></latexit><latexit sha1_base64="4FnL8wq2IoXktEHLzggmjavZX4Y="></latexit><latexit sha1_base64="4FnL8wq2IoXktEHLzggmjavZX4Y="></latexit>

• MFVB:

min⌘ f(⌘) := EY f(Y, ⌘)
<latexit sha1_base64="MNl2hhgvSz+PGE4IGfXao6Z2LmI="></latexit><latexit sha1_base64="8+sInliVQNhnKBGZsAe5XkcbLeU="></latexit><latexit sha1_base64="8+sInliVQNhnKBGZsAe5XkcbLeU="></latexit><latexit sha1_base64="CxSA/NtG5du9cjXIay03oNXaZwA=">AAACGXicbVDLSsNAFJ3UV62vqEs3g0WoICVxowhCUQSXFeyLpoTJdNIOnUzCzEQoIb/hxl9x40IRl7ryb5ykWWjrgWEO59zLvfd4EaNSWda3UVpaXlldK69XNja3tnfM3b22DGOBSQuHLBRdD0nCKCctRRUj3UgQFHiMdLzJdeZ3HoiQNOT3ahqRQYBGnPoUI6Ul17ScgHI3cYhCKfRr2X8MLy6hEyA19rzkJnWTXub0TmBuumbVqls54CKxC1IFBZqu+ekMQxwHhCvMkJR924rUIEFCUcxIWnFiSSKEJ2hE+ppyFBA5SPLLUniklSH0Q6EfVzBXf3ckKJByGni6MltYznuZ+J/Xj5V/Pkgoj2JFOJ4N8mMGVQizmOCQCoIVm2qCsKB6V4jHSCCsdJgVHYI9f/IiaZ/Wbatu39nVxlURRxkcgENQAzY4Aw1wC5qgBTB4BM/gFbwZT8aL8W58zEpLRtGzD/7A+PoBBZ2fAg==</latexit>

min⌘ N�1
PN

n=1 f(yn, ⌘)
<latexit sha1_base64="WkZloljWLcIGXxgPxl1sfgNzch4="></latexit><latexit sha1_base64="IbvxSD0/YmHWs6Y7PmA8vYvHT3w="></latexit><latexit sha1_base64="IbvxSD0/YmHWs6Y7PmA8vYvHT3w="></latexit><latexit sha1_base64="qeJGZMR3DkYIeSpjFkWv+GcguUM=">AAACF3icbVDLSgMxFM3UV62vqks3wSJU0DJxoxuh6MZVqWAf0GmHTJppQ5PMkGSEMsxfuPFX3LhQxK3u/BvTx0KrBwKHc87l5p4g5kwb1/1yckvLK6tr+fXCxubW9k5xd6+po0QR2iARj1Q7wJpyJmnDMMNpO1YUi4DTVjC6nvite6o0i+SdGce0K/BAspARbKzkFyueYNJPPWpwBmu99BRl0NOJ8FN5ibJeWstgWB778gROIsd+seRW3CngX4LmpATmqPvFT68fkURQaQjHWneQG5tuipVhhNOs4CWaxpiM8IB2LJVYUN1Np3dl8MgqfRhGyj5p4FT9OZFiofVYBDYpsBnqRW8i/ud1EhNedFMm48RQSWaLwoRDE8FJSbDPFCWGjy3BRDH7V0iGWGFibJUFWwJaPPkvaZ5VkFtBt6hUvZrXkQcH4BCUAQLnoApuQB00AAEP4Am8gFfn0Xl23pz3WTTnzGf2wS84H99ws57K</latexit>

⌘(t) = ⌘(t�1) � ⇢tr⌘

h
N�1

PN
n=1 f(yn, ⌘)

i

⌘=⌘(t)
<latexit sha1_base64="3ufooJuMEXH0NvzjQVJ/y9d5AD8="></latexit><latexit sha1_base64="r9kyY2zIjhM73yDfVGMWHmTrvAY="></latexit><latexit sha1_base64="r9kyY2zIjhM73yDfVGMWHmTrvAY="></latexit><latexit sha1_base64="fRU0QqMYkpz1uZAcsSLfKaNAa94="></latexit>

⌘(t) = ⌘(t�1) � ⇢t [r⌘f(yt, ⌘)]⌘=⌘(t)
<latexit sha1_base64="jcOztqTWOwPHgH3jJeyZrUw909Y="></latexit><latexit sha1_base64="6GN+qhyY3/rcR+ctkMCjAEf4h4w="></latexit><latexit sha1_base64="6GN+qhyY3/rcR+ctkMCjAEf4h4w="></latexit><latexit sha1_base64="9vRBryJa39Onvgc3TYqoW+iSwxY="></latexit>

min⌘ N�1
PN

n=1

⇥
�NEq⌘ log p(yn|✓)� Eq⌘ log(p(✓)/q⌘(✓))

⇤
<latexit sha1_base64="wFDep0Lc3tYDcZ5JeASExhtwKJQ="></latexit><latexit sha1_base64="l6cLxxnwl6vxi9rxB94POVUsEXo="></latexit><latexit sha1_base64="l6cLxxnwl6vxi9rxB94POVUsEXo="></latexit><latexit sha1_base64="rp7bag3D2dZVmMp4dleclwMtyQI="></latexit>

min

⌘:q⌘2QMFVB

�Eq⌘ log

"
NY

n=1

p(yn|✓)
p(✓)

q⌘(✓)

#
d✓

<latexit sha1_base64="KV8+0xH879cSGWmOpQMA4h7ojDI="></latexit><latexit sha1_base64="KV8+0xH879cSGWmOpQMA4h7ojDI="></latexit><latexit sha1_base64="KV8+0xH879cSGWmOpQMA4h7ojDI="></latexit><latexit sha1_base64="KV8+0xH879cSGWmOpQMA4h7ojDI="></latexit>



Stochastic gradient descent (SGD)

• Recall: Stochastic gradient 
• Goal: 

• One option: 
• GD: 
• SGD:  

• Can we apply SGD to our problem? Assume indep data 
!

• ELBO not an estimate of the objective; is the objective

yn
iid⇠ Y

<latexit sha1_base64="BdTKOt2T2/AhUxqL/B73JJjLpe8=">AAACA3icbVBNS8NAEN3Ur1q/ot70slgETyURQY9FLx4r2FZpQthsNu3S3U3Y3QghBLz4V7x4UMSrf8Kb/8Ztm4O2Phh4vDfDzLwwZVRpx/m2akvLK6tr9fXGxubW9o69u9dTSSYx6eKEJfIuRIowKkhXU83IXSoJ4iEj/XB8NfH7D0QqmohbnafE52goaEwx0kYK7IM8ENBTGuGxJKygNCoLT1FewvvAbjotZwq4SNyKNEGFTmB/eVGCM06ExgwpNXCdVPsFkppiRsqGlymSmkVoSAaGCsSJ8ovpDyU8NkoE40SaEhpO1d8TBeJK5Tw0nRzpkZr3JuJ/3iDT8YVfUJFmmgg8WxRnDOoETgKBEZUEa5YbgrCk5laIR0girE1sDROCO//yIumdtlyn5d6cNduXVRx1cAiOwAlwwTlog2vQAV2AwSN4Bq/gzXqyXqx362PWWrOqmX3wB9bnD4EBmA4=</latexit><latexit sha1_base64="BdTKOt2T2/AhUxqL/B73JJjLpe8=">AAACA3icbVBNS8NAEN3Ur1q/ot70slgETyURQY9FLx4r2FZpQthsNu3S3U3Y3QghBLz4V7x4UMSrf8Kb/8Ztm4O2Phh4vDfDzLwwZVRpx/m2akvLK6tr9fXGxubW9o69u9dTSSYx6eKEJfIuRIowKkhXU83IXSoJ4iEj/XB8NfH7D0QqmohbnafE52goaEwx0kYK7IM8ENBTGuGxJKygNCoLT1FewvvAbjotZwq4SNyKNEGFTmB/eVGCM06ExgwpNXCdVPsFkppiRsqGlymSmkVoSAaGCsSJ8ovpDyU8NkoE40SaEhpO1d8TBeJK5Tw0nRzpkZr3JuJ/3iDT8YVfUJFmmgg8WxRnDOoETgKBEZUEa5YbgrCk5laIR0girE1sDROCO//yIumdtlyn5d6cNduXVRx1cAiOwAlwwTlog2vQAV2AwSN4Bq/gzXqyXqx362PWWrOqmX3wB9bnD4EBmA4=</latexit><latexit sha1_base64="BdTKOt2T2/AhUxqL/B73JJjLpe8=">AAACA3icbVBNS8NAEN3Ur1q/ot70slgETyURQY9FLx4r2FZpQthsNu3S3U3Y3QghBLz4V7x4UMSrf8Kb/8Ztm4O2Phh4vDfDzLwwZVRpx/m2akvLK6tr9fXGxubW9o69u9dTSSYx6eKEJfIuRIowKkhXU83IXSoJ4iEj/XB8NfH7D0QqmohbnafE52goaEwx0kYK7IM8ENBTGuGxJKygNCoLT1FewvvAbjotZwq4SNyKNEGFTmB/eVGCM06ExgwpNXCdVPsFkppiRsqGlymSmkVoSAaGCsSJ8ovpDyU8NkoE40SaEhpO1d8TBeJK5Tw0nRzpkZr3JuJ/3iDT8YVfUJFmmgg8WxRnDOoETgKBEZUEa5YbgrCk5laIR0girE1sDROCO//yIumdtlyn5d6cNduXVRx1cAiOwAlwwTlog2vQAV2AwSN4Bq/gzXqyXqx362PWWrOqmX3wB9bnD4EBmA4=</latexit><latexit sha1_base64="BdTKOt2T2/AhUxqL/B73JJjLpe8=">AAACA3icbVBNS8NAEN3Ur1q/ot70slgETyURQY9FLx4r2FZpQthsNu3S3U3Y3QghBLz4V7x4UMSrf8Kb/8Ztm4O2Phh4vDfDzLwwZVRpx/m2akvLK6tr9fXGxubW9o69u9dTSSYx6eKEJfIuRIowKkhXU83IXSoJ4iEj/XB8NfH7D0QqmohbnafE52goaEwx0kYK7IM8ENBTGuGxJKygNCoLT1FewvvAbjotZwq4SNyKNEGFTmB/eVGCM06ExgwpNXCdVPsFkppiRsqGlymSmkVoSAaGCsSJ8ovpDyU8NkoE40SaEhpO1d8TBeJK5Tw0nRzpkZr3JuJ/3iDT8YVfUJFmmgg8WxRnDOoETgKBEZUEa5YbgrCk5laIR0girE1sDROCO//yIumdtlyn5d6cNduXVRx1cAiOwAlwwTlog2vQAV2AwSN4Bq/gzXqyXqx362PWWrOqmX3wB9bnD4EBmA4=</latexit>

• Observe

f(⌘) = EY f(Y, ⌘) = �Eq⌘ log(p(✓, y1:N )/q⌘(✓))
<latexit sha1_base64="4FnL8wq2IoXktEHLzggmjavZX4Y="></latexit><latexit sha1_base64="4FnL8wq2IoXktEHLzggmjavZX4Y="></latexit><latexit sha1_base64="4FnL8wq2IoXktEHLzggmjavZX4Y="></latexit><latexit sha1_base64="4FnL8wq2IoXktEHLzggmjavZX4Y="></latexit>

• MFVB:

min⌘ f(⌘) := EY f(Y, ⌘)
<latexit sha1_base64="MNl2hhgvSz+PGE4IGfXao6Z2LmI="></latexit><latexit sha1_base64="8+sInliVQNhnKBGZsAe5XkcbLeU="></latexit><latexit sha1_base64="8+sInliVQNhnKBGZsAe5XkcbLeU="></latexit><latexit sha1_base64="CxSA/NtG5du9cjXIay03oNXaZwA=">AAACGXicbVDLSsNAFJ3UV62vqEs3g0WoICVxowhCUQSXFeyLpoTJdNIOnUzCzEQoIb/hxl9x40IRl7ryb5ykWWjrgWEO59zLvfd4EaNSWda3UVpaXlldK69XNja3tnfM3b22DGOBSQuHLBRdD0nCKCctRRUj3UgQFHiMdLzJdeZ3HoiQNOT3ahqRQYBGnPoUI6Ul17ScgHI3cYhCKfRr2X8MLy6hEyA19rzkJnWTXub0TmBuumbVqls54CKxC1IFBZqu+ekMQxwHhCvMkJR924rUIEFCUcxIWnFiSSKEJ2hE+ppyFBA5SPLLUniklSH0Q6EfVzBXf3ckKJByGni6MltYznuZ+J/Xj5V/Pkgoj2JFOJ4N8mMGVQizmOCQCoIVm2qCsKB6V4jHSCCsdJgVHYI9f/IiaZ/Wbatu39nVxlURRxkcgENQAzY4Aw1wC5qgBTB4BM/gFbwZT8aL8W58zEpLRtGzD/7A+PoBBZ2fAg==</latexit>

min⌘ N�1
PN

n=1 f(yn, ⌘)
<latexit sha1_base64="WkZloljWLcIGXxgPxl1sfgNzch4="></latexit><latexit sha1_base64="IbvxSD0/YmHWs6Y7PmA8vYvHT3w="></latexit><latexit sha1_base64="IbvxSD0/YmHWs6Y7PmA8vYvHT3w="></latexit><latexit sha1_base64="qeJGZMR3DkYIeSpjFkWv+GcguUM=">AAACF3icbVDLSgMxFM3UV62vqks3wSJU0DJxoxuh6MZVqWAf0GmHTJppQ5PMkGSEMsxfuPFX3LhQxK3u/BvTx0KrBwKHc87l5p4g5kwb1/1yckvLK6tr+fXCxubW9k5xd6+po0QR2iARj1Q7wJpyJmnDMMNpO1YUi4DTVjC6nvite6o0i+SdGce0K/BAspARbKzkFyueYNJPPWpwBmu99BRl0NOJ8FN5ibJeWstgWB778gROIsd+seRW3CngX4LmpATmqPvFT68fkURQaQjHWneQG5tuipVhhNOs4CWaxpiM8IB2LJVYUN1Np3dl8MgqfRhGyj5p4FT9OZFiofVYBDYpsBnqRW8i/ud1EhNedFMm48RQSWaLwoRDE8FJSbDPFCWGjy3BRDH7V0iGWGFibJUFWwJaPPkvaZ5VkFtBt6hUvZrXkQcH4BCUAQLnoApuQB00AAEP4Am8gFfn0Xl23pz3WTTnzGf2wS84H99ws57K</latexit>

⌘(t) = ⌘(t�1) � ⇢tr⌘

h
N�1

PN
n=1 f(yn, ⌘)

i

⌘=⌘(t)
<latexit sha1_base64="3ufooJuMEXH0NvzjQVJ/y9d5AD8="></latexit><latexit sha1_base64="r9kyY2zIjhM73yDfVGMWHmTrvAY="></latexit><latexit sha1_base64="r9kyY2zIjhM73yDfVGMWHmTrvAY="></latexit><latexit sha1_base64="fRU0QqMYkpz1uZAcsSLfKaNAa94="></latexit>

⌘(t) = ⌘(t�1) � ⇢t [r⌘f(yt, ⌘)]⌘=⌘(t)
<latexit sha1_base64="jcOztqTWOwPHgH3jJeyZrUw909Y="></latexit><latexit sha1_base64="6GN+qhyY3/rcR+ctkMCjAEf4h4w="></latexit><latexit sha1_base64="6GN+qhyY3/rcR+ctkMCjAEf4h4w="></latexit><latexit sha1_base64="9vRBryJa39Onvgc3TYqoW+iSwxY="></latexit>

min⌘ N�1
PN

n=1

⇥
�NEq⌘ log p(yn|✓)� Eq⌘ log(p(✓)/q⌘(✓))

⇤
<latexit sha1_base64="wFDep0Lc3tYDcZ5JeASExhtwKJQ="></latexit><latexit sha1_base64="l6cLxxnwl6vxi9rxB94POVUsEXo="></latexit><latexit sha1_base64="l6cLxxnwl6vxi9rxB94POVUsEXo="></latexit><latexit sha1_base64="rp7bag3D2dZVmMp4dleclwMtyQI="></latexit>

f(·, ⌘) = �NEq⌘ log p(·|✓)� Eq⌘ log(p(✓)/q⌘(✓))
<latexit sha1_base64="TSmwJnkfdd1qW2+DwIrjIyBsCDo="></latexit><latexit sha1_base64="XZQqZ6IY6wBOpOh03LlvPOidfO0="></latexit><latexit sha1_base64="XZQqZ6IY6wBOpOh03LlvPOidfO0="></latexit><latexit sha1_base64="haIfzY+RPokeQ9PC7rEC5ho2h8g="></latexit>

Y = yn w.p. 1/N, n 2 {1, . . . , N}
<latexit sha1_base64="mwgCWcT+xCFkaclWR/PqhFkfM5g="></latexit><latexit sha1_base64="5dd2C13idsa2oMIiso2QQ+qEmD0="></latexit><latexit sha1_base64="5dd2C13idsa2oMIiso2QQ+qEmD0="></latexit><latexit sha1_base64="nj+GdRVlAhL4WOU1FP0O9U6rayY=">AAACIXicbVDLSgNBEJz1bXxFPXppDIKHsO54MRdB9OJJFIxRsiHMzk50cHZ2nelVw5Jf8eKvePGgiDfxZ5w8Dr4KGoqqbrq7okxJi0Hw4Y2NT0xOTc/MlubmFxaXyssrZzbNDRd1nqrUnEfMCiW1qKNEJc4zI1gSKdGIrg/6fuNWGCtTfYrdTLQSdqllR3KGTmqXaxewC922hhDFPZqkgDs/86EHdOuoCuFNzmJwpnRV0Gqo4hRtFY7CXrtcCfxgAPhL6IhUyAjH7fJ7GKc8T4RGrpi1TRpk2CqYQcmV6JXC3IqM8Wt2KZqOapYI2yoGH/ZgwykxdFLjSiMM1O8TBUus7SaR60wYXtnfXl/8z2vm2Km1CqmzHIXmw0WdXAGm0I8LYmkER9V1hHEj3a3Ar5hhHF2oJRcC/f3yX3K27dPApye0src/imOGrJF1skko2SF75JAckzrh5IE8kRfy6j16z96b9z5sHfNGM6vkB7zPL9wRoNo=</latexit>

min

⌘:q⌘2QMFVB

�Eq⌘ log

"
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n=1

p(yn|✓)
p(✓)

q⌘(✓)

#
d✓

<latexit sha1_base64="KV8+0xH879cSGWmOpQMA4h7ojDI="></latexit><latexit sha1_base64="KV8+0xH879cSGWmOpQMA4h7ojDI="></latexit><latexit sha1_base64="KV8+0xH879cSGWmOpQMA4h7ojDI="></latexit><latexit sha1_base64="KV8+0xH879cSGWmOpQMA4h7ojDI="></latexit>



Stochastic gradient descent (SGD)

• Recall: Stochastic gradient 
• Goal: 

• One option: 
• GD: 
• SGD:  

• Can we apply SGD to our problem? Assume indep data 
!

• ELBO not an estimate of the objective; is the objective

yn
iid⇠ Y

<latexit sha1_base64="BdTKOt2T2/AhUxqL/B73JJjLpe8=">AAACA3icbVBNS8NAEN3Ur1q/ot70slgETyURQY9FLx4r2FZpQthsNu3S3U3Y3QghBLz4V7x4UMSrf8Kb/8Ztm4O2Phh4vDfDzLwwZVRpx/m2akvLK6tr9fXGxubW9o69u9dTSSYx6eKEJfIuRIowKkhXU83IXSoJ4iEj/XB8NfH7D0QqmohbnafE52goaEwx0kYK7IM8ENBTGuGxJKygNCoLT1FewvvAbjotZwq4SNyKNEGFTmB/eVGCM06ExgwpNXCdVPsFkppiRsqGlymSmkVoSAaGCsSJ8ovpDyU8NkoE40SaEhpO1d8TBeJK5Tw0nRzpkZr3JuJ/3iDT8YVfUJFmmgg8WxRnDOoETgKBEZUEa5YbgrCk5laIR0girE1sDROCO//yIumdtlyn5d6cNduXVRx1cAiOwAlwwTlog2vQAV2AwSN4Bq/gzXqyXqx362PWWrOqmX3wB9bnD4EBmA4=</latexit><latexit sha1_base64="BdTKOt2T2/AhUxqL/B73JJjLpe8=">AAACA3icbVBNS8NAEN3Ur1q/ot70slgETyURQY9FLx4r2FZpQthsNu3S3U3Y3QghBLz4V7x4UMSrf8Kb/8Ztm4O2Phh4vDfDzLwwZVRpx/m2akvLK6tr9fXGxubW9o69u9dTSSYx6eKEJfIuRIowKkhXU83IXSoJ4iEj/XB8NfH7D0QqmohbnafE52goaEwx0kYK7IM8ENBTGuGxJKygNCoLT1FewvvAbjotZwq4SNyKNEGFTmB/eVGCM06ExgwpNXCdVPsFkppiRsqGlymSmkVoSAaGCsSJ8ovpDyU8NkoE40SaEhpO1d8TBeJK5Tw0nRzpkZr3JuJ/3iDT8YVfUJFmmgg8WxRnDOoETgKBEZUEa5YbgrCk5laIR0girE1sDROCO//yIumdtlyn5d6cNduXVRx1cAiOwAlwwTlog2vQAV2AwSN4Bq/gzXqyXqx362PWWrOqmX3wB9bnD4EBmA4=</latexit><latexit sha1_base64="BdTKOt2T2/AhUxqL/B73JJjLpe8=">AAACA3icbVBNS8NAEN3Ur1q/ot70slgETyURQY9FLx4r2FZpQthsNu3S3U3Y3QghBLz4V7x4UMSrf8Kb/8Ztm4O2Phh4vDfDzLwwZVRpx/m2akvLK6tr9fXGxubW9o69u9dTSSYx6eKEJfIuRIowKkhXU83IXSoJ4iEj/XB8NfH7D0QqmohbnafE52goaEwx0kYK7IM8ENBTGuGxJKygNCoLT1FewvvAbjotZwq4SNyKNEGFTmB/eVGCM06ExgwpNXCdVPsFkppiRsqGlymSmkVoSAaGCsSJ8ovpDyU8NkoE40SaEhpO1d8TBeJK5Tw0nRzpkZr3JuJ/3iDT8YVfUJFmmgg8WxRnDOoETgKBEZUEa5YbgrCk5laIR0girE1sDROCO//yIumdtlyn5d6cNduXVRx1cAiOwAlwwTlog2vQAV2AwSN4Bq/gzXqyXqx362PWWrOqmX3wB9bnD4EBmA4=</latexit><latexit sha1_base64="BdTKOt2T2/AhUxqL/B73JJjLpe8=">AAACA3icbVBNS8NAEN3Ur1q/ot70slgETyURQY9FLx4r2FZpQthsNu3S3U3Y3QghBLz4V7x4UMSrf8Kb/8Ztm4O2Phh4vDfDzLwwZVRpx/m2akvLK6tr9fXGxubW9o69u9dTSSYx6eKEJfIuRIowKkhXU83IXSoJ4iEj/XB8NfH7D0QqmohbnafE52goaEwx0kYK7IM8ENBTGuGxJKygNCoLT1FewvvAbjotZwq4SNyKNEGFTmB/eVGCM06ExgwpNXCdVPsFkppiRsqGlymSmkVoSAaGCsSJ8ovpDyU8NkoE40SaEhpO1d8TBeJK5Tw0nRzpkZr3JuJ/3iDT8YVfUJFmmgg8WxRnDOoETgKBEZUEa5YbgrCk5laIR0girE1sDROCO//yIumdtlyn5d6cNduXVRx1cAiOwAlwwTlog2vQAV2AwSN4Bq/gzXqyXqx362PWWrOqmX3wB9bnD4EBmA4=</latexit>

• Observe

f(⌘) = EY f(Y, ⌘) = �Eq⌘ log(p(✓, y1:N )/q⌘(✓))
<latexit sha1_base64="4FnL8wq2IoXktEHLzggmjavZX4Y="></latexit><latexit sha1_base64="4FnL8wq2IoXktEHLzggmjavZX4Y="></latexit><latexit sha1_base64="4FnL8wq2IoXktEHLzggmjavZX4Y="></latexit><latexit sha1_base64="4FnL8wq2IoXktEHLzggmjavZX4Y="></latexit>

• MFVB:

min⌘ f(⌘) := EY f(Y, ⌘)
<latexit sha1_base64="MNl2hhgvSz+PGE4IGfXao6Z2LmI="></latexit><latexit sha1_base64="8+sInliVQNhnKBGZsAe5XkcbLeU="></latexit><latexit sha1_base64="8+sInliVQNhnKBGZsAe5XkcbLeU="></latexit><latexit sha1_base64="CxSA/NtG5du9cjXIay03oNXaZwA=">AAACGXicbVDLSsNAFJ3UV62vqEs3g0WoICVxowhCUQSXFeyLpoTJdNIOnUzCzEQoIb/hxl9x40IRl7ryb5ykWWjrgWEO59zLvfd4EaNSWda3UVpaXlldK69XNja3tnfM3b22DGOBSQuHLBRdD0nCKCctRRUj3UgQFHiMdLzJdeZ3HoiQNOT3ahqRQYBGnPoUI6Ul17ScgHI3cYhCKfRr2X8MLy6hEyA19rzkJnWTXub0TmBuumbVqls54CKxC1IFBZqu+ekMQxwHhCvMkJR924rUIEFCUcxIWnFiSSKEJ2hE+ppyFBA5SPLLUniklSH0Q6EfVzBXf3ckKJByGni6MltYznuZ+J/Xj5V/Pkgoj2JFOJ4N8mMGVQizmOCQCoIVm2qCsKB6V4jHSCCsdJgVHYI9f/IiaZ/Wbatu39nVxlURRxkcgENQAzY4Aw1wC5qgBTB4BM/gFbwZT8aL8W58zEpLRtGzD/7A+PoBBZ2fAg==</latexit>

min⌘ N�1
PN

n=1 f(yn, ⌘)
<latexit sha1_base64="WkZloljWLcIGXxgPxl1sfgNzch4="></latexit><latexit sha1_base64="IbvxSD0/YmHWs6Y7PmA8vYvHT3w="></latexit><latexit sha1_base64="IbvxSD0/YmHWs6Y7PmA8vYvHT3w="></latexit><latexit sha1_base64="qeJGZMR3DkYIeSpjFkWv+GcguUM=">AAACF3icbVDLSgMxFM3UV62vqks3wSJU0DJxoxuh6MZVqWAf0GmHTJppQ5PMkGSEMsxfuPFX3LhQxK3u/BvTx0KrBwKHc87l5p4g5kwb1/1yckvLK6tr+fXCxubW9k5xd6+po0QR2iARj1Q7wJpyJmnDMMNpO1YUi4DTVjC6nvite6o0i+SdGce0K/BAspARbKzkFyueYNJPPWpwBmu99BRl0NOJ8FN5ibJeWstgWB778gROIsd+seRW3CngX4LmpATmqPvFT68fkURQaQjHWneQG5tuipVhhNOs4CWaxpiM8IB2LJVYUN1Np3dl8MgqfRhGyj5p4FT9OZFiofVYBDYpsBnqRW8i/ud1EhNedFMm48RQSWaLwoRDE8FJSbDPFCWGjy3BRDH7V0iGWGFibJUFWwJaPPkvaZ5VkFtBt6hUvZrXkQcH4BCUAQLnoApuQB00AAEP4Am8gFfn0Xl23pz3WTTnzGf2wS84H99ws57K</latexit>

⌘(t) = ⌘(t�1) � ⇢tr⌘

h
N�1

PN
n=1 f(yn, ⌘)

i

⌘=⌘(t)
<latexit sha1_base64="3ufooJuMEXH0NvzjQVJ/y9d5AD8="></latexit><latexit sha1_base64="r9kyY2zIjhM73yDfVGMWHmTrvAY="></latexit><latexit sha1_base64="r9kyY2zIjhM73yDfVGMWHmTrvAY="></latexit><latexit sha1_base64="fRU0QqMYkpz1uZAcsSLfKaNAa94="></latexit>

⌘(t) = ⌘(t�1) � ⇢t [r⌘f(yt, ⌘)]⌘=⌘(t)
<latexit sha1_base64="jcOztqTWOwPHgH3jJeyZrUw909Y="></latexit><latexit sha1_base64="6GN+qhyY3/rcR+ctkMCjAEf4h4w="></latexit><latexit sha1_base64="6GN+qhyY3/rcR+ctkMCjAEf4h4w="></latexit><latexit sha1_base64="9vRBryJa39Onvgc3TYqoW+iSwxY="></latexit>

min⌘ N�1
PN

n=1

⇥
�NEq⌘ log p(yn|✓)� Eq⌘ log(p(✓)/q⌘(✓))

⇤
<latexit sha1_base64="wFDep0Lc3tYDcZ5JeASExhtwKJQ="></latexit><latexit sha1_base64="l6cLxxnwl6vxi9rxB94POVUsEXo="></latexit><latexit sha1_base64="l6cLxxnwl6vxi9rxB94POVUsEXo="></latexit><latexit sha1_base64="rp7bag3D2dZVmMp4dleclwMtyQI="></latexit>

f(·, ⌘) = �NEq⌘ log p(·|✓)� Eq⌘ log(p(✓)/q⌘(✓))
<latexit sha1_base64="TSmwJnkfdd1qW2+DwIrjIyBsCDo="></latexit><latexit sha1_base64="XZQqZ6IY6wBOpOh03LlvPOidfO0="></latexit><latexit sha1_base64="XZQqZ6IY6wBOpOh03LlvPOidfO0="></latexit><latexit sha1_base64="haIfzY+RPokeQ9PC7rEC5ho2h8g="></latexit>

Y = yn w.p. 1/N, n 2 {1, . . . , N}
<latexit sha1_base64="mwgCWcT+xCFkaclWR/PqhFkfM5g="></latexit><latexit sha1_base64="5dd2C13idsa2oMIiso2QQ+qEmD0="></latexit><latexit sha1_base64="5dd2C13idsa2oMIiso2QQ+qEmD0="></latexit><latexit sha1_base64="nj+GdRVlAhL4WOU1FP0O9U6rayY=">AAACIXicbVDLSgNBEJz1bXxFPXppDIKHsO54MRdB9OJJFIxRsiHMzk50cHZ2nelVw5Jf8eKvePGgiDfxZ5w8Dr4KGoqqbrq7okxJi0Hw4Y2NT0xOTc/MlubmFxaXyssrZzbNDRd1nqrUnEfMCiW1qKNEJc4zI1gSKdGIrg/6fuNWGCtTfYrdTLQSdqllR3KGTmqXaxewC922hhDFPZqkgDs/86EHdOuoCuFNzmJwpnRV0Gqo4hRtFY7CXrtcCfxgAPhL6IhUyAjH7fJ7GKc8T4RGrpi1TRpk2CqYQcmV6JXC3IqM8Wt2KZqOapYI2yoGH/ZgwykxdFLjSiMM1O8TBUus7SaR60wYXtnfXl/8z2vm2Km1CqmzHIXmw0WdXAGm0I8LYmkER9V1hHEj3a3Ar5hhHF2oJRcC/f3yX3K27dPApye0src/imOGrJF1skko2SF75JAckzrh5IE8kRfy6j16z96b9z5sHfNGM6vkB7zPL9wRoNo=</latexit>

• Stochastic variational inference [Hoffman et al 2013]

min

⌘:q⌘2QMFVB

�Eq⌘ log

"
NY

n=1

p(yn|✓)
p(✓)

q⌘(✓)

#
d✓

<latexit sha1_base64="KV8+0xH879cSGWmOpQMA4h7ojDI="></latexit><latexit sha1_base64="KV8+0xH879cSGWmOpQMA4h7ojDI="></latexit><latexit sha1_base64="KV8+0xH879cSGWmOpQMA4h7ojDI="></latexit><latexit sha1_base64="KV8+0xH879cSGWmOpQMA4h7ojDI="></latexit>
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What about uncertainty?
KL(q||p(·|x)) =

Z

✓
q(✓) log

q(✓)

p(✓|x)d✓
q(✓) =

JY

j=1

qj(✓j)

<latexit sha1_base64="VSz6oDRqghD6zT7/+ArgGJ+msVk=">AAACFHicbZC7SgNBFIZnvcZ4W7W0GQxCghB2RdAmELQRqwjmAklcZieTZJLZS2bOCmHZh7DxVWwsFLG1sPNtnCRbaOKBgY//P4cz53dDwRVY1rextLyyurae2chubm3v7Jp7+zUVRJKyKg1EIBsuUUxwn1WBg2CNUDLiuYLV3eHVxK8/MKl44N/BOGRtj/R83uWUgJYc82SUb0GfASngEm6FMug48aBkJ/fxTYJHmpPUdwYFx8xZRWtaeBHsFHIorYpjfrU6AY085gMVRKmmbYXQjokETgVLsq1IsZDQIemxpkafeEy14+lRCT7WSgd3A6mfD3iq/p6IiafU2HN1p0egr+a9ifif14yge9GOuR9GwHw6W9SNBIYATxLCHS4ZBTHWQKjk+q+Y9okkFHSOWR2CPX/yItROi7ZVtG/PcuXLNI4MOkRHKI9sdI7K6BpVUBVR9Iie0St6M56MF+Pd+Ji1LhnpzAH6U8bnD2Ldncg=</latexit><latexit sha1_base64="VSz6oDRqghD6zT7/+ArgGJ+msVk=">AAACFHicbZC7SgNBFIZnvcZ4W7W0GQxCghB2RdAmELQRqwjmAklcZieTZJLZS2bOCmHZh7DxVWwsFLG1sPNtnCRbaOKBgY//P4cz53dDwRVY1rextLyyurae2chubm3v7Jp7+zUVRJKyKg1EIBsuUUxwn1WBg2CNUDLiuYLV3eHVxK8/MKl44N/BOGRtj/R83uWUgJYc82SUb0GfASngEm6FMug48aBkJ/fxTYJHmpPUdwYFx8xZRWtaeBHsFHIorYpjfrU6AY085gMVRKmmbYXQjokETgVLsq1IsZDQIemxpkafeEy14+lRCT7WSgd3A6mfD3iq/p6IiafU2HN1p0egr+a9ifif14yge9GOuR9GwHw6W9SNBIYATxLCHS4ZBTHWQKjk+q+Y9okkFHSOWR2CPX/yItROi7ZVtG/PcuXLNI4MOkRHKI9sdI7K6BpVUBVR9Iie0St6M56MF+Pd+Ji1LhnpzAH6U8bnD2Ldncg=</latexit><latexit sha1_base64="VSz6oDRqghD6zT7/+ArgGJ+msVk=">AAACFHicbZC7SgNBFIZnvcZ4W7W0GQxCghB2RdAmELQRqwjmAklcZieTZJLZS2bOCmHZh7DxVWwsFLG1sPNtnCRbaOKBgY//P4cz53dDwRVY1rextLyyurae2chubm3v7Jp7+zUVRJKyKg1EIBsuUUxwn1WBg2CNUDLiuYLV3eHVxK8/MKl44N/BOGRtj/R83uWUgJYc82SUb0GfASngEm6FMug48aBkJ/fxTYJHmpPUdwYFx8xZRWtaeBHsFHIorYpjfrU6AY085gMVRKmmbYXQjokETgVLsq1IsZDQIemxpkafeEy14+lRCT7WSgd3A6mfD3iq/p6IiafU2HN1p0egr+a9ifif14yge9GOuR9GwHw6W9SNBIYATxLCHS4ZBTHWQKjk+q+Y9okkFHSOWR2CPX/yItROi7ZVtG/PcuXLNI4MOkRHKI9sdI7K6BpVUBVR9Iie0St6M56MF+Pd+Ji1LhnpzAH6U8bnD2Ldncg=</latexit><latexit sha1_base64="VSz6oDRqghD6zT7/+ArgGJ+msVk=">AAACFHicbZC7SgNBFIZnvcZ4W7W0GQxCghB2RdAmELQRqwjmAklcZieTZJLZS2bOCmHZh7DxVWwsFLG1sPNtnCRbaOKBgY//P4cz53dDwRVY1rextLyyurae2chubm3v7Jp7+zUVRJKyKg1EIBsuUUxwn1WBg2CNUDLiuYLV3eHVxK8/MKl44N/BOGRtj/R83uWUgJYc82SUb0GfASngEm6FMug48aBkJ/fxTYJHmpPUdwYFx8xZRWtaeBHsFHIorYpjfrU6AY085gMVRKmmbYXQjokETgVLsq1IsZDQIemxpkafeEy14+lRCT7WSgd3A6mfD3iq/p6IiafU2HN1p0egr+a9ifif14yge9GOuR9GwHw6W9SNBIYATxLCHS4ZBTHWQKjk+q+Y9okkFHSOWR2CPX/yItROi7ZVtG/PcuXLNI4MOkRHKI9sdI7K6BpVUBVR9Iie0St6M56MF+Pd+Ji1LhnpzAH6U8bnD2Ldncg=</latexit>



What about uncertainty?
KL(q||p(·|x)) =

Z

✓
q(✓) log

q(✓)

p(✓|x)d✓

✓1

✓2

q(✓) =
JY

j=1

qj(✓j)

<latexit sha1_base64="VSz6oDRqghD6zT7/+ArgGJ+msVk=">AAACFHicbZC7SgNBFIZnvcZ4W7W0GQxCghB2RdAmELQRqwjmAklcZieTZJLZS2bOCmHZh7DxVWwsFLG1sPNtnCRbaOKBgY//P4cz53dDwRVY1rextLyyurae2chubm3v7Jp7+zUVRJKyKg1EIBsuUUxwn1WBg2CNUDLiuYLV3eHVxK8/MKl44N/BOGRtj/R83uWUgJYc82SUb0GfASngEm6FMug48aBkJ/fxTYJHmpPUdwYFx8xZRWtaeBHsFHIorYpjfrU6AY085gMVRKmmbYXQjokETgVLsq1IsZDQIemxpkafeEy14+lRCT7WSgd3A6mfD3iq/p6IiafU2HN1p0egr+a9ifif14yge9GOuR9GwHw6W9SNBIYATxLCHS4ZBTHWQKjk+q+Y9okkFHSOWR2CPX/yItROi7ZVtG/PcuXLNI4MOkRHKI9sdI7K6BpVUBVR9Iie0St6M56MF+Pd+Ji1LhnpzAH6U8bnD2Ldncg=</latexit><latexit sha1_base64="VSz6oDRqghD6zT7/+ArgGJ+msVk=">AAACFHicbZC7SgNBFIZnvcZ4W7W0GQxCghB2RdAmELQRqwjmAklcZieTZJLZS2bOCmHZh7DxVWwsFLG1sPNtnCRbaOKBgY//P4cz53dDwRVY1rextLyyurae2chubm3v7Jp7+zUVRJKyKg1EIBsuUUxwn1WBg2CNUDLiuYLV3eHVxK8/MKl44N/BOGRtj/R83uWUgJYc82SUb0GfASngEm6FMug48aBkJ/fxTYJHmpPUdwYFx8xZRWtaeBHsFHIorYpjfrU6AY085gMVRKmmbYXQjokETgVLsq1IsZDQIemxpkafeEy14+lRCT7WSgd3A6mfD3iq/p6IiafU2HN1p0egr+a9ifif14yge9GOuR9GwHw6W9SNBIYATxLCHS4ZBTHWQKjk+q+Y9okkFHSOWR2CPX/yItROi7ZVtG/PcuXLNI4MOkRHKI9sdI7K6BpVUBVR9Iie0St6M56MF+Pd+Ji1LhnpzAH6U8bnD2Ldncg=</latexit><latexit sha1_base64="VSz6oDRqghD6zT7/+ArgGJ+msVk=">AAACFHicbZC7SgNBFIZnvcZ4W7W0GQxCghB2RdAmELQRqwjmAklcZieTZJLZS2bOCmHZh7DxVWwsFLG1sPNtnCRbaOKBgY//P4cz53dDwRVY1rextLyyurae2chubm3v7Jp7+zUVRJKyKg1EIBsuUUxwn1WBg2CNUDLiuYLV3eHVxK8/MKl44N/BOGRtj/R83uWUgJYc82SUb0GfASngEm6FMug48aBkJ/fxTYJHmpPUdwYFx8xZRWtaeBHsFHIorYpjfrU6AY085gMVRKmmbYXQjokETgVLsq1IsZDQIemxpkafeEy14+lRCT7WSgd3A6mfD3iq/p6IiafU2HN1p0egr+a9ifif14yge9GOuR9GwHw6W9SNBIYATxLCHS4ZBTHWQKjk+q+Y9okkFHSOWR2CPX/yItROi7ZVtG/PcuXLNI4MOkRHKI9sdI7K6BpVUBVR9Iie0St6M56MF+Pd+Ji1LhnpzAH6U8bnD2Ldncg=</latexit><latexit sha1_base64="VSz6oDRqghD6zT7/+ArgGJ+msVk=">AAACFHicbZC7SgNBFIZnvcZ4W7W0GQxCghB2RdAmELQRqwjmAklcZieTZJLZS2bOCmHZh7DxVWwsFLG1sPNtnCRbaOKBgY//P4cz53dDwRVY1rextLyyurae2chubm3v7Jp7+zUVRJKyKg1EIBsuUUxwn1WBg2CNUDLiuYLV3eHVxK8/MKl44N/BOGRtj/R83uWUgJYc82SUb0GfASngEm6FMug48aBkJ/fxTYJHmpPUdwYFx8xZRWtaeBHsFHIorYpjfrU6AY085gMVRKmmbYXQjokETgVLsq1IsZDQIemxpkafeEy14+lRCT7WSgd3A6mfD3iq/p6IiafU2HN1p0egr+a9ifif14yge9GOuR9GwHw6W9SNBIYATxLCHS4ZBTHWQKjk+q+Y9okkFHSOWR2CPX/yItROi7ZVtG/PcuXLNI4MOkRHKI9sdI7K6BpVUBVR9Iie0St6M56MF+Pd+Ji1LhnpzAH6U8bnD2Ldncg=</latexit>

[Turner & Sahani 2011]
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KL(q||p(·|x)) =

Z

✓
q(✓) log

q(✓)

p(✓|x)d✓

✓1

✓2
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• Conjugate linear regression

q(✓) =
JY

j=1

qj(✓j)

<latexit sha1_base64="VSz6oDRqghD6zT7/+ArgGJ+msVk=">AAACFHicbZC7SgNBFIZnvcZ4W7W0GQxCghB2RdAmELQRqwjmAklcZieTZJLZS2bOCmHZh7DxVWwsFLG1sPNtnCRbaOKBgY//P4cz53dDwRVY1rextLyyurae2chubm3v7Jp7+zUVRJKyKg1EIBsuUUxwn1WBg2CNUDLiuYLV3eHVxK8/MKl44N/BOGRtj/R83uWUgJYc82SUb0GfASngEm6FMug48aBkJ/fxTYJHmpPUdwYFx8xZRWtaeBHsFHIorYpjfrU6AY085gMVRKmmbYXQjokETgVLsq1IsZDQIemxpkafeEy14+lRCT7WSgd3A6mfD3iq/p6IiafU2HN1p0egr+a9ifif14yge9GOuR9GwHw6W9SNBIYATxLCHS4ZBTHWQKjk+q+Y9okkFHSOWR2CPX/yItROi7ZVtG/PcuXLNI4MOkRHKI9sdI7K6BpVUBVR9Iie0St6M56MF+Pd+Ji1LhnpzAH6U8bnD2Ldncg=</latexit><latexit sha1_base64="VSz6oDRqghD6zT7/+ArgGJ+msVk=">AAACFHicbZC7SgNBFIZnvcZ4W7W0GQxCghB2RdAmELQRqwjmAklcZieTZJLZS2bOCmHZh7DxVWwsFLG1sPNtnCRbaOKBgY//P4cz53dDwRVY1rextLyyurae2chubm3v7Jp7+zUVRJKyKg1EIBsuUUxwn1WBg2CNUDLiuYLV3eHVxK8/MKl44N/BOGRtj/R83uWUgJYc82SUb0GfASngEm6FMug48aBkJ/fxTYJHmpPUdwYFx8xZRWtaeBHsFHIorYpjfrU6AY085gMVRKmmbYXQjokETgVLsq1IsZDQIemxpkafeEy14+lRCT7WSgd3A6mfD3iq/p6IiafU2HN1p0egr+a9ifif14yge9GOuR9GwHw6W9SNBIYATxLCHS4ZBTHWQKjk+q+Y9okkFHSOWR2CPX/yItROi7ZVtG/PcuXLNI4MOkRHKI9sdI7K6BpVUBVR9Iie0St6M56MF+Pd+Ji1LhnpzAH6U8bnD2Ldncg=</latexit><latexit sha1_base64="VSz6oDRqghD6zT7/+ArgGJ+msVk=">AAACFHicbZC7SgNBFIZnvcZ4W7W0GQxCghB2RdAmELQRqwjmAklcZieTZJLZS2bOCmHZh7DxVWwsFLG1sPNtnCRbaOKBgY//P4cz53dDwRVY1rextLyyurae2chubm3v7Jp7+zUVRJKyKg1EIBsuUUxwn1WBg2CNUDLiuYLV3eHVxK8/MKl44N/BOGRtj/R83uWUgJYc82SUb0GfASngEm6FMug48aBkJ/fxTYJHmpPUdwYFx8xZRWtaeBHsFHIorYpjfrU6AY085gMVRKmmbYXQjokETgVLsq1IsZDQIemxpkafeEy14+lRCT7WSgd3A6mfD3iq/p6IiafU2HN1p0egr+a9ifif14yge9GOuR9GwHw6W9SNBIYATxLCHS4ZBTHWQKjk+q+Y9okkFHSOWR2CPX/yItROi7ZVtG/PcuXLNI4MOkRHKI9sdI7K6BpVUBVR9Iie0St6M56MF+Pd+Ji1LhnpzAH6U8bnD2Ldncg=</latexit><latexit sha1_base64="VSz6oDRqghD6zT7/+ArgGJ+msVk=">AAACFHicbZC7SgNBFIZnvcZ4W7W0GQxCghB2RdAmELQRqwjmAklcZieTZJLZS2bOCmHZh7DxVWwsFLG1sPNtnCRbaOKBgY//P4cz53dDwRVY1rextLyyurae2chubm3v7Jp7+zUVRJKyKg1EIBsuUUxwn1WBg2CNUDLiuYLV3eHVxK8/MKl44N/BOGRtj/R83uWUgJYc82SUb0GfASngEm6FMug48aBkJ/fxTYJHmpPUdwYFx8xZRWtaeBHsFHIorYpjfrU6AY085gMVRKmmbYXQjokETgVLsq1IsZDQIemxpkafeEy14+lRCT7WSgd3A6mfD3iq/p6IiafU2HN1p0egr+a9ifif14yge9GOuR9GwHw6W9SNBIYATxLCHS4ZBTHWQKjk+q+Y9okkFHSOWR2CPX/yItROi7ZVtG/PcuXLNI4MOkRHKI9sdI7K6BpVUBVR9Iie0St6M56MF+Pd+Ji1LhnpzAH6U8bnD2Ldncg=</latexit>
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<latexit sha1_base64="VSz6oDRqghD6zT7/+ArgGJ+msVk=">AAACFHicbZC7SgNBFIZnvcZ4W7W0GQxCghB2RdAmELQRqwjmAklcZieTZJLZS2bOCmHZh7DxVWwsFLG1sPNtnCRbaOKBgY//P4cz53dDwRVY1rextLyyurae2chubm3v7Jp7+zUVRJKyKg1EIBsuUUxwn1WBg2CNUDLiuYLV3eHVxK8/MKl44N/BOGRtj/R83uWUgJYc82SUb0GfASngEm6FMug48aBkJ/fxTYJHmpPUdwYFx8xZRWtaeBHsFHIorYpjfrU6AY085gMVRKmmbYXQjokETgVLsq1IsZDQIemxpkafeEy14+lRCT7WSgd3A6mfD3iq/p6IiafU2HN1p0egr+a9ifif14yge9GOuR9GwHw6W9SNBIYATxLCHS4ZBTHWQKjk+q+Y9okkFHSOWR2CPX/yItROi7ZVtG/PcuXLNI4MOkRHKI9sdI7K6BpVUBVR9Iie0St6M56MF+Pd+Ji1LhnpzAH6U8bnD2Ldncg=</latexit><latexit sha1_base64="VSz6oDRqghD6zT7/+ArgGJ+msVk=">AAACFHicbZC7SgNBFIZnvcZ4W7W0GQxCghB2RdAmELQRqwjmAklcZieTZJLZS2bOCmHZh7DxVWwsFLG1sPNtnCRbaOKBgY//P4cz53dDwRVY1rextLyyurae2chubm3v7Jp7+zUVRJKyKg1EIBsuUUxwn1WBg2CNUDLiuYLV3eHVxK8/MKl44N/BOGRtj/R83uWUgJYc82SUb0GfASngEm6FMug48aBkJ/fxTYJHmpPUdwYFx8xZRWtaeBHsFHIorYpjfrU6AY085gMVRKmmbYXQjokETgVLsq1IsZDQIemxpkafeEy14+lRCT7WSgd3A6mfD3iq/p6IiafU2HN1p0egr+a9ifif14yge9GOuR9GwHw6W9SNBIYATxLCHS4ZBTHWQKjk+q+Y9okkFHSOWR2CPX/yItROi7ZVtG/PcuXLNI4MOkRHKI9sdI7K6BpVUBVR9Iie0St6M56MF+Pd+Ji1LhnpzAH6U8bnD2Ldncg=</latexit><latexit sha1_base64="VSz6oDRqghD6zT7/+ArgGJ+msVk=">AAACFHicbZC7SgNBFIZnvcZ4W7W0GQxCghB2RdAmELQRqwjmAklcZieTZJLZS2bOCmHZh7DxVWwsFLG1sPNtnCRbaOKBgY//P4cz53dDwRVY1rextLyyurae2chubm3v7Jp7+zUVRJKyKg1EIBsuUUxwn1WBg2CNUDLiuYLV3eHVxK8/MKl44N/BOGRtj/R83uWUgJYc82SUb0GfASngEm6FMug48aBkJ/fxTYJHmpPUdwYFx8xZRWtaeBHsFHIorYpjfrU6AY085gMVRKmmbYXQjokETgVLsq1IsZDQIemxpkafeEy14+lRCT7WSgd3A6mfD3iq/p6IiafU2HN1p0egr+a9ifif14yge9GOuR9GwHw6W9SNBIYATxLCHS4ZBTHWQKjk+q+Y9okkFHSOWR2CPX/yItROi7ZVtG/PcuXLNI4MOkRHKI9sdI7K6BpVUBVR9Iie0St6M56MF+Pd+Ji1LhnpzAH6U8bnD2Ldncg=</latexit><latexit sha1_base64="VSz6oDRqghD6zT7/+ArgGJ+msVk=">AAACFHicbZC7SgNBFIZnvcZ4W7W0GQxCghB2RdAmELQRqwjmAklcZieTZJLZS2bOCmHZh7DxVWwsFLG1sPNtnCRbaOKBgY//P4cz53dDwRVY1rextLyyurae2chubm3v7Jp7+zUVRJKyKg1EIBsuUUxwn1WBg2CNUDLiuYLV3eHVxK8/MKl44N/BOGRtj/R83uWUgJYc82SUb0GfASngEm6FMug48aBkJ/fxTYJHmpPUdwYFx8xZRWtaeBHsFHIorYpjfrU6AY085gMVRKmmbYXQjokETgVLsq1IsZDQIemxpkafeEy14+lRCT7WSgd3A6mfD3iq/p6IiafU2HN1p0egr+a9ifif14yge9GOuR9GwHw6W9SNBIYATxLCHS4ZBTHWQKjk+q+Y9okkFHSOWR2CPX/yItROi7ZVtG/PcuXLNI4MOkRHKI9sdI7K6BpVUBVR9Iie0St6M56MF+Pd+Ji1LhnpzAH6U8bnD2Ldncg=</latexit>

[Turner & Sahani 2011]



What about uncertainty?
KL(q||p(·|x)) =

Z

✓
q(✓) log

q(✓)

p(✓|x)d✓

✓1

✓2

• Underestimates variance (sometimes severely) 
• No covariance estimates 
• Conjugate linear regression 
• Bayesian central limit theorem 
• Exercise: derive exact (closed) form of q* 

q(✓) =
JY

j=1

qj(✓j)

<latexit sha1_base64="VSz6oDRqghD6zT7/+ArgGJ+msVk=">AAACFHicbZC7SgNBFIZnvcZ4W7W0GQxCghB2RdAmELQRqwjmAklcZieTZJLZS2bOCmHZh7DxVWwsFLG1sPNtnCRbaOKBgY//P4cz53dDwRVY1rextLyyurae2chubm3v7Jp7+zUVRJKyKg1EIBsuUUxwn1WBg2CNUDLiuYLV3eHVxK8/MKl44N/BOGRtj/R83uWUgJYc82SUb0GfASngEm6FMug48aBkJ/fxTYJHmpPUdwYFx8xZRWtaeBHsFHIorYpjfrU6AY085gMVRKmmbYXQjokETgVLsq1IsZDQIemxpkafeEy14+lRCT7WSgd3A6mfD3iq/p6IiafU2HN1p0egr+a9ifif14yge9GOuR9GwHw6W9SNBIYATxLCHS4ZBTHWQKjk+q+Y9okkFHSOWR2CPX/yItROi7ZVtG/PcuXLNI4MOkRHKI9sdI7K6BpVUBVR9Iie0St6M56MF+Pd+Ji1LhnpzAH6U8bnD2Ldncg=</latexit><latexit sha1_base64="VSz6oDRqghD6zT7/+ArgGJ+msVk=">AAACFHicbZC7SgNBFIZnvcZ4W7W0GQxCghB2RdAmELQRqwjmAklcZieTZJLZS2bOCmHZh7DxVWwsFLG1sPNtnCRbaOKBgY//P4cz53dDwRVY1rextLyyurae2chubm3v7Jp7+zUVRJKyKg1EIBsuUUxwn1WBg2CNUDLiuYLV3eHVxK8/MKl44N/BOGRtj/R83uWUgJYc82SUb0GfASngEm6FMug48aBkJ/fxTYJHmpPUdwYFx8xZRWtaeBHsFHIorYpjfrU6AY085gMVRKmmbYXQjokETgVLsq1IsZDQIemxpkafeEy14+lRCT7WSgd3A6mfD3iq/p6IiafU2HN1p0egr+a9ifif14yge9GOuR9GwHw6W9SNBIYATxLCHS4ZBTHWQKjk+q+Y9okkFHSOWR2CPX/yItROi7ZVtG/PcuXLNI4MOkRHKI9sdI7K6BpVUBVR9Iie0St6M56MF+Pd+Ji1LhnpzAH6U8bnD2Ldncg=</latexit><latexit sha1_base64="VSz6oDRqghD6zT7/+ArgGJ+msVk=">AAACFHicbZC7SgNBFIZnvcZ4W7W0GQxCghB2RdAmELQRqwjmAklcZieTZJLZS2bOCmHZh7DxVWwsFLG1sPNtnCRbaOKBgY//P4cz53dDwRVY1rextLyyurae2chubm3v7Jp7+zUVRJKyKg1EIBsuUUxwn1WBg2CNUDLiuYLV3eHVxK8/MKl44N/BOGRtj/R83uWUgJYc82SUb0GfASngEm6FMug48aBkJ/fxTYJHmpPUdwYFx8xZRWtaeBHsFHIorYpjfrU6AY085gMVRKmmbYXQjokETgVLsq1IsZDQIemxpkafeEy14+lRCT7WSgd3A6mfD3iq/p6IiafU2HN1p0egr+a9ifif14yge9GOuR9GwHw6W9SNBIYATxLCHS4ZBTHWQKjk+q+Y9okkFHSOWR2CPX/yItROi7ZVtG/PcuXLNI4MOkRHKI9sdI7K6BpVUBVR9Iie0St6M56MF+Pd+Ji1LhnpzAH6U8bnD2Ldncg=</latexit><latexit sha1_base64="VSz6oDRqghD6zT7/+ArgGJ+msVk=">AAACFHicbZC7SgNBFIZnvcZ4W7W0GQxCghB2RdAmELQRqwjmAklcZieTZJLZS2bOCmHZh7DxVWwsFLG1sPNtnCRbaOKBgY//P4cz53dDwRVY1rextLyyurae2chubm3v7Jp7+zUVRJKyKg1EIBsuUUxwn1WBg2CNUDLiuYLV3eHVxK8/MKl44N/BOGRtj/R83uWUgJYc82SUb0GfASngEm6FMug48aBkJ/fxTYJHmpPUdwYFx8xZRWtaeBHsFHIorYpjfrU6AY085gMVRKmmbYXQjokETgVLsq1IsZDQIemxpkafeEy14+lRCT7WSgd3A6mfD3iq/p6IiafU2HN1p0egr+a9ifif14yge9GOuR9GwHw6W9SNBIYATxLCHS4ZBTHWQKjk+q+Y9okkFHSOWR2CPX/yItROi7ZVtG/PcuXLNI4MOkRHKI9sdI7K6BpVUBVR9Iie0St6M56MF+Pd+Ji1LhnpzAH6U8bnD2Ldncg=</latexit>

[Turner & Sahani 2011]



What about uncertainty?
• Microcredit

[Giordano, Broderick, Meager, Huggins, Jordan 2016]



What about uncertainty?
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• Microcredit

[Giordano, Broderick, Meager, Huggins, Jordan 2016]



What about uncertainty?
• Microcredit effect 
• τ mean:           

3.08 USD PPP
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What about uncertainty?
• Microcredit effect 
• τ mean:           

3.08 USD PPP 
• τ std dev:       

1.83 USD PPP 
• Mean is 1.68 std 

dev from 0
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[Giordano, Broderick, Meager, Huggins, Jordan 2016]



What about uncertainty?
• Microcredit effect 
• τ mean:           

3.08 USD PPP 
• τ std dev:       

1.83 USD PPP 
• Mean is 1.68 std 

dev from 0

• Criteo 
online ads 
experiment M

FV
B

M
FV

B
Standard deviations

[Giordano, Broderick, Meager, Huggins, Jordan 2016; Giordano, Broderick, Jordan 2017]



Posterior means: revisited
• Want to predict college GPA yn

<latexit sha1_base64="OJNryDDGilrRcA5fmfyi02+IeM4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7GyGE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByO/M7T6g0j+WjyRL0IzqSPOSMGis9ZAM5qNbcujsHWSVeQWpQoDmofvWHMUsjlIYJqnXPcxPj51QZzgROK/1UY0LZhI6wZ6mkEWo/n586JWdWGZIwVrakIXP190ROI62zKLCdETVjvezNxP+8XmrCaz/nMkkNSrZYFKaCmJjM/iZDrpAZkVlCmeL2VsLGVFFmbDoVG4K3/PIqaV/UPbfu3V/WGjdFHGU4gVM4Bw+uoAF30IQWMBjBM7zCmyOcF+fd+Vi0lpxi5hj+wPn8AWmqjd4=</latexit><latexit sha1_base64="OJNryDDGilrRcA5fmfyi02+IeM4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7GyGE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByO/M7T6g0j+WjyRL0IzqSPOSMGis9ZAM5qNbcujsHWSVeQWpQoDmofvWHMUsjlIYJqnXPcxPj51QZzgROK/1UY0LZhI6wZ6mkEWo/n586JWdWGZIwVrakIXP190ROI62zKLCdETVjvezNxP+8XmrCaz/nMkkNSrZYFKaCmJjM/iZDrpAZkVlCmeL2VsLGVFFmbDoVG4K3/PIqaV/UPbfu3V/WGjdFHGU4gVM4Bw+uoAF30IQWMBjBM7zCmyOcF+fd+Vi0lpxi5hj+wPn8AWmqjd4=</latexit><latexit sha1_base64="OJNryDDGilrRcA5fmfyi02+IeM4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7GyGE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByO/M7T6g0j+WjyRL0IzqSPOSMGis9ZAM5qNbcujsHWSVeQWpQoDmofvWHMUsjlIYJqnXPcxPj51QZzgROK/1UY0LZhI6wZ6mkEWo/n586JWdWGZIwVrakIXP190ROI62zKLCdETVjvezNxP+8XmrCaz/nMkkNSrZYFKaCmJjM/iZDrpAZkVlCmeL2VsLGVFFmbDoVG4K3/PIqaV/UPbfu3V/WGjdFHGU4gVM4Bw+uoAF30IQWMBjBM7zCmyOcF+fd+Vi0lpxi5hj+wPn8AWmqjd4=</latexit><latexit sha1_base64="OJNryDDGilrRcA5fmfyi02+IeM4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7GyGE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByO/M7T6g0j+WjyRL0IzqSPOSMGis9ZAM5qNbcujsHWSVeQWpQoDmofvWHMUsjlIYJqnXPcxPj51QZzgROK/1UY0LZhI6wZ6mkEWo/n586JWdWGZIwVrakIXP190ROI62zKLCdETVjvezNxP+8XmrCaz/nMkkNSrZYFKaCmJjM/iZDrpAZkVlCmeL2VsLGVFFmbDoVG4K3/PIqaV/UPbfu3V/WGjdFHGU4gVM4Bw+uoAF30IQWMBjBM7zCmyOcF+fd+Vi0lpxi5hj+wPn8AWmqjd4=</latexit>

[Giordano, Broderick, Jordan 2015]



Posterior means: revisited
• Want to predict college GPA 
• Collect: standardized test scores (e.g., SAT, ACT)

yn
<latexit sha1_base64="OJNryDDGilrRcA5fmfyi02+IeM4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7GyGE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByO/M7T6g0j+WjyRL0IzqSPOSMGis9ZAM5qNbcujsHWSVeQWpQoDmofvWHMUsjlIYJqnXPcxPj51QZzgROK/1UY0LZhI6wZ6mkEWo/n586JWdWGZIwVrakIXP190ROI62zKLCdETVjvezNxP+8XmrCaz/nMkkNSrZYFKaCmJjM/iZDrpAZkVlCmeL2VsLGVFFmbDoVG4K3/PIqaV/UPbfu3V/WGjdFHGU4gVM4Bw+uoAF30IQWMBjBM7zCmyOcF+fd+Vi0lpxi5hj+wPn8AWmqjd4=</latexit><latexit sha1_base64="OJNryDDGilrRcA5fmfyi02+IeM4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7GyGE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByO/M7T6g0j+WjyRL0IzqSPOSMGis9ZAM5qNbcujsHWSVeQWpQoDmofvWHMUsjlIYJqnXPcxPj51QZzgROK/1UY0LZhI6wZ6mkEWo/n586JWdWGZIwVrakIXP190ROI62zKLCdETVjvezNxP+8XmrCaz/nMkkNSrZYFKaCmJjM/iZDrpAZkVlCmeL2VsLGVFFmbDoVG4K3/PIqaV/UPbfu3V/WGjdFHGU4gVM4Bw+uoAF30IQWMBjBM7zCmyOcF+fd+Vi0lpxi5hj+wPn8AWmqjd4=</latexit><latexit sha1_base64="OJNryDDGilrRcA5fmfyi02+IeM4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7GyGE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByO/M7T6g0j+WjyRL0IzqSPOSMGis9ZAM5qNbcujsHWSVeQWpQoDmofvWHMUsjlIYJqnXPcxPj51QZzgROK/1UY0LZhI6wZ6mkEWo/n586JWdWGZIwVrakIXP190ROI62zKLCdETVjvezNxP+8XmrCaz/nMkkNSrZYFKaCmJjM/iZDrpAZkVlCmeL2VsLGVFFmbDoVG4K3/PIqaV/UPbfu3V/WGjdFHGU4gVM4Bw+uoAF30IQWMBjBM7zCmyOcF+fd+Vi0lpxi5hj+wPn8AWmqjd4=</latexit><latexit sha1_base64="OJNryDDGilrRcA5fmfyi02+IeM4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7GyGE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByO/M7T6g0j+WjyRL0IzqSPOSMGis9ZAM5qNbcujsHWSVeQWpQoDmofvWHMUsjlIYJqnXPcxPj51QZzgROK/1UY0LZhI6wZ6mkEWo/n586JWdWGZIwVrakIXP190ROI62zKLCdETVjvezNxP+8XmrCaz/nMkkNSrZYFKaCmJjM/iZDrpAZkVlCmeL2VsLGVFFmbDoVG4K3/PIqaV/UPbfu3V/WGjdFHGU4gVM4Bw+uoAF30IQWMBjBM7zCmyOcF+fd+Vi0lpxi5hj+wPn8AWmqjd4=</latexit>

xn
<latexit sha1_base64="4IUL7pt3vq2/tw3H113R+PZDEw4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2m3bpZhN2J2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbF6wEnC/YgOlQgFo2il+6e+6pcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4ZWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8SloXVc+teneXlfp1HkcRTuAUzsGDGtThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifP2gkjd0=</latexit><latexit sha1_base64="4IUL7pt3vq2/tw3H113R+PZDEw4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2m3bpZhN2J2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbF6wEnC/YgOlQgFo2il+6e+6pcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4ZWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8SloXVc+teneXlfp1HkcRTuAUzsGDGtThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifP2gkjd0=</latexit><latexit sha1_base64="4IUL7pt3vq2/tw3H113R+PZDEw4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2m3bpZhN2J2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbF6wEnC/YgOlQgFo2il+6e+6pcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4ZWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8SloXVc+teneXlfp1HkcRTuAUzsGDGtThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifP2gkjd0=</latexit><latexit sha1_base64="4IUL7pt3vq2/tw3H113R+PZDEw4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2m3bpZhN2J2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbF6wEnC/YgOlQgFo2il+6e+6pcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4ZWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8SloXVc+teneXlfp1HkcRTuAUzsGDGtThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifP2gkjd0=</latexit>

[Giordano, Broderick, Jordan 2015]



Posterior means: revisited
• Want to predict college GPA 
• Collect: standardized test scores (e.g., SAT, ACT) 
• Collect: regional test scores

yn
<latexit sha1_base64="OJNryDDGilrRcA5fmfyi02+IeM4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7GyGE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByO/M7T6g0j+WjyRL0IzqSPOSMGis9ZAM5qNbcujsHWSVeQWpQoDmofvWHMUsjlIYJqnXPcxPj51QZzgROK/1UY0LZhI6wZ6mkEWo/n586JWdWGZIwVrakIXP190ROI62zKLCdETVjvezNxP+8XmrCaz/nMkkNSrZYFKaCmJjM/iZDrpAZkVlCmeL2VsLGVFFmbDoVG4K3/PIqaV/UPbfu3V/WGjdFHGU4gVM4Bw+uoAF30IQWMBjBM7zCmyOcF+fd+Vi0lpxi5hj+wPn8AWmqjd4=</latexit><latexit sha1_base64="OJNryDDGilrRcA5fmfyi02+IeM4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7GyGE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByO/M7T6g0j+WjyRL0IzqSPOSMGis9ZAM5qNbcujsHWSVeQWpQoDmofvWHMUsjlIYJqnXPcxPj51QZzgROK/1UY0LZhI6wZ6mkEWo/n586JWdWGZIwVrakIXP190ROI62zKLCdETVjvezNxP+8XmrCaz/nMkkNSrZYFKaCmJjM/iZDrpAZkVlCmeL2VsLGVFFmbDoVG4K3/PIqaV/UPbfu3V/WGjdFHGU4gVM4Bw+uoAF30IQWMBjBM7zCmyOcF+fd+Vi0lpxi5hj+wPn8AWmqjd4=</latexit><latexit sha1_base64="OJNryDDGilrRcA5fmfyi02+IeM4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7GyGE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByO/M7T6g0j+WjyRL0IzqSPOSMGis9ZAM5qNbcujsHWSVeQWpQoDmofvWHMUsjlIYJqnXPcxPj51QZzgROK/1UY0LZhI6wZ6mkEWo/n586JWdWGZIwVrakIXP190ROI62zKLCdETVjvezNxP+8XmrCaz/nMkkNSrZYFKaCmJjM/iZDrpAZkVlCmeL2VsLGVFFmbDoVG4K3/PIqaV/UPbfu3V/WGjdFHGU4gVM4Bw+uoAF30IQWMBjBM7zCmyOcF+fd+Vi0lpxi5hj+wPn8AWmqjd4=</latexit><latexit sha1_base64="OJNryDDGilrRcA5fmfyi02+IeM4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7GyGE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByO/M7T6g0j+WjyRL0IzqSPOSMGis9ZAM5qNbcujsHWSVeQWpQoDmofvWHMUsjlIYJqnXPcxPj51QZzgROK/1UY0LZhI6wZ6mkEWo/n586JWdWGZIwVrakIXP190ROI62zKLCdETVjvezNxP+8XmrCaz/nMkkNSrZYFKaCmJjM/iZDrpAZkVlCmeL2VsLGVFFmbDoVG4K3/PIqaV/UPbfu3V/WGjdFHGU4gVM4Bw+uoAF30IQWMBjBM7zCmyOcF+fd+Vi0lpxi5hj+wPn8AWmqjd4=</latexit>

xn
<latexit sha1_base64="4IUL7pt3vq2/tw3H113R+PZDEw4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2m3bpZhN2J2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbF6wEnC/YgOlQgFo2il+6e+6pcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4ZWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8SloXVc+teneXlfp1HkcRTuAUzsGDGtThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifP2gkjd0=</latexit><latexit sha1_base64="4IUL7pt3vq2/tw3H113R+PZDEw4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2m3bpZhN2J2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbF6wEnC/YgOlQgFo2il+6e+6pcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4ZWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8SloXVc+teneXlfp1HkcRTuAUzsGDGtThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifP2gkjd0=</latexit><latexit sha1_base64="4IUL7pt3vq2/tw3H113R+PZDEw4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2m3bpZhN2J2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbF6wEnC/YgOlQgFo2il+6e+6pcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4ZWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8SloXVc+teneXlfp1HkcRTuAUzsGDGtThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifP2gkjd0=</latexit><latexit sha1_base64="4IUL7pt3vq2/tw3H113R+PZDEw4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2m3bpZhN2J2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbF6wEnC/YgOlQgFo2il+6e+6pcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4ZWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8SloXVc+teneXlfp1HkcRTuAUzsGDGtThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifP2gkjd0=</latexit>

rn
<latexit sha1_base64="iwrF5eTjAroVOP1wLESoR7Qq+oc=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTAXXxvO+ndLa+sbmVnm7srO7t3/gHh61dJIphk2WiER1QqpRcIlNw43ATqqQxqHAdji+nfntJ1SaJ/LRTFIMYjqUPOKMGis9qL7su1Wv5s1BVolfkCoUaPTdr94gYVmM0jBBte76XmqCnCrDmcBppZdpTCkb0yF2LZU0Rh3k81On5MwqAxIlypY0ZK7+nshprPUkDm1nTM1IL3sz8T+vm5noOsi5TDODki0WRZkgJiGzv8mAK2RGTCyhTHF7K2EjqigzNp2KDcFffnmVtC5qvlfz7y+r9ZsijjKcwCmcgw9XUIc7aEATGAzhGV7hzRHOi/PufCxaS04xcwx/4Hz+AF8Ajdc=</latexit><latexit sha1_base64="iwrF5eTjAroVOP1wLESoR7Qq+oc=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTAXXxvO+ndLa+sbmVnm7srO7t3/gHh61dJIphk2WiER1QqpRcIlNw43ATqqQxqHAdji+nfntJ1SaJ/LRTFIMYjqUPOKMGis9qL7su1Wv5s1BVolfkCoUaPTdr94gYVmM0jBBte76XmqCnCrDmcBppZdpTCkb0yF2LZU0Rh3k81On5MwqAxIlypY0ZK7+nshprPUkDm1nTM1IL3sz8T+vm5noOsi5TDODki0WRZkgJiGzv8mAK2RGTCyhTHF7K2EjqigzNp2KDcFffnmVtC5qvlfz7y+r9ZsijjKcwCmcgw9XUIc7aEATGAzhGV7hzRHOi/PufCxaS04xcwx/4Hz+AF8Ajdc=</latexit><latexit sha1_base64="iwrF5eTjAroVOP1wLESoR7Qq+oc=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTAXXxvO+ndLa+sbmVnm7srO7t3/gHh61dJIphk2WiER1QqpRcIlNw43ATqqQxqHAdji+nfntJ1SaJ/LRTFIMYjqUPOKMGis9qL7su1Wv5s1BVolfkCoUaPTdr94gYVmM0jBBte76XmqCnCrDmcBppZdpTCkb0yF2LZU0Rh3k81On5MwqAxIlypY0ZK7+nshprPUkDm1nTM1IL3sz8T+vm5noOsi5TDODki0WRZkgJiGzv8mAK2RGTCyhTHF7K2EjqigzNp2KDcFffnmVtC5qvlfz7y+r9ZsijjKcwCmcgw9XUIc7aEATGAzhGV7hzRHOi/PufCxaS04xcwx/4Hz+AF8Ajdc=</latexit><latexit sha1_base64="iwrF5eTjAroVOP1wLESoR7Qq+oc=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTAXXxvO+ndLa+sbmVnm7srO7t3/gHh61dJIphk2WiER1QqpRcIlNw43ATqqQxqHAdji+nfntJ1SaJ/LRTFIMYjqUPOKMGis9qL7su1Wv5s1BVolfkCoUaPTdr94gYVmM0jBBte76XmqCnCrDmcBppZdpTCkb0yF2LZU0Rh3k81On5MwqAxIlypY0ZK7+nshprPUkDm1nTM1IL3sz8T+vm5noOsi5TDODki0WRZkgJiGzv8mAK2RGTCyhTHF7K2EjqigzNp2KDcFffnmVtC5qvlfz7y+r9ZsijjKcwCmcgw9XUIc7aEATGAzhGV7hzRHOi/PufCxaS04xcwx/4Hz+AF8Ajdc=</latexit>

[Giordano, Broderick, Jordan 2015]
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• Want to predict college GPA 
• Collect: standardized test scores (e.g., SAT, ACT) 
• Collect: regional test scores 
• Model:

yn
<latexit sha1_base64="OJNryDDGilrRcA5fmfyi02+IeM4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7GyGE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByO/M7T6g0j+WjyRL0IzqSPOSMGis9ZAM5qNbcujsHWSVeQWpQoDmofvWHMUsjlIYJqnXPcxPj51QZzgROK/1UY0LZhI6wZ6mkEWo/n586JWdWGZIwVrakIXP190ROI62zKLCdETVjvezNxP+8XmrCaz/nMkkNSrZYFKaCmJjM/iZDrpAZkVlCmeL2VsLGVFFmbDoVG4K3/PIqaV/UPbfu3V/WGjdFHGU4gVM4Bw+uoAF30IQWMBjBM7zCmyOcF+fd+Vi0lpxi5hj+wPn8AWmqjd4=</latexit><latexit sha1_base64="OJNryDDGilrRcA5fmfyi02+IeM4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7GyGE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByO/M7T6g0j+WjyRL0IzqSPOSMGis9ZAM5qNbcujsHWSVeQWpQoDmofvWHMUsjlIYJqnXPcxPj51QZzgROK/1UY0LZhI6wZ6mkEWo/n586JWdWGZIwVrakIXP190ROI62zKLCdETVjvezNxP+8XmrCaz/nMkkNSrZYFKaCmJjM/iZDrpAZkVlCmeL2VsLGVFFmbDoVG4K3/PIqaV/UPbfu3V/WGjdFHGU4gVM4Bw+uoAF30IQWMBjBM7zCmyOcF+fd+Vi0lpxi5hj+wPn8AWmqjd4=</latexit><latexit sha1_base64="OJNryDDGilrRcA5fmfyi02+IeM4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7GyGE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByO/M7T6g0j+WjyRL0IzqSPOSMGis9ZAM5qNbcujsHWSVeQWpQoDmofvWHMUsjlIYJqnXPcxPj51QZzgROK/1UY0LZhI6wZ6mkEWo/n586JWdWGZIwVrakIXP190ROI62zKLCdETVjvezNxP+8XmrCaz/nMkkNSrZYFKaCmJjM/iZDrpAZkVlCmeL2VsLGVFFmbDoVG4K3/PIqaV/UPbfu3V/WGjdFHGU4gVM4Bw+uoAF30IQWMBjBM7zCmyOcF+fd+Vi0lpxi5hj+wPn8AWmqjd4=</latexit><latexit sha1_base64="OJNryDDGilrRcA5fmfyi02+IeM4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7GyGE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByO/M7T6g0j+WjyRL0IzqSPOSMGis9ZAM5qNbcujsHWSVeQWpQoDmofvWHMUsjlIYJqnXPcxPj51QZzgROK/1UY0LZhI6wZ6mkEWo/n586JWdWGZIwVrakIXP190ROI62zKLCdETVjvezNxP+8XmrCaz/nMkkNSrZYFKaCmJjM/iZDrpAZkVlCmeL2VsLGVFFmbDoVG4K3/PIqaV/UPbfu3V/WGjdFHGU4gVM4Bw+uoAF30IQWMBjBM7zCmyOcF+fd+Vi0lpxi5hj+wPn8AWmqjd4=</latexit>

xn
<latexit sha1_base64="4IUL7pt3vq2/tw3H113R+PZDEw4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2m3bpZhN2J2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbF6wEnC/YgOlQgFo2il+6e+6pcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4ZWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8SloXVc+teneXlfp1HkcRTuAUzsGDGtThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifP2gkjd0=</latexit><latexit sha1_base64="4IUL7pt3vq2/tw3H113R+PZDEw4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2m3bpZhN2J2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbF6wEnC/YgOlQgFo2il+6e+6pcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4ZWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8SloXVc+teneXlfp1HkcRTuAUzsGDGtThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifP2gkjd0=</latexit><latexit sha1_base64="4IUL7pt3vq2/tw3H113R+PZDEw4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2m3bpZhN2J2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbF6wEnC/YgOlQgFo2il+6e+6pcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4ZWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8SloXVc+teneXlfp1HkcRTuAUzsGDGtThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifP2gkjd0=</latexit><latexit sha1_base64="4IUL7pt3vq2/tw3H113R+PZDEw4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2m3bpZhN2J2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbF6wEnC/YgOlQgFo2il+6e+6pcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4ZWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8SloXVc+teneXlfp1HkcRTuAUzsGDGtThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifP2gkjd0=</latexit>

rn
<latexit sha1_base64="iwrF5eTjAroVOP1wLESoR7Qq+oc=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTAXXxvO+ndLa+sbmVnm7srO7t3/gHh61dJIphk2WiER1QqpRcIlNw43ATqqQxqHAdji+nfntJ1SaJ/LRTFIMYjqUPOKMGis9qL7su1Wv5s1BVolfkCoUaPTdr94gYVmM0jBBte76XmqCnCrDmcBppZdpTCkb0yF2LZU0Rh3k81On5MwqAxIlypY0ZK7+nshprPUkDm1nTM1IL3sz8T+vm5noOsi5TDODki0WRZkgJiGzv8mAK2RGTCyhTHF7K2EjqigzNp2KDcFffnmVtC5qvlfz7y+r9ZsijjKcwCmcgw9XUIc7aEATGAzhGV7hzRHOi/PufCxaS04xcwx/4Hz+AF8Ajdc=</latexit><latexit sha1_base64="iwrF5eTjAroVOP1wLESoR7Qq+oc=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTAXXxvO+ndLa+sbmVnm7srO7t3/gHh61dJIphk2WiER1QqpRcIlNw43ATqqQxqHAdji+nfntJ1SaJ/LRTFIMYjqUPOKMGis9qL7su1Wv5s1BVolfkCoUaPTdr94gYVmM0jBBte76XmqCnCrDmcBppZdpTCkb0yF2LZU0Rh3k81On5MwqAxIlypY0ZK7+nshprPUkDm1nTM1IL3sz8T+vm5noOsi5TDODki0WRZkgJiGzv8mAK2RGTCyhTHF7K2EjqigzNp2KDcFffnmVtC5qvlfz7y+r9ZsijjKcwCmcgw9XUIc7aEATGAzhGV7hzRHOi/PufCxaS04xcwx/4Hz+AF8Ajdc=</latexit><latexit sha1_base64="iwrF5eTjAroVOP1wLESoR7Qq+oc=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTAXXxvO+ndLa+sbmVnm7srO7t3/gHh61dJIphk2WiER1QqpRcIlNw43ATqqQxqHAdji+nfntJ1SaJ/LRTFIMYjqUPOKMGis9qL7su1Wv5s1BVolfkCoUaPTdr94gYVmM0jBBte76XmqCnCrDmcBppZdpTCkb0yF2LZU0Rh3k81On5MwqAxIlypY0ZK7+nshprPUkDm1nTM1IL3sz8T+vm5noOsi5TDODki0WRZkgJiGzv8mAK2RGTCyhTHF7K2EjqigzNp2KDcFffnmVtC5qvlfz7y+r9ZsijjKcwCmcgw9XUIc7aEATGAzhGV7hzRHOi/PufCxaS04xcwx/4Hz+AF8Ajdc=</latexit><latexit sha1_base64="iwrF5eTjAroVOP1wLESoR7Qq+oc=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTAXXxvO+ndLa+sbmVnm7srO7t3/gHh61dJIphk2WiER1QqpRcIlNw43ATqqQxqHAdji+nfntJ1SaJ/LRTFIMYjqUPOKMGis9qL7su1Wv5s1BVolfkCoUaPTdr94gYVmM0jBBte76XmqCnCrDmcBppZdpTCkb0yF2LZU0Rh3k81On5MwqAxIlypY0ZK7+nshprPUkDm1nTM1IL3sz8T+vm5noOsi5TDODki0WRZkgJiGzv8mAK2RGTCyhTHF7K2EjqigzNp2KDcFffnmVtC5qvlfz7y+r9ZsijjKcwCmcgw9XUIc7aEATGAzhGV7hzRHOi/PufCxaS04xcwx/4Hz+AF8Ajdc=</latexit>

yn|�, z,�2 indep⇠ N (�T
xn + zk(n)rn,�

2)
<latexit sha1_base64="OsYP1L0f+D0RPgfm+9vgewkEVUA="></latexit><latexit sha1_base64="OsYP1L0f+D0RPgfm+9vgewkEVUA="></latexit><latexit sha1_base64="OsYP1L0f+D0RPgfm+9vgewkEVUA="></latexit><latexit sha1_base64="OsYP1L0f+D0RPgfm+9vgewkEVUA="></latexit>

[Giordano, Broderick, Jordan 2015]



Posterior means: revisited
• Want to predict college GPA 
• Collect: standardized test scores (e.g., SAT, ACT) 
• Collect: regional test scores 
• Model:

yn
<latexit sha1_base64="OJNryDDGilrRcA5fmfyi02+IeM4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7GyGE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByO/M7T6g0j+WjyRL0IzqSPOSMGis9ZAM5qNbcujsHWSVeQWpQoDmofvWHMUsjlIYJqnXPcxPj51QZzgROK/1UY0LZhI6wZ6mkEWo/n586JWdWGZIwVrakIXP190ROI62zKLCdETVjvezNxP+8XmrCaz/nMkkNSrZYFKaCmJjM/iZDrpAZkVlCmeL2VsLGVFFmbDoVG4K3/PIqaV/UPbfu3V/WGjdFHGU4gVM4Bw+uoAF30IQWMBjBM7zCmyOcF+fd+Vi0lpxi5hj+wPn8AWmqjd4=</latexit><latexit sha1_base64="OJNryDDGilrRcA5fmfyi02+IeM4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7GyGE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByO/M7T6g0j+WjyRL0IzqSPOSMGis9ZAM5qNbcujsHWSVeQWpQoDmofvWHMUsjlIYJqnXPcxPj51QZzgROK/1UY0LZhI6wZ6mkEWo/n586JWdWGZIwVrakIXP190ROI62zKLCdETVjvezNxP+8XmrCaz/nMkkNSrZYFKaCmJjM/iZDrpAZkVlCmeL2VsLGVFFmbDoVG4K3/PIqaV/UPbfu3V/WGjdFHGU4gVM4Bw+uoAF30IQWMBjBM7zCmyOcF+fd+Vi0lpxi5hj+wPn8AWmqjd4=</latexit><latexit sha1_base64="OJNryDDGilrRcA5fmfyi02+IeM4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7GyGE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByO/M7T6g0j+WjyRL0IzqSPOSMGis9ZAM5qNbcujsHWSVeQWpQoDmofvWHMUsjlIYJqnXPcxPj51QZzgROK/1UY0LZhI6wZ6mkEWo/n586JWdWGZIwVrakIXP190ROI62zKLCdETVjvezNxP+8XmrCaz/nMkkNSrZYFKaCmJjM/iZDrpAZkVlCmeL2VsLGVFFmbDoVG4K3/PIqaV/UPbfu3V/WGjdFHGU4gVM4Bw+uoAF30IQWMBjBM7zCmyOcF+fd+Vi0lpxi5hj+wPn8AWmqjd4=</latexit><latexit sha1_base64="OJNryDDGilrRcA5fmfyi02+IeM4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7GyGE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByO/M7T6g0j+WjyRL0IzqSPOSMGis9ZAM5qNbcujsHWSVeQWpQoDmofvWHMUsjlIYJqnXPcxPj51QZzgROK/1UY0LZhI6wZ6mkEWo/n586JWdWGZIwVrakIXP190ROI62zKLCdETVjvezNxP+8XmrCaz/nMkkNSrZYFKaCmJjM/iZDrpAZkVlCmeL2VsLGVFFmbDoVG4K3/PIqaV/UPbfu3V/WGjdFHGU4gVM4Bw+uoAF30IQWMBjBM7zCmyOcF+fd+Vi0lpxi5hj+wPn8AWmqjd4=</latexit>

xn
<latexit sha1_base64="4IUL7pt3vq2/tw3H113R+PZDEw4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2m3bpZhN2J2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbF6wEnC/YgOlQgFo2il+6e+6pcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4ZWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8SloXVc+teneXlfp1HkcRTuAUzsGDGtThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifP2gkjd0=</latexit><latexit sha1_base64="4IUL7pt3vq2/tw3H113R+PZDEw4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2m3bpZhN2J2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbF6wEnC/YgOlQgFo2il+6e+6pcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4ZWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8SloXVc+teneXlfp1HkcRTuAUzsGDGtThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifP2gkjd0=</latexit><latexit sha1_base64="4IUL7pt3vq2/tw3H113R+PZDEw4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2m3bpZhN2J2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbF6wEnC/YgOlQgFo2il+6e+6pcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4ZWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8SloXVc+teneXlfp1HkcRTuAUzsGDGtThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifP2gkjd0=</latexit><latexit sha1_base64="4IUL7pt3vq2/tw3H113R+PZDEw4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2m3bpZhN2J2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbF6wEnC/YgOlQgFo2il+6e+6pcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4ZWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8SloXVc+teneXlfp1HkcRTuAUzsGDGtThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifP2gkjd0=</latexit>

rn
<latexit sha1_base64="iwrF5eTjAroVOP1wLESoR7Qq+oc=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTAXXxvO+ndLa+sbmVnm7srO7t3/gHh61dJIphk2WiER1QqpRcIlNw43ATqqQxqHAdji+nfntJ1SaJ/LRTFIMYjqUPOKMGis9qL7su1Wv5s1BVolfkCoUaPTdr94gYVmM0jBBte76XmqCnCrDmcBppZdpTCkb0yF2LZU0Rh3k81On5MwqAxIlypY0ZK7+nshprPUkDm1nTM1IL3sz8T+vm5noOsi5TDODki0WRZkgJiGzv8mAK2RGTCyhTHF7K2EjqigzNp2KDcFffnmVtC5qvlfz7y+r9ZsijjKcwCmcgw9XUIc7aEATGAzhGV7hzRHOi/PufCxaS04xcwx/4Hz+AF8Ajdc=</latexit><latexit sha1_base64="iwrF5eTjAroVOP1wLESoR7Qq+oc=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTAXXxvO+ndLa+sbmVnm7srO7t3/gHh61dJIphk2WiER1QqpRcIlNw43ATqqQxqHAdji+nfntJ1SaJ/LRTFIMYjqUPOKMGis9qL7su1Wv5s1BVolfkCoUaPTdr94gYVmM0jBBte76XmqCnCrDmcBppZdpTCkb0yF2LZU0Rh3k81On5MwqAxIlypY0ZK7+nshprPUkDm1nTM1IL3sz8T+vm5noOsi5TDODki0WRZkgJiGzv8mAK2RGTCyhTHF7K2EjqigzNp2KDcFffnmVtC5qvlfz7y+r9ZsijjKcwCmcgw9XUIc7aEATGAzhGV7hzRHOi/PufCxaS04xcwx/4Hz+AF8Ajdc=</latexit><latexit sha1_base64="iwrF5eTjAroVOP1wLESoR7Qq+oc=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTAXXxvO+ndLa+sbmVnm7srO7t3/gHh61dJIphk2WiER1QqpRcIlNw43ATqqQxqHAdji+nfntJ1SaJ/LRTFIMYjqUPOKMGis9qL7su1Wv5s1BVolfkCoUaPTdr94gYVmM0jBBte76XmqCnCrDmcBppZdpTCkb0yF2LZU0Rh3k81On5MwqAxIlypY0ZK7+nshprPUkDm1nTM1IL3sz8T+vm5noOsi5TDODki0WRZkgJiGzv8mAK2RGTCyhTHF7K2EjqigzNp2KDcFffnmVtC5qvlfz7y+r9ZsijjKcwCmcgw9XUIc7aEATGAzhGV7hzRHOi/PufCxaS04xcwx/4Hz+AF8Ajdc=</latexit><latexit sha1_base64="iwrF5eTjAroVOP1wLESoR7Qq+oc=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTAXXxvO+ndLa+sbmVnm7srO7t3/gHh61dJIphk2WiER1QqpRcIlNw43ATqqQxqHAdji+nfntJ1SaJ/LRTFIMYjqUPOKMGis9qL7su1Wv5s1BVolfkCoUaPTdr94gYVmM0jBBte76XmqCnCrDmcBppZdpTCkb0yF2LZU0Rh3k81On5MwqAxIlypY0ZK7+nshprPUkDm1nTM1IL3sz8T+vm5noOsi5TDODki0WRZkgJiGzv8mAK2RGTCyhTHF7K2EjqigzNp2KDcFffnmVtC5qvlfz7y+r9ZsijjKcwCmcgw9XUIc7aEATGAzhGV7hzRHOi/PufCxaS04xcwx/4Hz+AF8Ajdc=</latexit>

zk|⇢2
iid⇠ N (0, ⇢2)

<latexit sha1_base64="fnD6JLgG9Dx+QW3l8pUwfeUvaJE=">AAACIHicbVDLSsNAFJ3UV62vqEs3g0WoICUpQl0W3biSCvYBTQyTyaQdOnkwMxFqzKe48VfcuFBEd/o1TtostPXAhcM593LvPW7MqJCG8aWVlpZXVtfK65WNza3tHX13ryuihGPSwRGLeN9FgjAako6kkpF+zAkKXEZ67vgi93t3hAsahTdyEhM7QMOQ+hQjqSRHb947Y/gALT6KbhvQEhLhMScspdTLUkvQIINWgOQII5ZeZTXjZNZ57OhVo25MAReJWZAqKNB29E/Li3ASkFBihoQYmEYs7RRxSTEjWcVKBInVcjQkA0VDFBBhp9MHM3ikFA/6EVcVSjhVf0+kKBBiEriqMz9WzHu5+J83SKR/Zqc0jBNJQjxb5CcMygjmaUGPcoIlmyiCMKfqVohHiCMsVaYVFYI5//Ii6TbqplE3r0+rrfMijjI4AIegBkzQBC1wCdqgAzB4BM/gFbxpT9qL9q59zFpLWjGzD/5A+/4BfqWjJA==</latexit><latexit sha1_base64="fnD6JLgG9Dx+QW3l8pUwfeUvaJE=">AAACIHicbVDLSsNAFJ3UV62vqEs3g0WoICUpQl0W3biSCvYBTQyTyaQdOnkwMxFqzKe48VfcuFBEd/o1TtostPXAhcM593LvPW7MqJCG8aWVlpZXVtfK65WNza3tHX13ryuihGPSwRGLeN9FgjAako6kkpF+zAkKXEZ67vgi93t3hAsahTdyEhM7QMOQ+hQjqSRHb947Y/gALT6KbhvQEhLhMScspdTLUkvQIINWgOQII5ZeZTXjZNZ57OhVo25MAReJWZAqKNB29E/Li3ASkFBihoQYmEYs7RRxSTEjWcVKBInVcjQkA0VDFBBhp9MHM3ikFA/6EVcVSjhVf0+kKBBiEriqMz9WzHu5+J83SKR/Zqc0jBNJQjxb5CcMygjmaUGPcoIlmyiCMKfqVohHiCMsVaYVFYI5//Ii6TbqplE3r0+rrfMijjI4AIegBkzQBC1wCdqgAzB4BM/gFbxpT9qL9q59zFpLWjGzD/5A+/4BfqWjJA==</latexit><latexit sha1_base64="fnD6JLgG9Dx+QW3l8pUwfeUvaJE=">AAACIHicbVDLSsNAFJ3UV62vqEs3g0WoICUpQl0W3biSCvYBTQyTyaQdOnkwMxFqzKe48VfcuFBEd/o1TtostPXAhcM593LvPW7MqJCG8aWVlpZXVtfK65WNza3tHX13ryuihGPSwRGLeN9FgjAako6kkpF+zAkKXEZ67vgi93t3hAsahTdyEhM7QMOQ+hQjqSRHb947Y/gALT6KbhvQEhLhMScspdTLUkvQIINWgOQII5ZeZTXjZNZ57OhVo25MAReJWZAqKNB29E/Li3ASkFBihoQYmEYs7RRxSTEjWcVKBInVcjQkA0VDFBBhp9MHM3ikFA/6EVcVSjhVf0+kKBBiEriqMz9WzHu5+J83SKR/Zqc0jBNJQjxb5CcMygjmaUGPcoIlmyiCMKfqVohHiCMsVaYVFYI5//Ii6TbqplE3r0+rrfMijjI4AIegBkzQBC1wCdqgAzB4BM/gFbxpT9qL9q59zFpLWjGzD/5A+/4BfqWjJA==</latexit><latexit sha1_base64="fnD6JLgG9Dx+QW3l8pUwfeUvaJE=">AAACIHicbVDLSsNAFJ3UV62vqEs3g0WoICUpQl0W3biSCvYBTQyTyaQdOnkwMxFqzKe48VfcuFBEd/o1TtostPXAhcM593LvPW7MqJCG8aWVlpZXVtfK65WNza3tHX13ryuihGPSwRGLeN9FgjAako6kkpF+zAkKXEZ67vgi93t3hAsahTdyEhM7QMOQ+hQjqSRHb947Y/gALT6KbhvQEhLhMScspdTLUkvQIINWgOQII5ZeZTXjZNZ57OhVo25MAReJWZAqKNB29E/Li3ASkFBihoQYmEYs7RRxSTEjWcVKBInVcjQkA0VDFBBhp9MHM3ikFA/6EVcVSjhVf0+kKBBiEriqMz9WzHu5+J83SKR/Zqc0jBNJQjxb5CcMygjmaUGPcoIlmyiCMKfqVohHiCMsVaYVFYI5//Ii6TbqplE3r0+rrfMijjI4AIegBkzQBC1wCdqgAzB4BM/gFbxpT9qL9q59zFpLWjGzD/5A+/4BfqWjJA==</latexit>

yn|�, z,�2 indep⇠ N (�T
xn + zk(n)rn,�

2)
<latexit sha1_base64="OsYP1L0f+D0RPgfm+9vgewkEVUA="></latexit><latexit sha1_base64="OsYP1L0f+D0RPgfm+9vgewkEVUA="></latexit><latexit sha1_base64="OsYP1L0f+D0RPgfm+9vgewkEVUA="></latexit><latexit sha1_base64="OsYP1L0f+D0RPgfm+9vgewkEVUA="></latexit>

� ⇠ N (0,⌃)
<latexit sha1_base64="B7725VxMXW6popKReveYLMPq2Mk=">AAACCnicbVBNS8NAEN3Ur1q/oh69rBahgpREBD0WvXiSivYDmlAm2227dDcJuxuhhJ69+Fe8eFDEq7/Am//GTZuDVh8MPN6bYWZeEHOmtON8WYWFxaXlleJqaW19Y3PL3t5pqiiRhDZIxCPZDkBRzkLa0Exz2o4lBRFw2gpGl5nfuqdSsSi80+OY+gIGIeszAtpIXXvfC6gG7CkmsCdADwnw9HpScY6xd8sGAo66dtmpOlPgv8TNSRnlqHftT68XkUTQUBMOSnVcJ9Z+ClIzwumk5CWKxkBGMKAdQ0MQVPnp9JUJPjRKD/cjaSrUeKr+nEhBKDUWgenMrlXzXib+53US3T/3UxbGiaYhmS3qJxzrCGe54B6TlGg+NgSIZOZWTIYggWiTXsmE4M6//Jc0T6quU3VvTsu1izyOItpDB6iCXHSGaugK1VEDEfSAntALerUerWfrzXqftRasfGYX/YL18Q1kRplo</latexit><latexit sha1_base64="B7725VxMXW6popKReveYLMPq2Mk=">AAACCnicbVBNS8NAEN3Ur1q/oh69rBahgpREBD0WvXiSivYDmlAm2227dDcJuxuhhJ69+Fe8eFDEq7/Am//GTZuDVh8MPN6bYWZeEHOmtON8WYWFxaXlleJqaW19Y3PL3t5pqiiRhDZIxCPZDkBRzkLa0Exz2o4lBRFw2gpGl5nfuqdSsSi80+OY+gIGIeszAtpIXXvfC6gG7CkmsCdADwnw9HpScY6xd8sGAo66dtmpOlPgv8TNSRnlqHftT68XkUTQUBMOSnVcJ9Z+ClIzwumk5CWKxkBGMKAdQ0MQVPnp9JUJPjRKD/cjaSrUeKr+nEhBKDUWgenMrlXzXib+53US3T/3UxbGiaYhmS3qJxzrCGe54B6TlGg+NgSIZOZWTIYggWiTXsmE4M6//Jc0T6quU3VvTsu1izyOItpDB6iCXHSGaugK1VEDEfSAntALerUerWfrzXqftRasfGYX/YL18Q1kRplo</latexit><latexit sha1_base64="B7725VxMXW6popKReveYLMPq2Mk=">AAACCnicbVBNS8NAEN3Ur1q/oh69rBahgpREBD0WvXiSivYDmlAm2227dDcJuxuhhJ69+Fe8eFDEq7/Am//GTZuDVh8MPN6bYWZeEHOmtON8WYWFxaXlleJqaW19Y3PL3t5pqiiRhDZIxCPZDkBRzkLa0Exz2o4lBRFw2gpGl5nfuqdSsSi80+OY+gIGIeszAtpIXXvfC6gG7CkmsCdADwnw9HpScY6xd8sGAo66dtmpOlPgv8TNSRnlqHftT68XkUTQUBMOSnVcJ9Z+ClIzwumk5CWKxkBGMKAdQ0MQVPnp9JUJPjRKD/cjaSrUeKr+nEhBKDUWgenMrlXzXib+53US3T/3UxbGiaYhmS3qJxzrCGe54B6TlGg+NgSIZOZWTIYggWiTXsmE4M6//Jc0T6quU3VvTsu1izyOItpDB6iCXHSGaugK1VEDEfSAntALerUerWfrzXqftRasfGYX/YL18Q1kRplo</latexit><latexit sha1_base64="B7725VxMXW6popKReveYLMPq2Mk=">AAACCnicbVBNS8NAEN3Ur1q/oh69rBahgpREBD0WvXiSivYDmlAm2227dDcJuxuhhJ69+Fe8eFDEq7/Am//GTZuDVh8MPN6bYWZeEHOmtON8WYWFxaXlleJqaW19Y3PL3t5pqiiRhDZIxCPZDkBRzkLa0Exz2o4lBRFw2gpGl5nfuqdSsSi80+OY+gIGIeszAtpIXXvfC6gG7CkmsCdADwnw9HpScY6xd8sGAo66dtmpOlPgv8TNSRnlqHftT68XkUTQUBMOSnVcJ9Z+ClIzwumk5CWKxkBGMKAdQ0MQVPnp9JUJPjRKD/cjaSrUeKr+nEhBKDUWgenMrlXzXib+53US3T/3UxbGiaYhmS3qJxzrCGe54B6TlGg+NgSIZOZWTIYggWiTXsmE4M6//Jc0T6quU3VvTsu1izyOItpDB6iCXHSGaugK1VEDEfSAntALerUerWfrzXqftRasfGYX/YL18Q1kRplo</latexit>

(�2)�1 ⇠ Gamma(a�2 , b�2)
<latexit sha1_base64="bNpOlFas2LsIPaYf94qwR220qPg=">AAACKnicbVDLSgMxFM3UV62vqks3wSK0oGWmCLr0sdBlBatCX9xJ0zaYzAzJHbEM8z1u/BU3XSjFrR9iWmfh60Dg5JxzSe7xIykMuu7Eyc3NLywu5ZcLK6tr6xvFza0bE8aa8QYLZajvfDBcioA3UKDkd5HmoHzJb/3786l/+8C1EWFwjaOItxUMAtEXDNBK3eJpuWXEQEEnqaWVTnLgpdQKiraQP6JWyQUoBWkZukmWq6X71P92q3SLJbfqzkD/Ei8jJZKh3i2OW72QxYoHyCQY0/TcCNsJaBRM8rTQig2PgN3DgDctDUBx005mq6Z0zyo92g+1PQHSmfp9IgFlzEj5NqkAh+a3NxX/85ox9o/biQiiGHnAvh7qx5JiSKe90Z7QnKEcWQJMC/tXyoaggaFtt2BL8H6v/Jfc1KqeW/WuDksnZ1kdebJDdkmZeOSInJBLUicNwsgTeSGv5M15dsbOxHn/iuacbGab/IDz8Qnx3Kb3</latexit><latexit sha1_base64="bNpOlFas2LsIPaYf94qwR220qPg=">AAACKnicbVDLSgMxFM3UV62vqks3wSK0oGWmCLr0sdBlBatCX9xJ0zaYzAzJHbEM8z1u/BU3XSjFrR9iWmfh60Dg5JxzSe7xIykMuu7Eyc3NLywu5ZcLK6tr6xvFza0bE8aa8QYLZajvfDBcioA3UKDkd5HmoHzJb/3786l/+8C1EWFwjaOItxUMAtEXDNBK3eJpuWXEQEEnqaWVTnLgpdQKiraQP6JWyQUoBWkZukmWq6X71P92q3SLJbfqzkD/Ei8jJZKh3i2OW72QxYoHyCQY0/TcCNsJaBRM8rTQig2PgN3DgDctDUBx005mq6Z0zyo92g+1PQHSmfp9IgFlzEj5NqkAh+a3NxX/85ox9o/biQiiGHnAvh7qx5JiSKe90Z7QnKEcWQJMC/tXyoaggaFtt2BL8H6v/Jfc1KqeW/WuDksnZ1kdebJDdkmZeOSInJBLUicNwsgTeSGv5M15dsbOxHn/iuacbGab/IDz8Qnx3Kb3</latexit><latexit sha1_base64="bNpOlFas2LsIPaYf94qwR220qPg=">AAACKnicbVDLSgMxFM3UV62vqks3wSK0oGWmCLr0sdBlBatCX9xJ0zaYzAzJHbEM8z1u/BU3XSjFrR9iWmfh60Dg5JxzSe7xIykMuu7Eyc3NLywu5ZcLK6tr6xvFza0bE8aa8QYLZajvfDBcioA3UKDkd5HmoHzJb/3786l/+8C1EWFwjaOItxUMAtEXDNBK3eJpuWXEQEEnqaWVTnLgpdQKiraQP6JWyQUoBWkZukmWq6X71P92q3SLJbfqzkD/Ei8jJZKh3i2OW72QxYoHyCQY0/TcCNsJaBRM8rTQig2PgN3DgDctDUBx005mq6Z0zyo92g+1PQHSmfp9IgFlzEj5NqkAh+a3NxX/85ox9o/biQiiGHnAvh7qx5JiSKe90Z7QnKEcWQJMC/tXyoaggaFtt2BL8H6v/Jfc1KqeW/WuDksnZ1kdebJDdkmZeOSInJBLUicNwsgTeSGv5M15dsbOxHn/iuacbGab/IDz8Qnx3Kb3</latexit><latexit sha1_base64="bNpOlFas2LsIPaYf94qwR220qPg=">AAACKnicbVDLSgMxFM3UV62vqks3wSK0oGWmCLr0sdBlBatCX9xJ0zaYzAzJHbEM8z1u/BU3XSjFrR9iWmfh60Dg5JxzSe7xIykMuu7Eyc3NLywu5ZcLK6tr6xvFza0bE8aa8QYLZajvfDBcioA3UKDkd5HmoHzJb/3786l/+8C1EWFwjaOItxUMAtEXDNBK3eJpuWXEQEEnqaWVTnLgpdQKiraQP6JWyQUoBWkZukmWq6X71P92q3SLJbfqzkD/Ei8jJZKh3i2OW72QxYoHyCQY0/TcCNsJaBRM8rTQig2PgN3DgDctDUBx005mq6Z0zyo92g+1PQHSmfp9IgFlzEj5NqkAh+a3NxX/85ox9o/biQiiGHnAvh7qx5JiSKe90Z7QnKEcWQJMC/tXyoaggaFtt2BL8H6v/Jfc1KqeW/WuDksnZ1kdebJDdkmZeOSInJBLUicNwsgTeSGv5M15dsbOxHn/iuacbGab/IDz8Qnx3Kb3</latexit>

(⇢2)�1 ⇠ Gamma(a⇢2 , b⇢2)
<latexit sha1_base64="n2oUHbsV/HPMV0iPGGjsCvUbUkI=">AAACJHicbVDLSgMxFM3Ud31VXboJFqGClpkiKLgRXehSwdZCp5Y7adqGJjNDckcsw3yMG3/FjQsfuHDjt5jWIr4OBA7nnMvNPUEshUHXfXNyE5NT0zOzc/n5hcWl5cLKas1EiWa8yiIZ6XoAhksR8ioKlLweaw4qkPwy6B8P/ctrro2IwgscxLypoBuKjmCAVmoVDkq+7kVXaSXbukp3vIz6RijqI79BrdITUAqyErTSUaqSbdPgi2+1CkW37I5A/xJvTIpkjLNW4dlvRyxRPEQmwZiG58bYTEGjYJJneT8xPAbWhy5vWBqC4qaZjo7M6KZV2rQTaftCpCP1+0QKypiBCmxSAfbMb28o/uc1EuzsN1MRxgnykH0u6iSSYkSHjdG20JyhHFgCTAv7V8p6oIGh7TVvS/B+n/yX1Cplzy1757vFw6NxHbNknWyQEvHIHjkkp+SMVAkjt+SePJIn5855cF6c189ozhnPrJEfcN4/APenpGM=</latexit><latexit sha1_base64="n2oUHbsV/HPMV0iPGGjsCvUbUkI=">AAACJHicbVDLSgMxFM3Ud31VXboJFqGClpkiKLgRXehSwdZCp5Y7adqGJjNDckcsw3yMG3/FjQsfuHDjt5jWIr4OBA7nnMvNPUEshUHXfXNyE5NT0zOzc/n5hcWl5cLKas1EiWa8yiIZ6XoAhksR8ioKlLweaw4qkPwy6B8P/ctrro2IwgscxLypoBuKjmCAVmoVDkq+7kVXaSXbukp3vIz6RijqI79BrdITUAqyErTSUaqSbdPgi2+1CkW37I5A/xJvTIpkjLNW4dlvRyxRPEQmwZiG58bYTEGjYJJneT8xPAbWhy5vWBqC4qaZjo7M6KZV2rQTaftCpCP1+0QKypiBCmxSAfbMb28o/uc1EuzsN1MRxgnykH0u6iSSYkSHjdG20JyhHFgCTAv7V8p6oIGh7TVvS/B+n/yX1Cplzy1757vFw6NxHbNknWyQEvHIHjkkp+SMVAkjt+SePJIn5855cF6c189ozhnPrJEfcN4/APenpGM=</latexit><latexit sha1_base64="n2oUHbsV/HPMV0iPGGjsCvUbUkI=">AAACJHicbVDLSgMxFM3Ud31VXboJFqGClpkiKLgRXehSwdZCp5Y7adqGJjNDckcsw3yMG3/FjQsfuHDjt5jWIr4OBA7nnMvNPUEshUHXfXNyE5NT0zOzc/n5hcWl5cLKas1EiWa8yiIZ6XoAhksR8ioKlLweaw4qkPwy6B8P/ctrro2IwgscxLypoBuKjmCAVmoVDkq+7kVXaSXbukp3vIz6RijqI79BrdITUAqyErTSUaqSbdPgi2+1CkW37I5A/xJvTIpkjLNW4dlvRyxRPEQmwZiG58bYTEGjYJJneT8xPAbWhy5vWBqC4qaZjo7M6KZV2rQTaftCpCP1+0QKypiBCmxSAfbMb28o/uc1EuzsN1MRxgnykH0u6iSSYkSHjdG20JyhHFgCTAv7V8p6oIGh7TVvS/B+n/yX1Cplzy1757vFw6NxHbNknWyQEvHIHjkkp+SMVAkjt+SePJIn5855cF6c189ozhnPrJEfcN4/APenpGM=</latexit><latexit sha1_base64="n2oUHbsV/HPMV0iPGGjsCvUbUkI=">AAACJHicbVDLSgMxFM3Ud31VXboJFqGClpkiKLgRXehSwdZCp5Y7adqGJjNDckcsw3yMG3/FjQsfuHDjt5jWIr4OBA7nnMvNPUEshUHXfXNyE5NT0zOzc/n5hcWl5cLKas1EiWa8yiIZ6XoAhksR8ioKlLweaw4qkPwy6B8P/ctrro2IwgscxLypoBuKjmCAVmoVDkq+7kVXaSXbukp3vIz6RijqI79BrdITUAqyErTSUaqSbdPgi2+1CkW37I5A/xJvTIpkjLNW4dlvRyxRPEQmwZiG58bYTEGjYJJneT8xPAbWhy5vWBqC4qaZjo7M6KZV2rQTaftCpCP1+0QKypiBCmxSAfbMb28o/uc1EuzsN1MRxgnykH0u6iSSYkSHjdG20JyhHFgCTAv7V8p6oIGh7TVvS/B+n/yX1Cplzy1757vFw6NxHbNknWyQEvHIHjkkp+SMVAkjt+SePJIn5855cF6c189ozhnPrJEfcN4/APenpGM=</latexit>

[Giordano, Broderick, Jordan 2015]



Posterior means: revisited
• Want to predict college GPA 
• Collect: standardized test scores (e.g., SAT, ACT) 
• Collect: regional test scores 
• Model:

yn
<latexit sha1_base64="OJNryDDGilrRcA5fmfyi02+IeM4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7GyGE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByO/M7T6g0j+WjyRL0IzqSPOSMGis9ZAM5qNbcujsHWSVeQWpQoDmofvWHMUsjlIYJqnXPcxPj51QZzgROK/1UY0LZhI6wZ6mkEWo/n586JWdWGZIwVrakIXP190ROI62zKLCdETVjvezNxP+8XmrCaz/nMkkNSrZYFKaCmJjM/iZDrpAZkVlCmeL2VsLGVFFmbDoVG4K3/PIqaV/UPbfu3V/WGjdFHGU4gVM4Bw+uoAF30IQWMBjBM7zCmyOcF+fd+Vi0lpxi5hj+wPn8AWmqjd4=</latexit><latexit sha1_base64="OJNryDDGilrRcA5fmfyi02+IeM4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7GyGE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByO/M7T6g0j+WjyRL0IzqSPOSMGis9ZAM5qNbcujsHWSVeQWpQoDmofvWHMUsjlIYJqnXPcxPj51QZzgROK/1UY0LZhI6wZ6mkEWo/n586JWdWGZIwVrakIXP190ROI62zKLCdETVjvezNxP+8XmrCaz/nMkkNSrZYFKaCmJjM/iZDrpAZkVlCmeL2VsLGVFFmbDoVG4K3/PIqaV/UPbfu3V/WGjdFHGU4gVM4Bw+uoAF30IQWMBjBM7zCmyOcF+fd+Vi0lpxi5hj+wPn8AWmqjd4=</latexit><latexit sha1_base64="OJNryDDGilrRcA5fmfyi02+IeM4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7GyGE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByO/M7T6g0j+WjyRL0IzqSPOSMGis9ZAM5qNbcujsHWSVeQWpQoDmofvWHMUsjlIYJqnXPcxPj51QZzgROK/1UY0LZhI6wZ6mkEWo/n586JWdWGZIwVrakIXP190ROI62zKLCdETVjvezNxP+8XmrCaz/nMkkNSrZYFKaCmJjM/iZDrpAZkVlCmeL2VsLGVFFmbDoVG4K3/PIqaV/UPbfu3V/WGjdFHGU4gVM4Bw+uoAF30IQWMBjBM7zCmyOcF+fd+Vi0lpxi5hj+wPn8AWmqjd4=</latexit><latexit sha1_base64="OJNryDDGilrRcA5fmfyi02+IeM4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7GyGE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByO/M7T6g0j+WjyRL0IzqSPOSMGis9ZAM5qNbcujsHWSVeQWpQoDmofvWHMUsjlIYJqnXPcxPj51QZzgROK/1UY0LZhI6wZ6mkEWo/n586JWdWGZIwVrakIXP190ROI62zKLCdETVjvezNxP+8XmrCaz/nMkkNSrZYFKaCmJjM/iZDrpAZkVlCmeL2VsLGVFFmbDoVG4K3/PIqaV/UPbfu3V/WGjdFHGU4gVM4Bw+uoAF30IQWMBjBM7zCmyOcF+fd+Vi0lpxi5hj+wPn8AWmqjd4=</latexit>

xn
<latexit sha1_base64="4IUL7pt3vq2/tw3H113R+PZDEw4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2m3bpZhN2J2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbF6wEnC/YgOlQgFo2il+6e+6pcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4ZWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8SloXVc+teneXlfp1HkcRTuAUzsGDGtThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifP2gkjd0=</latexit><latexit sha1_base64="4IUL7pt3vq2/tw3H113R+PZDEw4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2m3bpZhN2J2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbF6wEnC/YgOlQgFo2il+6e+6pcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4ZWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8SloXVc+teneXlfp1HkcRTuAUzsGDGtThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifP2gkjd0=</latexit><latexit sha1_base64="4IUL7pt3vq2/tw3H113R+PZDEw4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2m3bpZhN2J2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbF6wEnC/YgOlQgFo2il+6e+6pcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4ZWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8SloXVc+teneXlfp1HkcRTuAUzsGDGtThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifP2gkjd0=</latexit><latexit sha1_base64="4IUL7pt3vq2/tw3H113R+PZDEw4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2m3bpZhN2J2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbF6wEnC/YgOlQgFo2il+6e+6pcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4ZWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8SloXVc+teneXlfp1HkcRTuAUzsGDGtThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifP2gkjd0=</latexit>

rn
<latexit sha1_base64="iwrF5eTjAroVOP1wLESoR7Qq+oc=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTAXXxvO+ndLa+sbmVnm7srO7t3/gHh61dJIphk2WiER1QqpRcIlNw43ATqqQxqHAdji+nfntJ1SaJ/LRTFIMYjqUPOKMGis9qL7su1Wv5s1BVolfkCoUaPTdr94gYVmM0jBBte76XmqCnCrDmcBppZdpTCkb0yF2LZU0Rh3k81On5MwqAxIlypY0ZK7+nshprPUkDm1nTM1IL3sz8T+vm5noOsi5TDODki0WRZkgJiGzv8mAK2RGTCyhTHF7K2EjqigzNp2KDcFffnmVtC5qvlfz7y+r9ZsijjKcwCmcgw9XUIc7aEATGAzhGV7hzRHOi/PufCxaS04xcwx/4Hz+AF8Ajdc=</latexit><latexit sha1_base64="iwrF5eTjAroVOP1wLESoR7Qq+oc=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTAXXxvO+ndLa+sbmVnm7srO7t3/gHh61dJIphk2WiER1QqpRcIlNw43ATqqQxqHAdji+nfntJ1SaJ/LRTFIMYjqUPOKMGis9qL7su1Wv5s1BVolfkCoUaPTdr94gYVmM0jBBte76XmqCnCrDmcBppZdpTCkb0yF2LZU0Rh3k81On5MwqAxIlypY0ZK7+nshprPUkDm1nTM1IL3sz8T+vm5noOsi5TDODki0WRZkgJiGzv8mAK2RGTCyhTHF7K2EjqigzNp2KDcFffnmVtC5qvlfz7y+r9ZsijjKcwCmcgw9XUIc7aEATGAzhGV7hzRHOi/PufCxaS04xcwx/4Hz+AF8Ajdc=</latexit><latexit sha1_base64="iwrF5eTjAroVOP1wLESoR7Qq+oc=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTAXXxvO+ndLa+sbmVnm7srO7t3/gHh61dJIphk2WiER1QqpRcIlNw43ATqqQxqHAdji+nfntJ1SaJ/LRTFIMYjqUPOKMGis9qL7su1Wv5s1BVolfkCoUaPTdr94gYVmM0jBBte76XmqCnCrDmcBppZdpTCkb0yF2LZU0Rh3k81On5MwqAxIlypY0ZK7+nshprPUkDm1nTM1IL3sz8T+vm5noOsi5TDODki0WRZkgJiGzv8mAK2RGTCyhTHF7K2EjqigzNp2KDcFffnmVtC5qvlfz7y+r9ZsijjKcwCmcgw9XUIc7aEATGAzhGV7hzRHOi/PufCxaS04xcwx/4Hz+AF8Ajdc=</latexit><latexit sha1_base64="iwrF5eTjAroVOP1wLESoR7Qq+oc=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTAXXxvO+ndLa+sbmVnm7srO7t3/gHh61dJIphk2WiER1QqpRcIlNw43ATqqQxqHAdji+nfntJ1SaJ/LRTFIMYjqUPOKMGis9qL7su1Wv5s1BVolfkCoUaPTdr94gYVmM0jBBte76XmqCnCrDmcBppZdpTCkb0yF2LZU0Rh3k81On5MwqAxIlypY0ZK7+nshprPUkDm1nTM1IL3sz8T+vm5noOsi5TDODki0WRZkgJiGzv8mAK2RGTCyhTHF7K2EjqigzNp2KDcFffnmVtC5qvlfz7y+r9ZsijjKcwCmcgw9XUIc7aEATGAzhGV7hzRHOi/PufCxaS04xcwx/4Hz+AF8Ajdc=</latexit>

zk|⇢2
iid⇠ N (0, ⇢2)

<latexit sha1_base64="fnD6JLgG9Dx+QW3l8pUwfeUvaJE=">AAACIHicbVDLSsNAFJ3UV62vqEs3g0WoICUpQl0W3biSCvYBTQyTyaQdOnkwMxFqzKe48VfcuFBEd/o1TtostPXAhcM593LvPW7MqJCG8aWVlpZXVtfK65WNza3tHX13ryuihGPSwRGLeN9FgjAako6kkpF+zAkKXEZ67vgi93t3hAsahTdyEhM7QMOQ+hQjqSRHb947Y/gALT6KbhvQEhLhMScspdTLUkvQIINWgOQII5ZeZTXjZNZ57OhVo25MAReJWZAqKNB29E/Li3ASkFBihoQYmEYs7RRxSTEjWcVKBInVcjQkA0VDFBBhp9MHM3ikFA/6EVcVSjhVf0+kKBBiEriqMz9WzHu5+J83SKR/Zqc0jBNJQjxb5CcMygjmaUGPcoIlmyiCMKfqVohHiCMsVaYVFYI5//Ii6TbqplE3r0+rrfMijjI4AIegBkzQBC1wCdqgAzB4BM/gFbxpT9qL9q59zFpLWjGzD/5A+/4BfqWjJA==</latexit><latexit sha1_base64="fnD6JLgG9Dx+QW3l8pUwfeUvaJE=">AAACIHicbVDLSsNAFJ3UV62vqEs3g0WoICUpQl0W3biSCvYBTQyTyaQdOnkwMxFqzKe48VfcuFBEd/o1TtostPXAhcM593LvPW7MqJCG8aWVlpZXVtfK65WNza3tHX13ryuihGPSwRGLeN9FgjAako6kkpF+zAkKXEZ67vgi93t3hAsahTdyEhM7QMOQ+hQjqSRHb947Y/gALT6KbhvQEhLhMScspdTLUkvQIINWgOQII5ZeZTXjZNZ57OhVo25MAReJWZAqKNB29E/Li3ASkFBihoQYmEYs7RRxSTEjWcVKBInVcjQkA0VDFBBhp9MHM3ikFA/6EVcVSjhVf0+kKBBiEriqMz9WzHu5+J83SKR/Zqc0jBNJQjxb5CcMygjmaUGPcoIlmyiCMKfqVohHiCMsVaYVFYI5//Ii6TbqplE3r0+rrfMijjI4AIegBkzQBC1wCdqgAzB4BM/gFbxpT9qL9q59zFpLWjGzD/5A+/4BfqWjJA==</latexit><latexit sha1_base64="fnD6JLgG9Dx+QW3l8pUwfeUvaJE=">AAACIHicbVDLSsNAFJ3UV62vqEs3g0WoICUpQl0W3biSCvYBTQyTyaQdOnkwMxFqzKe48VfcuFBEd/o1TtostPXAhcM593LvPW7MqJCG8aWVlpZXVtfK65WNza3tHX13ryuihGPSwRGLeN9FgjAako6kkpF+zAkKXEZ67vgi93t3hAsahTdyEhM7QMOQ+hQjqSRHb947Y/gALT6KbhvQEhLhMScspdTLUkvQIINWgOQII5ZeZTXjZNZ57OhVo25MAReJWZAqKNB29E/Li3ASkFBihoQYmEYs7RRxSTEjWcVKBInVcjQkA0VDFBBhp9MHM3ikFA/6EVcVSjhVf0+kKBBiEriqMz9WzHu5+J83SKR/Zqc0jBNJQjxb5CcMygjmaUGPcoIlmyiCMKfqVohHiCMsVaYVFYI5//Ii6TbqplE3r0+rrfMijjI4AIegBkzQBC1wCdqgAzB4BM/gFbxpT9qL9q59zFpLWjGzD/5A+/4BfqWjJA==</latexit><latexit sha1_base64="fnD6JLgG9Dx+QW3l8pUwfeUvaJE=">AAACIHicbVDLSsNAFJ3UV62vqEs3g0WoICUpQl0W3biSCvYBTQyTyaQdOnkwMxFqzKe48VfcuFBEd/o1TtostPXAhcM593LvPW7MqJCG8aWVlpZXVtfK65WNza3tHX13ryuihGPSwRGLeN9FgjAako6kkpF+zAkKXEZ67vgi93t3hAsahTdyEhM7QMOQ+hQjqSRHb947Y/gALT6KbhvQEhLhMScspdTLUkvQIINWgOQII5ZeZTXjZNZ57OhVo25MAReJWZAqKNB29E/Li3ASkFBihoQYmEYs7RRxSTEjWcVKBInVcjQkA0VDFBBhp9MHM3ikFA/6EVcVSjhVf0+kKBBiEriqMz9WzHu5+J83SKR/Zqc0jBNJQjxb5CcMygjmaUGPcoIlmyiCMKfqVohHiCMsVaYVFYI5//Ii6TbqplE3r0+rrfMijjI4AIegBkzQBC1wCdqgAzB4BM/gFbxpT9qL9q59zFpLWjGzD/5A+/4BfqWjJA==</latexit>

yn|�, z,�2 indep⇠ N (�T
xn + zk(n)rn,�

2)
<latexit sha1_base64="OsYP1L0f+D0RPgfm+9vgewkEVUA="></latexit><latexit sha1_base64="OsYP1L0f+D0RPgfm+9vgewkEVUA="></latexit><latexit sha1_base64="OsYP1L0f+D0RPgfm+9vgewkEVUA="></latexit><latexit sha1_base64="OsYP1L0f+D0RPgfm+9vgewkEVUA="></latexit>

� ⇠ N (0,⌃)
<latexit sha1_base64="B7725VxMXW6popKReveYLMPq2Mk=">AAACCnicbVBNS8NAEN3Ur1q/oh69rBahgpREBD0WvXiSivYDmlAm2227dDcJuxuhhJ69+Fe8eFDEq7/Am//GTZuDVh8MPN6bYWZeEHOmtON8WYWFxaXlleJqaW19Y3PL3t5pqiiRhDZIxCPZDkBRzkLa0Exz2o4lBRFw2gpGl5nfuqdSsSi80+OY+gIGIeszAtpIXXvfC6gG7CkmsCdADwnw9HpScY6xd8sGAo66dtmpOlPgv8TNSRnlqHftT68XkUTQUBMOSnVcJ9Z+ClIzwumk5CWKxkBGMKAdQ0MQVPnp9JUJPjRKD/cjaSrUeKr+nEhBKDUWgenMrlXzXib+53US3T/3UxbGiaYhmS3qJxzrCGe54B6TlGg+NgSIZOZWTIYggWiTXsmE4M6//Jc0T6quU3VvTsu1izyOItpDB6iCXHSGaugK1VEDEfSAntALerUerWfrzXqftRasfGYX/YL18Q1kRplo</latexit><latexit sha1_base64="B7725VxMXW6popKReveYLMPq2Mk=">AAACCnicbVBNS8NAEN3Ur1q/oh69rBahgpREBD0WvXiSivYDmlAm2227dDcJuxuhhJ69+Fe8eFDEq7/Am//GTZuDVh8MPN6bYWZeEHOmtON8WYWFxaXlleJqaW19Y3PL3t5pqiiRhDZIxCPZDkBRzkLa0Exz2o4lBRFw2gpGl5nfuqdSsSi80+OY+gIGIeszAtpIXXvfC6gG7CkmsCdADwnw9HpScY6xd8sGAo66dtmpOlPgv8TNSRnlqHftT68XkUTQUBMOSnVcJ9Z+ClIzwumk5CWKxkBGMKAdQ0MQVPnp9JUJPjRKD/cjaSrUeKr+nEhBKDUWgenMrlXzXib+53US3T/3UxbGiaYhmS3qJxzrCGe54B6TlGg+NgSIZOZWTIYggWiTXsmE4M6//Jc0T6quU3VvTsu1izyOItpDB6iCXHSGaugK1VEDEfSAntALerUerWfrzXqftRasfGYX/YL18Q1kRplo</latexit><latexit sha1_base64="B7725VxMXW6popKReveYLMPq2Mk=">AAACCnicbVBNS8NAEN3Ur1q/oh69rBahgpREBD0WvXiSivYDmlAm2227dDcJuxuhhJ69+Fe8eFDEq7/Am//GTZuDVh8MPN6bYWZeEHOmtON8WYWFxaXlleJqaW19Y3PL3t5pqiiRhDZIxCPZDkBRzkLa0Exz2o4lBRFw2gpGl5nfuqdSsSi80+OY+gIGIeszAtpIXXvfC6gG7CkmsCdADwnw9HpScY6xd8sGAo66dtmpOlPgv8TNSRnlqHftT68XkUTQUBMOSnVcJ9Z+ClIzwumk5CWKxkBGMKAdQ0MQVPnp9JUJPjRKD/cjaSrUeKr+nEhBKDUWgenMrlXzXib+53US3T/3UxbGiaYhmS3qJxzrCGe54B6TlGg+NgSIZOZWTIYggWiTXsmE4M6//Jc0T6quU3VvTsu1izyOItpDB6iCXHSGaugK1VEDEfSAntALerUerWfrzXqftRasfGYX/YL18Q1kRplo</latexit><latexit sha1_base64="B7725VxMXW6popKReveYLMPq2Mk=">AAACCnicbVBNS8NAEN3Ur1q/oh69rBahgpREBD0WvXiSivYDmlAm2227dDcJuxuhhJ69+Fe8eFDEq7/Am//GTZuDVh8MPN6bYWZeEHOmtON8WYWFxaXlleJqaW19Y3PL3t5pqiiRhDZIxCPZDkBRzkLa0Exz2o4lBRFw2gpGl5nfuqdSsSi80+OY+gIGIeszAtpIXXvfC6gG7CkmsCdADwnw9HpScY6xd8sGAo66dtmpOlPgv8TNSRnlqHftT68XkUTQUBMOSnVcJ9Z+ClIzwumk5CWKxkBGMKAdQ0MQVPnp9JUJPjRKD/cjaSrUeKr+nEhBKDUWgenMrlXzXib+53US3T/3UxbGiaYhmS3qJxzrCGe54B6TlGg+NgSIZOZWTIYggWiTXsmE4M6//Jc0T6quU3VvTsu1izyOItpDB6iCXHSGaugK1VEDEfSAntALerUerWfrzXqftRasfGYX/YL18Q1kRplo</latexit>

(�2)�1 ⇠ Gamma(a�2 , b�2)
<latexit sha1_base64="bNpOlFas2LsIPaYf94qwR220qPg=">AAACKnicbVDLSgMxFM3UV62vqks3wSK0oGWmCLr0sdBlBatCX9xJ0zaYzAzJHbEM8z1u/BU3XSjFrR9iWmfh60Dg5JxzSe7xIykMuu7Eyc3NLywu5ZcLK6tr6xvFza0bE8aa8QYLZajvfDBcioA3UKDkd5HmoHzJb/3786l/+8C1EWFwjaOItxUMAtEXDNBK3eJpuWXEQEEnqaWVTnLgpdQKiraQP6JWyQUoBWkZukmWq6X71P92q3SLJbfqzkD/Ei8jJZKh3i2OW72QxYoHyCQY0/TcCNsJaBRM8rTQig2PgN3DgDctDUBx005mq6Z0zyo92g+1PQHSmfp9IgFlzEj5NqkAh+a3NxX/85ox9o/biQiiGHnAvh7qx5JiSKe90Z7QnKEcWQJMC/tXyoaggaFtt2BL8H6v/Jfc1KqeW/WuDksnZ1kdebJDdkmZeOSInJBLUicNwsgTeSGv5M15dsbOxHn/iuacbGab/IDz8Qnx3Kb3</latexit><latexit sha1_base64="bNpOlFas2LsIPaYf94qwR220qPg=">AAACKnicbVDLSgMxFM3UV62vqks3wSK0oGWmCLr0sdBlBatCX9xJ0zaYzAzJHbEM8z1u/BU3XSjFrR9iWmfh60Dg5JxzSe7xIykMuu7Eyc3NLywu5ZcLK6tr6xvFza0bE8aa8QYLZajvfDBcioA3UKDkd5HmoHzJb/3786l/+8C1EWFwjaOItxUMAtEXDNBK3eJpuWXEQEEnqaWVTnLgpdQKiraQP6JWyQUoBWkZukmWq6X71P92q3SLJbfqzkD/Ei8jJZKh3i2OW72QxYoHyCQY0/TcCNsJaBRM8rTQig2PgN3DgDctDUBx005mq6Z0zyo92g+1PQHSmfp9IgFlzEj5NqkAh+a3NxX/85ox9o/biQiiGHnAvh7qx5JiSKe90Z7QnKEcWQJMC/tXyoaggaFtt2BL8H6v/Jfc1KqeW/WuDksnZ1kdebJDdkmZeOSInJBLUicNwsgTeSGv5M15dsbOxHn/iuacbGab/IDz8Qnx3Kb3</latexit><latexit sha1_base64="bNpOlFas2LsIPaYf94qwR220qPg=">AAACKnicbVDLSgMxFM3UV62vqks3wSK0oGWmCLr0sdBlBatCX9xJ0zaYzAzJHbEM8z1u/BU3XSjFrR9iWmfh60Dg5JxzSe7xIykMuu7Eyc3NLywu5ZcLK6tr6xvFza0bE8aa8QYLZajvfDBcioA3UKDkd5HmoHzJb/3786l/+8C1EWFwjaOItxUMAtEXDNBK3eJpuWXEQEEnqaWVTnLgpdQKiraQP6JWyQUoBWkZukmWq6X71P92q3SLJbfqzkD/Ei8jJZKh3i2OW72QxYoHyCQY0/TcCNsJaBRM8rTQig2PgN3DgDctDUBx005mq6Z0zyo92g+1PQHSmfp9IgFlzEj5NqkAh+a3NxX/85ox9o/biQiiGHnAvh7qx5JiSKe90Z7QnKEcWQJMC/tXyoaggaFtt2BL8H6v/Jfc1KqeW/WuDksnZ1kdebJDdkmZeOSInJBLUicNwsgTeSGv5M15dsbOxHn/iuacbGab/IDz8Qnx3Kb3</latexit><latexit sha1_base64="bNpOlFas2LsIPaYf94qwR220qPg=">AAACKnicbVDLSgMxFM3UV62vqks3wSK0oGWmCLr0sdBlBatCX9xJ0zaYzAzJHbEM8z1u/BU3XSjFrR9iWmfh60Dg5JxzSe7xIykMuu7Eyc3NLywu5ZcLK6tr6xvFza0bE8aa8QYLZajvfDBcioA3UKDkd5HmoHzJb/3786l/+8C1EWFwjaOItxUMAtEXDNBK3eJpuWXEQEEnqaWVTnLgpdQKiraQP6JWyQUoBWkZukmWq6X71P92q3SLJbfqzkD/Ei8jJZKh3i2OW72QxYoHyCQY0/TcCNsJaBRM8rTQig2PgN3DgDctDUBx005mq6Z0zyo92g+1PQHSmfp9IgFlzEj5NqkAh+a3NxX/85ox9o/biQiiGHnAvh7qx5JiSKe90Z7QnKEcWQJMC/tXyoaggaFtt2BL8H6v/Jfc1KqeW/WuDksnZ1kdebJDdkmZeOSInJBLUicNwsgTeSGv5M15dsbOxHn/iuacbGab/IDz8Qnx3Kb3</latexit>

(⇢2)�1 ⇠ Gamma(a⇢2 , b⇢2)
<latexit sha1_base64="n2oUHbsV/HPMV0iPGGjsCvUbUkI=">AAACJHicbVDLSgMxFM3Ud31VXboJFqGClpkiKLgRXehSwdZCp5Y7adqGJjNDckcsw3yMG3/FjQsfuHDjt5jWIr4OBA7nnMvNPUEshUHXfXNyE5NT0zOzc/n5hcWl5cLKas1EiWa8yiIZ6XoAhksR8ioKlLweaw4qkPwy6B8P/ctrro2IwgscxLypoBuKjmCAVmoVDkq+7kVXaSXbukp3vIz6RijqI79BrdITUAqyErTSUaqSbdPgi2+1CkW37I5A/xJvTIpkjLNW4dlvRyxRPEQmwZiG58bYTEGjYJJneT8xPAbWhy5vWBqC4qaZjo7M6KZV2rQTaftCpCP1+0QKypiBCmxSAfbMb28o/uc1EuzsN1MRxgnykH0u6iSSYkSHjdG20JyhHFgCTAv7V8p6oIGh7TVvS/B+n/yX1Cplzy1757vFw6NxHbNknWyQEvHIHjkkp+SMVAkjt+SePJIn5855cF6c189ozhnPrJEfcN4/APenpGM=</latexit><latexit sha1_base64="n2oUHbsV/HPMV0iPGGjsCvUbUkI=">AAACJHicbVDLSgMxFM3Ud31VXboJFqGClpkiKLgRXehSwdZCp5Y7adqGJjNDckcsw3yMG3/FjQsfuHDjt5jWIr4OBA7nnMvNPUEshUHXfXNyE5NT0zOzc/n5hcWl5cLKas1EiWa8yiIZ6XoAhksR8ioKlLweaw4qkPwy6B8P/ctrro2IwgscxLypoBuKjmCAVmoVDkq+7kVXaSXbukp3vIz6RijqI79BrdITUAqyErTSUaqSbdPgi2+1CkW37I5A/xJvTIpkjLNW4dlvRyxRPEQmwZiG58bYTEGjYJJneT8xPAbWhy5vWBqC4qaZjo7M6KZV2rQTaftCpCP1+0QKypiBCmxSAfbMb28o/uc1EuzsN1MRxgnykH0u6iSSYkSHjdG20JyhHFgCTAv7V8p6oIGh7TVvS/B+n/yX1Cplzy1757vFw6NxHbNknWyQEvHIHjkkp+SMVAkjt+SePJIn5855cF6c189ozhnPrJEfcN4/APenpGM=</latexit><latexit sha1_base64="n2oUHbsV/HPMV0iPGGjsCvUbUkI=">AAACJHicbVDLSgMxFM3Ud31VXboJFqGClpkiKLgRXehSwdZCp5Y7adqGJjNDckcsw3yMG3/FjQsfuHDjt5jWIr4OBA7nnMvNPUEshUHXfXNyE5NT0zOzc/n5hcWl5cLKas1EiWa8yiIZ6XoAhksR8ioKlLweaw4qkPwy6B8P/ctrro2IwgscxLypoBuKjmCAVmoVDkq+7kVXaSXbukp3vIz6RijqI79BrdITUAqyErTSUaqSbdPgi2+1CkW37I5A/xJvTIpkjLNW4dlvRyxRPEQmwZiG58bYTEGjYJJneT8xPAbWhy5vWBqC4qaZjo7M6KZV2rQTaftCpCP1+0QKypiBCmxSAfbMb28o/uc1EuzsN1MRxgnykH0u6iSSYkSHjdG20JyhHFgCTAv7V8p6oIGh7TVvS/B+n/yX1Cplzy1757vFw6NxHbNknWyQEvHIHjkkp+SMVAkjt+SePJIn5855cF6c189ozhnPrJEfcN4/APenpGM=</latexit><latexit sha1_base64="n2oUHbsV/HPMV0iPGGjsCvUbUkI=">AAACJHicbVDLSgMxFM3Ud31VXboJFqGClpkiKLgRXehSwdZCp5Y7adqGJjNDckcsw3yMG3/FjQsfuHDjt5jWIr4OBA7nnMvNPUEshUHXfXNyE5NT0zOzc/n5hcWl5cLKas1EiWa8yiIZ6XoAhksR8ioKlLweaw4qkPwy6B8P/ctrro2IwgscxLypoBuKjmCAVmoVDkq+7kVXaSXbukp3vIz6RijqI79BrdITUAqyErTSUaqSbdPgi2+1CkW37I5A/xJvTIpkjLNW4dlvRyxRPEQmwZiG58bYTEGjYJJneT8xPAbWhy5vWBqC4qaZjo7M6KZV2rQTaftCpCP1+0QKypiBCmxSAfbMb28o/uc1EuzsN1MRxgnykH0u6iSSYkSHjdG20JyhHFgCTAv7V8p6oIGh7TVvS/B+n/yX1Cplzy1757vFw6NxHbNknWyQEvHIHjkkp+SMVAkjt+SePJIn5855cF6c189ozhnPrJEfcN4/APenpGM=</latexit>

[Giordano, Broderick, Jordan 2015]

(⇢2)�1
<latexit sha1_base64="SM6AZaKcQQI0S/3U9RT2N1DA0Xk=">AAAB9HicbVBNSwMxEJ31s9avqkcvwSLUg2W3CHosevFYwX5Auy3ZNNuGZpM1yRbK0t/hxYMiXv0x3vw3pu0etPXBwOO9GWbmBTFn2rjut7O2vrG5tZ3bye/u7R8cFo6OG1omitA6kVyqVoA15UzQumGG01asKI4CTpvB6G7mN8dUaSbFo5nE1I/wQLCQEWys5Jc6aii7lYtueulNe4WiW3bnQKvEy0gRMtR6ha9OX5IkosIQjrVue25s/BQrwwin03wn0TTGZIQHtG2pwBHVfjo/eorOrdJHoVS2hEFz9fdEiiOtJ1FgOyNshnrZm4n/ee3EhDd+ykScGCrIYlGYcGQkmiWA+kxRYvjEEkwUs7ciMsQKE2NzytsQvOWXV0mjUvbcsvdwVazeZnHk4BTOoAQeXEMV7qEGdSDwBM/wCm/O2Hlx3p2PReuak82cwB84nz9tVJE2</latexit><latexit sha1_base64="SM6AZaKcQQI0S/3U9RT2N1DA0Xk=">AAAB9HicbVBNSwMxEJ31s9avqkcvwSLUg2W3CHosevFYwX5Auy3ZNNuGZpM1yRbK0t/hxYMiXv0x3vw3pu0etPXBwOO9GWbmBTFn2rjut7O2vrG5tZ3bye/u7R8cFo6OG1omitA6kVyqVoA15UzQumGG01asKI4CTpvB6G7mN8dUaSbFo5nE1I/wQLCQEWys5Jc6aii7lYtueulNe4WiW3bnQKvEy0gRMtR6ha9OX5IkosIQjrVue25s/BQrwwin03wn0TTGZIQHtG2pwBHVfjo/eorOrdJHoVS2hEFz9fdEiiOtJ1FgOyNshnrZm4n/ee3EhDd+ykScGCrIYlGYcGQkmiWA+kxRYvjEEkwUs7ciMsQKE2NzytsQvOWXV0mjUvbcsvdwVazeZnHk4BTOoAQeXEMV7qEGdSDwBM/wCm/O2Hlx3p2PReuak82cwB84nz9tVJE2</latexit><latexit sha1_base64="SM6AZaKcQQI0S/3U9RT2N1DA0Xk=">AAAB9HicbVBNSwMxEJ31s9avqkcvwSLUg2W3CHosevFYwX5Auy3ZNNuGZpM1yRbK0t/hxYMiXv0x3vw3pu0etPXBwOO9GWbmBTFn2rjut7O2vrG5tZ3bye/u7R8cFo6OG1omitA6kVyqVoA15UzQumGG01asKI4CTpvB6G7mN8dUaSbFo5nE1I/wQLCQEWys5Jc6aii7lYtueulNe4WiW3bnQKvEy0gRMtR6ha9OX5IkosIQjrVue25s/BQrwwin03wn0TTGZIQHtG2pwBHVfjo/eorOrdJHoVS2hEFz9fdEiiOtJ1FgOyNshnrZm4n/ee3EhDd+ykScGCrIYlGYcGQkmiWA+kxRYvjEEkwUs7ciMsQKE2NzytsQvOWXV0mjUvbcsvdwVazeZnHk4BTOoAQeXEMV7qEGdSDwBM/wCm/O2Hlx3p2PReuak82cwB84nz9tVJE2</latexit><latexit sha1_base64="SM6AZaKcQQI0S/3U9RT2N1DA0Xk=">AAAB9HicbVBNSwMxEJ31s9avqkcvwSLUg2W3CHosevFYwX5Auy3ZNNuGZpM1yRbK0t/hxYMiXv0x3vw3pu0etPXBwOO9GWbmBTFn2rjut7O2vrG5tZ3bye/u7R8cFo6OG1omitA6kVyqVoA15UzQumGG01asKI4CTpvB6G7mN8dUaSbFo5nE1I/wQLCQEWys5Jc6aii7lYtueulNe4WiW3bnQKvEy0gRMtR6ha9OX5IkosIQjrVue25s/BQrwwin03wn0TTGZIQHtG2pwBHVfjo/eorOrdJHoVS2hEFz9fdEiiOtJ1FgOyNshnrZm4n/ee3EhDd+ykScGCrIYlGYcGQkmiWA+kxRYvjEEkwUs7ciMsQKE2NzytsQvOWXV0mjUvbcsvdwVazeZnHk4BTOoAQeXEMV7qEGdSDwBM/wCm/O2Hlx3p2PReuak82cwB84nz9tVJE2</latexit>

• Data simulated 
from model (3 
data sets, 300 
data points):



Posterior means: revisited
• Want to predict college GPA 
• Collect: standardized test scores (e.g., SAT, ACT) 
• Collect: regional test scores 
• Model:

yn
<latexit sha1_base64="OJNryDDGilrRcA5fmfyi02+IeM4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7GyGE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByO/M7T6g0j+WjyRL0IzqSPOSMGis9ZAM5qNbcujsHWSVeQWpQoDmofvWHMUsjlIYJqnXPcxPj51QZzgROK/1UY0LZhI6wZ6mkEWo/n586JWdWGZIwVrakIXP190ROI62zKLCdETVjvezNxP+8XmrCaz/nMkkNSrZYFKaCmJjM/iZDrpAZkVlCmeL2VsLGVFFmbDoVG4K3/PIqaV/UPbfu3V/WGjdFHGU4gVM4Bw+uoAF30IQWMBjBM7zCmyOcF+fd+Vi0lpxi5hj+wPn8AWmqjd4=</latexit><latexit sha1_base64="OJNryDDGilrRcA5fmfyi02+IeM4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7GyGE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByO/M7T6g0j+WjyRL0IzqSPOSMGis9ZAM5qNbcujsHWSVeQWpQoDmofvWHMUsjlIYJqnXPcxPj51QZzgROK/1UY0LZhI6wZ6mkEWo/n586JWdWGZIwVrakIXP190ROI62zKLCdETVjvezNxP+8XmrCaz/nMkkNSrZYFKaCmJjM/iZDrpAZkVlCmeL2VsLGVFFmbDoVG4K3/PIqaV/UPbfu3V/WGjdFHGU4gVM4Bw+uoAF30IQWMBjBM7zCmyOcF+fd+Vi0lpxi5hj+wPn8AWmqjd4=</latexit><latexit sha1_base64="OJNryDDGilrRcA5fmfyi02+IeM4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7GyGE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByO/M7T6g0j+WjyRL0IzqSPOSMGis9ZAM5qNbcujsHWSVeQWpQoDmofvWHMUsjlIYJqnXPcxPj51QZzgROK/1UY0LZhI6wZ6mkEWo/n586JWdWGZIwVrakIXP190ROI62zKLCdETVjvezNxP+8XmrCaz/nMkkNSrZYFKaCmJjM/iZDrpAZkVlCmeL2VsLGVFFmbDoVG4K3/PIqaV/UPbfu3V/WGjdFHGU4gVM4Bw+uoAF30IQWMBjBM7zCmyOcF+fd+Vi0lpxi5hj+wPn8AWmqjd4=</latexit><latexit sha1_base64="OJNryDDGilrRcA5fmfyi02+IeM4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7GyGE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByO/M7T6g0j+WjyRL0IzqSPOSMGis9ZAM5qNbcujsHWSVeQWpQoDmofvWHMUsjlIYJqnXPcxPj51QZzgROK/1UY0LZhI6wZ6mkEWo/n586JWdWGZIwVrakIXP190ROI62zKLCdETVjvezNxP+8XmrCaz/nMkkNSrZYFKaCmJjM/iZDrpAZkVlCmeL2VsLGVFFmbDoVG4K3/PIqaV/UPbfu3V/WGjdFHGU4gVM4Bw+uoAF30IQWMBjBM7zCmyOcF+fd+Vi0lpxi5hj+wPn8AWmqjd4=</latexit>

xn
<latexit sha1_base64="4IUL7pt3vq2/tw3H113R+PZDEw4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2m3bpZhN2J2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbF6wEnC/YgOlQgFo2il+6e+6pcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4ZWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8SloXVc+teneXlfp1HkcRTuAUzsGDGtThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifP2gkjd0=</latexit><latexit sha1_base64="4IUL7pt3vq2/tw3H113R+PZDEw4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2m3bpZhN2J2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbF6wEnC/YgOlQgFo2il+6e+6pcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4ZWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8SloXVc+teneXlfp1HkcRTuAUzsGDGtThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifP2gkjd0=</latexit><latexit sha1_base64="4IUL7pt3vq2/tw3H113R+PZDEw4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2m3bpZhN2J2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbF6wEnC/YgOlQgFo2il+6e+6pcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4ZWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8SloXVc+teneXlfp1HkcRTuAUzsGDGtThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifP2gkjd0=</latexit><latexit sha1_base64="4IUL7pt3vq2/tw3H113R+PZDEw4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2m3bpZhN2J2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbF6wEnC/YgOlQgFo2il+6e+6pcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4ZWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8SloXVc+teneXlfp1HkcRTuAUzsGDGtThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifP2gkjd0=</latexit>

rn
<latexit sha1_base64="iwrF5eTjAroVOP1wLESoR7Qq+oc=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTAXXxvO+ndLa+sbmVnm7srO7t3/gHh61dJIphk2WiER1QqpRcIlNw43ATqqQxqHAdji+nfntJ1SaJ/LRTFIMYjqUPOKMGis9qL7su1Wv5s1BVolfkCoUaPTdr94gYVmM0jBBte76XmqCnCrDmcBppZdpTCkb0yF2LZU0Rh3k81On5MwqAxIlypY0ZK7+nshprPUkDm1nTM1IL3sz8T+vm5noOsi5TDODki0WRZkgJiGzv8mAK2RGTCyhTHF7K2EjqigzNp2KDcFffnmVtC5qvlfz7y+r9ZsijjKcwCmcgw9XUIc7aEATGAzhGV7hzRHOi/PufCxaS04xcwx/4Hz+AF8Ajdc=</latexit><latexit sha1_base64="iwrF5eTjAroVOP1wLESoR7Qq+oc=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTAXXxvO+ndLa+sbmVnm7srO7t3/gHh61dJIphk2WiER1QqpRcIlNw43ATqqQxqHAdji+nfntJ1SaJ/LRTFIMYjqUPOKMGis9qL7su1Wv5s1BVolfkCoUaPTdr94gYVmM0jBBte76XmqCnCrDmcBppZdpTCkb0yF2LZU0Rh3k81On5MwqAxIlypY0ZK7+nshprPUkDm1nTM1IL3sz8T+vm5noOsi5TDODki0WRZkgJiGzv8mAK2RGTCyhTHF7K2EjqigzNp2KDcFffnmVtC5qvlfz7y+r9ZsijjKcwCmcgw9XUIc7aEATGAzhGV7hzRHOi/PufCxaS04xcwx/4Hz+AF8Ajdc=</latexit><latexit sha1_base64="iwrF5eTjAroVOP1wLESoR7Qq+oc=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTAXXxvO+ndLa+sbmVnm7srO7t3/gHh61dJIphk2WiER1QqpRcIlNw43ATqqQxqHAdji+nfntJ1SaJ/LRTFIMYjqUPOKMGis9qL7su1Wv5s1BVolfkCoUaPTdr94gYVmM0jBBte76XmqCnCrDmcBppZdpTCkb0yF2LZU0Rh3k81On5MwqAxIlypY0ZK7+nshprPUkDm1nTM1IL3sz8T+vm5noOsi5TDODki0WRZkgJiGzv8mAK2RGTCyhTHF7K2EjqigzNp2KDcFffnmVtC5qvlfz7y+r9ZsijjKcwCmcgw9XUIc7aEATGAzhGV7hzRHOi/PufCxaS04xcwx/4Hz+AF8Ajdc=</latexit><latexit sha1_base64="iwrF5eTjAroVOP1wLESoR7Qq+oc=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTAXXxvO+ndLa+sbmVnm7srO7t3/gHh61dJIphk2WiER1QqpRcIlNw43ATqqQxqHAdji+nfntJ1SaJ/LRTFIMYjqUPOKMGis9qL7su1Wv5s1BVolfkCoUaPTdr94gYVmM0jBBte76XmqCnCrDmcBppZdpTCkb0yF2LZU0Rh3k81On5MwqAxIlypY0ZK7+nshprPUkDm1nTM1IL3sz8T+vm5noOsi5TDODki0WRZkgJiGzv8mAK2RGTCyhTHF7K2EjqigzNp2KDcFffnmVtC5qvlfz7y+r9ZsijjKcwCmcgw9XUIc7aEATGAzhGV7hzRHOi/PufCxaS04xcwx/4Hz+AF8Ajdc=</latexit>

zk|⇢2
iid⇠ N (0, ⇢2)

<latexit sha1_base64="fnD6JLgG9Dx+QW3l8pUwfeUvaJE=">AAACIHicbVDLSsNAFJ3UV62vqEs3g0WoICUpQl0W3biSCvYBTQyTyaQdOnkwMxFqzKe48VfcuFBEd/o1TtostPXAhcM593LvPW7MqJCG8aWVlpZXVtfK65WNza3tHX13ryuihGPSwRGLeN9FgjAako6kkpF+zAkKXEZ67vgi93t3hAsahTdyEhM7QMOQ+hQjqSRHb947Y/gALT6KbhvQEhLhMScspdTLUkvQIINWgOQII5ZeZTXjZNZ57OhVo25MAReJWZAqKNB29E/Li3ASkFBihoQYmEYs7RRxSTEjWcVKBInVcjQkA0VDFBBhp9MHM3ikFA/6EVcVSjhVf0+kKBBiEriqMz9WzHu5+J83SKR/Zqc0jBNJQjxb5CcMygjmaUGPcoIlmyiCMKfqVohHiCMsVaYVFYI5//Ii6TbqplE3r0+rrfMijjI4AIegBkzQBC1wCdqgAzB4BM/gFbxpT9qL9q59zFpLWjGzD/5A+/4BfqWjJA==</latexit><latexit sha1_base64="fnD6JLgG9Dx+QW3l8pUwfeUvaJE=">AAACIHicbVDLSsNAFJ3UV62vqEs3g0WoICUpQl0W3biSCvYBTQyTyaQdOnkwMxFqzKe48VfcuFBEd/o1TtostPXAhcM593LvPW7MqJCG8aWVlpZXVtfK65WNza3tHX13ryuihGPSwRGLeN9FgjAako6kkpF+zAkKXEZ67vgi93t3hAsahTdyEhM7QMOQ+hQjqSRHb947Y/gALT6KbhvQEhLhMScspdTLUkvQIINWgOQII5ZeZTXjZNZ57OhVo25MAReJWZAqKNB29E/Li3ASkFBihoQYmEYs7RRxSTEjWcVKBInVcjQkA0VDFBBhp9MHM3ikFA/6EVcVSjhVf0+kKBBiEriqMz9WzHu5+J83SKR/Zqc0jBNJQjxb5CcMygjmaUGPcoIlmyiCMKfqVohHiCMsVaYVFYI5//Ii6TbqplE3r0+rrfMijjI4AIegBkzQBC1wCdqgAzB4BM/gFbxpT9qL9q59zFpLWjGzD/5A+/4BfqWjJA==</latexit><latexit sha1_base64="fnD6JLgG9Dx+QW3l8pUwfeUvaJE=">AAACIHicbVDLSsNAFJ3UV62vqEs3g0WoICUpQl0W3biSCvYBTQyTyaQdOnkwMxFqzKe48VfcuFBEd/o1TtostPXAhcM593LvPW7MqJCG8aWVlpZXVtfK65WNza3tHX13ryuihGPSwRGLeN9FgjAako6kkpF+zAkKXEZ67vgi93t3hAsahTdyEhM7QMOQ+hQjqSRHb947Y/gALT6KbhvQEhLhMScspdTLUkvQIINWgOQII5ZeZTXjZNZ57OhVo25MAReJWZAqKNB29E/Li3ASkFBihoQYmEYs7RRxSTEjWcVKBInVcjQkA0VDFBBhp9MHM3ikFA/6EVcVSjhVf0+kKBBiEriqMz9WzHu5+J83SKR/Zqc0jBNJQjxb5CcMygjmaUGPcoIlmyiCMKfqVohHiCMsVaYVFYI5//Ii6TbqplE3r0+rrfMijjI4AIegBkzQBC1wCdqgAzB4BM/gFbxpT9qL9q59zFpLWjGzD/5A+/4BfqWjJA==</latexit><latexit sha1_base64="fnD6JLgG9Dx+QW3l8pUwfeUvaJE=">AAACIHicbVDLSsNAFJ3UV62vqEs3g0WoICUpQl0W3biSCvYBTQyTyaQdOnkwMxFqzKe48VfcuFBEd/o1TtostPXAhcM593LvPW7MqJCG8aWVlpZXVtfK65WNza3tHX13ryuihGPSwRGLeN9FgjAako6kkpF+zAkKXEZ67vgi93t3hAsahTdyEhM7QMOQ+hQjqSRHb947Y/gALT6KbhvQEhLhMScspdTLUkvQIINWgOQII5ZeZTXjZNZ57OhVo25MAReJWZAqKNB29E/Li3ASkFBihoQYmEYs7RRxSTEjWcVKBInVcjQkA0VDFBBhp9MHM3ikFA/6EVcVSjhVf0+kKBBiEriqMz9WzHu5+J83SKR/Zqc0jBNJQjxb5CcMygjmaUGPcoIlmyiCMKfqVohHiCMsVaYVFYI5//Ii6TbqplE3r0+rrfMijjI4AIegBkzQBC1wCdqgAzB4BM/gFbxpT9qL9q59zFpLWjGzD/5A+/4BfqWjJA==</latexit>

yn|�, z,�2 indep⇠ N (�T
xn + zk(n)rn,�

2)
<latexit sha1_base64="OsYP1L0f+D0RPgfm+9vgewkEVUA="></latexit><latexit sha1_base64="OsYP1L0f+D0RPgfm+9vgewkEVUA="></latexit><latexit sha1_base64="OsYP1L0f+D0RPgfm+9vgewkEVUA="></latexit><latexit sha1_base64="OsYP1L0f+D0RPgfm+9vgewkEVUA="></latexit>

� ⇠ N (0,⌃)
<latexit sha1_base64="B7725VxMXW6popKReveYLMPq2Mk=">AAACCnicbVBNS8NAEN3Ur1q/oh69rBahgpREBD0WvXiSivYDmlAm2227dDcJuxuhhJ69+Fe8eFDEq7/Am//GTZuDVh8MPN6bYWZeEHOmtON8WYWFxaXlleJqaW19Y3PL3t5pqiiRhDZIxCPZDkBRzkLa0Exz2o4lBRFw2gpGl5nfuqdSsSi80+OY+gIGIeszAtpIXXvfC6gG7CkmsCdADwnw9HpScY6xd8sGAo66dtmpOlPgv8TNSRnlqHftT68XkUTQUBMOSnVcJ9Z+ClIzwumk5CWKxkBGMKAdQ0MQVPnp9JUJPjRKD/cjaSrUeKr+nEhBKDUWgenMrlXzXib+53US3T/3UxbGiaYhmS3qJxzrCGe54B6TlGg+NgSIZOZWTIYggWiTXsmE4M6//Jc0T6quU3VvTsu1izyOItpDB6iCXHSGaugK1VEDEfSAntALerUerWfrzXqftRasfGYX/YL18Q1kRplo</latexit><latexit sha1_base64="B7725VxMXW6popKReveYLMPq2Mk=">AAACCnicbVBNS8NAEN3Ur1q/oh69rBahgpREBD0WvXiSivYDmlAm2227dDcJuxuhhJ69+Fe8eFDEq7/Am//GTZuDVh8MPN6bYWZeEHOmtON8WYWFxaXlleJqaW19Y3PL3t5pqiiRhDZIxCPZDkBRzkLa0Exz2o4lBRFw2gpGl5nfuqdSsSi80+OY+gIGIeszAtpIXXvfC6gG7CkmsCdADwnw9HpScY6xd8sGAo66dtmpOlPgv8TNSRnlqHftT68XkUTQUBMOSnVcJ9Z+ClIzwumk5CWKxkBGMKAdQ0MQVPnp9JUJPjRKD/cjaSrUeKr+nEhBKDUWgenMrlXzXib+53US3T/3UxbGiaYhmS3qJxzrCGe54B6TlGg+NgSIZOZWTIYggWiTXsmE4M6//Jc0T6quU3VvTsu1izyOItpDB6iCXHSGaugK1VEDEfSAntALerUerWfrzXqftRasfGYX/YL18Q1kRplo</latexit><latexit sha1_base64="B7725VxMXW6popKReveYLMPq2Mk=">AAACCnicbVBNS8NAEN3Ur1q/oh69rBahgpREBD0WvXiSivYDmlAm2227dDcJuxuhhJ69+Fe8eFDEq7/Am//GTZuDVh8MPN6bYWZeEHOmtON8WYWFxaXlleJqaW19Y3PL3t5pqiiRhDZIxCPZDkBRzkLa0Exz2o4lBRFw2gpGl5nfuqdSsSi80+OY+gIGIeszAtpIXXvfC6gG7CkmsCdADwnw9HpScY6xd8sGAo66dtmpOlPgv8TNSRnlqHftT68XkUTQUBMOSnVcJ9Z+ClIzwumk5CWKxkBGMKAdQ0MQVPnp9JUJPjRKD/cjaSrUeKr+nEhBKDUWgenMrlXzXib+53US3T/3UxbGiaYhmS3qJxzrCGe54B6TlGg+NgSIZOZWTIYggWiTXsmE4M6//Jc0T6quU3VvTsu1izyOItpDB6iCXHSGaugK1VEDEfSAntALerUerWfrzXqftRasfGYX/YL18Q1kRplo</latexit><latexit sha1_base64="B7725VxMXW6popKReveYLMPq2Mk=">AAACCnicbVBNS8NAEN3Ur1q/oh69rBahgpREBD0WvXiSivYDmlAm2227dDcJuxuhhJ69+Fe8eFDEq7/Am//GTZuDVh8MPN6bYWZeEHOmtON8WYWFxaXlleJqaW19Y3PL3t5pqiiRhDZIxCPZDkBRzkLa0Exz2o4lBRFw2gpGl5nfuqdSsSi80+OY+gIGIeszAtpIXXvfC6gG7CkmsCdADwnw9HpScY6xd8sGAo66dtmpOlPgv8TNSRnlqHftT68XkUTQUBMOSnVcJ9Z+ClIzwumk5CWKxkBGMKAdQ0MQVPnp9JUJPjRKD/cjaSrUeKr+nEhBKDUWgenMrlXzXib+53US3T/3UxbGiaYhmS3qJxzrCGe54B6TlGg+NgSIZOZWTIYggWiTXsmE4M6//Jc0T6quU3VvTsu1izyOItpDB6iCXHSGaugK1VEDEfSAntALerUerWfrzXqftRasfGYX/YL18Q1kRplo</latexit>
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• Data simulated 
from model (100 
data sets, 300 
data points):

[Giordano, Broderick, Jordan 2015]
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What can we do?
• Good evaluation methods

• A correction to MFVB (Part II)

• Data summarization for scalability (Part III)

• Also VB & robustness quantification

[Gorham, Mackey 2015, 2017]

[Talts et al 2018]

[Yao et al 2018]

etc.
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[Huggins, Campbell, Broderick 2016; Huggins, Adams, Broderick 2017]
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