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• Gamma function  
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�(m) = (m� 1)!

�(x) = x�(x� 1)

⇢1 2 (0, 1)
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• Here, difficult to choose finite K in advance (contrast with 
small K): don’t know K, difficult to infer, streaming data 

• How to generate K = ∞ strictly positive frequencies that 
sum to one? 
• Observation: ⇢1:K ⇠ Dirichlet(a1:K)

9



Choosing K = ∞
• Here, difficult to choose finite K in advance (contrast with 

small K): don’t know K, difficult to infer, streaming data 
• How to generate K = ∞ strictly positive frequencies that 

sum to one? 
• Observation: ⇢1:K ⇠ Dirichlet(a1:K)

9



Choosing K = ∞
• Here, difficult to choose finite K in advance (contrast with 

small K): don’t know K, difficult to infer, streaming data 
• How to generate K = ∞ strictly positive frequencies that 

sum to one? 
• Observation: ⇢1:K ⇠ Dirichlet(a1:K)

9



Choosing K = ∞
• Here, difficult to choose finite K in advance (contrast with 

small K): don’t know K, difficult to infer, streaming data 
• How to generate K = ∞ strictly positive frequencies that 

sum to one? 
• Observation: ⇢1:K ⇠ Dirichlet(a1:K)

9



Choosing K = ∞
• Here, difficult to choose finite K in advance (contrast with 

small K): don’t know K, difficult to infer, streaming data 
• How to generate K = ∞ strictly positive frequencies that 

sum to one? 
• Observation: ⇢1:K ⇠ Dirichlet(a1:K)

9



Choosing K = ∞
• Here, difficult to choose finite K in advance (contrast with 

small K): don’t know K, difficult to infer, streaming data 
• How to generate K = ∞ strictly positive frequencies that 

sum to one? 
• Observation: ⇢1:K ⇠ Dirichlet(a1:K)

?? (⇢2,...,⇢K)
1�⇢1

d
= Dirichlet(a2, . . . , aK)) ⇢1

d
= Beta(a1,

KX

k=1

ak � a1)

9



Choosing K = ∞
• Here, difficult to choose finite K in advance (contrast with 

small K): don’t know K, difficult to infer, streaming data 
• How to generate K = ∞ strictly positive frequencies that 

sum to one? 
• Observation: ⇢1:K ⇠ Dirichlet(a1:K)

?? (⇢2,...,⇢K)
1�⇢1

d
= Dirichlet(a2, . . . , aK)) ⇢1

d
= Beta(a1,

KX

k=1

ak � a1)

9



Choosing K = ∞
• Here, difficult to choose finite K in advance (contrast with 

small K): don’t know K, difficult to infer, streaming data 
• How to generate K = ∞ strictly positive frequencies that 

sum to one? 
• Observation: ⇢1:K ⇠ Dirichlet(a1:K)

?? (⇢2,...,⇢K)
1�⇢1

d
= Dirichlet(a2, . . . , aK)) ⇢1

d
= Beta(a1,

KX

k=1

ak � a1)

9



Choosing K = ∞
• Here, difficult to choose finite K in advance (contrast with 

small K): don’t know K, difficult to infer, streaming data 
• How to generate K = ∞ strictly positive frequencies that 

sum to one? 
• Observation: ⇢1:K ⇠ Dirichlet(a1:K)

?? (⇢2,...,⇢K)
1�⇢1

d
= Dirichlet(a2, . . . , aK)) ⇢1

d
= Beta(a1,

KX

k=1

ak � a1)

9



Choosing K = ∞
• Here, difficult to choose finite K in advance (contrast with 

small K): don’t know K, difficult to infer, streaming data 
• How to generate K = ∞ strictly positive frequencies that 

sum to one? 
• Observation: ⇢1:K ⇠ Dirichlet(a1:K)

?? (⇢2,...,⇢K)
1�⇢1

d
= Dirichlet(a2, . . . , aK)) ⇢1

d
= Beta(a1,

KX

k=1

ak � a1)

9



Choosing K = ∞
• Here, difficult to choose finite K in advance (contrast with 

small K): don’t know K, difficult to infer, streaming data 
• How to generate K = ∞ strictly positive frequencies that 

sum to one? 
• Observation: ⇢1:K ⇠ Dirichlet(a1:K)

?? (⇢2,...,⇢K)
1�⇢1

d
= Dirichlet(a2, . . . , aK)) ⇢1

d
= Beta(a1,

KX

k=1

ak � a1)

• “Stick breaking”

9



Choosing K = ∞
• Here, difficult to choose finite K in advance (contrast with 

small K): don’t know K, difficult to infer, streaming data 
• How to generate K = ∞ strictly positive frequencies that 

sum to one? 
• Observation: ⇢1:K ⇠ Dirichlet(a1:K)

?? (⇢2,...,⇢K)
1�⇢1

d
= Dirichlet(a2, . . . , aK)) ⇢1

d
= Beta(a1,

KX

k=1

ak � a1)

V1 ⇠ Beta(a1, a2 + a3 + a4)

• “Stick breaking”

9



Choosing K = ∞
• Here, difficult to choose finite K in advance (contrast with 

small K): don’t know K, difficult to infer, streaming data 
• How to generate K = ∞ strictly positive frequencies that 

sum to one? 
• Observation: ⇢1:K ⇠ Dirichlet(a1:K)

?? (⇢2,...,⇢K)
1�⇢1

d
= Dirichlet(a2, . . . , aK)) ⇢1

d
= Beta(a1,

KX

k=1

ak � a1)

V1 ⇠ Beta(a1, a2 + a3 + a4) ⇢1 = V1

• “Stick breaking”

9



Choosing K = ∞
• Here, difficult to choose finite K in advance (contrast with 

small K): don’t know K, difficult to infer, streaming data 
• How to generate K = ∞ strictly positive frequencies that 

sum to one? 
• Observation: ⇢1:K ⇠ Dirichlet(a1:K)

?? (⇢2,...,⇢K)
1�⇢1

d
= Dirichlet(a2, . . . , aK)) ⇢1

d
= Beta(a1,

KX

k=1

ak � a1)

V1 ⇠ Beta(a1, a2 + a3 + a4) ⇢1 = V1

V2 ⇠ Beta(a2, a3 + a4)

• “Stick breaking”

9



Choosing K = ∞
• Here, difficult to choose finite K in advance (contrast with 

small K): don’t know K, difficult to infer, streaming data 
• How to generate K = ∞ strictly positive frequencies that 

sum to one? 
• Observation: ⇢1:K ⇠ Dirichlet(a1:K)

?? (⇢2,...,⇢K)
1�⇢1

d
= Dirichlet(a2, . . . , aK)) ⇢1

d
= Beta(a1,

KX

k=1

ak � a1)

V1 ⇠ Beta(a1, a2 + a3 + a4) ⇢1 = V1

V2 ⇠ Beta(a2, a3 + a4)

• “Stick breaking”

⇢2 = (1� V1)V2

9



Choosing K = ∞
• Here, difficult to choose finite K in advance (contrast with 

small K): don’t know K, difficult to infer, streaming data 
• How to generate K = ∞ strictly positive frequencies that 

sum to one? 
• Observation: ⇢1:K ⇠ Dirichlet(a1:K)

?? (⇢2,...,⇢K)
1�⇢1

d
= Dirichlet(a2, . . . , aK)) ⇢1

d
= Beta(a1,

KX

k=1

ak � a1)

V1 ⇠ Beta(a1, a2 + a3 + a4) ⇢1 = V1

V2 ⇠ Beta(a2, a3 + a4) ⇢2 = (1� V1)V2

V3 ⇠ Beta(a3, a4)

• “Stick breaking”

9



Choosing K = ∞
• Here, difficult to choose finite K in advance (contrast with 

small K): don’t know K, difficult to infer, streaming data 
• How to generate K = ∞ strictly positive frequencies that 

sum to one? 
• Observation: ⇢1:K ⇠ Dirichlet(a1:K)

?? (⇢2,...,⇢K)
1�⇢1

d
= Dirichlet(a2, . . . , aK)) ⇢1

d
= Beta(a1,

KX

k=1

ak � a1)

V1 ⇠ Beta(a1, a2 + a3 + a4) ⇢1 = V1

V2 ⇠ Beta(a2, a3 + a4) ⇢2 = (1� V1)V2

V3 ⇠ Beta(a3, a4) ⇢3 = (1� V1)(1� V2)V3

• “Stick breaking”

9



Choosing K = ∞
• Here, difficult to choose finite K in advance (contrast with 

small K): don’t know K, difficult to infer, streaming data 
• How to generate K = ∞ strictly positive frequencies that 

sum to one? 
• Observation: ⇢1:K ⇠ Dirichlet(a1:K)

?? (⇢2,...,⇢K)
1�⇢1

d
= Dirichlet(a2, . . . , aK)) ⇢1

d
= Beta(a1,

KX

k=1

ak � a1)

V1 ⇠ Beta(a1, a2 + a3 + a4) ⇢1 = V1

V2 ⇠ Beta(a2, a3 + a4) ⇢2 = (1� V1)V2

V3 ⇠ Beta(a3, a4) ⇢3 = (1� V1)(1� V2)V3

⇢4 = 1�
3X

k=1

⇢k

• “Stick breaking”

9



Choosing K = ∞
• Here, difficult to choose finite K in advance (contrast with 

small K): don’t know K, difficult to infer, streaming data 
• How to generate K = ∞ strictly positive frequencies that 

sum to one? 
• Observation: ⇢1:K ⇠ Dirichlet(a1:K)

10



Choosing K = ∞
• Here, difficult to choose finite K in advance (contrast with 

small K): don’t know K, difficult to infer, streaming data 
• How to generate K = ∞ strictly positive frequencies that 

sum to one? 
• Dirichlet process stick-breaking:  
• Griffiths-Engen-McCloskey (GEM) distribution:

…

ak = 1, bk = ↵ > 0

10



Choosing K = ∞
• Here, difficult to choose finite K in advance (contrast with 

small K): don’t know K, difficult to infer, streaming data 
• How to generate K = ∞ strictly positive frequencies that 

sum to one? 
• Dirichlet process stick-breaking:  
• Griffiths-Engen-McCloskey (GEM) distribution:

ak = 1, bk = ↵ > 0

10



Choosing K = ∞
• Here, difficult to choose finite K in advance (contrast with 

small K): don’t know K, difficult to infer, streaming data 
• How to generate K = ∞ strictly positive frequencies that 

sum to one? 
• Dirichlet process stick-breaking:  
• Griffiths-Engen-McCloskey (GEM) distribution:

ak = 1, bk = ↵ > 0

V1 ⇠ Beta(a1, b1)

10



Choosing K = ∞
• Here, difficult to choose finite K in advance (contrast with 

small K): don’t know K, difficult to infer, streaming data 
• How to generate K = ∞ strictly positive frequencies that 

sum to one? 
• Dirichlet process stick-breaking:  
• Griffiths-Engen-McCloskey (GEM) distribution:

ak = 1, bk = ↵ > 0

V1 ⇠ Beta(a1, b1) ⇢1 = V1

10



Choosing K = ∞
• Here, difficult to choose finite K in advance (contrast with 

small K): don’t know K, difficult to infer, streaming data 
• How to generate K = ∞ strictly positive frequencies that 

sum to one? 
• Dirichlet process stick-breaking:  
• Griffiths-Engen-McCloskey (GEM) distribution:

ak = 1, bk = ↵ > 0

V1 ⇠ Beta(a1, b1)

V2 ⇠ Beta(a2, b2)

⇢1 = V1

10



Choosing K = ∞
• Here, difficult to choose finite K in advance (contrast with 

small K): don’t know K, difficult to infer, streaming data 
• How to generate K = ∞ strictly positive frequencies that 

sum to one? 
• Dirichlet process stick-breaking:  
• Griffiths-Engen-McCloskey (GEM) distribution:

ak = 1, bk = ↵ > 0

V1 ⇠ Beta(a1, b1)

V2 ⇠ Beta(a2, b2)

⇢1 = V1

⇢2 = (1� V1)V2

10



Choosing K = ∞
• Here, difficult to choose finite K in advance (contrast with 

small K): don’t know K, difficult to infer, streaming data 
• How to generate K = ∞ strictly positive frequencies that 

sum to one? 
• Dirichlet process stick-breaking:  
• Griffiths-Engen-McCloskey (GEM) distribution:

ak = 1, bk = ↵ > 0

V1 ⇠ Beta(a1, b1)

V2 ⇠ Beta(a2, b2)

⇢1 = V1

⇢2 = (1� V1)V2

10



Choosing K = ∞
• Here, difficult to choose finite K in advance (contrast with 

small K): don’t know K, difficult to infer, streaming data 
• How to generate K = ∞ strictly positive frequencies that 

sum to one? 
• Dirichlet process stick-breaking:  
• Griffiths-Engen-McCloskey (GEM) distribution:

…

ak = 1, bk = ↵ > 0

V1 ⇠ Beta(a1, b1)

V2 ⇠ Beta(a2, b2)

⇢1 = V1

⇢2 = (1� V1)V2

10



Choosing K = ∞
• Here, difficult to choose finite K in advance (contrast with 

small K): don’t know K, difficult to infer, streaming data 
• How to generate K = ∞ strictly positive frequencies that 

sum to one? 
• Dirichlet process stick-breaking:  
• Griffiths-Engen-McCloskey (GEM) distribution:

…

ak = 1, bk = ↵ > 0

V1 ⇠ Beta(a1, b1)

V2 ⇠ Beta(a2, b2)

Vk ⇠ Beta(ak, bk)

⇢1 = V1

⇢2 = (1� V1)V2

10



Choosing K = ∞
• Here, difficult to choose finite K in advance (contrast with 

small K): don’t know K, difficult to infer, streaming data 
• How to generate K = ∞ strictly positive frequencies that 

sum to one? 
• Dirichlet process stick-breaking:  
• Griffiths-Engen-McCloskey (GEM) distribution:

…

ak = 1, bk = ↵ > 0

V1 ⇠ Beta(a1, b1)

V2 ⇠ Beta(a2, b2)

Vk ⇠ Beta(ak, bk)

⇢1 = V1

⇢2 = (1� V1)V2

⇢k =

2

4
k�1Y

j=1

(1� Vj)

3

5Vk

10



Choosing K = ∞
• Here, difficult to choose finite K in advance (contrast with 

small K): don’t know K, difficult to infer, streaming data 
• How to generate K = ∞ strictly positive frequencies that 

sum to one? 
• Dirichlet process stick-breaking:  
• Griffiths-Engen-McCloskey (GEM) distribution:

…

ak = 1, bk = ↵ > 0

V1 ⇠ Beta(a1, b1)

V2 ⇠ Beta(a2, b2)

Vk ⇠ Beta(ak, bk)

⇢1 = V1

⇢2 = (1� V1)V2

⇢k =

2

4
k�1Y

j=1

(1� Vj)

3

5Vk

[Ishwaran, James 2001]10



Choosing K = ∞
• Here, difficult to choose finite K in advance (contrast with 

small K): don’t know K, difficult to infer, streaming data 
• How to generate K = ∞ strictly positive frequencies that 

sum to one? 
• Dirichlet process stick-breaking:  
• Griffiths-Engen-McCloskey (GEM) distribution:

…

ak = 1, bk = ↵ > 0

V1 ⇠ Beta(a1, b1)

V2 ⇠ Beta(a2, b2)

Vk ⇠ Beta(ak, bk)

⇢1 = V1

⇢2 = (1� V1)V2

⇢k =

2

4
k�1Y

j=1

(1� Vj)

3

5Vk

[Ishwaran, James 2001]10



Choosing K = ∞
• Here, difficult to choose finite K in advance (contrast with 

small K): don’t know K, difficult to infer, streaming data 
• How to generate K = ∞ strictly positive frequencies that 

sum to one? 
• Dirichlet process stick-breaking:  
• Griffiths-Engen-McCloskey (GEM) distribution:

…

V1 ⇠ Beta(a1, b1)

V2 ⇠ Beta(a2, b2)

Vk ⇠ Beta(ak, bk)

⇢1 = V1

⇢2 = (1� V1)V2

⇢k =

2

4
k�1Y

j=1

(1� Vj)

3

5Vk

ak = 1, bk = ↵ > 0

⇢ = (⇢1, ⇢2, . . .) ⇠ GEM(↵)

[McCloskey 1965; Engen 1975; Patil and Taillie 1977; Ewens 1987; Sethuraman 1994; Ishwaran, James 2001]10



Choosing K = ∞
• Here, difficult to choose finite K in advance (contrast with 

small K): don’t know K, difficult to infer, streaming data 
• How to generate K = ∞ strictly positive frequencies that 

sum to one? 
• Dirichlet process stick-breaking:  
• Griffiths-Engen-McCloskey (GEM) distribution:

…

ak = 1, bk = ↵ > 0

⇢ = (⇢1, ⇢2, . . .) ⇠ GEM(↵)

[McCloskey 1965; Engen 1975; Patil and Taillie 1977; Ewens 1987; Sethuraman 1994; Ishwaran, James 2001]

Vk
iid⇠ Beta(1,↵) ⇢k =

2

4
k�1Y

j=1

(1� Vj)

3

5Vk

10



Distributions
• Beta → random distribution 

over 

• Dirichlet → random 
distribution over 

• GEM / Dirichlet stick-
breaking → random 
distribution over 

• Dirichlet process → 
random distribution over    :

1, 2

1, 2, . . . ,K

1, 2, . . .

�
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Exercises
• Prove the Dirichlet is conjugate to the categorical 

• What is the posterior after N data points? 
• Suppose                                     ; prove that 

!

!

• Code your own GEM simulator for ρ; why is this hard? 
• Simulate drawing cluster indicators (z) from your ρ

⇢1:K ⇠ Dirichlet(a1:K)

) ⇢1
d
= Beta(a1,

KX

k=1

ak � a1)?? (⇢2,...,⇢K)
1�⇢1

d
= Dirichlet(a2, . . . , aK)

• Compare the number of 
clusters as N changes in the 
GEM case with the growth in 
the K=1000 case 

• How do the two compare 
when you change α?

12
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