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e A theoretical motivation: De Finetti's Theorem

* A data sequence is infinitely exchangeable if the
distribution of any N data points doesn’'t change when
permuted: p(X1,...,Xn) =2(Xo), -+, Xo(a)

 De Finettis Theorem (roughly): A sequence X1, Xo, ...
IS Infinitely exchangeable it and only if, for all N and
some distribution P

N
p(Xr Xn) = [ ] p(Xal6)P(as)
* Motivates: ¥ =1
 Parameters and likelihoods
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[Hewitt, Savage 1955; Aldous 1983]
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e (Generative model

 What does a growing/infinite number of parameters
really mean (in Nonparametric Bayes)?

e Chinese restaurant process

e |Inference

e Venture turther into the wild world of Nonparametric
Bayesian statistics
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* Gamma function T’
— 2 * integer m: I'(m) = (m — 1)!
e forx>0: I'(x) = a'(z — 1)

@ * \What happens?

Beta(p1 ‘&1, &2) —

2.5
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=>
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F(al CLQ) o — , 101 ( )

Beta(pl\al, CZQ) — I’(al)I’(az)pl (1 — pl)a2_1 ai,ay > 0
. * Gamma function I’
— 2 * integer m: I'(m) = (m — 1)!

2.0
N
()

* forx>0: I'(x) =al'(x — 1)
* \What happens?

=
2 \ e a=a1=ay — 0
O - N / e A —0a1 = a3 — OO
- ¢ 1 > G2 [demo]

e Beta is conjugate to Cat
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Dirichlet(p1.x|a1.x) = H h=1 | | ar > 0
p—11 k=1

a =(0.5,0.5,0.5) a=(5,5,5) a = (40,10,10)

|

What happens? a=ar, =1 a=ar—0 a=ap—
Dirichlet is conjugate to Categorical [demo]
p1.x ~ Dirichlet(aq.x), z ~ Cat(p1.x)

p1.x|z = Dirichlet(d}. x ), @} = aj, + 1{z = k}
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P1 P2 P3 £1000

 Components: number of latent groups

e Clusters: number of components represented in the data
 [demo 1, demo 2]

 Number of clusters for N data points is < K and random

 Number of clusters grows with N
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* Here, difficult to choose finite K in advance (contrast with
small K): don't know K, difficult to infer, streaming data

 How to generate K = oo strictly positive frequencies that
sum to one”

* Dirichlet process stick-breaking: a, = 1,by = a >0

Vi ~ Beta(aq, by) 01 =W

V5 ~ Beta(as, bo) po = (1 —V7)V5

[ fo—1

Vi AJIBGta(ak,bk) Pr = II(l—-Vﬂ Vi

[Ishwaran, James 2001]
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Choosing K = o
* Here, difficult to choose finite K in advance (contrast with
small K): don't know K, difficult to infer, streaming data

 How to generate K = oo strictly positive frequencies that
sum to one”

* Dirichlet process stick-breaking: a, = 1,by = a >0
o Griffiths-Engen-McCloskey (GEM) distribution:

p=(p1,p2;...) ~ GEM(a)

Vi ~ Beta(aq, by) 01 =W

. ]
Vi ~ Beta(ay, by,) or=| 1=V

V5 ~ Beta(as, bo) po = (1 —V7)V5

Vi

[McCloskey 1965; Engen 1975; Patil and Taillie 1977; Ewens 1987; Sethuraman 1994: Ishwaran, James 2001]
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e Beta =@ random distribution
over 1,2

* Dirichlet = random
distribution over 1,2,... , K

 GEM / Dirichlet stick-
breaking — random
distribution over 1,2, ...

% — 'E{pl? P25 - - ) ™~ GEM(@)
dr ~ Go

10 G = Zk—l PrOGs

—\

N |—
S
R

A 3 4
[ | |
1 2 3 4
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e Beta =@ random distribution
over 1,2 I
N g
 Dirichlet =@ random
distribution over 1,2,..., K I I | |
- | y 1 2 3 4
e GEM / Dirichlet stick-
breaking — random | |
istributi | 1 -,
distribution over 1,2, ... —
* Dirichlet process — A 05
random distribution over &: |
P :. .gpla P2y - - ) ~ GEM(Q) 0 ' n >
or ~ Go P2 ¢

00
G=)_
10 L—1 Pk 5¢’€ [Ferguson 1973]
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Dmch\et process mixture model
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Dirichlet process mixture mode!
_

(,01 P2, .. ) ~ GEM(CY)

¢ ie. G= Zk 1ka. DP (o

2 X Categorical(p)

.e. .

ZgG A

[Antoniak 1974; Ferguson 1983; West, Muller, Escobar 1994; o
Escobar, West 1995; MacEachern, Mdller 1998] >
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DPMM Exercises

Code your own DPMM simulator

How does the number of clusters
vary with N ? (theory/simulations)

How does the number of clusters
vary with «”? (theory/simulations)

For fixed N, what is the
distribution over # clusters?
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