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!

• Each customer walks into the restaurant 
• Sits at existing table with prob proportional to # people 

there 
• Forms new table with prob proportional to α 

• Marginal for the Categorical likelihood with GEM prior 
!

• Partition of [8]: set of mutually exclusive & exhaustive sets 
of 

z1 = z2 = z7 = z8 = 1, z3 = z5 = z6 = 2, z4 = 3
) ⇧8 = {{1, 2, 7, 8}, {3, 5, 6}, {4}}

[8] = {1, . . . , 8}
25
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• Same thing we just did 
• Each customer walks into the restaurant 

• Sits at existing table with prob proportional to # people 
there 

• Forms new table with prob proportional to α 
• Marginal for the Categorical likelihood with GEM prior 
!

• Partition of [8]: set of mutually exclusive & exhaustive sets 
of 

z1 = z2 = z7 = z8 = 1, z3 = z5 = z6 = 2, z4 = 3
) ⇧8 = {{1, 2, 7, 8}, {3, 5, 6}, {4}}

[8] = {1, . . . , 8}
23
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• Probability of this seating: 
!
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KN nk

p(v1, v2, v3)
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• Probability of this seating: 
!

• Probability of N customers (       tables,     at table k): 

!

• Prob doesn’t depend on customer order: exchangeable 
• Gibbs sampling review: target distribution 

• Start:  
• t th step: 

KN nk

p(v1, v2, v3)

24



↵

↵
· 1

↵+ 1
· ↵

↵+ 2
· ↵

↵+ 3
· 1

↵+ 4
· 2

↵+ 5
· 2

↵+ 6
· 3

↵+ 7

Chinese restaurant process
1 3

2 45

67

8

�1 �2 �3

• Probability of this seating: 
!

• Probability of N customers (       tables,     at table k): 

!

• Prob doesn’t depend on customer order: exchangeable 
• Gibbs sampling review: target distribution 

• Start:  
• t th step: 

KN nk

p(v1, v2, v3)

24



↵

↵
· 1

↵+ 1
· ↵

↵+ 2
· ↵

↵+ 3
· 1

↵+ 4
· 2

↵+ 5
· 2

↵+ 6
· 3

↵+ 7

Chinese restaurant process
1 3

2 45

67

8

�1 �2 �3

• Probability of this seating: 
!

• Probability of N customers (       tables,     at table k): 

!

• Prob doesn’t depend on customer order: exchangeable 
• Gibbs sampling review: target distribution 

• Start:  
• t th step: 

KN nk

p(v1, v2, v3)

24



Chinese restaurant process
1 3

2 45

67

8

�1 �2 �3

• Probability of this seating: 
!

• Probability of N customers (       tables,     at table k): 

!

• Prob doesn’t depend on customer order: exchangeable 
• Gibbs sampling review: target distribution 

• Start:  
• t th step: 

KN nk

p(v1, v2, v3)

↵

↵
· 1

↵+ 1
· ↵

↵+ 2
· ↵

↵+ 3
· 1

↵+ 4
· 2

↵+ 5
· 2

↵+ 6
· 3

↵+ 7

24



Chinese restaurant process
1 3

2 45

67

8
• Probability of this seating: 
!

• Probability of N customers (       tables,     at table k): 

!

• Prob doesn’t depend on customer order: exchangeable 
• Gibbs sampling review: target distribution 

• Start:  
• t th step: 

KN nk

p(v1, v2, v3)

↵

↵
· 1

↵+ 1
· ↵

↵+ 2
· ↵

↵+ 3
· 1

↵+ 4
· 2

↵+ 5
· 2

↵+ 6
· 3

↵+ 7

24



Chinese restaurant process
1 3

2 45

67

8
• Probability of this seating: 
!

• Probability of N customers (       tables,     at table k): 

!

• Prob doesn’t depend on customer order: exchangeable 
• Gibbs sampling review: target distribution 

• Start:  
• t th step: 

KN nk

p(v1, v2, v3)

↵

↵
· 1

↵+ 1
· ↵

↵+ 2
· ↵

↵+ 3
· 1

↵+ 4
· 2

↵+ 5
· 2

↵+ 6
· 3

↵+ 7

↵KN
QKN

k=1(nk � 1)!

↵ · · · (↵+N � 1)
= P(⇧N = ⇡N )

24



Chinese restaurant process
1 3

2 45

67

8
• Probability of this seating: 
!

• Probability of N customers (       tables,     at table k): 

!

• Prob doesn’t depend on customer order: exchangeable 
• Gibbs sampling review: target distribution 

• Start:  
• t th step: 

KN nk

p(v1, v2, v3)

↵KN
QKN

k=1(nk � 1)!

↵ · · · (↵+N � 1)
= P(⇧N = ⇡N )

↵

↵
· 1

↵+ 1
· ↵

↵+ 2
· ↵

↵+ 3
· 1

↵+ 4
· 2

↵+ 5
· 2

↵+ 6
· 3

↵+ 7

24



Chinese restaurant process
1 3

2 45

67

8
• Probability of this seating: 
!

• Probability of N customers (       tables,     at table k): 

!

• Prob doesn’t depend on customer order: exchangeable 
• Gibbs sampling review: target distribution 

• Start:  
• t th step: 

KN nk

p(v1, v2, v3)

↵KN
QKN

k=1(nk � 1)!

↵ · · · (↵+N � 1)
= P(⇧N = ⇡N )

↵

↵
· 1

↵+ 1
· ↵

↵+ 2
· ↵

↵+ 3
· 1

↵+ 4
· 2

↵+ 5
· 2

↵+ 6
· 3

↵+ 7

24



• Probability of this seating: 
!

• Probability of N customers (       tables,     at table k): 

!

• Prob doesn’t depend on customer order: exchangeable 
• Gibbs sampling review: target distribution 

• Start:  
• t th step: 

Chinese restaurant process
1 3

2 45

67

8

KN nk

p(v1, v2, v3)

↵KN
QKN

k=1(nk � 1)!

↵ · · · (↵+N � 1)
= P(⇧N = ⇡N )

↵

↵
· 1

↵+ 1
· ↵

↵+ 2
· ↵

↵+ 3
· 1

↵+ 4
· 2

↵+ 5
· 2

↵+ 6
· 3

↵+ 7

24



Chinese restaurant process
1 3

2 45

67

8
• Probability of this seating: 
!

• Probability of N customers (       tables,     at table k): 

!

• Prob doesn’t depend on customer order: exchangeable 
• Gibbs sampling review: target distribution 

• Start:  
• t th step: 

KN nk

p(v1, v2, v3)

↵KN
QKN

k=1(nk � 1)!

↵ · · · (↵+N � 1)
= P(⇧N = ⇡N )

↵

↵
· 1

↵+ 1
· ↵

↵+ 2
· ↵

↵+ 3
· 1

↵+ 4
· 2

↵+ 5
· 2

↵+ 6
· 3

↵+ 7

24



• Probability of this seating: 
!

• Probability of N customers (       tables,     at table k): 

!

• Prob doesn’t depend on customer order: exchangeable 
• Gibbs sampling review: target distribution 

• Start:  
• t th step: 

Chinese restaurant process
1 3

2 45

67

8

KN nk

p(v1, v2, v3)

↵KN
QKN

k=1(nk � 1)!

↵ · · · (↵+N � 1)
= P(⇧N = ⇡N )

↵

↵
· 1

↵+ 1
· ↵

↵+ 2
· ↵

↵+ 3
· 1

↵+ 4
· 2

↵+ 5
· 2

↵+ 6
· 3

↵+ 7

24



• Probability of this seating: 
!

• Probability of N customers (       tables,     at table k): 

!

• Prob doesn’t depend on customer order: exchangeable 
• Gibbs sampling review: target distribution 

• Start:  
• t th step: 

Chinese restaurant process
1 3

2 45

67

8

KN nk

p(v1, v2, v3)

↵KN
QKN

k=1(nk � 1)!

↵ · · · (↵+N � 1)
= P(⇧N = ⇡N )

↵

↵
· 1

↵+ 1
· ↵

↵+ 2
· ↵

↵+ 3
· 1

↵+ 4
· 2

↵+ 5
· 2

↵+ 6
· 3

↵+ 7

24



Chinese restaurant process
1 3

2 45

67

8
• Probability of this seating: 
!

• Probability of N customers (       tables,     at table k): 

!

• Prob doesn’t depend on customer order: exchangeable 
• Gibbs sampling review: target distribution 

• Start:  
• t th step: 

KN nk

p(v1, v2, v3)

↵KN
QKN

k=1(nk � 1)!

↵ · · · (↵+N � 1)
= P(⇧N = ⇡N )

↵

↵
· 1

↵+ 1
· ↵

↵+ 2
· ↵

↵+ 3
· 1

↵+ 4
· 2

↵+ 5
· 2

↵+ 6
· 3

↵+ 7

24



Chinese restaurant process
1 3

2 45

67

8
• Probability of this seating: 
!

• Probability of N customers (       tables, #C at table C): 

!

• Prob doesn’t depend on customer order: exchangeable 
• Gibbs sampling review: target distribution 

• Start:  
• t th step: 

KN

p(v1, v2, v3)

↵

↵
· 1

↵+ 1
· ↵

↵+ 2
· ↵

↵+ 3
· 1

↵+ 4
· 2

↵+ 5
· 2

↵+ 6
· 3

↵+ 7

↵KN
Q

C2⇧N
(#C � 1)!

↵ · · · (↵+N � 1)
= P(⇧N = ⇡N )

24



Chinese restaurant process
1 3

2 45

67

8
• Probability of this seating: 
!

• Probability of N customers (       tables, #C at table C): 

!

• Prob doesn’t depend on customer order: exchangeable 

• Can always pretend n is the last customer and calculate

KN

↵

↵
· 1

↵+ 1
· ↵

↵+ 2
· ↵

↵+ 3
· 1

↵+ 4
· 2

↵+ 5
· 2

↵+ 6
· 3

↵+ 7

↵KN
Q

C2⇧N
(#C � 1)!

↵ · · · (↵+N � 1)
= P(⇧N = ⇡N )

P(⇧8 = {{1, 2, 7, 8}, {3, 5, 6}, {4}}) = P(⇧8 = {{2, 3, 8, 1}, {4, 6, 7}, {5}})

p(⇧N |⇧N,-n)

24



Chinese restaurant process
1 3

2 45

67

8
• Probability of this seating: 
!

• Probability of N customers (       tables, #C at table C): 

!

• Prob doesn’t depend on customer order: exchangeable 

• Can always pretend n is the last customer and calculate

KN

↵

↵
· 1

↵+ 1
· ↵

↵+ 2
· ↵

↵+ 3
· 1

↵+ 4
· 2

↵+ 5
· 2

↵+ 6
· 3

↵+ 7

↵KN
Q

C2⇧N
(#C � 1)!

↵ · · · (↵+N � 1)
= P(⇧N = ⇡N )

P(⇧8 = {{1, 2, 7, 8}, {3, 5, 6}, {4}}) = P(⇧8 = {{2, 3, 8, 1}, {4, 6, 7}, {5}})

p(⇧N |⇧N,-n)

24



Chinese restaurant process
1 3

2 45

67

8
• Probability of this seating: 
!

• Probability of N customers (       tables, #C at table C): 

!

• Prob doesn’t depend on customer order: exchangeable 

• Can always pretend n is the last customer and calculate

KN

↵

↵
· 1

↵+ 1
· ↵

↵+ 2
· ↵

↵+ 3
· 1

↵+ 4
· 2

↵+ 5
· 2

↵+ 6
· 3

↵+ 7

↵KN
Q

C2⇧N
(#C � 1)!

↵ · · · (↵+N � 1)
= P(⇧N = ⇡N )

P(⇧8 = {{1, 2, 7, 8}, {3, 5, 6}, {4}}) = P(⇧8 = {{2, 3, 8, 1}, {4, 6, 7}, {5}})

p(⇧N |⇧N,-n)

24



Chinese restaurant process
1 3

2 45

67

8
• Probability of this seating: 
!

• Probability of N customers (       tables, #C at table C): 

!

• Prob doesn’t depend on customer order: exchangeable 

• Can always pretend n is the last customer and calculate

KN

↵

↵
· 1

↵+ 1
· ↵

↵+ 2
· ↵

↵+ 3
· 1

↵+ 4
· 2

↵+ 5
· 2

↵+ 6
· 3

↵+ 7

↵KN
Q

C2⇧N
(#C � 1)!

↵ · · · (↵+N � 1)
= P(⇧N = ⇡N )

P(⇧8 = {{1, 2, 7, 8}, {3, 5, 6}, {4}}) = P(⇧8 = {{2, 3, 8, 1}, {4, 6, 7}, {5}})

p(⇧N |⇧N,-n)

24



Chinese restaurant process
1 3

2 45

67

8
• Probability of this seating: 
!

• Probability of N customers (       tables, #C at table C): 

!

• Prob doesn’t depend on customer order: exchangeable 

• Can always pretend n is the last customer and calculate

KN

↵

↵
· 1

↵+ 1
· ↵

↵+ 2
· ↵

↵+ 3
· 1

↵+ 4
· 2

↵+ 5
· 2

↵+ 6
· 3

↵+ 7

↵KN
Q

C2⇧N
(#C � 1)!

↵ · · · (↵+N � 1)
= P(⇧N = ⇡N )

P(⇧8 = {{1, 2, 7, 8}, {3, 5, 6}, {4}}) = P(⇧8 = {{2, 3, 8, 1}, {4, 6, 7}, {5}})

p(⇧N |⇧N,-n)

⇧8,-5 = {{1, 2, 7, 8}, {3, 6}, {4}}• e.g.24



• Probability of N customers (       tables, #C at table C): 

!

• So:  

!

• Gibbs sampling review: target distribution 
• Start:  
• t th step: 

KN

p(v1, v2, v3)

v(0)1 , v(0)2 , v(0)3

v(t)1 ⇠ p(v1|v(t�1)
2 , v(t�1)

3 )

v(t)2 ⇠ p(v2|v(t)1 , v(t�1)
3 )

v(t)3 ⇠ p(v3|v(t)1 , v(t)2 )

25

p(⇧N |⇧N,�n) =

⇢ #C
↵+N�1

↵
↵+N�1

if n joins cluster C
if n starts a new cluster

↵KN
Q

C2⇧N
(#C � 1)!

↵ · · · (↵+N � 1)
= P(⇧N = ⇡N )
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sampler in the slides; derive                        
explicitly for a Gaussian mixture 

• Extend the CRP mixture model Gibbs 
sampler in the slides to sample the 
cluster-specific parameters as well
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Power laws
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De Finetti mixing measures

[Kingman 1978, Broderick, Pitman, Jordan 2013, Aldous 1983, Orbanz, Roy 2015]

• Clustering: Kingman paintbox

• Feature allocation: Feature paintbox

• Graphs/networks: Aldous-Hoover theorem

[Lloyd 
2012]
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Conjugacy & Poisson point processes
• Beta process, Bernoulli process (Indian buffet) 

• Gamma process, Poisson likelihood process (DP, CRP) 

• Beta process, negative binomial process

• Posteriors, conjugacy, and exponential families for 
completely random measures

37 [Kingman 1992, Orbanz 2009, Orbanz 2010, Broderick et al 2014, James 2014]
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• Bayesian 
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• Not parametric (i.e. not finite parameter, unbounded/
growing/infinite number of parameters)

Nonparametric Bayes

P(parameters|data) / P(data|parameters)P(parameters)
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