
Part II: Variational Bayes 
and beyond

ITT Career Development 
Assistant Professor, 

MIT

Tamara Broderick

http://www.tamarabroderick.com/tutorial_2018_lugano.html



Optimization 
q⇤ = argminq2Qf(q(·), p(·|y))

Variational Bayes 
q⇤ = argminq2QKL(q(·)||p(·|y))

Mean-field variational Bayes
q⇤ = argminq2QMFVB

KL(q(·)||p(·|y))

Use     to approximate
Approximate Bayesian inference

• Coordinate descent 
• Stochastic variational inference (SVI) 
• Automatic differentiation variational 

inference (ADVI) [Kucukelbir et al 2015, 2017]

[Hoffman et al 2013]
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• Bayes & Approximate Bayes review 
• What is: 

• Variational Bayes (VB) 
• Mean-field variational Bayes (MFVB) 

• Why use MFVB? 
• When can we trust MFVB? 
• Where do we go from here?
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Midge wing length

[Hoff 2009; Grogan, Wirth 1981; MacKay 2003; Bishop 2006]

• Catalogued midge wing lengths (mm) y = (y1, . . . , yN )

[CSIRO 2004]
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Midge wing length

[Hoff 2009; Grogan, Wirth 1981; MacKay 2003; Bishop 2006]

• Catalogued midge wing lengths (mm) 
!

• Model:

y = (y1, . . . , yN )

[CSIRO 2004]
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p(y|✓) : yn
iid⇠ N (µ,�2), n = 1, . . . , N
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Midge wing length

[Hoff 2009; Grogan, Wirth 1981; MacKay 2003; Bishop 2006]

• Catalogued midge wing lengths (mm) 
• Parameters of interest: population mean and variance 
• Model:

y = (y1, . . . , yN )
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Midge wing length

[Hoff 2009; Grogan, Wirth 1981; MacKay 2003; Bishop 2006]

• Catalogued midge wing lengths (mm) 
• Parameters of interest: population mean and variance 
• Model:

y = (y1, . . . , yN )

p(✓) : (�2)�1 ⇠ Gamma(a0, b0)
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2)

✓ = (µ,�2)

[CSIRO 2004]
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Midge wing length

[Hoff 2009; Grogan, Wirth 1981; MacKay 2003; Bishop 2006]

• Catalogued midge wing lengths (mm) 
• Parameters of interest: population mean and precision 
• Model:

y = (y1, . . . , yN )

p(✓) : (�2)�1 ⇠ Gamma(a0, b0)

µ|�2 ⇠ N (µ0,�0�
2)

[CSIRO 2004]
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• Catalogued midge wing lengths (mm) 
• Parameters of interest: population mean and precision 
• Model: ✓ = (µ, ⌧)
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<latexit sha1_base64="/SmswBmzsGkvmDUHDNh7AL0SYPQ="></latexit><latexit sha1_base64="/SmswBmzsGkvmDUHDNh7AL0SYPQ="></latexit><latexit sha1_base64="/SmswBmzsGkvmDUHDNh7AL0SYPQ="></latexit><latexit sha1_base64="/SmswBmzsGkvmDUHDNh7AL0SYPQ="></latexit>



Midge wing length

[Hoff 2009; Grogan, Wirth 1981; MacKay 2003; Bishop 2006]

y = (y1, . . . , yN )

[CSIRO 2004]

8

p(y|✓) : yn
iid⇠ N (µ, ⌧�1), n = 1, . . . , N

<latexit sha1_base64="YYUBclHMQx5jXNmS1VsgXIw2rq0="></latexit><latexit sha1_base64="YYUBclHMQx5jXNmS1VsgXIw2rq0="></latexit><latexit sha1_base64="YYUBclHMQx5jXNmS1VsgXIw2rq0="></latexit><latexit sha1_base64="YYUBclHMQx5jXNmS1VsgXIw2rq0="></latexit>

p(✓) : ⌧ ⇠ Gamma(a0, b0)

µ|⌧ ⇠ N (µ0, (⇢0⌧)
�1)

<latexit sha1_base64="2IIKVjWnmhoi7b6/s+jcugQcRkI="></latexit><latexit sha1_base64="2IIKVjWnmhoi7b6/s+jcugQcRkI="></latexit><latexit sha1_base64="2IIKVjWnmhoi7b6/s+jcugQcRkI="></latexit><latexit sha1_base64="2IIKVjWnmhoi7b6/s+jcugQcRkI="></latexit>

• Catalogued midge wing lengths (mm) 
• Parameters of interest: population mean and precision 
• Model: ✓ = (µ, ⌧)

<latexit sha1_base64="++iIevPyLyKShI2aqTaXpmAZYQA=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxCBSmJCLoRim5cVrAPaEKZTCft0MkkzNwINRR/xY0LRdz6H+78G6dtFtp64MLhnHu5954gEVyD43xbhaXlldW14nppY3Nre8fe3WvqOFWUNWgsYtUOiGaCS9YADoK1E8VIFAjWCoY3E7/1wJTmsbyHUcL8iPQlDzklYKSufeDBgAHBV7jiRekp9oCkJ1277FSdKfAicXNSRjnqXfvL68U0jZgEKojWHddJwM+IAk4FG5e8VLOE0CHps46hkkRM+9n0+jE+NkoPh7EyJQFP1d8TGYm0HkWB6YwIDPS8NxH/8zophJd+xmWSApN0tihMBYYYT6LAPa4YBTEyhFDFza2YDogiFExgJROCO//yImmeVV2n6t6dl2vXeRxFdIiOUAW56ALV0C2qowai6BE9o1f0Zj1ZL9a79TFrLVj5zD76A+vzB2iqk+M=</latexit><latexit sha1_base64="++iIevPyLyKShI2aqTaXpmAZYQA=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxCBSmJCLoRim5cVrAPaEKZTCft0MkkzNwINRR/xY0LRdz6H+78G6dtFtp64MLhnHu5954gEVyD43xbhaXlldW14nppY3Nre8fe3WvqOFWUNWgsYtUOiGaCS9YADoK1E8VIFAjWCoY3E7/1wJTmsbyHUcL8iPQlDzklYKSufeDBgAHBV7jiRekp9oCkJ1277FSdKfAicXNSRjnqXfvL68U0jZgEKojWHddJwM+IAk4FG5e8VLOE0CHps46hkkRM+9n0+jE+NkoPh7EyJQFP1d8TGYm0HkWB6YwIDPS8NxH/8zophJd+xmWSApN0tihMBYYYT6LAPa4YBTEyhFDFza2YDogiFExgJROCO//yImmeVV2n6t6dl2vXeRxFdIiOUAW56ALV0C2qowai6BE9o1f0Zj1ZL9a79TFrLVj5zD76A+vzB2iqk+M=</latexit><latexit sha1_base64="++iIevPyLyKShI2aqTaXpmAZYQA=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxCBSmJCLoRim5cVrAPaEKZTCft0MkkzNwINRR/xY0LRdz6H+78G6dtFtp64MLhnHu5954gEVyD43xbhaXlldW14nppY3Nre8fe3WvqOFWUNWgsYtUOiGaCS9YADoK1E8VIFAjWCoY3E7/1wJTmsbyHUcL8iPQlDzklYKSufeDBgAHBV7jiRekp9oCkJ1277FSdKfAicXNSRjnqXfvL68U0jZgEKojWHddJwM+IAk4FG5e8VLOE0CHps46hkkRM+9n0+jE+NkoPh7EyJQFP1d8TGYm0HkWB6YwIDPS8NxH/8zophJd+xmWSApN0tihMBYYYT6LAPa4YBTEyhFDFza2YDogiFExgJROCO//yImmeVV2n6t6dl2vXeRxFdIiOUAW56ALV0C2qowai6BE9o1f0Zj1ZL9a79TFrLVj5zD76A+vzB2iqk+M=</latexit><latexit sha1_base64="++iIevPyLyKShI2aqTaXpmAZYQA=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxCBSmJCLoRim5cVrAPaEKZTCft0MkkzNwINRR/xY0LRdz6H+78G6dtFtp64MLhnHu5954gEVyD43xbhaXlldW14nppY3Nre8fe3WvqOFWUNWgsYtUOiGaCS9YADoK1E8VIFAjWCoY3E7/1wJTmsbyHUcL8iPQlDzklYKSufeDBgAHBV7jiRekp9oCkJ1277FSdKfAicXNSRjnqXfvL68U0jZgEKojWHddJwM+IAk4FG5e8VLOE0CHps46hkkRM+9n0+jE+NkoPh7EyJQFP1d8TGYm0HkWB6YwIDPS8NxH/8zophJd+xmWSApN0tihMBYYYT6LAPa4YBTEyhFDFza2YDogiFExgJROCO//yImmeVV2n6t6dl2vXeRxFdIiOUAW56ALV0C2qowai6BE9o1f0Zj1ZL9a79TFrLVj5zD76A+vzB2iqk+M=</latexit>



Midge wing length

[Hoff 2009; Grogan, Wirth 1981; MacKay 2003; Bishop 2006]

y = (y1, . . . , yN )

[CSIRO 2004]

8

p(y|✓) : yn
iid⇠ N (µ, ⌧�1), n = 1, . . . , N

<latexit sha1_base64="YYUBclHMQx5jXNmS1VsgXIw2rq0="></latexit><latexit sha1_base64="YYUBclHMQx5jXNmS1VsgXIw2rq0="></latexit><latexit sha1_base64="YYUBclHMQx5jXNmS1VsgXIw2rq0="></latexit><latexit sha1_base64="YYUBclHMQx5jXNmS1VsgXIw2rq0="></latexit>

p(✓) : ⌧ ⇠ Gamma(a0, b0)

µ|⌧ ⇠ N (µ0, (⇢0⌧)
�1)

<latexit sha1_base64="2IIKVjWnmhoi7b6/s+jcugQcRkI="></latexit><latexit sha1_base64="2IIKVjWnmhoi7b6/s+jcugQcRkI="></latexit><latexit sha1_base64="2IIKVjWnmhoi7b6/s+jcugQcRkI="></latexit><latexit sha1_base64="2IIKVjWnmhoi7b6/s+jcugQcRkI="></latexit>

• Catalogued midge wing lengths (mm) 
• Parameters of interest: population mean and precision 
• Model: ✓ = (µ, ⌧)

<latexit sha1_base64="++iIevPyLyKShI2aqTaXpmAZYQA=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxCBSmJCLoRim5cVrAPaEKZTCft0MkkzNwINRR/xY0LRdz6H+78G6dtFtp64MLhnHu5954gEVyD43xbhaXlldW14nppY3Nre8fe3WvqOFWUNWgsYtUOiGaCS9YADoK1E8VIFAjWCoY3E7/1wJTmsbyHUcL8iPQlDzklYKSufeDBgAHBV7jiRekp9oCkJ1277FSdKfAicXNSRjnqXfvL68U0jZgEKojWHddJwM+IAk4FG5e8VLOE0CHps46hkkRM+9n0+jE+NkoPh7EyJQFP1d8TGYm0HkWB6YwIDPS8NxH/8zophJd+xmWSApN0tihMBYYYT6LAPa4YBTEyhFDFza2YDogiFExgJROCO//yImmeVV2n6t6dl2vXeRxFdIiOUAW56ALV0C2qowai6BE9o1f0Zj1ZL9a79TFrLVj5zD76A+vzB2iqk+M=</latexit><latexit sha1_base64="++iIevPyLyKShI2aqTaXpmAZYQA=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxCBSmJCLoRim5cVrAPaEKZTCft0MkkzNwINRR/xY0LRdz6H+78G6dtFtp64MLhnHu5954gEVyD43xbhaXlldW14nppY3Nre8fe3WvqOFWUNWgsYtUOiGaCS9YADoK1E8VIFAjWCoY3E7/1wJTmsbyHUcL8iPQlDzklYKSufeDBgAHBV7jiRekp9oCkJ1277FSdKfAicXNSRjnqXfvL68U0jZgEKojWHddJwM+IAk4FG5e8VLOE0CHps46hkkRM+9n0+jE+NkoPh7EyJQFP1d8TGYm0HkWB6YwIDPS8NxH/8zophJd+xmWSApN0tihMBYYYT6LAPa4YBTEyhFDFza2YDogiFExgJROCO//yImmeVV2n6t6dl2vXeRxFdIiOUAW56ALV0C2qowai6BE9o1f0Zj1ZL9a79TFrLVj5zD76A+vzB2iqk+M=</latexit><latexit sha1_base64="++iIevPyLyKShI2aqTaXpmAZYQA=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxCBSmJCLoRim5cVrAPaEKZTCft0MkkzNwINRR/xY0LRdz6H+78G6dtFtp64MLhnHu5954gEVyD43xbhaXlldW14nppY3Nre8fe3WvqOFWUNWgsYtUOiGaCS9YADoK1E8VIFAjWCoY3E7/1wJTmsbyHUcL8iPQlDzklYKSufeDBgAHBV7jiRekp9oCkJ1277FSdKfAicXNSRjnqXfvL68U0jZgEKojWHddJwM+IAk4FG5e8VLOE0CHps46hkkRM+9n0+jE+NkoPh7EyJQFP1d8TGYm0HkWB6YwIDPS8NxH/8zophJd+xmWSApN0tihMBYYYT6LAPa4YBTEyhFDFza2YDogiFExgJROCO//yImmeVV2n6t6dl2vXeRxFdIiOUAW56ALV0C2qowai6BE9o1f0Zj1ZL9a79TFrLVj5zD76A+vzB2iqk+M=</latexit><latexit sha1_base64="++iIevPyLyKShI2aqTaXpmAZYQA=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxCBSmJCLoRim5cVrAPaEKZTCft0MkkzNwINRR/xY0LRdz6H+78G6dtFtp64MLhnHu5954gEVyD43xbhaXlldW14nppY3Nre8fe3WvqOFWUNWgsYtUOiGaCS9YADoK1E8VIFAjWCoY3E7/1wJTmsbyHUcL8iPQlDzklYKSufeDBgAHBV7jiRekp9oCkJ1277FSdKfAicXNSRjnqXfvL68U0jZgEKojWHddJwM+IAk4FG5e8VLOE0CHps46hkkRM+9n0+jE+NkoPh7EyJQFP1d8TGYm0HkWB6YwIDPS8NxH/8zophJd+xmWSApN0tihMBYYYT6LAPa4YBTEyhFDFza2YDogiFExgJROCO//yImmeVV2n6t6dl2vXeRxFdIiOUAW56ALV0C2qowai6BE9o1f0Zj1ZL9a79TFrLVj5zD76A+vzB2iqk+M=</latexit>



Midge wing length

[Hoff 2009; Grogan, Wirth 1981; MacKay 2003; Bishop 2006]

y = (y1, . . . , yN )

• Exercise: check [CSIRO 2004]

8

p(y|✓) : yn
iid⇠ N (µ, ⌧�1), n = 1, . . . , N

<latexit sha1_base64="YYUBclHMQx5jXNmS1VsgXIw2rq0="></latexit><latexit sha1_base64="YYUBclHMQx5jXNmS1VsgXIw2rq0="></latexit><latexit sha1_base64="YYUBclHMQx5jXNmS1VsgXIw2rq0="></latexit><latexit sha1_base64="YYUBclHMQx5jXNmS1VsgXIw2rq0="></latexit>

p(✓) : ⌧ ⇠ Gamma(a0, b0)

µ|⌧ ⇠ N (µ0, (⇢0⌧)
�1)

<latexit sha1_base64="2IIKVjWnmhoi7b6/s+jcugQcRkI="></latexit><latexit sha1_base64="2IIKVjWnmhoi7b6/s+jcugQcRkI="></latexit><latexit sha1_base64="2IIKVjWnmhoi7b6/s+jcugQcRkI="></latexit><latexit sha1_base64="2IIKVjWnmhoi7b6/s+jcugQcRkI="></latexit>

p(µ, ⌧ |y) 6= f1(µ, y)f2(⌧, y)
<latexit sha1_base64="BGtAmdvuwzKWGdnUKqZwqzjrxIw=">AAACFnicbVDLSsNAFJ34rPUVdelmsAgVtCRF0GXRjcsK9gFNCZPppB06mYR5CCH2K9z4K25cKOJW3Pk3TtostPXAwLnn3Mude4KEUakc59taWl5ZXVsvbZQ3t7Z3du29/baMtcCkhWMWi26AJGGUk5aiipFuIgiKAkY6wfg69zv3REga8zuVJqQfoSGnIcVIGcm3z5KqF+lT6Cmk4QNMT6DHCQx9dyabOvTr1dzNC9+uODVnCrhI3IJUQIGmb395gxjriHCFGZKy5zqJ6mdIKIoZmZQ9LUmC8BgNSc9QjiIi+9n0rAk8NsoAhrEwjys4VX9PZCiSMo0C0xkhNZLzXi7+5/W0Ci/7GeWJVoTj2aJQM6himGcEB1QQrFhqCMKCmr9CPEICYWWSLJsQ3PmTF0m7XnOdmnt7XmlcFXGUwCE4AlXgggvQADegCVoAg0fwDF7Bm/VkvVjv1sesdckqZg7AH1ifPwLUnB8=</latexit><latexit sha1_base64="BGtAmdvuwzKWGdnUKqZwqzjrxIw=">AAACFnicbVDLSsNAFJ34rPUVdelmsAgVtCRF0GXRjcsK9gFNCZPppB06mYR5CCH2K9z4K25cKOJW3Pk3TtostPXAwLnn3Mude4KEUakc59taWl5ZXVsvbZQ3t7Z3du29/baMtcCkhWMWi26AJGGUk5aiipFuIgiKAkY6wfg69zv3REga8zuVJqQfoSGnIcVIGcm3z5KqF+lT6Cmk4QNMT6DHCQx9dyabOvTr1dzNC9+uODVnCrhI3IJUQIGmb395gxjriHCFGZKy5zqJ6mdIKIoZmZQ9LUmC8BgNSc9QjiIi+9n0rAk8NsoAhrEwjys4VX9PZCiSMo0C0xkhNZLzXi7+5/W0Ci/7GeWJVoTj2aJQM6himGcEB1QQrFhqCMKCmr9CPEICYWWSLJsQ3PmTF0m7XnOdmnt7XmlcFXGUwCE4AlXgggvQADegCVoAg0fwDF7Bm/VkvVjv1sesdckqZg7AH1ifPwLUnB8=</latexit><latexit sha1_base64="BGtAmdvuwzKWGdnUKqZwqzjrxIw=">AAACFnicbVDLSsNAFJ34rPUVdelmsAgVtCRF0GXRjcsK9gFNCZPppB06mYR5CCH2K9z4K25cKOJW3Pk3TtostPXAwLnn3Mude4KEUakc59taWl5ZXVsvbZQ3t7Z3du29/baMtcCkhWMWi26AJGGUk5aiipFuIgiKAkY6wfg69zv3REga8zuVJqQfoSGnIcVIGcm3z5KqF+lT6Cmk4QNMT6DHCQx9dyabOvTr1dzNC9+uODVnCrhI3IJUQIGmb395gxjriHCFGZKy5zqJ6mdIKIoZmZQ9LUmC8BgNSc9QjiIi+9n0rAk8NsoAhrEwjys4VX9PZCiSMo0C0xkhNZLzXi7+5/W0Ci/7GeWJVoTj2aJQM6himGcEB1QQrFhqCMKCmr9CPEICYWWSLJsQ3PmTF0m7XnOdmnt7XmlcFXGUwCE4AlXgggvQADegCVoAg0fwDF7Bm/VkvVjv1sesdckqZg7AH1ifPwLUnB8=</latexit><latexit sha1_base64="BGtAmdvuwzKWGdnUKqZwqzjrxIw=">AAACFnicbVDLSsNAFJ34rPUVdelmsAgVtCRF0GXRjcsK9gFNCZPppB06mYR5CCH2K9z4K25cKOJW3Pk3TtostPXAwLnn3Mude4KEUakc59taWl5ZXVsvbZQ3t7Z3du29/baMtcCkhWMWi26AJGGUk5aiipFuIgiKAkY6wfg69zv3REga8zuVJqQfoSGnIcVIGcm3z5KqF+lT6Cmk4QNMT6DHCQx9dyabOvTr1dzNC9+uODVnCrhI3IJUQIGmb395gxjriHCFGZKy5zqJ6mdIKIoZmZQ9LUmC8BgNSc9QjiIi+9n0rAk8NsoAhrEwjys4VX9PZCiSMo0C0xkhNZLzXi7+5/W0Ci/7GeWJVoTj2aJQM6himGcEB1QQrFhqCMKCmr9CPEICYWWSLJsQ3PmTF0m7XnOdmnt7XmlcFXGUwCE4AlXgggvQADegCVoAg0fwDF7Bm/VkvVjv1sesdckqZg7AH1ifPwLUnB8=</latexit>

• Catalogued midge wing lengths (mm) 
• Parameters of interest: population mean and precision 
• Model: ✓ = (µ, ⌧)

<latexit sha1_base64="++iIevPyLyKShI2aqTaXpmAZYQA=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxCBSmJCLoRim5cVrAPaEKZTCft0MkkzNwINRR/xY0LRdz6H+78G6dtFtp64MLhnHu5954gEVyD43xbhaXlldW14nppY3Nre8fe3WvqOFWUNWgsYtUOiGaCS9YADoK1E8VIFAjWCoY3E7/1wJTmsbyHUcL8iPQlDzklYKSufeDBgAHBV7jiRekp9oCkJ1277FSdKfAicXNSRjnqXfvL68U0jZgEKojWHddJwM+IAk4FG5e8VLOE0CHps46hkkRM+9n0+jE+NkoPh7EyJQFP1d8TGYm0HkWB6YwIDPS8NxH/8zophJd+xmWSApN0tihMBYYYT6LAPa4YBTEyhFDFza2YDogiFExgJROCO//yImmeVV2n6t6dl2vXeRxFdIiOUAW56ALV0C2qowai6BE9o1f0Zj1ZL9a79TFrLVj5zD76A+vzB2iqk+M=</latexit><latexit sha1_base64="++iIevPyLyKShI2aqTaXpmAZYQA=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxCBSmJCLoRim5cVrAPaEKZTCft0MkkzNwINRR/xY0LRdz6H+78G6dtFtp64MLhnHu5954gEVyD43xbhaXlldW14nppY3Nre8fe3WvqOFWUNWgsYtUOiGaCS9YADoK1E8VIFAjWCoY3E7/1wJTmsbyHUcL8iPQlDzklYKSufeDBgAHBV7jiRekp9oCkJ1277FSdKfAicXNSRjnqXfvL68U0jZgEKojWHddJwM+IAk4FG5e8VLOE0CHps46hkkRM+9n0+jE+NkoPh7EyJQFP1d8TGYm0HkWB6YwIDPS8NxH/8zophJd+xmWSApN0tihMBYYYT6LAPa4YBTEyhFDFza2YDogiFExgJROCO//yImmeVV2n6t6dl2vXeRxFdIiOUAW56ALV0C2qowai6BE9o1f0Zj1ZL9a79TFrLVj5zD76A+vzB2iqk+M=</latexit><latexit sha1_base64="++iIevPyLyKShI2aqTaXpmAZYQA=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxCBSmJCLoRim5cVrAPaEKZTCft0MkkzNwINRR/xY0LRdz6H+78G6dtFtp64MLhnHu5954gEVyD43xbhaXlldW14nppY3Nre8fe3WvqOFWUNWgsYtUOiGaCS9YADoK1E8VIFAjWCoY3E7/1wJTmsbyHUcL8iPQlDzklYKSufeDBgAHBV7jiRekp9oCkJ1277FSdKfAicXNSRjnqXfvL68U0jZgEKojWHddJwM+IAk4FG5e8VLOE0CHps46hkkRM+9n0+jE+NkoPh7EyJQFP1d8TGYm0HkWB6YwIDPS8NxH/8zophJd+xmWSApN0tihMBYYYT6LAPa4YBTEyhFDFza2YDogiFExgJROCO//yImmeVV2n6t6dl2vXeRxFdIiOUAW56ALV0C2qowai6BE9o1f0Zj1ZL9a79TFrLVj5zD76A+vzB2iqk+M=</latexit><latexit sha1_base64="++iIevPyLyKShI2aqTaXpmAZYQA=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxCBSmJCLoRim5cVrAPaEKZTCft0MkkzNwINRR/xY0LRdz6H+78G6dtFtp64MLhnHu5954gEVyD43xbhaXlldW14nppY3Nre8fe3WvqOFWUNWgsYtUOiGaCS9YADoK1E8VIFAjWCoY3E7/1wJTmsbyHUcL8iPQlDzklYKSufeDBgAHBV7jiRekp9oCkJ1277FSdKfAicXNSRjnqXfvL68U0jZgEKojWHddJwM+IAk4FG5e8VLOE0CHps46hkkRM+9n0+jE+NkoPh7EyJQFP1d8TGYm0HkWB6YwIDPS8NxH/8zophJd+xmWSApN0tihMBYYYT6LAPa4YBTEyhFDFza2YDogiFExgJROCO//yImmeVV2n6t6dl2vXeRxFdIiOUAW56ALV0C2qowai6BE9o1f0Zj1ZL9a79TFrLVj5zD76A+vzB2iqk+M=</latexit>



Midge wing length

[Hoff 2009; Grogan, Wirth 1981; MacKay 2003; Bishop 2006]

y = (y1, . . . , yN )

• Exercise: check 
• MFVB approximation: 

[CSIRO 2004]

8

p(y|✓) : yn
iid⇠ N (µ, ⌧�1), n = 1, . . . , N

<latexit sha1_base64="YYUBclHMQx5jXNmS1VsgXIw2rq0="></latexit><latexit sha1_base64="YYUBclHMQx5jXNmS1VsgXIw2rq0="></latexit><latexit sha1_base64="YYUBclHMQx5jXNmS1VsgXIw2rq0="></latexit><latexit sha1_base64="YYUBclHMQx5jXNmS1VsgXIw2rq0="></latexit>

p(✓) : ⌧ ⇠ Gamma(a0, b0)

µ|⌧ ⇠ N (µ0, (⇢0⌧)
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Midge wing length

[Hoff 2009; Grogan, Wirth 1981; MacKay 2003; Bishop 2006]

y = (y1, . . . , yN )

• Exercise: check 
• MFVB approximation: 

• Coordinate descent (derivation shortly) [Bishop 2006, Sec 10.1.3]
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<latexit sha1_base64="BGtAmdvuwzKWGdnUKqZwqzjrxIw=">AAACFnicbVDLSsNAFJ34rPUVdelmsAgVtCRF0GXRjcsK9gFNCZPppB06mYR5CCH2K9z4K25cKOJW3Pk3TtostPXAwLnn3Mude4KEUakc59taWl5ZXVsvbZQ3t7Z3du29/baMtcCkhWMWi26AJGGUk5aiipFuIgiKAkY6wfg69zv3REga8zuVJqQfoSGnIcVIGcm3z5KqF+lT6Cmk4QNMT6DHCQx9dyabOvTr1dzNC9+uODVnCrhI3IJUQIGmb395gxjriHCFGZKy5zqJ6mdIKIoZmZQ9LUmC8BgNSc9QjiIi+9n0rAk8NsoAhrEwjys4VX9PZCiSMo0C0xkhNZLzXi7+5/W0Ci/7GeWJVoTj2aJQM6himGcEB1QQrFhqCMKCmr9CPEICYWWSLJsQ3PmTF0m7XnOdmnt7XmlcFXGUwCE4AlXgggvQADegCVoAg0fwDF7Bm/VkvVjv1sesdckqZg7AH1ifPwLUnB8=</latexit><latexit sha1_base64="BGtAmdvuwzKWGdnUKqZwqzjrxIw=">AAACFnicbVDLSsNAFJ34rPUVdelmsAgVtCRF0GXRjcsK9gFNCZPppB06mYR5CCH2K9z4K25cKOJW3Pk3TtostPXAwLnn3Mude4KEUakc59taWl5ZXVsvbZQ3t7Z3du29/baMtcCkhWMWi26AJGGUk5aiipFuIgiKAkY6wfg69zv3REga8zuVJqQfoSGnIcVIGcm3z5KqF+lT6Cmk4QNMT6DHCQx9dyabOvTr1dzNC9+uODVnCrhI3IJUQIGmb395gxjriHCFGZKy5zqJ6mdIKIoZmZQ9LUmC8BgNSc9QjiIi+9n0rAk8NsoAhrEwjys4VX9PZCiSMo0C0xkhNZLzXi7+5/W0Ci/7GeWJVoTj2aJQM6himGcEB1QQrFhqCMKCmr9CPEICYWWSLJsQ3PmTF0m7XnOdmnt7XmlcFXGUwCE4AlXgggvQADegCVoAg0fwDF7Bm/VkvVjv1sesdckqZg7AH1ifPwLUnB8=</latexit><latexit sha1_base64="BGtAmdvuwzKWGdnUKqZwqzjrxIw=">AAACFnicbVDLSsNAFJ34rPUVdelmsAgVtCRF0GXRjcsK9gFNCZPppB06mYR5CCH2K9z4K25cKOJW3Pk3TtostPXAwLnn3Mude4KEUakc59taWl5ZXVsvbZQ3t7Z3du29/baMtcCkhWMWi26AJGGUk5aiipFuIgiKAkY6wfg69zv3REga8zuVJqQfoSGnIcVIGcm3z5KqF+lT6Cmk4QNMT6DHCQx9dyabOvTr1dzNC9+uODVnCrhI3IJUQIGmb395gxjriHCFGZKy5zqJ6mdIKIoZmZQ9LUmC8BgNSc9QjiIi+9n0rAk8NsoAhrEwjys4VX9PZCiSMo0C0xkhNZLzXi7+5/W0Ci/7GeWJVoTj2aJQM6himGcEB1QQrFhqCMKCmr9CPEICYWWSLJsQ3PmTF0m7XnOdmnt7XmlcFXGUwCE4AlXgggvQADegCVoAg0fwDF7Bm/VkvVjv1sesdckqZg7AH1ifPwLUnB8=</latexit><latexit sha1_base64="BGtAmdvuwzKWGdnUKqZwqzjrxIw=">AAACFnicbVDLSsNAFJ34rPUVdelmsAgVtCRF0GXRjcsK9gFNCZPppB06mYR5CCH2K9z4K25cKOJW3Pk3TtostPXAwLnn3Mude4KEUakc59taWl5ZXVsvbZQ3t7Z3du29/baMtcCkhWMWi26AJGGUk5aiipFuIgiKAkY6wfg69zv3REga8zuVJqQfoSGnIcVIGcm3z5KqF+lT6Cmk4QNMT6DHCQx9dyabOvTr1dzNC9+uODVnCrhI3IJUQIGmb395gxjriHCFGZKy5zqJ6mdIKIoZmZQ9LUmC8BgNSc9QjiIi+9n0rAk8NsoAhrEwjys4VX9PZCiSMo0C0xkhNZLzXi7+5/W0Ci/7GeWJVoTj2aJQM6himGcEB1QQrFhqCMKCmr9CPEICYWWSLJsQ3PmTF0m7XnOdmnt7XmlcFXGUwCE4AlXgggvQADegCVoAg0fwDF7Bm/VkvVjv1sesdckqZg7AH1ifPwLUnB8=</latexit>

q⇤(µ, ⌧) = q⇤µ(µ)q
⇤
⌧ (⌧) = argminq2QMFVB

KL(q(·)||p(·|y))
<latexit sha1_base64="EjbPe+a6jAvG5fJj+OiuyElmzjQ="></latexit><latexit sha1_base64="EjbPe+a6jAvG5fJj+OiuyElmzjQ="></latexit><latexit sha1_base64="EjbPe+a6jAvG5fJj+OiuyElmzjQ="></latexit><latexit sha1_base64="EjbPe+a6jAvG5fJj+OiuyElmzjQ="></latexit>

q⇤µ(µ) = N (µ|µN , ⇢�1
N )

<latexit sha1_base64="4+kSBkN0ExNAxa5H3Qt/eTwBXa4="></latexit><latexit sha1_base64="4+kSBkN0ExNAxa5H3Qt/eTwBXa4="></latexit><latexit sha1_base64="4+kSBkN0ExNAxa5H3Qt/eTwBXa4="></latexit><latexit sha1_base64="4+kSBkN0ExNAxa5H3Qt/eTwBXa4="></latexit>

q⇤⌧ (⌧) = Gamma(⌧ |aN , bN )
<latexit sha1_base64="lT8R1rbDI/P+Ize3QzsQJiIkVl0=">AAACGXicbZBNSwMxEIazftb6VfXoJVgEK1J2RdCLUPSgJ1GwrdDWZTZNNTTZXZNZsaz9G178K148KOJRT/4b04+DVl8IPLwzw2TeIJbCoOt+OWPjE5NT05mZ7Ozc/MJibmm5YqJEM15mkYz0RQCGSxHyMgqU/CLWHFQgeTVoH/bq1VuujYjCc+zEvKHgKhQtwQCt5efcG7+OkFymm92NHhToPq0jv0Ot0iNQCgb2PfgnWzTwTwp+Lu8W3b7oX/CGkCdDnfq5j3ozYoniITIJxtQ8N8ZGChoFk7ybrSeGx8DacMVrFkNQ3DTS/mVdum6dJm1F2r4Qad/9OZGCMqajAtupAK/NaK1n/lerJdjaa6QijBPkIRssaiWSYkR7MdGm0Jyh7FgApoX9K2XXoIGhDTNrQ/BGT/4Lle2i5xa9s5186WAYR4askjWyQTyyS0rkmJySMmHkgTyRF/LqPDrPzpvzPmgdc4YzK+SXnM9vD6ufrA==</latexit><latexit sha1_base64="lT8R1rbDI/P+Ize3QzsQJiIkVl0=">AAACGXicbZBNSwMxEIazftb6VfXoJVgEK1J2RdCLUPSgJ1GwrdDWZTZNNTTZXZNZsaz9G178K148KOJRT/4b04+DVl8IPLwzw2TeIJbCoOt+OWPjE5NT05mZ7Ozc/MJibmm5YqJEM15mkYz0RQCGSxHyMgqU/CLWHFQgeTVoH/bq1VuujYjCc+zEvKHgKhQtwQCt5efcG7+OkFymm92NHhToPq0jv0Ot0iNQCgb2PfgnWzTwTwp+Lu8W3b7oX/CGkCdDnfq5j3ozYoniITIJxtQ8N8ZGChoFk7ybrSeGx8DacMVrFkNQ3DTS/mVdum6dJm1F2r4Qad/9OZGCMqajAtupAK/NaK1n/lerJdjaa6QijBPkIRssaiWSYkR7MdGm0Jyh7FgApoX9K2XXoIGhDTNrQ/BGT/4Lle2i5xa9s5186WAYR4askjWyQTyyS0rkmJySMmHkgTyRF/LqPDrPzpvzPmgdc4YzK+SXnM9vD6ufrA==</latexit><latexit sha1_base64="lT8R1rbDI/P+Ize3QzsQJiIkVl0=">AAACGXicbZBNSwMxEIazftb6VfXoJVgEK1J2RdCLUPSgJ1GwrdDWZTZNNTTZXZNZsaz9G178K148KOJRT/4b04+DVl8IPLwzw2TeIJbCoOt+OWPjE5NT05mZ7Ozc/MJibmm5YqJEM15mkYz0RQCGSxHyMgqU/CLWHFQgeTVoH/bq1VuujYjCc+zEvKHgKhQtwQCt5efcG7+OkFymm92NHhToPq0jv0Ot0iNQCgb2PfgnWzTwTwp+Lu8W3b7oX/CGkCdDnfq5j3ozYoniITIJxtQ8N8ZGChoFk7ybrSeGx8DacMVrFkNQ3DTS/mVdum6dJm1F2r4Qad/9OZGCMqajAtupAK/NaK1n/lerJdjaa6QijBPkIRssaiWSYkR7MdGm0Jyh7FgApoX9K2XXoIGhDTNrQ/BGT/4Lle2i5xa9s5186WAYR4askjWyQTyyS0rkmJySMmHkgTyRF/LqPDrPzpvzPmgdc4YzK+SXnM9vD6ufrA==</latexit><latexit sha1_base64="lT8R1rbDI/P+Ize3QzsQJiIkVl0=">AAACGXicbZBNSwMxEIazftb6VfXoJVgEK1J2RdCLUPSgJ1GwrdDWZTZNNTTZXZNZsaz9G178K148KOJRT/4b04+DVl8IPLwzw2TeIJbCoOt+OWPjE5NT05mZ7Ozc/MJibmm5YqJEM15mkYz0RQCGSxHyMgqU/CLWHFQgeTVoH/bq1VuujYjCc+zEvKHgKhQtwQCt5efcG7+OkFymm92NHhToPq0jv0Ot0iNQCgb2PfgnWzTwTwp+Lu8W3b7oX/CGkCdDnfq5j3ozYoniITIJxtQ8N8ZGChoFk7ybrSeGx8DacMVrFkNQ3DTS/mVdum6dJm1F2r4Qad/9OZGCMqajAtupAK/NaK1n/lerJdjaa6QijBPkIRssaiWSYkR7MdGm0Jyh7FgApoX9K2XXoIGhDTNrQ/BGT/4Lle2i5xa9s5186WAYR4askjWyQTyyS0rkmJySMmHkgTyRF/LqPDrPzpvzPmgdc4YzK+SXnM9vD6ufrA==</latexit>

• Catalogued midge wing lengths (mm) 
• Parameters of interest: population mean and precision 
• Model: ✓ = (µ, ⌧)

<latexit sha1_base64="++iIevPyLyKShI2aqTaXpmAZYQA=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxCBSmJCLoRim5cVrAPaEKZTCft0MkkzNwINRR/xY0LRdz6H+78G6dtFtp64MLhnHu5954gEVyD43xbhaXlldW14nppY3Nre8fe3WvqOFWUNWgsYtUOiGaCS9YADoK1E8VIFAjWCoY3E7/1wJTmsbyHUcL8iPQlDzklYKSufeDBgAHBV7jiRekp9oCkJ1277FSdKfAicXNSRjnqXfvL68U0jZgEKojWHddJwM+IAk4FG5e8VLOE0CHps46hkkRM+9n0+jE+NkoPh7EyJQFP1d8TGYm0HkWB6YwIDPS8NxH/8zophJd+xmWSApN0tihMBYYYT6LAPa4YBTEyhFDFza2YDogiFExgJROCO//yImmeVV2n6t6dl2vXeRxFdIiOUAW56ALV0C2qowai6BE9o1f0Zj1ZL9a79TFrLVj5zD76A+vzB2iqk+M=</latexit><latexit sha1_base64="++iIevPyLyKShI2aqTaXpmAZYQA=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxCBSmJCLoRim5cVrAPaEKZTCft0MkkzNwINRR/xY0LRdz6H+78G6dtFtp64MLhnHu5954gEVyD43xbhaXlldW14nppY3Nre8fe3WvqOFWUNWgsYtUOiGaCS9YADoK1E8VIFAjWCoY3E7/1wJTmsbyHUcL8iPQlDzklYKSufeDBgAHBV7jiRekp9oCkJ1277FSdKfAicXNSRjnqXfvL68U0jZgEKojWHddJwM+IAk4FG5e8VLOE0CHps46hkkRM+9n0+jE+NkoPh7EyJQFP1d8TGYm0HkWB6YwIDPS8NxH/8zophJd+xmWSApN0tihMBYYYT6LAPa4YBTEyhFDFza2YDogiFExgJROCO//yImmeVV2n6t6dl2vXeRxFdIiOUAW56ALV0C2qowai6BE9o1f0Zj1ZL9a79TFrLVj5zD76A+vzB2iqk+M=</latexit><latexit sha1_base64="++iIevPyLyKShI2aqTaXpmAZYQA=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxCBSmJCLoRim5cVrAPaEKZTCft0MkkzNwINRR/xY0LRdz6H+78G6dtFtp64MLhnHu5954gEVyD43xbhaXlldW14nppY3Nre8fe3WvqOFWUNWgsYtUOiGaCS9YADoK1E8VIFAjWCoY3E7/1wJTmsbyHUcL8iPQlDzklYKSufeDBgAHBV7jiRekp9oCkJ1277FSdKfAicXNSRjnqXfvL68U0jZgEKojWHddJwM+IAk4FG5e8VLOE0CHps46hkkRM+9n0+jE+NkoPh7EyJQFP1d8TGYm0HkWB6YwIDPS8NxH/8zophJd+xmWSApN0tihMBYYYT6LAPa4YBTEyhFDFza2YDogiFExgJROCO//yImmeVV2n6t6dl2vXeRxFdIiOUAW56ALV0C2qowai6BE9o1f0Zj1ZL9a79TFrLVj5zD76A+vzB2iqk+M=</latexit><latexit sha1_base64="++iIevPyLyKShI2aqTaXpmAZYQA=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxCBSmJCLoRim5cVrAPaEKZTCft0MkkzNwINRR/xY0LRdz6H+78G6dtFtp64MLhnHu5954gEVyD43xbhaXlldW14nppY3Nre8fe3WvqOFWUNWgsYtUOiGaCS9YADoK1E8VIFAjWCoY3E7/1wJTmsbyHUcL8iPQlDzklYKSufeDBgAHBV7jiRekp9oCkJ1277FSdKfAicXNSRjnqXfvL68U0jZgEKojWHddJwM+IAk4FG5e8VLOE0CHps46hkkRM+9n0+jE+NkoPh7EyJQFP1d8TGYm0HkWB6YwIDPS8NxH/8zophJd+xmWSApN0tihMBYYYT6LAPa4YBTEyhFDFza2YDogiFExgJROCO//yImmeVV2n6t6dl2vXeRxFdIiOUAW56ALV0C2qowai6BE9o1f0Zj1ZL9a79TFrLVj5zD76A+vzB2iqk+M=</latexit>



Midge wing length

[Hoff 2009; Grogan, Wirth 1981; MacKay 2003; Bishop 2006]

y = (y1, . . . , yN )

• Exercise: check 
• MFVB approximation: 

• Coordinate descent (derivation shortly) [Bishop 2006, Sec 10.1.3]

“variational 
parameters”

[CSIRO 2004]
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p(y|✓) : yn
iid⇠ N (µ, ⌧�1), n = 1, . . . , N

<latexit sha1_base64="YYUBclHMQx5jXNmS1VsgXIw2rq0="></latexit><latexit sha1_base64="YYUBclHMQx5jXNmS1VsgXIw2rq0="></latexit><latexit sha1_base64="YYUBclHMQx5jXNmS1VsgXIw2rq0="></latexit><latexit sha1_base64="YYUBclHMQx5jXNmS1VsgXIw2rq0="></latexit>

p(✓) : ⌧ ⇠ Gamma(a0, b0)

µ|⌧ ⇠ N (µ0, (⇢0⌧)
�1)

<latexit sha1_base64="2IIKVjWnmhoi7b6/s+jcugQcRkI="></latexit><latexit sha1_base64="2IIKVjWnmhoi7b6/s+jcugQcRkI="></latexit><latexit sha1_base64="2IIKVjWnmhoi7b6/s+jcugQcRkI="></latexit><latexit sha1_base64="2IIKVjWnmhoi7b6/s+jcugQcRkI="></latexit>

p(µ, ⌧ |y) 6= f1(µ, y)f2(⌧, y)
<latexit sha1_base64="BGtAmdvuwzKWGdnUKqZwqzjrxIw=">AAACFnicbVDLSsNAFJ34rPUVdelmsAgVtCRF0GXRjcsK9gFNCZPppB06mYR5CCH2K9z4K25cKOJW3Pk3TtostPXAwLnn3Mude4KEUakc59taWl5ZXVsvbZQ3t7Z3du29/baMtcCkhWMWi26AJGGUk5aiipFuIgiKAkY6wfg69zv3REga8zuVJqQfoSGnIcVIGcm3z5KqF+lT6Cmk4QNMT6DHCQx9dyabOvTr1dzNC9+uODVnCrhI3IJUQIGmb395gxjriHCFGZKy5zqJ6mdIKIoZmZQ9LUmC8BgNSc9QjiIi+9n0rAk8NsoAhrEwjys4VX9PZCiSMo0C0xkhNZLzXi7+5/W0Ci/7GeWJVoTj2aJQM6himGcEB1QQrFhqCMKCmr9CPEICYWWSLJsQ3PmTF0m7XnOdmnt7XmlcFXGUwCE4AlXgggvQADegCVoAg0fwDF7Bm/VkvVjv1sesdckqZg7AH1ifPwLUnB8=</latexit><latexit sha1_base64="BGtAmdvuwzKWGdnUKqZwqzjrxIw=">AAACFnicbVDLSsNAFJ34rPUVdelmsAgVtCRF0GXRjcsK9gFNCZPppB06mYR5CCH2K9z4K25cKOJW3Pk3TtostPXAwLnn3Mude4KEUakc59taWl5ZXVsvbZQ3t7Z3du29/baMtcCkhWMWi26AJGGUk5aiipFuIgiKAkY6wfg69zv3REga8zuVJqQfoSGnIcVIGcm3z5KqF+lT6Cmk4QNMT6DHCQx9dyabOvTr1dzNC9+uODVnCrhI3IJUQIGmb395gxjriHCFGZKy5zqJ6mdIKIoZmZQ9LUmC8BgNSc9QjiIi+9n0rAk8NsoAhrEwjys4VX9PZCiSMo0C0xkhNZLzXi7+5/W0Ci/7GeWJVoTj2aJQM6himGcEB1QQrFhqCMKCmr9CPEICYWWSLJsQ3PmTF0m7XnOdmnt7XmlcFXGUwCE4AlXgggvQADegCVoAg0fwDF7Bm/VkvVjv1sesdckqZg7AH1ifPwLUnB8=</latexit><latexit sha1_base64="BGtAmdvuwzKWGdnUKqZwqzjrxIw=">AAACFnicbVDLSsNAFJ34rPUVdelmsAgVtCRF0GXRjcsK9gFNCZPppB06mYR5CCH2K9z4K25cKOJW3Pk3TtostPXAwLnn3Mude4KEUakc59taWl5ZXVsvbZQ3t7Z3du29/baMtcCkhWMWi26AJGGUk5aiipFuIgiKAkY6wfg69zv3REga8zuVJqQfoSGnIcVIGcm3z5KqF+lT6Cmk4QNMT6DHCQx9dyabOvTr1dzNC9+uODVnCrhI3IJUQIGmb395gxjriHCFGZKy5zqJ6mdIKIoZmZQ9LUmC8BgNSc9QjiIi+9n0rAk8NsoAhrEwjys4VX9PZCiSMo0C0xkhNZLzXi7+5/W0Ci/7GeWJVoTj2aJQM6himGcEB1QQrFhqCMKCmr9CPEICYWWSLJsQ3PmTF0m7XnOdmnt7XmlcFXGUwCE4AlXgggvQADegCVoAg0fwDF7Bm/VkvVjv1sesdckqZg7AH1ifPwLUnB8=</latexit><latexit sha1_base64="BGtAmdvuwzKWGdnUKqZwqzjrxIw=">AAACFnicbVDLSsNAFJ34rPUVdelmsAgVtCRF0GXRjcsK9gFNCZPppB06mYR5CCH2K9z4K25cKOJW3Pk3TtostPXAwLnn3Mude4KEUakc59taWl5ZXVsvbZQ3t7Z3du29/baMtcCkhWMWi26AJGGUk5aiipFuIgiKAkY6wfg69zv3REga8zuVJqQfoSGnIcVIGcm3z5KqF+lT6Cmk4QNMT6DHCQx9dyabOvTr1dzNC9+uODVnCrhI3IJUQIGmb395gxjriHCFGZKy5zqJ6mdIKIoZmZQ9LUmC8BgNSc9QjiIi+9n0rAk8NsoAhrEwjys4VX9PZCiSMo0C0xkhNZLzXi7+5/W0Ci/7GeWJVoTj2aJQM6himGcEB1QQrFhqCMKCmr9CPEICYWWSLJsQ3PmTF0m7XnOdmnt7XmlcFXGUwCE4AlXgggvQADegCVoAg0fwDF7Bm/VkvVjv1sesdckqZg7AH1ifPwLUnB8=</latexit>

q⇤(µ, ⌧) = q⇤µ(µ)q
⇤
⌧ (⌧) = argminq2QMFVB

KL(q(·)||p(·|y))
<latexit sha1_base64="EjbPe+a6jAvG5fJj+OiuyElmzjQ="></latexit><latexit sha1_base64="EjbPe+a6jAvG5fJj+OiuyElmzjQ="></latexit><latexit sha1_base64="EjbPe+a6jAvG5fJj+OiuyElmzjQ="></latexit><latexit sha1_base64="EjbPe+a6jAvG5fJj+OiuyElmzjQ="></latexit>

q⇤µ(µ) = N (µ|µN , ⇢�1
N )

<latexit sha1_base64="4+kSBkN0ExNAxa5H3Qt/eTwBXa4="></latexit><latexit sha1_base64="4+kSBkN0ExNAxa5H3Qt/eTwBXa4="></latexit><latexit sha1_base64="4+kSBkN0ExNAxa5H3Qt/eTwBXa4="></latexit><latexit sha1_base64="4+kSBkN0ExNAxa5H3Qt/eTwBXa4="></latexit>

q⇤⌧ (⌧) = Gamma(⌧ |aN , bN )
<latexit sha1_base64="lT8R1rbDI/P+Ize3QzsQJiIkVl0=">AAACGXicbZBNSwMxEIazftb6VfXoJVgEK1J2RdCLUPSgJ1GwrdDWZTZNNTTZXZNZsaz9G178K148KOJRT/4b04+DVl8IPLwzw2TeIJbCoOt+OWPjE5NT05mZ7Ozc/MJibmm5YqJEM15mkYz0RQCGSxHyMgqU/CLWHFQgeTVoH/bq1VuujYjCc+zEvKHgKhQtwQCt5efcG7+OkFymm92NHhToPq0jv0Ot0iNQCgb2PfgnWzTwTwp+Lu8W3b7oX/CGkCdDnfq5j3ozYoniITIJxtQ8N8ZGChoFk7ybrSeGx8DacMVrFkNQ3DTS/mVdum6dJm1F2r4Qad/9OZGCMqajAtupAK/NaK1n/lerJdjaa6QijBPkIRssaiWSYkR7MdGm0Jyh7FgApoX9K2XXoIGhDTNrQ/BGT/4Lle2i5xa9s5186WAYR4askjWyQTyyS0rkmJySMmHkgTyRF/LqPDrPzpvzPmgdc4YzK+SXnM9vD6ufrA==</latexit><latexit sha1_base64="lT8R1rbDI/P+Ize3QzsQJiIkVl0=">AAACGXicbZBNSwMxEIazftb6VfXoJVgEK1J2RdCLUPSgJ1GwrdDWZTZNNTTZXZNZsaz9G178K148KOJRT/4b04+DVl8IPLwzw2TeIJbCoOt+OWPjE5NT05mZ7Ozc/MJibmm5YqJEM15mkYz0RQCGSxHyMgqU/CLWHFQgeTVoH/bq1VuujYjCc+zEvKHgKhQtwQCt5efcG7+OkFymm92NHhToPq0jv0Ot0iNQCgb2PfgnWzTwTwp+Lu8W3b7oX/CGkCdDnfq5j3ozYoniITIJxtQ8N8ZGChoFk7ybrSeGx8DacMVrFkNQ3DTS/mVdum6dJm1F2r4Qad/9OZGCMqajAtupAK/NaK1n/lerJdjaa6QijBPkIRssaiWSYkR7MdGm0Jyh7FgApoX9K2XXoIGhDTNrQ/BGT/4Lle2i5xa9s5186WAYR4askjWyQTyyS0rkmJySMmHkgTyRF/LqPDrPzpvzPmgdc4YzK+SXnM9vD6ufrA==</latexit><latexit sha1_base64="lT8R1rbDI/P+Ize3QzsQJiIkVl0=">AAACGXicbZBNSwMxEIazftb6VfXoJVgEK1J2RdCLUPSgJ1GwrdDWZTZNNTTZXZNZsaz9G178K148KOJRT/4b04+DVl8IPLwzw2TeIJbCoOt+OWPjE5NT05mZ7Ozc/MJibmm5YqJEM15mkYz0RQCGSxHyMgqU/CLWHFQgeTVoH/bq1VuujYjCc+zEvKHgKhQtwQCt5efcG7+OkFymm92NHhToPq0jv0Ot0iNQCgb2PfgnWzTwTwp+Lu8W3b7oX/CGkCdDnfq5j3ozYoniITIJxtQ8N8ZGChoFk7ybrSeGx8DacMVrFkNQ3DTS/mVdum6dJm1F2r4Qad/9OZGCMqajAtupAK/NaK1n/lerJdjaa6QijBPkIRssaiWSYkR7MdGm0Jyh7FgApoX9K2XXoIGhDTNrQ/BGT/4Lle2i5xa9s5186WAYR4askjWyQTyyS0rkmJySMmHkgTyRF/LqPDrPzpvzPmgdc4YzK+SXnM9vD6ufrA==</latexit><latexit sha1_base64="lT8R1rbDI/P+Ize3QzsQJiIkVl0=">AAACGXicbZBNSwMxEIazftb6VfXoJVgEK1J2RdCLUPSgJ1GwrdDWZTZNNTTZXZNZsaz9G178K148KOJRT/4b04+DVl8IPLwzw2TeIJbCoOt+OWPjE5NT05mZ7Ozc/MJibmm5YqJEM15mkYz0RQCGSxHyMgqU/CLWHFQgeTVoH/bq1VuujYjCc+zEvKHgKhQtwQCt5efcG7+OkFymm92NHhToPq0jv0Ot0iNQCgb2PfgnWzTwTwp+Lu8W3b7oX/CGkCdDnfq5j3ozYoniITIJxtQ8N8ZGChoFk7ybrSeGx8DacMVrFkNQ3DTS/mVdum6dJm1F2r4Qad/9OZGCMqajAtupAK/NaK1n/lerJdjaa6QijBPkIRssaiWSYkR7MdGm0Jyh7FgApoX9K2XXoIGhDTNrQ/BGT/4Lle2i5xa9s5186WAYR4askjWyQTyyS0rkmJySMmHkgTyRF/LqPDrPzpvzPmgdc4YzK+SXnM9vD6ufrA==</latexit>

• Catalogued midge wing lengths (mm) 
• Parameters of interest: population mean and precision 
• Model: ✓ = (µ, ⌧)

<latexit sha1_base64="++iIevPyLyKShI2aqTaXpmAZYQA=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxCBSmJCLoRim5cVrAPaEKZTCft0MkkzNwINRR/xY0LRdz6H+78G6dtFtp64MLhnHu5954gEVyD43xbhaXlldW14nppY3Nre8fe3WvqOFWUNWgsYtUOiGaCS9YADoK1E8VIFAjWCoY3E7/1wJTmsbyHUcL8iPQlDzklYKSufeDBgAHBV7jiRekp9oCkJ1277FSdKfAicXNSRjnqXfvL68U0jZgEKojWHddJwM+IAk4FG5e8VLOE0CHps46hkkRM+9n0+jE+NkoPh7EyJQFP1d8TGYm0HkWB6YwIDPS8NxH/8zophJd+xmWSApN0tihMBYYYT6LAPa4YBTEyhFDFza2YDogiFExgJROCO//yImmeVV2n6t6dl2vXeRxFdIiOUAW56ALV0C2qowai6BE9o1f0Zj1ZL9a79TFrLVj5zD76A+vzB2iqk+M=</latexit><latexit sha1_base64="++iIevPyLyKShI2aqTaXpmAZYQA=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxCBSmJCLoRim5cVrAPaEKZTCft0MkkzNwINRR/xY0LRdz6H+78G6dtFtp64MLhnHu5954gEVyD43xbhaXlldW14nppY3Nre8fe3WvqOFWUNWgsYtUOiGaCS9YADoK1E8VIFAjWCoY3E7/1wJTmsbyHUcL8iPQlDzklYKSufeDBgAHBV7jiRekp9oCkJ1277FSdKfAicXNSRjnqXfvL68U0jZgEKojWHddJwM+IAk4FG5e8VLOE0CHps46hkkRM+9n0+jE+NkoPh7EyJQFP1d8TGYm0HkWB6YwIDPS8NxH/8zophJd+xmWSApN0tihMBYYYT6LAPa4YBTEyhFDFza2YDogiFExgJROCO//yImmeVV2n6t6dl2vXeRxFdIiOUAW56ALV0C2qowai6BE9o1f0Zj1ZL9a79TFrLVj5zD76A+vzB2iqk+M=</latexit><latexit sha1_base64="++iIevPyLyKShI2aqTaXpmAZYQA=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxCBSmJCLoRim5cVrAPaEKZTCft0MkkzNwINRR/xY0LRdz6H+78G6dtFtp64MLhnHu5954gEVyD43xbhaXlldW14nppY3Nre8fe3WvqOFWUNWgsYtUOiGaCS9YADoK1E8VIFAjWCoY3E7/1wJTmsbyHUcL8iPQlDzklYKSufeDBgAHBV7jiRekp9oCkJ1277FSdKfAicXNSRjnqXfvL68U0jZgEKojWHddJwM+IAk4FG5e8VLOE0CHps46hkkRM+9n0+jE+NkoPh7EyJQFP1d8TGYm0HkWB6YwIDPS8NxH/8zophJd+xmWSApN0tihMBYYYT6LAPa4YBTEyhFDFza2YDogiFExgJROCO//yImmeVV2n6t6dl2vXeRxFdIiOUAW56ALV0C2qowai6BE9o1f0Zj1ZL9a79TFrLVj5zD76A+vzB2iqk+M=</latexit><latexit sha1_base64="++iIevPyLyKShI2aqTaXpmAZYQA=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxCBSmJCLoRim5cVrAPaEKZTCft0MkkzNwINRR/xY0LRdz6H+78G6dtFtp64MLhnHu5954gEVyD43xbhaXlldW14nppY3Nre8fe3WvqOFWUNWgsYtUOiGaCS9YADoK1E8VIFAjWCoY3E7/1wJTmsbyHUcL8iPQlDzklYKSufeDBgAHBV7jiRekp9oCkJ1277FSdKfAicXNSRjnqXfvL68U0jZgEKojWHddJwM+IAk4FG5e8VLOE0CHps46hkkRM+9n0+jE+NkoPh7EyJQFP1d8TGYm0HkWB6YwIDPS8NxH/8zophJd+xmWSApN0tihMBYYYT6LAPa4YBTEyhFDFza2YDogiFExgJROCO//yImmeVV2n6t6dl2vXeRxFdIiOUAW56ALV0C2qowai6BE9o1f0Zj1ZL9a79TFrLVj5zD76A+vzB2iqk+M=</latexit>



Midge wing length

[Hoff 2009; Grogan, Wirth 1981; MacKay 2003; Bishop 2006]

y = (y1, . . . , yN )

• Exercise: check 
• MFVB approximation: 

• Coordinate descent (derivation shortly)

• Iterate:

[Bishop 2006, Sec 10.1.3]

“variational 
parameters”

[CSIRO 2004]
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p(y|✓) : yn
iid⇠ N (µ, ⌧�1), n = 1, . . . , N

<latexit sha1_base64="YYUBclHMQx5jXNmS1VsgXIw2rq0="></latexit><latexit sha1_base64="YYUBclHMQx5jXNmS1VsgXIw2rq0="></latexit><latexit sha1_base64="YYUBclHMQx5jXNmS1VsgXIw2rq0="></latexit><latexit sha1_base64="YYUBclHMQx5jXNmS1VsgXIw2rq0="></latexit>

p(✓) : ⌧ ⇠ Gamma(a0, b0)

µ|⌧ ⇠ N (µ0, (⇢0⌧)
�1)

<latexit sha1_base64="2IIKVjWnmhoi7b6/s+jcugQcRkI="></latexit><latexit sha1_base64="2IIKVjWnmhoi7b6/s+jcugQcRkI="></latexit><latexit sha1_base64="2IIKVjWnmhoi7b6/s+jcugQcRkI="></latexit><latexit sha1_base64="2IIKVjWnmhoi7b6/s+jcugQcRkI="></latexit>

p(µ, ⌧ |y) 6= f1(µ, y)f2(⌧, y)
<latexit sha1_base64="BGtAmdvuwzKWGdnUKqZwqzjrxIw=">AAACFnicbVDLSsNAFJ34rPUVdelmsAgVtCRF0GXRjcsK9gFNCZPppB06mYR5CCH2K9z4K25cKOJW3Pk3TtostPXAwLnn3Mude4KEUakc59taWl5ZXVsvbZQ3t7Z3du29/baMtcCkhWMWi26AJGGUk5aiipFuIgiKAkY6wfg69zv3REga8zuVJqQfoSGnIcVIGcm3z5KqF+lT6Cmk4QNMT6DHCQx9dyabOvTr1dzNC9+uODVnCrhI3IJUQIGmb395gxjriHCFGZKy5zqJ6mdIKIoZmZQ9LUmC8BgNSc9QjiIi+9n0rAk8NsoAhrEwjys4VX9PZCiSMo0C0xkhNZLzXi7+5/W0Ci/7GeWJVoTj2aJQM6himGcEB1QQrFhqCMKCmr9CPEICYWWSLJsQ3PmTF0m7XnOdmnt7XmlcFXGUwCE4AlXgggvQADegCVoAg0fwDF7Bm/VkvVjv1sesdckqZg7AH1ifPwLUnB8=</latexit><latexit sha1_base64="BGtAmdvuwzKWGdnUKqZwqzjrxIw=">AAACFnicbVDLSsNAFJ34rPUVdelmsAgVtCRF0GXRjcsK9gFNCZPppB06mYR5CCH2K9z4K25cKOJW3Pk3TtostPXAwLnn3Mude4KEUakc59taWl5ZXVsvbZQ3t7Z3du29/baMtcCkhWMWi26AJGGUk5aiipFuIgiKAkY6wfg69zv3REga8zuVJqQfoSGnIcVIGcm3z5KqF+lT6Cmk4QNMT6DHCQx9dyabOvTr1dzNC9+uODVnCrhI3IJUQIGmb395gxjriHCFGZKy5zqJ6mdIKIoZmZQ9LUmC8BgNSc9QjiIi+9n0rAk8NsoAhrEwjys4VX9PZCiSMo0C0xkhNZLzXi7+5/W0Ci/7GeWJVoTj2aJQM6himGcEB1QQrFhqCMKCmr9CPEICYWWSLJsQ3PmTF0m7XnOdmnt7XmlcFXGUwCE4AlXgggvQADegCVoAg0fwDF7Bm/VkvVjv1sesdckqZg7AH1ifPwLUnB8=</latexit><latexit sha1_base64="BGtAmdvuwzKWGdnUKqZwqzjrxIw=">AAACFnicbVDLSsNAFJ34rPUVdelmsAgVtCRF0GXRjcsK9gFNCZPppB06mYR5CCH2K9z4K25cKOJW3Pk3TtostPXAwLnn3Mude4KEUakc59taWl5ZXVsvbZQ3t7Z3du29/baMtcCkhWMWi26AJGGUk5aiipFuIgiKAkY6wfg69zv3REga8zuVJqQfoSGnIcVIGcm3z5KqF+lT6Cmk4QNMT6DHCQx9dyabOvTr1dzNC9+uODVnCrhI3IJUQIGmb395gxjriHCFGZKy5zqJ6mdIKIoZmZQ9LUmC8BgNSc9QjiIi+9n0rAk8NsoAhrEwjys4VX9PZCiSMo0C0xkhNZLzXi7+5/W0Ci/7GeWJVoTj2aJQM6himGcEB1QQrFhqCMKCmr9CPEICYWWSLJsQ3PmTF0m7XnOdmnt7XmlcFXGUwCE4AlXgggvQADegCVoAg0fwDF7Bm/VkvVjv1sesdckqZg7AH1ifPwLUnB8=</latexit><latexit sha1_base64="BGtAmdvuwzKWGdnUKqZwqzjrxIw=">AAACFnicbVDLSsNAFJ34rPUVdelmsAgVtCRF0GXRjcsK9gFNCZPppB06mYR5CCH2K9z4K25cKOJW3Pk3TtostPXAwLnn3Mude4KEUakc59taWl5ZXVsvbZQ3t7Z3du29/baMtcCkhWMWi26AJGGUk5aiipFuIgiKAkY6wfg69zv3REga8zuVJqQfoSGnIcVIGcm3z5KqF+lT6Cmk4QNMT6DHCQx9dyabOvTr1dzNC9+uODVnCrhI3IJUQIGmb395gxjriHCFGZKy5zqJ6mdIKIoZmZQ9LUmC8BgNSc9QjiIi+9n0rAk8NsoAhrEwjys4VX9PZCiSMo0C0xkhNZLzXi7+5/W0Ci/7GeWJVoTj2aJQM6himGcEB1QQrFhqCMKCmr9CPEICYWWSLJsQ3PmTF0m7XnOdmnt7XmlcFXGUwCE4AlXgggvQADegCVoAg0fwDF7Bm/VkvVjv1sesdckqZg7AH1ifPwLUnB8=</latexit>

q⇤(µ, ⌧) = q⇤µ(µ)q
⇤
⌧ (⌧) = argminq2QMFVB

KL(q(·)||p(·|y))
<latexit sha1_base64="EjbPe+a6jAvG5fJj+OiuyElmzjQ="></latexit><latexit sha1_base64="EjbPe+a6jAvG5fJj+OiuyElmzjQ="></latexit><latexit sha1_base64="EjbPe+a6jAvG5fJj+OiuyElmzjQ="></latexit><latexit sha1_base64="EjbPe+a6jAvG5fJj+OiuyElmzjQ="></latexit>

q⇤µ(µ) = N (µ|µN , ⇢�1
N )

<latexit sha1_base64="4+kSBkN0ExNAxa5H3Qt/eTwBXa4="></latexit><latexit sha1_base64="4+kSBkN0ExNAxa5H3Qt/eTwBXa4="></latexit><latexit sha1_base64="4+kSBkN0ExNAxa5H3Qt/eTwBXa4="></latexit><latexit sha1_base64="4+kSBkN0ExNAxa5H3Qt/eTwBXa4="></latexit>

q⇤⌧ (⌧) = Gamma(⌧ |aN , bN )
<latexit sha1_base64="lT8R1rbDI/P+Ize3QzsQJiIkVl0=">AAACGXicbZBNSwMxEIazftb6VfXoJVgEK1J2RdCLUPSgJ1GwrdDWZTZNNTTZXZNZsaz9G178K148KOJRT/4b04+DVl8IPLwzw2TeIJbCoOt+OWPjE5NT05mZ7Ozc/MJibmm5YqJEM15mkYz0RQCGSxHyMgqU/CLWHFQgeTVoH/bq1VuujYjCc+zEvKHgKhQtwQCt5efcG7+OkFymm92NHhToPq0jv0Ot0iNQCgb2PfgnWzTwTwp+Lu8W3b7oX/CGkCdDnfq5j3ozYoniITIJxtQ8N8ZGChoFk7ybrSeGx8DacMVrFkNQ3DTS/mVdum6dJm1F2r4Qad/9OZGCMqajAtupAK/NaK1n/lerJdjaa6QijBPkIRssaiWSYkR7MdGm0Jyh7FgApoX9K2XXoIGhDTNrQ/BGT/4Lle2i5xa9s5186WAYR4askjWyQTyyS0rkmJySMmHkgTyRF/LqPDrPzpvzPmgdc4YzK+SXnM9vD6ufrA==</latexit><latexit sha1_base64="lT8R1rbDI/P+Ize3QzsQJiIkVl0=">AAACGXicbZBNSwMxEIazftb6VfXoJVgEK1J2RdCLUPSgJ1GwrdDWZTZNNTTZXZNZsaz9G178K148KOJRT/4b04+DVl8IPLwzw2TeIJbCoOt+OWPjE5NT05mZ7Ozc/MJibmm5YqJEM15mkYz0RQCGSxHyMgqU/CLWHFQgeTVoH/bq1VuujYjCc+zEvKHgKhQtwQCt5efcG7+OkFymm92NHhToPq0jv0Ot0iNQCgb2PfgnWzTwTwp+Lu8W3b7oX/CGkCdDnfq5j3ozYoniITIJxtQ8N8ZGChoFk7ybrSeGx8DacMVrFkNQ3DTS/mVdum6dJm1F2r4Qad/9OZGCMqajAtupAK/NaK1n/lerJdjaa6QijBPkIRssaiWSYkR7MdGm0Jyh7FgApoX9K2XXoIGhDTNrQ/BGT/4Lle2i5xa9s5186WAYR4askjWyQTyyS0rkmJySMmHkgTyRF/LqPDrPzpvzPmgdc4YzK+SXnM9vD6ufrA==</latexit><latexit sha1_base64="lT8R1rbDI/P+Ize3QzsQJiIkVl0=">AAACGXicbZBNSwMxEIazftb6VfXoJVgEK1J2RdCLUPSgJ1GwrdDWZTZNNTTZXZNZsaz9G178K148KOJRT/4b04+DVl8IPLwzw2TeIJbCoOt+OWPjE5NT05mZ7Ozc/MJibmm5YqJEM15mkYz0RQCGSxHyMgqU/CLWHFQgeTVoH/bq1VuujYjCc+zEvKHgKhQtwQCt5efcG7+OkFymm92NHhToPq0jv0Ot0iNQCgb2PfgnWzTwTwp+Lu8W3b7oX/CGkCdDnfq5j3ozYoniITIJxtQ8N8ZGChoFk7ybrSeGx8DacMVrFkNQ3DTS/mVdum6dJm1F2r4Qad/9OZGCMqajAtupAK/NaK1n/lerJdjaa6QijBPkIRssaiWSYkR7MdGm0Jyh7FgApoX9K2XXoIGhDTNrQ/BGT/4Lle2i5xa9s5186WAYR4askjWyQTyyS0rkmJySMmHkgTyRF/LqPDrPzpvzPmgdc4YzK+SXnM9vD6ufrA==</latexit><latexit sha1_base64="lT8R1rbDI/P+Ize3QzsQJiIkVl0=">AAACGXicbZBNSwMxEIazftb6VfXoJVgEK1J2RdCLUPSgJ1GwrdDWZTZNNTTZXZNZsaz9G178K148KOJRT/4b04+DVl8IPLwzw2TeIJbCoOt+OWPjE5NT05mZ7Ozc/MJibmm5YqJEM15mkYz0RQCGSxHyMgqU/CLWHFQgeTVoH/bq1VuujYjCc+zEvKHgKhQtwQCt5efcG7+OkFymm92NHhToPq0jv0Ot0iNQCgb2PfgnWzTwTwp+Lu8W3b7oX/CGkCdDnfq5j3ozYoniITIJxtQ8N8ZGChoFk7ybrSeGx8DacMVrFkNQ3DTS/mVdum6dJm1F2r4Qad/9OZGCMqajAtupAK/NaK1n/lerJdjaa6QijBPkIRssaiWSYkR7MdGm0Jyh7FgApoX9K2XXoIGhDTNrQ/BGT/4Lle2i5xa9s5186WAYR4askjWyQTyyS0rkmJySMmHkgTyRF/LqPDrPzpvzPmgdc4YzK+SXnM9vD6ufrA==</latexit>

(µN , ⇢N ) = f(aN , bN )
<latexit sha1_base64="gTLitSl51BZXw5HjkrvNrXm9Kgk=">AAACBnicbVDLSgMxFM3UV62vUZciBItQQcqMCLoRim5clQr2AZ1hyKSZNjTJDElGKKUrN/6KGxeKuPUb3Pk3ZtpZaOuBCyfn3EvuPWHCqNKO820VlpZXVteK66WNza3tHXt3r6XiVGLSxDGLZSdEijAqSFNTzUgnkQTxkJF2OLzJ/PYDkYrG4l6PEuJz1Bc0ohhpIwX2YcXjaVA/hZ4cxEH9BF7BqIIyITSvwC47VWcKuEjcnJRBjkZgf3m9GKecCI0ZUqrrOon2x0hqihmZlLxUkQThIeqTrqECcaL88fSMCTw2Sg9GsTQlNJyqvyfGiCs14qHp5EgP1LyXif953VRHl/6YiiTVRODZR1HKoI5hlgnsUUmwZiNDEJbU7ArxAEmEtUmuZEJw509eJK2zqutU3bvzcu06j6MIDsARqAAXXIAauAUN0AQYPIJn8ArerCfrxXq3PmatBSuf2Qd/YH3+AAdLlkQ=</latexit><latexit sha1_base64="gTLitSl51BZXw5HjkrvNrXm9Kgk=">AAACBnicbVDLSgMxFM3UV62vUZciBItQQcqMCLoRim5clQr2AZ1hyKSZNjTJDElGKKUrN/6KGxeKuPUb3Pk3ZtpZaOuBCyfn3EvuPWHCqNKO820VlpZXVteK66WNza3tHXt3r6XiVGLSxDGLZSdEijAqSFNTzUgnkQTxkJF2OLzJ/PYDkYrG4l6PEuJz1Bc0ohhpIwX2YcXjaVA/hZ4cxEH9BF7BqIIyITSvwC47VWcKuEjcnJRBjkZgf3m9GKecCI0ZUqrrOon2x0hqihmZlLxUkQThIeqTrqECcaL88fSMCTw2Sg9GsTQlNJyqvyfGiCs14qHp5EgP1LyXif953VRHl/6YiiTVRODZR1HKoI5hlgnsUUmwZiNDEJbU7ArxAEmEtUmuZEJw509eJK2zqutU3bvzcu06j6MIDsARqAAXXIAauAUN0AQYPIJn8ArerCfrxXq3PmatBSuf2Qd/YH3+AAdLlkQ=</latexit><latexit sha1_base64="gTLitSl51BZXw5HjkrvNrXm9Kgk=">AAACBnicbVDLSgMxFM3UV62vUZciBItQQcqMCLoRim5clQr2AZ1hyKSZNjTJDElGKKUrN/6KGxeKuPUb3Pk3ZtpZaOuBCyfn3EvuPWHCqNKO820VlpZXVteK66WNza3tHXt3r6XiVGLSxDGLZSdEijAqSFNTzUgnkQTxkJF2OLzJ/PYDkYrG4l6PEuJz1Bc0ohhpIwX2YcXjaVA/hZ4cxEH9BF7BqIIyITSvwC47VWcKuEjcnJRBjkZgf3m9GKecCI0ZUqrrOon2x0hqihmZlLxUkQThIeqTrqECcaL88fSMCTw2Sg9GsTQlNJyqvyfGiCs14qHp5EgP1LyXif953VRHl/6YiiTVRODZR1HKoI5hlgnsUUmwZiNDEJbU7ArxAEmEtUmuZEJw509eJK2zqutU3bvzcu06j6MIDsARqAAXXIAauAUN0AQYPIJn8ArerCfrxXq3PmatBSuf2Qd/YH3+AAdLlkQ=</latexit><latexit sha1_base64="gTLitSl51BZXw5HjkrvNrXm9Kgk=">AAACBnicbVDLSgMxFM3UV62vUZciBItQQcqMCLoRim5clQr2AZ1hyKSZNjTJDElGKKUrN/6KGxeKuPUb3Pk3ZtpZaOuBCyfn3EvuPWHCqNKO820VlpZXVteK66WNza3tHXt3r6XiVGLSxDGLZSdEijAqSFNTzUgnkQTxkJF2OLzJ/PYDkYrG4l6PEuJz1Bc0ohhpIwX2YcXjaVA/hZ4cxEH9BF7BqIIyITSvwC47VWcKuEjcnJRBjkZgf3m9GKecCI0ZUqrrOon2x0hqihmZlLxUkQThIeqTrqECcaL88fSMCTw2Sg9GsTQlNJyqvyfGiCs14qHp5EgP1LyXif953VRHl/6YiiTVRODZR1HKoI5hlgnsUUmwZiNDEJbU7ArxAEmEtUmuZEJw509eJK2zqutU3bvzcu06j6MIDsARqAAXXIAauAUN0AQYPIJn8ArerCfrxXq3PmatBSuf2Qd/YH3+AAdLlkQ=</latexit>

(aN , bN ) = g(µN , ⇢N )
<latexit sha1_base64="kst4Dcenrr3T4EWDqRdSRORYq04=">AAACBnicbVDLSgMxFM3UV62vUZciBItQQcqMCLoRim5clQr2AZ1hyKRpG5pMhiQjlKErN/6KGxeKuPUb3Pk3ZtpZaOuBCyfn3EvuPWHMqNKO820VlpZXVteK66WNza3tHXt3r6VEIjFpYsGE7IRIEUYj0tRUM9KJJUE8ZKQdjm4yv/1ApKIiutfjmPgcDSLapxhpIwX2YQUF9VMYBvUTeAUHFY8n2duTQ2GkwC47VWcKuEjcnJRBjkZgf3k9gRNOIo0ZUqrrOrH2UyQ1xYxMSl6iSIzwCA1I19AIcaL8dHrGBB4bpQf7QpqKNJyqvydSxJUa89B0cqSHat7LxP+8bqL7l35KozjRJMKzj/oJg1rALBPYo5JgzcaGICyp2RXiIZIIa5NcyYTgzp+8SFpnVdepunfn5dp1HkcRHIAjUAEuuAA1cAsaoAkweATP4BW8WU/Wi/VufcxaC1Y+sw/+wPr8Af0glkU=</latexit><latexit sha1_base64="kst4Dcenrr3T4EWDqRdSRORYq04=">AAACBnicbVDLSgMxFM3UV62vUZciBItQQcqMCLoRim5clQr2AZ1hyKRpG5pMhiQjlKErN/6KGxeKuPUb3Pk3ZtpZaOuBCyfn3EvuPWHMqNKO820VlpZXVteK66WNza3tHXt3r6VEIjFpYsGE7IRIEUYj0tRUM9KJJUE8ZKQdjm4yv/1ApKIiutfjmPgcDSLapxhpIwX2YQUF9VMYBvUTeAUHFY8n2duTQ2GkwC47VWcKuEjcnJRBjkZgf3k9gRNOIo0ZUqrrOrH2UyQ1xYxMSl6iSIzwCA1I19AIcaL8dHrGBB4bpQf7QpqKNJyqvydSxJUa89B0cqSHat7LxP+8bqL7l35KozjRJMKzj/oJg1rALBPYo5JgzcaGICyp2RXiIZIIa5NcyYTgzp+8SFpnVdepunfn5dp1HkcRHIAjUAEuuAA1cAsaoAkweATP4BW8WU/Wi/VufcxaC1Y+sw/+wPr8Af0glkU=</latexit><latexit sha1_base64="kst4Dcenrr3T4EWDqRdSRORYq04=">AAACBnicbVDLSgMxFM3UV62vUZciBItQQcqMCLoRim5clQr2AZ1hyKRpG5pMhiQjlKErN/6KGxeKuPUb3Pk3ZtpZaOuBCyfn3EvuPWHMqNKO820VlpZXVteK66WNza3tHXt3r6VEIjFpYsGE7IRIEUYj0tRUM9KJJUE8ZKQdjm4yv/1ApKIiutfjmPgcDSLapxhpIwX2YQUF9VMYBvUTeAUHFY8n2duTQ2GkwC47VWcKuEjcnJRBjkZgf3k9gRNOIo0ZUqrrOrH2UyQ1xYxMSl6iSIzwCA1I19AIcaL8dHrGBB4bpQf7QpqKNJyqvydSxJUa89B0cqSHat7LxP+8bqL7l35KozjRJMKzj/oJg1rALBPYo5JgzcaGICyp2RXiIZIIa5NcyYTgzp+8SFpnVdepunfn5dp1HkcRHIAjUAEuuAA1cAsaoAkweATP4BW8WU/Wi/VufcxaC1Y+sw/+wPr8Af0glkU=</latexit><latexit sha1_base64="kst4Dcenrr3T4EWDqRdSRORYq04=">AAACBnicbVDLSgMxFM3UV62vUZciBItQQcqMCLoRim5clQr2AZ1hyKRpG5pMhiQjlKErN/6KGxeKuPUb3Pk3ZtpZaOuBCyfn3EvuPWHMqNKO820VlpZXVteK66WNza3tHXt3r6VEIjFpYsGE7IRIEUYj0tRUM9KJJUE8ZKQdjm4yv/1ApKIiutfjmPgcDSLapxhpIwX2YQUF9VMYBvUTeAUHFY8n2duTQ2GkwC47VWcKuEjcnJRBjkZgf3k9gRNOIo0ZUqrrOrH2UyQ1xYxMSl6iSIzwCA1I19AIcaL8dHrGBB4bpQf7QpqKNJyqvydSxJUa89B0cqSHat7LxP+8bqL7l35KozjRJMKzj/oJg1rALBPYo5JgzcaGICyp2RXiIZIIa5NcyYTgzp+8SFpnVdepunfn5dp1HkcRHIAjUAEuuAA1cAsaoAkweATP4BW8WU/Wi/VufcxaC1Y+sw/+wPr8Af0glkU=</latexit>

• Catalogued midge wing lengths (mm) 
• Parameters of interest: population mean and precision 
• Model: ✓ = (µ, ⌧)

<latexit sha1_base64="++iIevPyLyKShI2aqTaXpmAZYQA=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxCBSmJCLoRim5cVrAPaEKZTCft0MkkzNwINRR/xY0LRdz6H+78G6dtFtp64MLhnHu5954gEVyD43xbhaXlldW14nppY3Nre8fe3WvqOFWUNWgsYtUOiGaCS9YADoK1E8VIFAjWCoY3E7/1wJTmsbyHUcL8iPQlDzklYKSufeDBgAHBV7jiRekp9oCkJ1277FSdKfAicXNSRjnqXfvL68U0jZgEKojWHddJwM+IAk4FG5e8VLOE0CHps46hkkRM+9n0+jE+NkoPh7EyJQFP1d8TGYm0HkWB6YwIDPS8NxH/8zophJd+xmWSApN0tihMBYYYT6LAPa4YBTEyhFDFza2YDogiFExgJROCO//yImmeVV2n6t6dl2vXeRxFdIiOUAW56ALV0C2qowai6BE9o1f0Zj1ZL9a79TFrLVj5zD76A+vzB2iqk+M=</latexit><latexit sha1_base64="++iIevPyLyKShI2aqTaXpmAZYQA=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxCBSmJCLoRim5cVrAPaEKZTCft0MkkzNwINRR/xY0LRdz6H+78G6dtFtp64MLhnHu5954gEVyD43xbhaXlldW14nppY3Nre8fe3WvqOFWUNWgsYtUOiGaCS9YADoK1E8VIFAjWCoY3E7/1wJTmsbyHUcL8iPQlDzklYKSufeDBgAHBV7jiRekp9oCkJ1277FSdKfAicXNSRjnqXfvL68U0jZgEKojWHddJwM+IAk4FG5e8VLOE0CHps46hkkRM+9n0+jE+NkoPh7EyJQFP1d8TGYm0HkWB6YwIDPS8NxH/8zophJd+xmWSApN0tihMBYYYT6LAPa4YBTEyhFDFza2YDogiFExgJROCO//yImmeVV2n6t6dl2vXeRxFdIiOUAW56ALV0C2qowai6BE9o1f0Zj1ZL9a79TFrLVj5zD76A+vzB2iqk+M=</latexit><latexit sha1_base64="++iIevPyLyKShI2aqTaXpmAZYQA=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxCBSmJCLoRim5cVrAPaEKZTCft0MkkzNwINRR/xY0LRdz6H+78G6dtFtp64MLhnHu5954gEVyD43xbhaXlldW14nppY3Nre8fe3WvqOFWUNWgsYtUOiGaCS9YADoK1E8VIFAjWCoY3E7/1wJTmsbyHUcL8iPQlDzklYKSufeDBgAHBV7jiRekp9oCkJ1277FSdKfAicXNSRjnqXfvL68U0jZgEKojWHddJwM+IAk4FG5e8VLOE0CHps46hkkRM+9n0+jE+NkoPh7EyJQFP1d8TGYm0HkWB6YwIDPS8NxH/8zophJd+xmWSApN0tihMBYYYT6LAPa4YBTEyhFDFza2YDogiFExgJROCO//yImmeVV2n6t6dl2vXeRxFdIiOUAW56ALV0C2qowai6BE9o1f0Zj1ZL9a79TFrLVj5zD76A+vzB2iqk+M=</latexit><latexit sha1_base64="++iIevPyLyKShI2aqTaXpmAZYQA=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxCBSmJCLoRim5cVrAPaEKZTCft0MkkzNwINRR/xY0LRdz6H+78G6dtFtp64MLhnHu5954gEVyD43xbhaXlldW14nppY3Nre8fe3WvqOFWUNWgsYtUOiGaCS9YADoK1E8VIFAjWCoY3E7/1wJTmsbyHUcL8iPQlDzklYKSufeDBgAHBV7jiRekp9oCkJ1277FSdKfAicXNSRjnqXfvL68U0jZgEKojWHddJwM+IAk4FG5e8VLOE0CHps46hkkRM+9n0+jE+NkoPh7EyJQFP1d8TGYm0HkWB6YwIDPS8NxH/8zophJd+xmWSApN0tihMBYYYT6LAPa4YBTEyhFDFza2YDogiFExgJROCO//yImmeVV2n6t6dl2vXeRxFdIiOUAW56ALV0C2qowai6BE9o1f0Zj1ZL9a79TFrLVj5zD76A+vzB2iqk+M=</latexit>



Midge wing length

[Hoff 2009; Grogan, Wirth 1981; MacKay 2003; Bishop 2006]

y = (y1, . . . , yN )

• Exercise: check 
• MFVB approximation: 

• Coordinate descent (derivation shortly)

• Iterate:

[Bishop 2006, Sec 10.1.3]

“variational 
parameters”

[CSIRO 2004]
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p(y|✓) : yn
iid⇠ N (µ, ⌧�1), n = 1, . . . , N

<latexit sha1_base64="YYUBclHMQx5jXNmS1VsgXIw2rq0="></latexit><latexit sha1_base64="YYUBclHMQx5jXNmS1VsgXIw2rq0="></latexit><latexit sha1_base64="YYUBclHMQx5jXNmS1VsgXIw2rq0="></latexit><latexit sha1_base64="YYUBclHMQx5jXNmS1VsgXIw2rq0="></latexit>

p(✓) : ⌧ ⇠ Gamma(a0, b0)

µ|⌧ ⇠ N (µ0, (⇢0⌧)
�1)

<latexit sha1_base64="2IIKVjWnmhoi7b6/s+jcugQcRkI="></latexit><latexit sha1_base64="2IIKVjWnmhoi7b6/s+jcugQcRkI="></latexit><latexit sha1_base64="2IIKVjWnmhoi7b6/s+jcugQcRkI="></latexit><latexit sha1_base64="2IIKVjWnmhoi7b6/s+jcugQcRkI="></latexit>

p(µ, ⌧ |y) 6= f1(µ, y)f2(⌧, y)
<latexit sha1_base64="BGtAmdvuwzKWGdnUKqZwqzjrxIw=">AAACFnicbVDLSsNAFJ34rPUVdelmsAgVtCRF0GXRjcsK9gFNCZPppB06mYR5CCH2K9z4K25cKOJW3Pk3TtostPXAwLnn3Mude4KEUakc59taWl5ZXVsvbZQ3t7Z3du29/baMtcCkhWMWi26AJGGUk5aiipFuIgiKAkY6wfg69zv3REga8zuVJqQfoSGnIcVIGcm3z5KqF+lT6Cmk4QNMT6DHCQx9dyabOvTr1dzNC9+uODVnCrhI3IJUQIGmb395gxjriHCFGZKy5zqJ6mdIKIoZmZQ9LUmC8BgNSc9QjiIi+9n0rAk8NsoAhrEwjys4VX9PZCiSMo0C0xkhNZLzXi7+5/W0Ci/7GeWJVoTj2aJQM6himGcEB1QQrFhqCMKCmr9CPEICYWWSLJsQ3PmTF0m7XnOdmnt7XmlcFXGUwCE4AlXgggvQADegCVoAg0fwDF7Bm/VkvVjv1sesdckqZg7AH1ifPwLUnB8=</latexit><latexit sha1_base64="BGtAmdvuwzKWGdnUKqZwqzjrxIw=">AAACFnicbVDLSsNAFJ34rPUVdelmsAgVtCRF0GXRjcsK9gFNCZPppB06mYR5CCH2K9z4K25cKOJW3Pk3TtostPXAwLnn3Mude4KEUakc59taWl5ZXVsvbZQ3t7Z3du29/baMtcCkhWMWi26AJGGUk5aiipFuIgiKAkY6wfg69zv3REga8zuVJqQfoSGnIcVIGcm3z5KqF+lT6Cmk4QNMT6DHCQx9dyabOvTr1dzNC9+uODVnCrhI3IJUQIGmb395gxjriHCFGZKy5zqJ6mdIKIoZmZQ9LUmC8BgNSc9QjiIi+9n0rAk8NsoAhrEwjys4VX9PZCiSMo0C0xkhNZLzXi7+5/W0Ci/7GeWJVoTj2aJQM6himGcEB1QQrFhqCMKCmr9CPEICYWWSLJsQ3PmTF0m7XnOdmnt7XmlcFXGUwCE4AlXgggvQADegCVoAg0fwDF7Bm/VkvVjv1sesdckqZg7AH1ifPwLUnB8=</latexit><latexit sha1_base64="BGtAmdvuwzKWGdnUKqZwqzjrxIw=">AAACFnicbVDLSsNAFJ34rPUVdelmsAgVtCRF0GXRjcsK9gFNCZPppB06mYR5CCH2K9z4K25cKOJW3Pk3TtostPXAwLnn3Mude4KEUakc59taWl5ZXVsvbZQ3t7Z3du29/baMtcCkhWMWi26AJGGUk5aiipFuIgiKAkY6wfg69zv3REga8zuVJqQfoSGnIcVIGcm3z5KqF+lT6Cmk4QNMT6DHCQx9dyabOvTr1dzNC9+uODVnCrhI3IJUQIGmb395gxjriHCFGZKy5zqJ6mdIKIoZmZQ9LUmC8BgNSc9QjiIi+9n0rAk8NsoAhrEwjys4VX9PZCiSMo0C0xkhNZLzXi7+5/W0Ci/7GeWJVoTj2aJQM6himGcEB1QQrFhqCMKCmr9CPEICYWWSLJsQ3PmTF0m7XnOdmnt7XmlcFXGUwCE4AlXgggvQADegCVoAg0fwDF7Bm/VkvVjv1sesdckqZg7AH1ifPwLUnB8=</latexit><latexit sha1_base64="BGtAmdvuwzKWGdnUKqZwqzjrxIw=">AAACFnicbVDLSsNAFJ34rPUVdelmsAgVtCRF0GXRjcsK9gFNCZPppB06mYR5CCH2K9z4K25cKOJW3Pk3TtostPXAwLnn3Mude4KEUakc59taWl5ZXVsvbZQ3t7Z3du29/baMtcCkhWMWi26AJGGUk5aiipFuIgiKAkY6wfg69zv3REga8zuVJqQfoSGnIcVIGcm3z5KqF+lT6Cmk4QNMT6DHCQx9dyabOvTr1dzNC9+uODVnCrhI3IJUQIGmb395gxjriHCFGZKy5zqJ6mdIKIoZmZQ9LUmC8BgNSc9QjiIi+9n0rAk8NsoAhrEwjys4VX9PZCiSMo0C0xkhNZLzXi7+5/W0Ci/7GeWJVoTj2aJQM6himGcEB1QQrFhqCMKCmr9CPEICYWWSLJsQ3PmTF0m7XnOdmnt7XmlcFXGUwCE4AlXgggvQADegCVoAg0fwDF7Bm/VkvVjv1sesdckqZg7AH1ifPwLUnB8=</latexit>

q⇤(µ, ⌧) = q⇤µ(µ)q
⇤
⌧ (⌧) = argminq2QMFVB

KL(q(·)||p(·|y))
<latexit sha1_base64="EjbPe+a6jAvG5fJj+OiuyElmzjQ="></latexit><latexit sha1_base64="EjbPe+a6jAvG5fJj+OiuyElmzjQ="></latexit><latexit sha1_base64="EjbPe+a6jAvG5fJj+OiuyElmzjQ="></latexit><latexit sha1_base64="EjbPe+a6jAvG5fJj+OiuyElmzjQ="></latexit>

q⇤µ(µ) = N (µ|µN , ⇢�1
N )

<latexit sha1_base64="4+kSBkN0ExNAxa5H3Qt/eTwBXa4="></latexit><latexit sha1_base64="4+kSBkN0ExNAxa5H3Qt/eTwBXa4="></latexit><latexit sha1_base64="4+kSBkN0ExNAxa5H3Qt/eTwBXa4="></latexit><latexit sha1_base64="4+kSBkN0ExNAxa5H3Qt/eTwBXa4="></latexit>

q⇤⌧ (⌧) = Gamma(⌧ |aN , bN )
<latexit sha1_base64="lT8R1rbDI/P+Ize3QzsQJiIkVl0=">AAACGXicbZBNSwMxEIazftb6VfXoJVgEK1J2RdCLUPSgJ1GwrdDWZTZNNTTZXZNZsaz9G178K148KOJRT/4b04+DVl8IPLwzw2TeIJbCoOt+OWPjE5NT05mZ7Ozc/MJibmm5YqJEM15mkYz0RQCGSxHyMgqU/CLWHFQgeTVoH/bq1VuujYjCc+zEvKHgKhQtwQCt5efcG7+OkFymm92NHhToPq0jv0Ot0iNQCgb2PfgnWzTwTwp+Lu8W3b7oX/CGkCdDnfq5j3ozYoniITIJxtQ8N8ZGChoFk7ybrSeGx8DacMVrFkNQ3DTS/mVdum6dJm1F2r4Qad/9OZGCMqajAtupAK/NaK1n/lerJdjaa6QijBPkIRssaiWSYkR7MdGm0Jyh7FgApoX9K2XXoIGhDTNrQ/BGT/4Lle2i5xa9s5186WAYR4askjWyQTyyS0rkmJySMmHkgTyRF/LqPDrPzpvzPmgdc4YzK+SXnM9vD6ufrA==</latexit><latexit sha1_base64="lT8R1rbDI/P+Ize3QzsQJiIkVl0=">AAACGXicbZBNSwMxEIazftb6VfXoJVgEK1J2RdCLUPSgJ1GwrdDWZTZNNTTZXZNZsaz9G178K148KOJRT/4b04+DVl8IPLwzw2TeIJbCoOt+OWPjE5NT05mZ7Ozc/MJibmm5YqJEM15mkYz0RQCGSxHyMgqU/CLWHFQgeTVoH/bq1VuujYjCc+zEvKHgKhQtwQCt5efcG7+OkFymm92NHhToPq0jv0Ot0iNQCgb2PfgnWzTwTwp+Lu8W3b7oX/CGkCdDnfq5j3ozYoniITIJxtQ8N8ZGChoFk7ybrSeGx8DacMVrFkNQ3DTS/mVdum6dJm1F2r4Qad/9OZGCMqajAtupAK/NaK1n/lerJdjaa6QijBPkIRssaiWSYkR7MdGm0Jyh7FgApoX9K2XXoIGhDTNrQ/BGT/4Lle2i5xa9s5186WAYR4askjWyQTyyS0rkmJySMmHkgTyRF/LqPDrPzpvzPmgdc4YzK+SXnM9vD6ufrA==</latexit><latexit sha1_base64="lT8R1rbDI/P+Ize3QzsQJiIkVl0=">AAACGXicbZBNSwMxEIazftb6VfXoJVgEK1J2RdCLUPSgJ1GwrdDWZTZNNTTZXZNZsaz9G178K148KOJRT/4b04+DVl8IPLwzw2TeIJbCoOt+OWPjE5NT05mZ7Ozc/MJibmm5YqJEM15mkYz0RQCGSxHyMgqU/CLWHFQgeTVoH/bq1VuujYjCc+zEvKHgKhQtwQCt5efcG7+OkFymm92NHhToPq0jv0Ot0iNQCgb2PfgnWzTwTwp+Lu8W3b7oX/CGkCdDnfq5j3ozYoniITIJxtQ8N8ZGChoFk7ybrSeGx8DacMVrFkNQ3DTS/mVdum6dJm1F2r4Qad/9OZGCMqajAtupAK/NaK1n/lerJdjaa6QijBPkIRssaiWSYkR7MdGm0Jyh7FgApoX9K2XXoIGhDTNrQ/BGT/4Lle2i5xa9s5186WAYR4askjWyQTyyS0rkmJySMmHkgTyRF/LqPDrPzpvzPmgdc4YzK+SXnM9vD6ufrA==</latexit><latexit sha1_base64="lT8R1rbDI/P+Ize3QzsQJiIkVl0=">AAACGXicbZBNSwMxEIazftb6VfXoJVgEK1J2RdCLUPSgJ1GwrdDWZTZNNTTZXZNZsaz9G178K148KOJRT/4b04+DVl8IPLwzw2TeIJbCoOt+OWPjE5NT05mZ7Ozc/MJibmm5YqJEM15mkYz0RQCGSxHyMgqU/CLWHFQgeTVoH/bq1VuujYjCc+zEvKHgKhQtwQCt5efcG7+OkFymm92NHhToPq0jv0Ot0iNQCgb2PfgnWzTwTwp+Lu8W3b7oX/CGkCdDnfq5j3ozYoniITIJxtQ8N8ZGChoFk7ybrSeGx8DacMVrFkNQ3DTS/mVdum6dJm1F2r4Qad/9OZGCMqajAtupAK/NaK1n/lerJdjaa6QijBPkIRssaiWSYkR7MdGm0Jyh7FgApoX9K2XXoIGhDTNrQ/BGT/4Lle2i5xa9s5186WAYR4askjWyQTyyS0rkmJySMmHkgTyRF/LqPDrPzpvzPmgdc4YzK+SXnM9vD6ufrA==</latexit>

(µN , ⇢N ) = f(aN , bN )
<latexit sha1_base64="gTLitSl51BZXw5HjkrvNrXm9Kgk=">AAACBnicbVDLSgMxFM3UV62vUZciBItQQcqMCLoRim5clQr2AZ1hyKSZNjTJDElGKKUrN/6KGxeKuPUb3Pk3ZtpZaOuBCyfn3EvuPWHCqNKO820VlpZXVteK66WNza3tHXt3r6XiVGLSxDGLZSdEijAqSFNTzUgnkQTxkJF2OLzJ/PYDkYrG4l6PEuJz1Bc0ohhpIwX2YcXjaVA/hZ4cxEH9BF7BqIIyITSvwC47VWcKuEjcnJRBjkZgf3m9GKecCI0ZUqrrOon2x0hqihmZlLxUkQThIeqTrqECcaL88fSMCTw2Sg9GsTQlNJyqvyfGiCs14qHp5EgP1LyXif953VRHl/6YiiTVRODZR1HKoI5hlgnsUUmwZiNDEJbU7ArxAEmEtUmuZEJw509eJK2zqutU3bvzcu06j6MIDsARqAAXXIAauAUN0AQYPIJn8ArerCfrxXq3PmatBSuf2Qd/YH3+AAdLlkQ=</latexit><latexit sha1_base64="gTLitSl51BZXw5HjkrvNrXm9Kgk=">AAACBnicbVDLSgMxFM3UV62vUZciBItQQcqMCLoRim5clQr2AZ1hyKSZNjTJDElGKKUrN/6KGxeKuPUb3Pk3ZtpZaOuBCyfn3EvuPWHCqNKO820VlpZXVteK66WNza3tHXt3r6XiVGLSxDGLZSdEijAqSFNTzUgnkQTxkJF2OLzJ/PYDkYrG4l6PEuJz1Bc0ohhpIwX2YcXjaVA/hZ4cxEH9BF7BqIIyITSvwC47VWcKuEjcnJRBjkZgf3m9GKecCI0ZUqrrOon2x0hqihmZlLxUkQThIeqTrqECcaL88fSMCTw2Sg9GsTQlNJyqvyfGiCs14qHp5EgP1LyXif953VRHl/6YiiTVRODZR1HKoI5hlgnsUUmwZiNDEJbU7ArxAEmEtUmuZEJw509eJK2zqutU3bvzcu06j6MIDsARqAAXXIAauAUN0AQYPIJn8ArerCfrxXq3PmatBSuf2Qd/YH3+AAdLlkQ=</latexit><latexit sha1_base64="gTLitSl51BZXw5HjkrvNrXm9Kgk=">AAACBnicbVDLSgMxFM3UV62vUZciBItQQcqMCLoRim5clQr2AZ1hyKSZNjTJDElGKKUrN/6KGxeKuPUb3Pk3ZtpZaOuBCyfn3EvuPWHCqNKO820VlpZXVteK66WNza3tHXt3r6XiVGLSxDGLZSdEijAqSFNTzUgnkQTxkJF2OLzJ/PYDkYrG4l6PEuJz1Bc0ohhpIwX2YcXjaVA/hZ4cxEH9BF7BqIIyITSvwC47VWcKuEjcnJRBjkZgf3m9GKecCI0ZUqrrOon2x0hqihmZlLxUkQThIeqTrqECcaL88fSMCTw2Sg9GsTQlNJyqvyfGiCs14qHp5EgP1LyXif953VRHl/6YiiTVRODZR1HKoI5hlgnsUUmwZiNDEJbU7ArxAEmEtUmuZEJw509eJK2zqutU3bvzcu06j6MIDsARqAAXXIAauAUN0AQYPIJn8ArerCfrxXq3PmatBSuf2Qd/YH3+AAdLlkQ=</latexit><latexit sha1_base64="gTLitSl51BZXw5HjkrvNrXm9Kgk=">AAACBnicbVDLSgMxFM3UV62vUZciBItQQcqMCLoRim5clQr2AZ1hyKSZNjTJDElGKKUrN/6KGxeKuPUb3Pk3ZtpZaOuBCyfn3EvuPWHCqNKO820VlpZXVteK66WNza3tHXt3r6XiVGLSxDGLZSdEijAqSFNTzUgnkQTxkJF2OLzJ/PYDkYrG4l6PEuJz1Bc0ohhpIwX2YcXjaVA/hZ4cxEH9BF7BqIIyITSvwC47VWcKuEjcnJRBjkZgf3m9GKecCI0ZUqrrOon2x0hqihmZlLxUkQThIeqTrqECcaL88fSMCTw2Sg9GsTQlNJyqvyfGiCs14qHp5EgP1LyXif953VRHl/6YiiTVRODZR1HKoI5hlgnsUUmwZiNDEJbU7ArxAEmEtUmuZEJw509eJK2zqutU3bvzcu06j6MIDsARqAAXXIAauAUN0AQYPIJn8ArerCfrxXq3PmatBSuf2Qd/YH3+AAdLlkQ=</latexit>

(aN , bN ) = g(µN , ⇢N )
<latexit sha1_base64="kst4Dcenrr3T4EWDqRdSRORYq04=">AAACBnicbVDLSgMxFM3UV62vUZciBItQQcqMCLoRim5clQr2AZ1hyKRpG5pMhiQjlKErN/6KGxeKuPUb3Pk3ZtpZaOuBCyfn3EvuPWHMqNKO820VlpZXVteK66WNza3tHXt3r6VEIjFpYsGE7IRIEUYj0tRUM9KJJUE8ZKQdjm4yv/1ApKIiutfjmPgcDSLapxhpIwX2YQUF9VMYBvUTeAUHFY8n2duTQ2GkwC47VWcKuEjcnJRBjkZgf3k9gRNOIo0ZUqrrOrH2UyQ1xYxMSl6iSIzwCA1I19AIcaL8dHrGBB4bpQf7QpqKNJyqvydSxJUa89B0cqSHat7LxP+8bqL7l35KozjRJMKzj/oJg1rALBPYo5JgzcaGICyp2RXiIZIIa5NcyYTgzp+8SFpnVdepunfn5dp1HkcRHIAjUAEuuAA1cAsaoAkweATP4BW8WU/Wi/VufcxaC1Y+sw/+wPr8Af0glkU=</latexit><latexit sha1_base64="kst4Dcenrr3T4EWDqRdSRORYq04=">AAACBnicbVDLSgMxFM3UV62vUZciBItQQcqMCLoRim5clQr2AZ1hyKRpG5pMhiQjlKErN/6KGxeKuPUb3Pk3ZtpZaOuBCyfn3EvuPWHMqNKO820VlpZXVteK66WNza3tHXt3r6VEIjFpYsGE7IRIEUYj0tRUM9KJJUE8ZKQdjm4yv/1ApKIiutfjmPgcDSLapxhpIwX2YQUF9VMYBvUTeAUHFY8n2duTQ2GkwC47VWcKuEjcnJRBjkZgf3k9gRNOIo0ZUqrrOrH2UyQ1xYxMSl6iSIzwCA1I19AIcaL8dHrGBB4bpQf7QpqKNJyqvydSxJUa89B0cqSHat7LxP+8bqL7l35KozjRJMKzj/oJg1rALBPYo5JgzcaGICyp2RXiIZIIa5NcyYTgzp+8SFpnVdepunfn5dp1HkcRHIAjUAEuuAA1cAsaoAkweATP4BW8WU/Wi/VufcxaC1Y+sw/+wPr8Af0glkU=</latexit><latexit sha1_base64="kst4Dcenrr3T4EWDqRdSRORYq04=">AAACBnicbVDLSgMxFM3UV62vUZciBItQQcqMCLoRim5clQr2AZ1hyKRpG5pMhiQjlKErN/6KGxeKuPUb3Pk3ZtpZaOuBCyfn3EvuPWHMqNKO820VlpZXVteK66WNza3tHXt3r6VEIjFpYsGE7IRIEUYj0tRUM9KJJUE8ZKQdjm4yv/1ApKIiutfjmPgcDSLapxhpIwX2YQUF9VMYBvUTeAUHFY8n2duTQ2GkwC47VWcKuEjcnJRBjkZgf3k9gRNOIo0ZUqrrOrH2UyQ1xYxMSl6iSIzwCA1I19AIcaL8dHrGBB4bpQf7QpqKNJyqvydSxJUa89B0cqSHat7LxP+8bqL7l35KozjRJMKzj/oJg1rALBPYo5JgzcaGICyp2RXiIZIIa5NcyYTgzp+8SFpnVdepunfn5dp1HkcRHIAjUAEuuAA1cAsaoAkweATP4BW8WU/Wi/VufcxaC1Y+sw/+wPr8Af0glkU=</latexit><latexit sha1_base64="kst4Dcenrr3T4EWDqRdSRORYq04=">AAACBnicbVDLSgMxFM3UV62vUZciBItQQcqMCLoRim5clQr2AZ1hyKRpG5pMhiQjlKErN/6KGxeKuPUb3Pk3ZtpZaOuBCyfn3EvuPWHMqNKO820VlpZXVteK66WNza3tHXt3r6VEIjFpYsGE7IRIEUYj0tRUM9KJJUE8ZKQdjm4yv/1ApKIiutfjmPgcDSLapxhpIwX2YQUF9VMYBvUTeAUHFY8n2duTQ2GkwC47VWcKuEjcnJRBjkZgf3k9gRNOIo0ZUqrrOrH2UyQ1xYxMSl6iSIzwCA1I19AIcaL8dHrGBB4bpQf7QpqKNJyqvydSxJUa89B0cqSHat7LxP+8bqL7l35KozjRJMKzj/oJg1rALBPYo5JgzcaGICyp2RXiIZIIa5NcyYTgzp+8SFpnVdepunfn5dp1HkcRHIAjUAEuuAA1cAsaoAkweATP4BW8WU/Wi/VufcxaC1Y+sw/+wPr8Af0glkU=</latexit>

• Catalogued midge wing lengths (mm) 
• Parameters of interest: population mean and precision 
• Model (conjugate prior): ✓ = (µ, ⌧)

<latexit sha1_base64="++iIevPyLyKShI2aqTaXpmAZYQA=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxCBSmJCLoRim5cVrAPaEKZTCft0MkkzNwINRR/xY0LRdz6H+78G6dtFtp64MLhnHu5954gEVyD43xbhaXlldW14nppY3Nre8fe3WvqOFWUNWgsYtUOiGaCS9YADoK1E8VIFAjWCoY3E7/1wJTmsbyHUcL8iPQlDzklYKSufeDBgAHBV7jiRekp9oCkJ1277FSdKfAicXNSRjnqXfvL68U0jZgEKojWHddJwM+IAk4FG5e8VLOE0CHps46hkkRM+9n0+jE+NkoPh7EyJQFP1d8TGYm0HkWB6YwIDPS8NxH/8zophJd+xmWSApN0tihMBYYYT6LAPa4YBTEyhFDFza2YDogiFExgJROCO//yImmeVV2n6t6dl2vXeRxFdIiOUAW56ALV0C2qowai6BE9o1f0Zj1ZL9a79TFrLVj5zD76A+vzB2iqk+M=</latexit><latexit sha1_base64="++iIevPyLyKShI2aqTaXpmAZYQA=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxCBSmJCLoRim5cVrAPaEKZTCft0MkkzNwINRR/xY0LRdz6H+78G6dtFtp64MLhnHu5954gEVyD43xbhaXlldW14nppY3Nre8fe3WvqOFWUNWgsYtUOiGaCS9YADoK1E8VIFAjWCoY3E7/1wJTmsbyHUcL8iPQlDzklYKSufeDBgAHBV7jiRekp9oCkJ1277FSdKfAicXNSRjnqXfvL68U0jZgEKojWHddJwM+IAk4FG5e8VLOE0CHps46hkkRM+9n0+jE+NkoPh7EyJQFP1d8TGYm0HkWB6YwIDPS8NxH/8zophJd+xmWSApN0tihMBYYYT6LAPa4YBTEyhFDFza2YDogiFExgJROCO//yImmeVV2n6t6dl2vXeRxFdIiOUAW56ALV0C2qowai6BE9o1f0Zj1ZL9a79TFrLVj5zD76A+vzB2iqk+M=</latexit><latexit sha1_base64="++iIevPyLyKShI2aqTaXpmAZYQA=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxCBSmJCLoRim5cVrAPaEKZTCft0MkkzNwINRR/xY0LRdz6H+78G6dtFtp64MLhnHu5954gEVyD43xbhaXlldW14nppY3Nre8fe3WvqOFWUNWgsYtUOiGaCS9YADoK1E8VIFAjWCoY3E7/1wJTmsbyHUcL8iPQlDzklYKSufeDBgAHBV7jiRekp9oCkJ1277FSdKfAicXNSRjnqXfvL68U0jZgEKojWHddJwM+IAk4FG5e8VLOE0CHps46hkkRM+9n0+jE+NkoPh7EyJQFP1d8TGYm0HkWB6YwIDPS8NxH/8zophJd+xmWSApN0tihMBYYYT6LAPa4YBTEyhFDFza2YDogiFExgJROCO//yImmeVV2n6t6dl2vXeRxFdIiOUAW56ALV0C2qowai6BE9o1f0Zj1ZL9a79TFrLVj5zD76A+vzB2iqk+M=</latexit><latexit sha1_base64="++iIevPyLyKShI2aqTaXpmAZYQA=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxCBSmJCLoRim5cVrAPaEKZTCft0MkkzNwINRR/xY0LRdz6H+78G6dtFtp64MLhnHu5954gEVyD43xbhaXlldW14nppY3Nre8fe3WvqOFWUNWgsYtUOiGaCS9YADoK1E8VIFAjWCoY3E7/1wJTmsbyHUcL8iPQlDzklYKSufeDBgAHBV7jiRekp9oCkJ1277FSdKfAicXNSRjnqXfvL68U0jZgEKojWHddJwM+IAk4FG5e8VLOE0CHps46hkkRM+9n0+jE+NkoPh7EyJQFP1d8TGYm0HkWB6YwIDPS8NxH/8zophJd+xmWSApN0tihMBYYYT6LAPa4YBTEyhFDFza2YDogiFExgJROCO//yImmeVV2n6t6dl2vXeRxFdIiOUAW56ALV0C2qowai6BE9o1f0Zj1ZL9a79TFrLVj5zD76A+vzB2iqk+M=</latexit>



Midge wing length

[Bishop 2006]

µ
<latexit sha1_base64="UFOX4zita877+Ikq+M6IENXmVh0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzQOSJcxOZpMhM7PLTK8QQj7BiwdFvPpF3vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41bZIZxhsskYlpR9RyKTRvoEDJ26nhVEWSt6LR7cxvPXFjRaIfcZzyUNGBFrFgFJ300FVZr1zxq/4cZJUEOalAjnqv/NXtJyxTXCOT1NpO4KcYTqhBwSSflrqZ5SllIzrgHUc1VdyGk/mpU3LmlD6JE+NKI5mrvycmVFk7VpHrVBSHdtmbif95nQzj63AidJoh12yxKM4kwYTM/iZ9YThDOXaEMiPcrYQNqaEMXTolF0Kw/PIqaV5UA78a3F9Wajd5HEU4gVM4hwCuoAZ3UIcGMBjAM7zCmye9F+/d+1i0Frx85hj+wPv8AV1ejdY=</latexit><latexit sha1_base64="UFOX4zita877+Ikq+M6IENXmVh0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzQOSJcxOZpMhM7PLTK8QQj7BiwdFvPpF3vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41bZIZxhsskYlpR9RyKTRvoEDJ26nhVEWSt6LR7cxvPXFjRaIfcZzyUNGBFrFgFJ300FVZr1zxq/4cZJUEOalAjnqv/NXtJyxTXCOT1NpO4KcYTqhBwSSflrqZ5SllIzrgHUc1VdyGk/mpU3LmlD6JE+NKI5mrvycmVFk7VpHrVBSHdtmbif95nQzj63AidJoh12yxKM4kwYTM/iZ9YThDOXaEMiPcrYQNqaEMXTolF0Kw/PIqaV5UA78a3F9Wajd5HEU4gVM4hwCuoAZ3UIcGMBjAM7zCmye9F+/d+1i0Frx85hj+wPv8AV1ejdY=</latexit><latexit sha1_base64="UFOX4zita877+Ikq+M6IENXmVh0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzQOSJcxOZpMhM7PLTK8QQj7BiwdFvPpF3vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41bZIZxhsskYlpR9RyKTRvoEDJ26nhVEWSt6LR7cxvPXFjRaIfcZzyUNGBFrFgFJ300FVZr1zxq/4cZJUEOalAjnqv/NXtJyxTXCOT1NpO4KcYTqhBwSSflrqZ5SllIzrgHUc1VdyGk/mpU3LmlD6JE+NKI5mrvycmVFk7VpHrVBSHdtmbif95nQzj63AidJoh12yxKM4kwYTM/iZ9YThDOXaEMiPcrYQNqaEMXTolF0Kw/PIqaV5UA78a3F9Wajd5HEU4gVM4hwCuoAZ3UIcGMBjAM7zCmye9F+/d+1i0Frx85hj+wPv8AV1ejdY=</latexit><latexit sha1_base64="UFOX4zita877+Ikq+M6IENXmVh0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzQOSJcxOZpMhM7PLTK8QQj7BiwdFvPpF3vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41bZIZxhsskYlpR9RyKTRvoEDJ26nhVEWSt6LR7cxvPXFjRaIfcZzyUNGBFrFgFJ300FVZr1zxq/4cZJUEOalAjnqv/NXtJyxTXCOT1NpO4KcYTqhBwSSflrqZ5SllIzrgHUc1VdyGk/mpU3LmlD6JE+NKI5mrvycmVFk7VpHrVBSHdtmbif95nQzj63AidJoh12yxKM4kwYTM/iZ9YThDOXaEMiPcrYQNqaEMXTolF0Kw/PIqaV5UA78a3F9Wajd5HEU4gVM4hwCuoAZ3UIcGMBjAM7zCmye9F+/d+1i0Frx85hj+wPv8AV1ejdY=</latexit>

exact 
posterior

approximation

9

⌧
<latexit sha1_base64="rx/s5aCvXUP35GpplwAkBrTmD4o=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xL7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt7n/+MSNFbF+wGnCQ0VHWgwFo5hLPaRpv1rz6/4cZJUEBalBgWa/+tUbxCxVXCOT1Npu4CcYZtSgYJLPKr3U8oSyCR3xrqOaKm7DbH7rjJw5ZUCGsXGlkczV3xMZVdZOVeQ6FcWxXfZy8T+vm+LwOsyETlLkmi0WDVNJMCb542QgDGcop45QZoS7lbAxNZShi6fiQgiWX14l7Yt64NeD+8ta46aIowwncArnEMAVNOAOmtACBmN4hld485T34r17H4vWklfMHMMfeJ8/IS2OSA==</latexit><latexit sha1_base64="rx/s5aCvXUP35GpplwAkBrTmD4o=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xL7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt7n/+MSNFbF+wGnCQ0VHWgwFo5hLPaRpv1rz6/4cZJUEBalBgWa/+tUbxCxVXCOT1Npu4CcYZtSgYJLPKr3U8oSyCR3xrqOaKm7DbH7rjJw5ZUCGsXGlkczV3xMZVdZOVeQ6FcWxXfZy8T+vm+LwOsyETlLkmi0WDVNJMCb542QgDGcop45QZoS7lbAxNZShi6fiQgiWX14l7Yt64NeD+8ta46aIowwncArnEMAVNOAOmtACBmN4hld485T34r17H4vWklfMHMMfeJ8/IS2OSA==</latexit><latexit sha1_base64="rx/s5aCvXUP35GpplwAkBrTmD4o=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xL7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt7n/+MSNFbF+wGnCQ0VHWgwFo5hLPaRpv1rz6/4cZJUEBalBgWa/+tUbxCxVXCOT1Npu4CcYZtSgYJLPKr3U8oSyCR3xrqOaKm7DbH7rjJw5ZUCGsXGlkczV3xMZVdZOVeQ6FcWxXfZy8T+vm+LwOsyETlLkmi0WDVNJMCb542QgDGcop45QZoS7lbAxNZShi6fiQgiWX14l7Yt64NeD+8ta46aIowwncArnEMAVNOAOmtACBmN4hld485T34r17H4vWklfMHMMfeJ8/IS2OSA==</latexit><latexit sha1_base64="rx/s5aCvXUP35GpplwAkBrTmD4o=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xL7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt7n/+MSNFbF+wGnCQ0VHWgwFo5hLPaRpv1rz6/4cZJUEBalBgWa/+tUbxCxVXCOT1Npu4CcYZtSgYJLPKr3U8oSyCR3xrqOaKm7DbH7rjJw5ZUCGsXGlkczV3xMZVdZOVeQ6FcWxXfZy8T+vm+LwOsyETlLkmi0WDVNJMCb542QgDGcop45QZoS7lbAxNZShi6fiQgiWX14l7Yt64NeD+8ta46aIowwncArnEMAVNOAOmtACBmN4hld485T34r17H4vWklfMHMMfeJ8/IS2OSA==</latexit>



Midge wing length

[Bishop 2006]

µ
<latexit sha1_base64="UFOX4zita877+Ikq+M6IENXmVh0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzQOSJcxOZpMhM7PLTK8QQj7BiwdFvPpF3vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41bZIZxhsskYlpR9RyKTRvoEDJ26nhVEWSt6LR7cxvPXFjRaIfcZzyUNGBFrFgFJ300FVZr1zxq/4cZJUEOalAjnqv/NXtJyxTXCOT1NpO4KcYTqhBwSSflrqZ5SllIzrgHUc1VdyGk/mpU3LmlD6JE+NKI5mrvycmVFk7VpHrVBSHdtmbif95nQzj63AidJoh12yxKM4kwYTM/iZ9YThDOXaEMiPcrYQNqaEMXTolF0Kw/PIqaV5UA78a3F9Wajd5HEU4gVM4hwCuoAZ3UIcGMBjAM7zCmye9F+/d+1i0Frx85hj+wPv8AV1ejdY=</latexit><latexit sha1_base64="UFOX4zita877+Ikq+M6IENXmVh0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzQOSJcxOZpMhM7PLTK8QQj7BiwdFvPpF3vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41bZIZxhsskYlpR9RyKTRvoEDJ26nhVEWSt6LR7cxvPXFjRaIfcZzyUNGBFrFgFJ300FVZr1zxq/4cZJUEOalAjnqv/NXtJyxTXCOT1NpO4KcYTqhBwSSflrqZ5SllIzrgHUc1VdyGk/mpU3LmlD6JE+NKI5mrvycmVFk7VpHrVBSHdtmbif95nQzj63AidJoh12yxKM4kwYTM/iZ9YThDOXaEMiPcrYQNqaEMXTolF0Kw/PIqaV5UA78a3F9Wajd5HEU4gVM4hwCuoAZ3UIcGMBjAM7zCmye9F+/d+1i0Frx85hj+wPv8AV1ejdY=</latexit><latexit sha1_base64="UFOX4zita877+Ikq+M6IENXmVh0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzQOSJcxOZpMhM7PLTK8QQj7BiwdFvPpF3vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41bZIZxhsskYlpR9RyKTRvoEDJ26nhVEWSt6LR7cxvPXFjRaIfcZzyUNGBFrFgFJ300FVZr1zxq/4cZJUEOalAjnqv/NXtJyxTXCOT1NpO4KcYTqhBwSSflrqZ5SllIzrgHUc1VdyGk/mpU3LmlD6JE+NKI5mrvycmVFk7VpHrVBSHdtmbif95nQzj63AidJoh12yxKM4kwYTM/iZ9YThDOXaEMiPcrYQNqaEMXTolF0Kw/PIqaV5UA78a3F9Wajd5HEU4gVM4hwCuoAZ3UIcGMBjAM7zCmye9F+/d+1i0Frx85hj+wPv8AV1ejdY=</latexit><latexit sha1_base64="UFOX4zita877+Ikq+M6IENXmVh0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzQOSJcxOZpMhM7PLTK8QQj7BiwdFvPpF3vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41bZIZxhsskYlpR9RyKTRvoEDJ26nhVEWSt6LR7cxvPXFjRaIfcZzyUNGBFrFgFJ300FVZr1zxq/4cZJUEOalAjnqv/NXtJyxTXCOT1NpO4KcYTqhBwSSflrqZ5SllIzrgHUc1VdyGk/mpU3LmlD6JE+NKI5mrvycmVFk7VpHrVBSHdtmbif95nQzj63AidJoh12yxKM4kwYTM/iZ9YThDOXaEMiPcrYQNqaEMXTolF0Kw/PIqaV5UA78a3F9Wajd5HEU4gVM4hwCuoAZ3UIcGMBjAM7zCmye9F+/d+1i0Frx85hj+wPv8AV1ejdY=</latexit>
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Midge wing length

[Bishop 2006]
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Midge wing length

[Bishop 2006]
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Midge wing length

[Hoff 2009; Grogan, Wirth 1981; MacKay 2003; Bishop 2006]

y = (y1, . . . , yN )

• Exercise: check 
• MFVB approximation: 

• Coordinate descent (derivation shortly)

• Iterate:

[Bishop 2006, Sec 10.1.3]

“variational 
parameters”

[CSIRO 2004]
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p(y|✓) : yn
iid⇠ N (µ, ⌧�1), n = 1, . . . , N

<latexit sha1_base64="YYUBclHMQx5jXNmS1VsgXIw2rq0="></latexit><latexit sha1_base64="YYUBclHMQx5jXNmS1VsgXIw2rq0="></latexit><latexit sha1_base64="YYUBclHMQx5jXNmS1VsgXIw2rq0="></latexit><latexit sha1_base64="YYUBclHMQx5jXNmS1VsgXIw2rq0="></latexit>

p(✓) : ⌧ ⇠ Gamma(a0, b0)

µ|⌧ ⇠ N (µ0, (⇢0⌧)
�1)

<latexit sha1_base64="2IIKVjWnmhoi7b6/s+jcugQcRkI="></latexit><latexit sha1_base64="2IIKVjWnmhoi7b6/s+jcugQcRkI="></latexit><latexit sha1_base64="2IIKVjWnmhoi7b6/s+jcugQcRkI="></latexit><latexit sha1_base64="2IIKVjWnmhoi7b6/s+jcugQcRkI="></latexit>

p(µ, ⌧ |y) 6= f1(µ, y)f2(⌧, y)
<latexit sha1_base64="BGtAmdvuwzKWGdnUKqZwqzjrxIw=">AAACFnicbVDLSsNAFJ34rPUVdelmsAgVtCRF0GXRjcsK9gFNCZPppB06mYR5CCH2K9z4K25cKOJW3Pk3TtostPXAwLnn3Mude4KEUakc59taWl5ZXVsvbZQ3t7Z3du29/baMtcCkhWMWi26AJGGUk5aiipFuIgiKAkY6wfg69zv3REga8zuVJqQfoSGnIcVIGcm3z5KqF+lT6Cmk4QNMT6DHCQx9dyabOvTr1dzNC9+uODVnCrhI3IJUQIGmb395gxjriHCFGZKy5zqJ6mdIKIoZmZQ9LUmC8BgNSc9QjiIi+9n0rAk8NsoAhrEwjys4VX9PZCiSMo0C0xkhNZLzXi7+5/W0Ci/7GeWJVoTj2aJQM6himGcEB1QQrFhqCMKCmr9CPEICYWWSLJsQ3PmTF0m7XnOdmnt7XmlcFXGUwCE4AlXgggvQADegCVoAg0fwDF7Bm/VkvVjv1sesdckqZg7AH1ifPwLUnB8=</latexit><latexit sha1_base64="BGtAmdvuwzKWGdnUKqZwqzjrxIw=">AAACFnicbVDLSsNAFJ34rPUVdelmsAgVtCRF0GXRjcsK9gFNCZPppB06mYR5CCH2K9z4K25cKOJW3Pk3TtostPXAwLnn3Mude4KEUakc59taWl5ZXVsvbZQ3t7Z3du29/baMtcCkhWMWi26AJGGUk5aiipFuIgiKAkY6wfg69zv3REga8zuVJqQfoSGnIcVIGcm3z5KqF+lT6Cmk4QNMT6DHCQx9dyabOvTr1dzNC9+uODVnCrhI3IJUQIGmb395gxjriHCFGZKy5zqJ6mdIKIoZmZQ9LUmC8BgNSc9QjiIi+9n0rAk8NsoAhrEwjys4VX9PZCiSMo0C0xkhNZLzXi7+5/W0Ci/7GeWJVoTj2aJQM6himGcEB1QQrFhqCMKCmr9CPEICYWWSLJsQ3PmTF0m7XnOdmnt7XmlcFXGUwCE4AlXgggvQADegCVoAg0fwDF7Bm/VkvVjv1sesdckqZg7AH1ifPwLUnB8=</latexit><latexit sha1_base64="BGtAmdvuwzKWGdnUKqZwqzjrxIw=">AAACFnicbVDLSsNAFJ34rPUVdelmsAgVtCRF0GXRjcsK9gFNCZPppB06mYR5CCH2K9z4K25cKOJW3Pk3TtostPXAwLnn3Mude4KEUakc59taWl5ZXVsvbZQ3t7Z3du29/baMtcCkhWMWi26AJGGUk5aiipFuIgiKAkY6wfg69zv3REga8zuVJqQfoSGnIcVIGcm3z5KqF+lT6Cmk4QNMT6DHCQx9dyabOvTr1dzNC9+uODVnCrhI3IJUQIGmb395gxjriHCFGZKy5zqJ6mdIKIoZmZQ9LUmC8BgNSc9QjiIi+9n0rAk8NsoAhrEwjys4VX9PZCiSMo0C0xkhNZLzXi7+5/W0Ci/7GeWJVoTj2aJQM6himGcEB1QQrFhqCMKCmr9CPEICYWWSLJsQ3PmTF0m7XnOdmnt7XmlcFXGUwCE4AlXgggvQADegCVoAg0fwDF7Bm/VkvVjv1sesdckqZg7AH1ifPwLUnB8=</latexit><latexit sha1_base64="BGtAmdvuwzKWGdnUKqZwqzjrxIw=">AAACFnicbVDLSsNAFJ34rPUVdelmsAgVtCRF0GXRjcsK9gFNCZPppB06mYR5CCH2K9z4K25cKOJW3Pk3TtostPXAwLnn3Mude4KEUakc59taWl5ZXVsvbZQ3t7Z3du29/baMtcCkhWMWi26AJGGUk5aiipFuIgiKAkY6wfg69zv3REga8zuVJqQfoSGnIcVIGcm3z5KqF+lT6Cmk4QNMT6DHCQx9dyabOvTr1dzNC9+uODVnCrhI3IJUQIGmb395gxjriHCFGZKy5zqJ6mdIKIoZmZQ9LUmC8BgNSc9QjiIi+9n0rAk8NsoAhrEwjys4VX9PZCiSMo0C0xkhNZLzXi7+5/W0Ci/7GeWJVoTj2aJQM6himGcEB1QQrFhqCMKCmr9CPEICYWWSLJsQ3PmTF0m7XnOdmnt7XmlcFXGUwCE4AlXgggvQADegCVoAg0fwDF7Bm/VkvVjv1sesdckqZg7AH1ifPwLUnB8=</latexit>

q⇤(µ, ⌧) = q⇤µ(µ)q
⇤
⌧ (⌧) = argminq2QMFVB

KL(q(·)||p(·|y))
<latexit sha1_base64="EjbPe+a6jAvG5fJj+OiuyElmzjQ="></latexit><latexit sha1_base64="EjbPe+a6jAvG5fJj+OiuyElmzjQ="></latexit><latexit sha1_base64="EjbPe+a6jAvG5fJj+OiuyElmzjQ="></latexit><latexit sha1_base64="EjbPe+a6jAvG5fJj+OiuyElmzjQ="></latexit>

q⇤µ(µ) = N (µ|µN , ⇢�1
N )

<latexit sha1_base64="4+kSBkN0ExNAxa5H3Qt/eTwBXa4="></latexit><latexit sha1_base64="4+kSBkN0ExNAxa5H3Qt/eTwBXa4="></latexit><latexit sha1_base64="4+kSBkN0ExNAxa5H3Qt/eTwBXa4="></latexit><latexit sha1_base64="4+kSBkN0ExNAxa5H3Qt/eTwBXa4="></latexit>

q⇤⌧ (⌧) = Gamma(⌧ |aN , bN )
<latexit sha1_base64="lT8R1rbDI/P+Ize3QzsQJiIkVl0=">AAACGXicbZBNSwMxEIazftb6VfXoJVgEK1J2RdCLUPSgJ1GwrdDWZTZNNTTZXZNZsaz9G178K148KOJRT/4b04+DVl8IPLwzw2TeIJbCoOt+OWPjE5NT05mZ7Ozc/MJibmm5YqJEM15mkYz0RQCGSxHyMgqU/CLWHFQgeTVoH/bq1VuujYjCc+zEvKHgKhQtwQCt5efcG7+OkFymm92NHhToPq0jv0Ot0iNQCgb2PfgnWzTwTwp+Lu8W3b7oX/CGkCdDnfq5j3ozYoniITIJxtQ8N8ZGChoFk7ybrSeGx8DacMVrFkNQ3DTS/mVdum6dJm1F2r4Qad/9OZGCMqajAtupAK/NaK1n/lerJdjaa6QijBPkIRssaiWSYkR7MdGm0Jyh7FgApoX9K2XXoIGhDTNrQ/BGT/4Lle2i5xa9s5186WAYR4askjWyQTyyS0rkmJySMmHkgTyRF/LqPDrPzpvzPmgdc4YzK+SXnM9vD6ufrA==</latexit><latexit sha1_base64="lT8R1rbDI/P+Ize3QzsQJiIkVl0=">AAACGXicbZBNSwMxEIazftb6VfXoJVgEK1J2RdCLUPSgJ1GwrdDWZTZNNTTZXZNZsaz9G178K148KOJRT/4b04+DVl8IPLwzw2TeIJbCoOt+OWPjE5NT05mZ7Ozc/MJibmm5YqJEM15mkYz0RQCGSxHyMgqU/CLWHFQgeTVoH/bq1VuujYjCc+zEvKHgKhQtwQCt5efcG7+OkFymm92NHhToPq0jv0Ot0iNQCgb2PfgnWzTwTwp+Lu8W3b7oX/CGkCdDnfq5j3ozYoniITIJxtQ8N8ZGChoFk7ybrSeGx8DacMVrFkNQ3DTS/mVdum6dJm1F2r4Qad/9OZGCMqajAtupAK/NaK1n/lerJdjaa6QijBPkIRssaiWSYkR7MdGm0Jyh7FgApoX9K2XXoIGhDTNrQ/BGT/4Lle2i5xa9s5186WAYR4askjWyQTyyS0rkmJySMmHkgTyRF/LqPDrPzpvzPmgdc4YzK+SXnM9vD6ufrA==</latexit><latexit sha1_base64="lT8R1rbDI/P+Ize3QzsQJiIkVl0=">AAACGXicbZBNSwMxEIazftb6VfXoJVgEK1J2RdCLUPSgJ1GwrdDWZTZNNTTZXZNZsaz9G178K148KOJRT/4b04+DVl8IPLwzw2TeIJbCoOt+OWPjE5NT05mZ7Ozc/MJibmm5YqJEM15mkYz0RQCGSxHyMgqU/CLWHFQgeTVoH/bq1VuujYjCc+zEvKHgKhQtwQCt5efcG7+OkFymm92NHhToPq0jv0Ot0iNQCgb2PfgnWzTwTwp+Lu8W3b7oX/CGkCdDnfq5j3ozYoniITIJxtQ8N8ZGChoFk7ybrSeGx8DacMVrFkNQ3DTS/mVdum6dJm1F2r4Qad/9OZGCMqajAtupAK/NaK1n/lerJdjaa6QijBPkIRssaiWSYkR7MdGm0Jyh7FgApoX9K2XXoIGhDTNrQ/BGT/4Lle2i5xa9s5186WAYR4askjWyQTyyS0rkmJySMmHkgTyRF/LqPDrPzpvzPmgdc4YzK+SXnM9vD6ufrA==</latexit><latexit sha1_base64="lT8R1rbDI/P+Ize3QzsQJiIkVl0=">AAACGXicbZBNSwMxEIazftb6VfXoJVgEK1J2RdCLUPSgJ1GwrdDWZTZNNTTZXZNZsaz9G178K148KOJRT/4b04+DVl8IPLwzw2TeIJbCoOt+OWPjE5NT05mZ7Ozc/MJibmm5YqJEM15mkYz0RQCGSxHyMgqU/CLWHFQgeTVoH/bq1VuujYjCc+zEvKHgKhQtwQCt5efcG7+OkFymm92NHhToPq0jv0Ot0iNQCgb2PfgnWzTwTwp+Lu8W3b7oX/CGkCdDnfq5j3ozYoniITIJxtQ8N8ZGChoFk7ybrSeGx8DacMVrFkNQ3DTS/mVdum6dJm1F2r4Qad/9OZGCMqajAtupAK/NaK1n/lerJdjaa6QijBPkIRssaiWSYkR7MdGm0Jyh7FgApoX9K2XXoIGhDTNrQ/BGT/4Lle2i5xa9s5186WAYR4askjWyQTyyS0rkmJySMmHkgTyRF/LqPDrPzpvzPmgdc4YzK+SXnM9vD6ufrA==</latexit>

(µN , ⇢N ) = f(aN , bN )
<latexit sha1_base64="gTLitSl51BZXw5HjkrvNrXm9Kgk=">AAACBnicbVDLSgMxFM3UV62vUZciBItQQcqMCLoRim5clQr2AZ1hyKSZNjTJDElGKKUrN/6KGxeKuPUb3Pk3ZtpZaOuBCyfn3EvuPWHCqNKO820VlpZXVteK66WNza3tHXt3r6XiVGLSxDGLZSdEijAqSFNTzUgnkQTxkJF2OLzJ/PYDkYrG4l6PEuJz1Bc0ohhpIwX2YcXjaVA/hZ4cxEH9BF7BqIIyITSvwC47VWcKuEjcnJRBjkZgf3m9GKecCI0ZUqrrOon2x0hqihmZlLxUkQThIeqTrqECcaL88fSMCTw2Sg9GsTQlNJyqvyfGiCs14qHp5EgP1LyXif953VRHl/6YiiTVRODZR1HKoI5hlgnsUUmwZiNDEJbU7ArxAEmEtUmuZEJw509eJK2zqutU3bvzcu06j6MIDsARqAAXXIAauAUN0AQYPIJn8ArerCfrxXq3PmatBSuf2Qd/YH3+AAdLlkQ=</latexit><latexit sha1_base64="gTLitSl51BZXw5HjkrvNrXm9Kgk=">AAACBnicbVDLSgMxFM3UV62vUZciBItQQcqMCLoRim5clQr2AZ1hyKSZNjTJDElGKKUrN/6KGxeKuPUb3Pk3ZtpZaOuBCyfn3EvuPWHCqNKO820VlpZXVteK66WNza3tHXt3r6XiVGLSxDGLZSdEijAqSFNTzUgnkQTxkJF2OLzJ/PYDkYrG4l6PEuJz1Bc0ohhpIwX2YcXjaVA/hZ4cxEH9BF7BqIIyITSvwC47VWcKuEjcnJRBjkZgf3m9GKecCI0ZUqrrOon2x0hqihmZlLxUkQThIeqTrqECcaL88fSMCTw2Sg9GsTQlNJyqvyfGiCs14qHp5EgP1LyXif953VRHl/6YiiTVRODZR1HKoI5hlgnsUUmwZiNDEJbU7ArxAEmEtUmuZEJw509eJK2zqutU3bvzcu06j6MIDsARqAAXXIAauAUN0AQYPIJn8ArerCfrxXq3PmatBSuf2Qd/YH3+AAdLlkQ=</latexit><latexit sha1_base64="gTLitSl51BZXw5HjkrvNrXm9Kgk=">AAACBnicbVDLSgMxFM3UV62vUZciBItQQcqMCLoRim5clQr2AZ1hyKSZNjTJDElGKKUrN/6KGxeKuPUb3Pk3ZtpZaOuBCyfn3EvuPWHCqNKO820VlpZXVteK66WNza3tHXt3r6XiVGLSxDGLZSdEijAqSFNTzUgnkQTxkJF2OLzJ/PYDkYrG4l6PEuJz1Bc0ohhpIwX2YcXjaVA/hZ4cxEH9BF7BqIIyITSvwC47VWcKuEjcnJRBjkZgf3m9GKecCI0ZUqrrOon2x0hqihmZlLxUkQThIeqTrqECcaL88fSMCTw2Sg9GsTQlNJyqvyfGiCs14qHp5EgP1LyXif953VRHl/6YiiTVRODZR1HKoI5hlgnsUUmwZiNDEJbU7ArxAEmEtUmuZEJw509eJK2zqutU3bvzcu06j6MIDsARqAAXXIAauAUN0AQYPIJn8ArerCfrxXq3PmatBSuf2Qd/YH3+AAdLlkQ=</latexit><latexit sha1_base64="gTLitSl51BZXw5HjkrvNrXm9Kgk=">AAACBnicbVDLSgMxFM3UV62vUZciBItQQcqMCLoRim5clQr2AZ1hyKSZNjTJDElGKKUrN/6KGxeKuPUb3Pk3ZtpZaOuBCyfn3EvuPWHCqNKO820VlpZXVteK66WNza3tHXt3r6XiVGLSxDGLZSdEijAqSFNTzUgnkQTxkJF2OLzJ/PYDkYrG4l6PEuJz1Bc0ohhpIwX2YcXjaVA/hZ4cxEH9BF7BqIIyITSvwC47VWcKuEjcnJRBjkZgf3m9GKecCI0ZUqrrOon2x0hqihmZlLxUkQThIeqTrqECcaL88fSMCTw2Sg9GsTQlNJyqvyfGiCs14qHp5EgP1LyXif953VRHl/6YiiTVRODZR1HKoI5hlgnsUUmwZiNDEJbU7ArxAEmEtUmuZEJw509eJK2zqutU3bvzcu06j6MIDsARqAAXXIAauAUN0AQYPIJn8ArerCfrxXq3PmatBSuf2Qd/YH3+AAdLlkQ=</latexit>

(aN , bN ) = g(µN , ⇢N )
<latexit sha1_base64="kst4Dcenrr3T4EWDqRdSRORYq04=">AAACBnicbVDLSgMxFM3UV62vUZciBItQQcqMCLoRim5clQr2AZ1hyKRpG5pMhiQjlKErN/6KGxeKuPUb3Pk3ZtpZaOuBCyfn3EvuPWHMqNKO820VlpZXVteK66WNza3tHXt3r6VEIjFpYsGE7IRIEUYj0tRUM9KJJUE8ZKQdjm4yv/1ApKIiutfjmPgcDSLapxhpIwX2YQUF9VMYBvUTeAUHFY8n2duTQ2GkwC47VWcKuEjcnJRBjkZgf3k9gRNOIo0ZUqrrOrH2UyQ1xYxMSl6iSIzwCA1I19AIcaL8dHrGBB4bpQf7QpqKNJyqvydSxJUa89B0cqSHat7LxP+8bqL7l35KozjRJMKzj/oJg1rALBPYo5JgzcaGICyp2RXiIZIIa5NcyYTgzp+8SFpnVdepunfn5dp1HkcRHIAjUAEuuAA1cAsaoAkweATP4BW8WU/Wi/VufcxaC1Y+sw/+wPr8Af0glkU=</latexit><latexit sha1_base64="kst4Dcenrr3T4EWDqRdSRORYq04=">AAACBnicbVDLSgMxFM3UV62vUZciBItQQcqMCLoRim5clQr2AZ1hyKRpG5pMhiQjlKErN/6KGxeKuPUb3Pk3ZtpZaOuBCyfn3EvuPWHMqNKO820VlpZXVteK66WNza3tHXt3r6VEIjFpYsGE7IRIEUYj0tRUM9KJJUE8ZKQdjm4yv/1ApKIiutfjmPgcDSLapxhpIwX2YQUF9VMYBvUTeAUHFY8n2duTQ2GkwC47VWcKuEjcnJRBjkZgf3k9gRNOIo0ZUqrrOrH2UyQ1xYxMSl6iSIzwCA1I19AIcaL8dHrGBB4bpQf7QpqKNJyqvydSxJUa89B0cqSHat7LxP+8bqL7l35KozjRJMKzj/oJg1rALBPYo5JgzcaGICyp2RXiIZIIa5NcyYTgzp+8SFpnVdepunfn5dp1HkcRHIAjUAEuuAA1cAsaoAkweATP4BW8WU/Wi/VufcxaC1Y+sw/+wPr8Af0glkU=</latexit><latexit sha1_base64="kst4Dcenrr3T4EWDqRdSRORYq04=">AAACBnicbVDLSgMxFM3UV62vUZciBItQQcqMCLoRim5clQr2AZ1hyKRpG5pMhiQjlKErN/6KGxeKuPUb3Pk3ZtpZaOuBCyfn3EvuPWHMqNKO820VlpZXVteK66WNza3tHXt3r6VEIjFpYsGE7IRIEUYj0tRUM9KJJUE8ZKQdjm4yv/1ApKIiutfjmPgcDSLapxhpIwX2YQUF9VMYBvUTeAUHFY8n2duTQ2GkwC47VWcKuEjcnJRBjkZgf3k9gRNOIo0ZUqrrOrH2UyQ1xYxMSl6iSIzwCA1I19AIcaL8dHrGBB4bpQf7QpqKNJyqvydSxJUa89B0cqSHat7LxP+8bqL7l35KozjRJMKzj/oJg1rALBPYo5JgzcaGICyp2RXiIZIIa5NcyYTgzp+8SFpnVdepunfn5dp1HkcRHIAjUAEuuAA1cAsaoAkweATP4BW8WU/Wi/VufcxaC1Y+sw/+wPr8Af0glkU=</latexit><latexit sha1_base64="kst4Dcenrr3T4EWDqRdSRORYq04=">AAACBnicbVDLSgMxFM3UV62vUZciBItQQcqMCLoRim5clQr2AZ1hyKRpG5pMhiQjlKErN/6KGxeKuPUb3Pk3ZtpZaOuBCyfn3EvuPWHMqNKO820VlpZXVteK66WNza3tHXt3r6VEIjFpYsGE7IRIEUYj0tRUM9KJJUE8ZKQdjm4yv/1ApKIiutfjmPgcDSLapxhpIwX2YQUF9VMYBvUTeAUHFY8n2duTQ2GkwC47VWcKuEjcnJRBjkZgf3k9gRNOIo0ZUqrrOrH2UyQ1xYxMSl6iSIzwCA1I19AIcaL8dHrGBB4bpQf7QpqKNJyqvydSxJUa89B0cqSHat7LxP+8bqL7l35KozjRJMKzj/oJg1rALBPYo5JgzcaGICyp2RXiIZIIa5NcyYTgzp+8SFpnVdepunfn5dp1HkcRHIAjUAEuuAA1cAsaoAkweATP4BW8WU/Wi/VufcxaC1Y+sw/+wPr8Af0glkU=</latexit>

• Catalogued midge wing lengths (mm) 
• Parameters of interest: population mean and precision 
• Model: ✓ = (µ, ⌧)

<latexit sha1_base64="++iIevPyLyKShI2aqTaXpmAZYQA=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxCBSmJCLoRim5cVrAPaEKZTCft0MkkzNwINRR/xY0LRdz6H+78G6dtFtp64MLhnHu5954gEVyD43xbhaXlldW14nppY3Nre8fe3WvqOFWUNWgsYtUOiGaCS9YADoK1E8VIFAjWCoY3E7/1wJTmsbyHUcL8iPQlDzklYKSufeDBgAHBV7jiRekp9oCkJ1277FSdKfAicXNSRjnqXfvL68U0jZgEKojWHddJwM+IAk4FG5e8VLOE0CHps46hkkRM+9n0+jE+NkoPh7EyJQFP1d8TGYm0HkWB6YwIDPS8NxH/8zophJd+xmWSApN0tihMBYYYT6LAPa4YBTEyhFDFza2YDogiFExgJROCO//yImmeVV2n6t6dl2vXeRxFdIiOUAW56ALV0C2qowai6BE9o1f0Zj1ZL9a79TFrLVj5zD76A+vzB2iqk+M=</latexit><latexit sha1_base64="++iIevPyLyKShI2aqTaXpmAZYQA=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxCBSmJCLoRim5cVrAPaEKZTCft0MkkzNwINRR/xY0LRdz6H+78G6dtFtp64MLhnHu5954gEVyD43xbhaXlldW14nppY3Nre8fe3WvqOFWUNWgsYtUOiGaCS9YADoK1E8VIFAjWCoY3E7/1wJTmsbyHUcL8iPQlDzklYKSufeDBgAHBV7jiRekp9oCkJ1277FSdKfAicXNSRjnqXfvL68U0jZgEKojWHddJwM+IAk4FG5e8VLOE0CHps46hkkRM+9n0+jE+NkoPh7EyJQFP1d8TGYm0HkWB6YwIDPS8NxH/8zophJd+xmWSApN0tihMBYYYT6LAPa4YBTEyhFDFza2YDogiFExgJROCO//yImmeVV2n6t6dl2vXeRxFdIiOUAW56ALV0C2qowai6BE9o1f0Zj1ZL9a79TFrLVj5zD76A+vzB2iqk+M=</latexit><latexit sha1_base64="++iIevPyLyKShI2aqTaXpmAZYQA=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxCBSmJCLoRim5cVrAPaEKZTCft0MkkzNwINRR/xY0LRdz6H+78G6dtFtp64MLhnHu5954gEVyD43xbhaXlldW14nppY3Nre8fe3WvqOFWUNWgsYtUOiGaCS9YADoK1E8VIFAjWCoY3E7/1wJTmsbyHUcL8iPQlDzklYKSufeDBgAHBV7jiRekp9oCkJ1277FSdKfAicXNSRjnqXfvL68U0jZgEKojWHddJwM+IAk4FG5e8VLOE0CHps46hkkRM+9n0+jE+NkoPh7EyJQFP1d8TGYm0HkWB6YwIDPS8NxH/8zophJd+xmWSApN0tihMBYYYT6LAPa4YBTEyhFDFza2YDogiFExgJROCO//yImmeVV2n6t6dl2vXeRxFdIiOUAW56ALV0C2qowai6BE9o1f0Zj1ZL9a79TFrLVj5zD76A+vzB2iqk+M=</latexit><latexit sha1_base64="++iIevPyLyKShI2aqTaXpmAZYQA=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxCBSmJCLoRim5cVrAPaEKZTCft0MkkzNwINRR/xY0LRdz6H+78G6dtFtp64MLhnHu5954gEVyD43xbhaXlldW14nppY3Nre8fe3WvqOFWUNWgsYtUOiGaCS9YADoK1E8VIFAjWCoY3E7/1wJTmsbyHUcL8iPQlDzklYKSufeDBgAHBV7jiRekp9oCkJ1277FSdKfAicXNSRjnqXfvL68U0jZgEKojWHddJwM+IAk4FG5e8VLOE0CHps46hkkRM+9n0+jE+NkoPh7EyJQFP1d8TGYm0HkWB6YwIDPS8NxH/8zophJd+xmWSApN0tihMBYYYT6LAPa4YBTEyhFDFza2YDogiFExgJROCO//yImmeVV2n6t6dl2vXeRxFdIiOUAW56ALV0C2qowai6BE9o1f0Zj1ZL9a79TFrLVj5zD76A+vzB2iqk+M=</latexit>



Midge wing length

[Hoff 2009; Grogan, Wirth 1981; MacKay 2003; Bishop 2006]

y = (y1, . . . , yN )

• Exercise: check 
• MFVB approximation: 

• Coordinate descent (derivation shortly)

• Iterate:

[Bishop 2006, Sec 10.1.3]

“variational 
parameters”

[CSIRO 2004]
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p(y|✓) : yn
iid⇠ N (µ, ⌧�1), n = 1, . . . , N

<latexit sha1_base64="YYUBclHMQx5jXNmS1VsgXIw2rq0="></latexit><latexit sha1_base64="YYUBclHMQx5jXNmS1VsgXIw2rq0="></latexit><latexit sha1_base64="YYUBclHMQx5jXNmS1VsgXIw2rq0="></latexit><latexit sha1_base64="YYUBclHMQx5jXNmS1VsgXIw2rq0="></latexit>

p(✓) : ⌧ ⇠ Gamma(a0, b0)

µ|⌧ ⇠ N (µ0, (⇢0⌧)
�1)

<latexit sha1_base64="2IIKVjWnmhoi7b6/s+jcugQcRkI="></latexit><latexit sha1_base64="2IIKVjWnmhoi7b6/s+jcugQcRkI="></latexit><latexit sha1_base64="2IIKVjWnmhoi7b6/s+jcugQcRkI="></latexit><latexit sha1_base64="2IIKVjWnmhoi7b6/s+jcugQcRkI="></latexit>

p(µ, ⌧ |y) 6= f1(µ, y)f2(⌧, y)
<latexit sha1_base64="BGtAmdvuwzKWGdnUKqZwqzjrxIw=">AAACFnicbVDLSsNAFJ34rPUVdelmsAgVtCRF0GXRjcsK9gFNCZPppB06mYR5CCH2K9z4K25cKOJW3Pk3TtostPXAwLnn3Mude4KEUakc59taWl5ZXVsvbZQ3t7Z3du29/baMtcCkhWMWi26AJGGUk5aiipFuIgiKAkY6wfg69zv3REga8zuVJqQfoSGnIcVIGcm3z5KqF+lT6Cmk4QNMT6DHCQx9dyabOvTr1dzNC9+uODVnCrhI3IJUQIGmb395gxjriHCFGZKy5zqJ6mdIKIoZmZQ9LUmC8BgNSc9QjiIi+9n0rAk8NsoAhrEwjys4VX9PZCiSMo0C0xkhNZLzXi7+5/W0Ci/7GeWJVoTj2aJQM6himGcEB1QQrFhqCMKCmr9CPEICYWWSLJsQ3PmTF0m7XnOdmnt7XmlcFXGUwCE4AlXgggvQADegCVoAg0fwDF7Bm/VkvVjv1sesdckqZg7AH1ifPwLUnB8=</latexit><latexit sha1_base64="BGtAmdvuwzKWGdnUKqZwqzjrxIw=">AAACFnicbVDLSsNAFJ34rPUVdelmsAgVtCRF0GXRjcsK9gFNCZPppB06mYR5CCH2K9z4K25cKOJW3Pk3TtostPXAwLnn3Mude4KEUakc59taWl5ZXVsvbZQ3t7Z3du29/baMtcCkhWMWi26AJGGUk5aiipFuIgiKAkY6wfg69zv3REga8zuVJqQfoSGnIcVIGcm3z5KqF+lT6Cmk4QNMT6DHCQx9dyabOvTr1dzNC9+uODVnCrhI3IJUQIGmb395gxjriHCFGZKy5zqJ6mdIKIoZmZQ9LUmC8BgNSc9QjiIi+9n0rAk8NsoAhrEwjys4VX9PZCiSMo0C0xkhNZLzXi7+5/W0Ci/7GeWJVoTj2aJQM6himGcEB1QQrFhqCMKCmr9CPEICYWWSLJsQ3PmTF0m7XnOdmnt7XmlcFXGUwCE4AlXgggvQADegCVoAg0fwDF7Bm/VkvVjv1sesdckqZg7AH1ifPwLUnB8=</latexit><latexit sha1_base64="BGtAmdvuwzKWGdnUKqZwqzjrxIw=">AAACFnicbVDLSsNAFJ34rPUVdelmsAgVtCRF0GXRjcsK9gFNCZPppB06mYR5CCH2K9z4K25cKOJW3Pk3TtostPXAwLnn3Mude4KEUakc59taWl5ZXVsvbZQ3t7Z3du29/baMtcCkhWMWi26AJGGUk5aiipFuIgiKAkY6wfg69zv3REga8zuVJqQfoSGnIcVIGcm3z5KqF+lT6Cmk4QNMT6DHCQx9dyabOvTr1dzNC9+uODVnCrhI3IJUQIGmb395gxjriHCFGZKy5zqJ6mdIKIoZmZQ9LUmC8BgNSc9QjiIi+9n0rAk8NsoAhrEwjys4VX9PZCiSMo0C0xkhNZLzXi7+5/W0Ci/7GeWJVoTj2aJQM6himGcEB1QQrFhqCMKCmr9CPEICYWWSLJsQ3PmTF0m7XnOdmnt7XmlcFXGUwCE4AlXgggvQADegCVoAg0fwDF7Bm/VkvVjv1sesdckqZg7AH1ifPwLUnB8=</latexit><latexit sha1_base64="BGtAmdvuwzKWGdnUKqZwqzjrxIw=">AAACFnicbVDLSsNAFJ34rPUVdelmsAgVtCRF0GXRjcsK9gFNCZPppB06mYR5CCH2K9z4K25cKOJW3Pk3TtostPXAwLnn3Mude4KEUakc59taWl5ZXVsvbZQ3t7Z3du29/baMtcCkhWMWi26AJGGUk5aiipFuIgiKAkY6wfg69zv3REga8zuVJqQfoSGnIcVIGcm3z5KqF+lT6Cmk4QNMT6DHCQx9dyabOvTr1dzNC9+uODVnCrhI3IJUQIGmb395gxjriHCFGZKy5zqJ6mdIKIoZmZQ9LUmC8BgNSc9QjiIi+9n0rAk8NsoAhrEwjys4VX9PZCiSMo0C0xkhNZLzXi7+5/W0Ci/7GeWJVoTj2aJQM6himGcEB1QQrFhqCMKCmr9CPEICYWWSLJsQ3PmTF0m7XnOdmnt7XmlcFXGUwCE4AlXgggvQADegCVoAg0fwDF7Bm/VkvVjv1sesdckqZg7AH1ifPwLUnB8=</latexit>

q⇤(µ, ⌧) = q⇤µ(µ)q
⇤
⌧ (⌧) = argminq2QMFVB

KL(q(·)||p(·|y))
<latexit sha1_base64="EjbPe+a6jAvG5fJj+OiuyElmzjQ="></latexit><latexit sha1_base64="EjbPe+a6jAvG5fJj+OiuyElmzjQ="></latexit><latexit sha1_base64="EjbPe+a6jAvG5fJj+OiuyElmzjQ="></latexit><latexit sha1_base64="EjbPe+a6jAvG5fJj+OiuyElmzjQ="></latexit>

q⇤µ(µ) = N (µ|µN , ⇢�1
N )

<latexit sha1_base64="4+kSBkN0ExNAxa5H3Qt/eTwBXa4="></latexit><latexit sha1_base64="4+kSBkN0ExNAxa5H3Qt/eTwBXa4="></latexit><latexit sha1_base64="4+kSBkN0ExNAxa5H3Qt/eTwBXa4="></latexit><latexit sha1_base64="4+kSBkN0ExNAxa5H3Qt/eTwBXa4="></latexit>

q⇤⌧ (⌧) = Gamma(⌧ |aN , bN )
<latexit sha1_base64="lT8R1rbDI/P+Ize3QzsQJiIkVl0=">AAACGXicbZBNSwMxEIazftb6VfXoJVgEK1J2RdCLUPSgJ1GwrdDWZTZNNTTZXZNZsaz9G178K148KOJRT/4b04+DVl8IPLwzw2TeIJbCoOt+OWPjE5NT05mZ7Ozc/MJibmm5YqJEM15mkYz0RQCGSxHyMgqU/CLWHFQgeTVoH/bq1VuujYjCc+zEvKHgKhQtwQCt5efcG7+OkFymm92NHhToPq0jv0Ot0iNQCgb2PfgnWzTwTwp+Lu8W3b7oX/CGkCdDnfq5j3ozYoniITIJxtQ8N8ZGChoFk7ybrSeGx8DacMVrFkNQ3DTS/mVdum6dJm1F2r4Qad/9OZGCMqajAtupAK/NaK1n/lerJdjaa6QijBPkIRssaiWSYkR7MdGm0Jyh7FgApoX9K2XXoIGhDTNrQ/BGT/4Lle2i5xa9s5186WAYR4askjWyQTyyS0rkmJySMmHkgTyRF/LqPDrPzpvzPmgdc4YzK+SXnM9vD6ufrA==</latexit><latexit sha1_base64="lT8R1rbDI/P+Ize3QzsQJiIkVl0=">AAACGXicbZBNSwMxEIazftb6VfXoJVgEK1J2RdCLUPSgJ1GwrdDWZTZNNTTZXZNZsaz9G178K148KOJRT/4b04+DVl8IPLwzw2TeIJbCoOt+OWPjE5NT05mZ7Ozc/MJibmm5YqJEM15mkYz0RQCGSxHyMgqU/CLWHFQgeTVoH/bq1VuujYjCc+zEvKHgKhQtwQCt5efcG7+OkFymm92NHhToPq0jv0Ot0iNQCgb2PfgnWzTwTwp+Lu8W3b7oX/CGkCdDnfq5j3ozYoniITIJxtQ8N8ZGChoFk7ybrSeGx8DacMVrFkNQ3DTS/mVdum6dJm1F2r4Qad/9OZGCMqajAtupAK/NaK1n/lerJdjaa6QijBPkIRssaiWSYkR7MdGm0Jyh7FgApoX9K2XXoIGhDTNrQ/BGT/4Lle2i5xa9s5186WAYR4askjWyQTyyS0rkmJySMmHkgTyRF/LqPDrPzpvzPmgdc4YzK+SXnM9vD6ufrA==</latexit><latexit sha1_base64="lT8R1rbDI/P+Ize3QzsQJiIkVl0=">AAACGXicbZBNSwMxEIazftb6VfXoJVgEK1J2RdCLUPSgJ1GwrdDWZTZNNTTZXZNZsaz9G178K148KOJRT/4b04+DVl8IPLwzw2TeIJbCoOt+OWPjE5NT05mZ7Ozc/MJibmm5YqJEM15mkYz0RQCGSxHyMgqU/CLWHFQgeTVoH/bq1VuujYjCc+zEvKHgKhQtwQCt5efcG7+OkFymm92NHhToPq0jv0Ot0iNQCgb2PfgnWzTwTwp+Lu8W3b7oX/CGkCdDnfq5j3ozYoniITIJxtQ8N8ZGChoFk7ybrSeGx8DacMVrFkNQ3DTS/mVdum6dJm1F2r4Qad/9OZGCMqajAtupAK/NaK1n/lerJdjaa6QijBPkIRssaiWSYkR7MdGm0Jyh7FgApoX9K2XXoIGhDTNrQ/BGT/4Lle2i5xa9s5186WAYR4askjWyQTyyS0rkmJySMmHkgTyRF/LqPDrPzpvzPmgdc4YzK+SXnM9vD6ufrA==</latexit><latexit sha1_base64="lT8R1rbDI/P+Ize3QzsQJiIkVl0=">AAACGXicbZBNSwMxEIazftb6VfXoJVgEK1J2RdCLUPSgJ1GwrdDWZTZNNTTZXZNZsaz9G178K148KOJRT/4b04+DVl8IPLwzw2TeIJbCoOt+OWPjE5NT05mZ7Ozc/MJibmm5YqJEM15mkYz0RQCGSxHyMgqU/CLWHFQgeTVoH/bq1VuujYjCc+zEvKHgKhQtwQCt5efcG7+OkFymm92NHhToPq0jv0Ot0iNQCgb2PfgnWzTwTwp+Lu8W3b7oX/CGkCdDnfq5j3ozYoniITIJxtQ8N8ZGChoFk7ybrSeGx8DacMVrFkNQ3DTS/mVdum6dJm1F2r4Qad/9OZGCMqajAtupAK/NaK1n/lerJdjaa6QijBPkIRssaiWSYkR7MdGm0Jyh7FgApoX9K2XXoIGhDTNrQ/BGT/4Lle2i5xa9s5186WAYR4askjWyQTyyS0rkmJySMmHkgTyRF/LqPDrPzpvzPmgdc4YzK+SXnM9vD6ufrA==</latexit>

(µN , ⇢N ) = f(aN , bN )
<latexit sha1_base64="gTLitSl51BZXw5HjkrvNrXm9Kgk=">AAACBnicbVDLSgMxFM3UV62vUZciBItQQcqMCLoRim5clQr2AZ1hyKSZNjTJDElGKKUrN/6KGxeKuPUb3Pk3ZtpZaOuBCyfn3EvuPWHCqNKO820VlpZXVteK66WNza3tHXt3r6XiVGLSxDGLZSdEijAqSFNTzUgnkQTxkJF2OLzJ/PYDkYrG4l6PEuJz1Bc0ohhpIwX2YcXjaVA/hZ4cxEH9BF7BqIIyITSvwC47VWcKuEjcnJRBjkZgf3m9GKecCI0ZUqrrOon2x0hqihmZlLxUkQThIeqTrqECcaL88fSMCTw2Sg9GsTQlNJyqvyfGiCs14qHp5EgP1LyXif953VRHl/6YiiTVRODZR1HKoI5hlgnsUUmwZiNDEJbU7ArxAEmEtUmuZEJw509eJK2zqutU3bvzcu06j6MIDsARqAAXXIAauAUN0AQYPIJn8ArerCfrxXq3PmatBSuf2Qd/YH3+AAdLlkQ=</latexit><latexit sha1_base64="gTLitSl51BZXw5HjkrvNrXm9Kgk=">AAACBnicbVDLSgMxFM3UV62vUZciBItQQcqMCLoRim5clQr2AZ1hyKSZNjTJDElGKKUrN/6KGxeKuPUb3Pk3ZtpZaOuBCyfn3EvuPWHCqNKO820VlpZXVteK66WNza3tHXt3r6XiVGLSxDGLZSdEijAqSFNTzUgnkQTxkJF2OLzJ/PYDkYrG4l6PEuJz1Bc0ohhpIwX2YcXjaVA/hZ4cxEH9BF7BqIIyITSvwC47VWcKuEjcnJRBjkZgf3m9GKecCI0ZUqrrOon2x0hqihmZlLxUkQThIeqTrqECcaL88fSMCTw2Sg9GsTQlNJyqvyfGiCs14qHp5EgP1LyXif953VRHl/6YiiTVRODZR1HKoI5hlgnsUUmwZiNDEJbU7ArxAEmEtUmuZEJw509eJK2zqutU3bvzcu06j6MIDsARqAAXXIAauAUN0AQYPIJn8ArerCfrxXq3PmatBSuf2Qd/YH3+AAdLlkQ=</latexit><latexit sha1_base64="gTLitSl51BZXw5HjkrvNrXm9Kgk=">AAACBnicbVDLSgMxFM3UV62vUZciBItQQcqMCLoRim5clQr2AZ1hyKSZNjTJDElGKKUrN/6KGxeKuPUb3Pk3ZtpZaOuBCyfn3EvuPWHCqNKO820VlpZXVteK66WNza3tHXt3r6XiVGLSxDGLZSdEijAqSFNTzUgnkQTxkJF2OLzJ/PYDkYrG4l6PEuJz1Bc0ohhpIwX2YcXjaVA/hZ4cxEH9BF7BqIIyITSvwC47VWcKuEjcnJRBjkZgf3m9GKecCI0ZUqrrOon2x0hqihmZlLxUkQThIeqTrqECcaL88fSMCTw2Sg9GsTQlNJyqvyfGiCs14qHp5EgP1LyXif953VRHl/6YiiTVRODZR1HKoI5hlgnsUUmwZiNDEJbU7ArxAEmEtUmuZEJw509eJK2zqutU3bvzcu06j6MIDsARqAAXXIAauAUN0AQYPIJn8ArerCfrxXq3PmatBSuf2Qd/YH3+AAdLlkQ=</latexit><latexit sha1_base64="gTLitSl51BZXw5HjkrvNrXm9Kgk=">AAACBnicbVDLSgMxFM3UV62vUZciBItQQcqMCLoRim5clQr2AZ1hyKSZNjTJDElGKKUrN/6KGxeKuPUb3Pk3ZtpZaOuBCyfn3EvuPWHCqNKO820VlpZXVteK66WNza3tHXt3r6XiVGLSxDGLZSdEijAqSFNTzUgnkQTxkJF2OLzJ/PYDkYrG4l6PEuJz1Bc0ohhpIwX2YcXjaVA/hZ4cxEH9BF7BqIIyITSvwC47VWcKuEjcnJRBjkZgf3m9GKecCI0ZUqrrOon2x0hqihmZlLxUkQThIeqTrqECcaL88fSMCTw2Sg9GsTQlNJyqvyfGiCs14qHp5EgP1LyXif953VRHl/6YiiTVRODZR1HKoI5hlgnsUUmwZiNDEJbU7ArxAEmEtUmuZEJw509eJK2zqutU3bvzcu06j6MIDsARqAAXXIAauAUN0AQYPIJn8ArerCfrxXq3PmatBSuf2Qd/YH3+AAdLlkQ=</latexit>

(aN , bN ) = g(µN , ⇢N )
<latexit sha1_base64="kst4Dcenrr3T4EWDqRdSRORYq04=">AAACBnicbVDLSgMxFM3UV62vUZciBItQQcqMCLoRim5clQr2AZ1hyKRpG5pMhiQjlKErN/6KGxeKuPUb3Pk3ZtpZaOuBCyfn3EvuPWHMqNKO820VlpZXVteK66WNza3tHXt3r6VEIjFpYsGE7IRIEUYj0tRUM9KJJUE8ZKQdjm4yv/1ApKIiutfjmPgcDSLapxhpIwX2YQUF9VMYBvUTeAUHFY8n2duTQ2GkwC47VWcKuEjcnJRBjkZgf3k9gRNOIo0ZUqrrOrH2UyQ1xYxMSl6iSIzwCA1I19AIcaL8dHrGBB4bpQf7QpqKNJyqvydSxJUa89B0cqSHat7LxP+8bqL7l35KozjRJMKzj/oJg1rALBPYo5JgzcaGICyp2RXiIZIIa5NcyYTgzp+8SFpnVdepunfn5dp1HkcRHIAjUAEuuAA1cAsaoAkweATP4BW8WU/Wi/VufcxaC1Y+sw/+wPr8Af0glkU=</latexit><latexit sha1_base64="kst4Dcenrr3T4EWDqRdSRORYq04=">AAACBnicbVDLSgMxFM3UV62vUZciBItQQcqMCLoRim5clQr2AZ1hyKRpG5pMhiQjlKErN/6KGxeKuPUb3Pk3ZtpZaOuBCyfn3EvuPWHMqNKO820VlpZXVteK66WNza3tHXt3r6VEIjFpYsGE7IRIEUYj0tRUM9KJJUE8ZKQdjm4yv/1ApKIiutfjmPgcDSLapxhpIwX2YQUF9VMYBvUTeAUHFY8n2duTQ2GkwC47VWcKuEjcnJRBjkZgf3k9gRNOIo0ZUqrrOrH2UyQ1xYxMSl6iSIzwCA1I19AIcaL8dHrGBB4bpQf7QpqKNJyqvydSxJUa89B0cqSHat7LxP+8bqL7l35KozjRJMKzj/oJg1rALBPYo5JgzcaGICyp2RXiIZIIa5NcyYTgzp+8SFpnVdepunfn5dp1HkcRHIAjUAEuuAA1cAsaoAkweATP4BW8WU/Wi/VufcxaC1Y+sw/+wPr8Af0glkU=</latexit><latexit sha1_base64="kst4Dcenrr3T4EWDqRdSRORYq04=">AAACBnicbVDLSgMxFM3UV62vUZciBItQQcqMCLoRim5clQr2AZ1hyKRpG5pMhiQjlKErN/6KGxeKuPUb3Pk3ZtpZaOuBCyfn3EvuPWHMqNKO820VlpZXVteK66WNza3tHXt3r6VEIjFpYsGE7IRIEUYj0tRUM9KJJUE8ZKQdjm4yv/1ApKIiutfjmPgcDSLapxhpIwX2YQUF9VMYBvUTeAUHFY8n2duTQ2GkwC47VWcKuEjcnJRBjkZgf3k9gRNOIo0ZUqrrOrH2UyQ1xYxMSl6iSIzwCA1I19AIcaL8dHrGBB4bpQf7QpqKNJyqvydSxJUa89B0cqSHat7LxP+8bqL7l35KozjRJMKzj/oJg1rALBPYo5JgzcaGICyp2RXiIZIIa5NcyYTgzp+8SFpnVdepunfn5dp1HkcRHIAjUAEuuAA1cAsaoAkweATP4BW8WU/Wi/VufcxaC1Y+sw/+wPr8Af0glkU=</latexit><latexit sha1_base64="kst4Dcenrr3T4EWDqRdSRORYq04=">AAACBnicbVDLSgMxFM3UV62vUZciBItQQcqMCLoRim5clQr2AZ1hyKRpG5pMhiQjlKErN/6KGxeKuPUb3Pk3ZtpZaOuBCyfn3EvuPWHMqNKO820VlpZXVteK66WNza3tHXt3r6VEIjFpYsGE7IRIEUYj0tRUM9KJJUE8ZKQdjm4yv/1ApKIiutfjmPgcDSLapxhpIwX2YQUF9VMYBvUTeAUHFY8n2duTQ2GkwC47VWcKuEjcnJRBjkZgf3k9gRNOIo0ZUqrrOrH2UyQ1xYxMSl6iSIzwCA1I19AIcaL8dHrGBB4bpQf7QpqKNJyqvydSxJUa89B0cqSHat7LxP+8bqL7l35KozjRJMKzj/oJg1rALBPYo5JgzcaGICyp2RXiIZIIa5NcyYTgzp+8SFpnVdepunfn5dp1HkcRHIAjUAEuuAA1cAsaoAkweATP4BW8WU/Wi/VufcxaC1Y+sw/+wPr8Af0glkU=</latexit>

• Catalogued midge wing lengths (mm) 
• Parameters of interest: population mean and precision 
• Model: ✓ = (µ, ⌧)
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Midge wing length

[Bishop 2006]
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Microcredit

11

MFVB: How will we know if it’s working?
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• Click-through conversion prediction 
• Q: Will a customer (e.g.) buy a product after clicking? 
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Criteo Online Ads Experiment
• Click-through conversion prediction 
• Q: Will a customer (e.g.) buy a product after clicking? 
• Q: How predictive of conversion are different features? 
• Logistic GLMM; N = 61,895 subset to compare to MCMC

[Giordano, Broderick, Meager, Huggins, Jordan 2016; Giordano, Broderick, Jordan 2017]11
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• MAP: 12 s 
• MFVB: 57 s

[Giordano, Broderick, Jordan 2017]
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Criteo Online Ads Experiment

• MAP: 12 s 
• MFVB: 57 s 
• MCMC (5K 

samples): 
21,066 s 
(5.85 h)

[Giordano, Broderick, Jordan 2017]MCMC
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Optimization 
q⇤ = argminq2Qf(q(·), p(·|y))

Variational Bayes 
q⇤ = argminq2QKL(q(·)||p(·|y))

Mean-field variational Bayes
q⇤ = argminq2QMFVB

KL(q(·)||p(·|y))

Use     to approximate
Approximate Bayesian inference

• Coordinate descent 
• Stochastic variational inference (SVI) 
• Automatic differentiation variational 

inference (ADVI) [Kucukelbir et al 2015, 2017]

[Hoffman et al 2013]
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