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• A Bayesian approach 
• What is a Gaussian process? 

• Popular version using a squared exponential kernel 
• Gaussian process inference 

• Prediction & uncertainty quantification 
• What are the limits? What can go wrong? 
• Bayesian optimization

• Goals: 
• Learn the mechanism behind standard GPs to 

identify benefits and pitfalls 
• Learn the skills to be responsible users of standard 

GPs (transferable to other ML/AI methods)
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k(x,x0) = E[(f(x)�m(x))(f(x0)�m(x0))]

<latexit sha1_base64="fTqNKoG3l1kiIy/4elDlM12lFJY=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1iEClISkeqy6EKXFewDmlAm00k7dGYSZiZCCcWNv+LGhSJu/Qp3/o2TNgttPXDhcM693HtPEDOqtON8W4Wl5ZXVteJ6aWNza3vH3t1rqSiRmDRxxCLZCZAijArS1FQz0oklQTxgpB2MrjO//UCkopG41+OY+BwNBA0pRtpIPfsghJ6iHHoc6SFGLL1pTCr8FI5OenbZqTpTwEXi5qQMcjR69pfXj3DCidCYIaW6rhNrP0VSU8zIpOQlisQIj9CAdA0ViBPlp9MXJvDYKH0YRtKU0HCq/p5IEVdqzAPTmV2q5r1M/M/rJjq89FMq4kQTgWeLwoRBHcEsD9inkmDNxoYgLKm5FeIhkghrk1rJhODOv7xIWmdVt1at3Z2X61d5HEVwCI5ABbjgAtTBLWiAJsDgETyDV/BmPVkv1rv1MWstWPnMPvgD6/MHedmWNQ==</latexit>

f ⇠ GP(m, k)
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x could be just about 
anything, but in this 

tutorial, we’ll assume it’s 
a real vector



• Definition: “A Gaussian process is a collection of random 
variables, any finite number of which have a joint Gaussian 
distribution.” 
• E.g. the function         is a collection indexed by input  

• It is specified by its mean function and covariance function: 

• Mean function  
• Covariance function (a.k.a. kernel)

Gaussian processes

[Rasmussen and Williams 2006; a much much older idea!]
<latexit sha1_base64="M2YGsAgX/3dR1ej75Upo3ceB1J0=">AAAB9HicbVDLSsNAFL2pr1pfVZduBotQNyURqS6LblxWsA9oQ5lMJ+3QySTOTIol9DvcuFDErR/jzr9xkmahrQcGDufcyz1zvIgzpW372yqsrW9sbhW3Szu7e/sH5cOjtgpjSWiLhDyUXQ8rypmgLc00p91IUhx4nHa8yW3qd6ZUKhaKBz2LqBvgkWA+I1gbyfWr/QDrsecnT/PzQbli1+wMaJU4OalAjuag/NUfhiQOqNCEY6V6jh1pN8FSM8LpvNSPFY0wmeAR7RkqcECVm2Sh5+jMKEPkh9I8oVGm/t5IcKDULPDMZBpRLXup+J/Xi7V/7SZMRLGmgiwO+TFHOkRpA2jIJCWazwzBRDKTFZExlpho01PJlOAsf3mVtC9qTr1Wv7+sNG7yOopwAqdQBQeuoAF30IQWEHiEZ3iFN2tqvVjv1sditGDlO8fwB9bnD4/rkfw=</latexit>

f(x) <latexit sha1_base64="FGxh4OzYwn2DCpnjFMkcdRbsJBc=">AAAB8XicbVDLSgMxFL3js9ZX1aWbYBFclRmR6rLoxmUF+8C2lEx6pw3NZIYkI5ahf+HGhSJu/Rt3/o2ZdhbaeiBwOOdecu7xY8G1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZQohg0WiUi1fapRcIkNw43AdqyQhr7Alj++yfzWIyrNI3lvJjH2QjqUPOCMGis9dENqRn6QPk37pbJbcWcgy8TLSRly1Pulr+4gYkmI0jBBte54bmx6KVWGM4HTYjfRGFM2pkPsWCppiLqXzhJPyalVBiSIlH3SkJn6eyOlodaT0LeTWUK96GXif14nMcFVL+UyTgxKNv8oSAQxEcnOJwOukBkxsYQyxW1WwkZUUWZsSUVbgrd48jJpnle8aqV6d1GuXed1FOAYTuAMPLiEGtxCHRrAQMIzvMKbo50X5935mI+uOPnOEfyB8/kDANqRJw==</latexit>x

<latexit sha1_base64="i1M01hBIfswSRnmnwqwcSgOMUHg=">AAACEnicbVDLSsNAFJ3UV62vqEs3g0VoNyURqW6EogguK9gHpKFMppN26GQSZiZiCfkGN/6KGxeKuHXlzr9x0mZRWw8MnDnnXu69x4sYlcqyfozCyura+kZxs7S1vbO7Z+4ftGUYC0xaOGSh6HpIEkY5aSmqGOlGgqDAY6Tjja8zv/NAhKQhv1eTiLgBGnLqU4yUlvpmNaj0AqRGnp88plV4CWc/L7lJHX/ecvtm2apZU8BlYuekDHI0++Z3bxDiOCBcYYakdGwrUm6ChKKYkbTUiyWJEB6jIXE05Sgg0k2mJ6XwRCsD6IdCP67gVJ3vSFAg5STwdGW2o1z0MvE/z4mVf+EmlEexIhzPBvkxgyqEWT5wQAXBik00QVhQvSvEIyQQVjrFkg7BXjx5mbRPa3a9Vr87Kzeu8jiK4AgcgwqwwTlogFvQBC2AwRN4AW/g3Xg2Xo0P43NWWjDynkPwB8bXL6U4nX0=</latexit>

m(x) = E[f(x)]

<latexit sha1_base64="JL58p7hNSv+lt7czxxgewJj7QJQ=">AAACUXicbVHLSgMxFL0dX7X1UXXpJlikHdAyI1LdCEURXFawD2iHkkkzbWjmQZIRy9BfdKEr/8ONC8X0AfbhhcC555xLbk7ciDOpLOsjZaytb2xupbcz2Z3dvf3cwWFdhrEgtEZCHoqmiyXlLKA1xRSnzUhQ7LucNtzB3VhvPFMhWRg8qWFEHR/3AuYxgpWmOrn+oNj2seq7XvIyOvuDBRPdoGnrJvejVtGb85noHPnzvbkgF5b1gmk6nVzeKlmTQqvAnoE8zKrayb21uyGJfRoowrGULduKlJNgoRjhdJRpx5JGmAxwj7Y0DLBPpZNMEhmhU810kRcKfQKFJuz8RIJ9KYe+q53jLeWyNib/01qx8q6dhAVRrGhAphd5MUcqRON4UZcJShQfaoCJYHpXRPpYYKL0J2R0CPbyk1dB/aJkl0vlx8t85XYWRxqO4QSKYMMVVOABqlADAq/wCd/wk3pPfRlgGFOrkZrNHMFCGdlfOWCyPA==</latexit>

k(x,x0) = E[(f(x)�m(x))(f(x0)�m(x0))]

• A common default (e.g. in software) is 
<latexit sha1_base64="Kdtji+eh2iUylLTT0oGcGq11RwE=">AAAB+nicbVDLSgMxFL1TX7W+prp0EyxC3ZQZkepGKLpxWcE+oC0lk2ba0ExmSDJqGfspblwo4tYvceffmGlnoa0HAodz7uWeHC/iTGnH+bZyK6tr6xv5zcLW9s7unl3cb6owloQ2SMhD2fawopwJ2tBMc9qOJMWBx2nLG1+nfuueSsVCcacnEe0FeCiYzwjWRurbxaDcDbAeeX7yOD1Bl8jp2yWn4syAlombkRJkqPftr+4gJHFAhSYcK9VxnUj3Eiw1I5xOC91Y0QiTMR7SjqECB1T1kln0KTo2ygD5oTRPaDRTf28kOFBqEnhmMo2pFr1U/M/rxNq/6CVMRLGmgswP+TFHOkRpD2jAJCWaTwzBRDKTFZERlpho01bBlOAufnmZNE8rbrVSvT0r1a6yOvJwCEdQBhfOoQY3UIcGEHiAZ3iFN+vJerHerY/5aM7Kdg7gD6zPH8IGkwk=</latexit>

m(x) = 0

<latexit sha1_base64="fTqNKoG3l1kiIy/4elDlM12lFJY=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1iEClISkeqy6EKXFewDmlAm00k7dGYSZiZCCcWNv+LGhSJu/Qp3/o2TNgttPXDhcM693HtPEDOqtON8W4Wl5ZXVteJ6aWNza3vH3t1rqSiRmDRxxCLZCZAijArS1FQz0oklQTxgpB2MrjO//UCkopG41+OY+BwNBA0pRtpIPfsghJ6iHHoc6SFGLL1pTCr8FI5OenbZqTpTwEXi5qQMcjR69pfXj3DCidCYIaW6rhNrP0VSU8zIpOQlisQIj9CAdA0ViBPlp9MXJvDYKH0YRtKU0HCq/p5IEVdqzAPTmV2q5r1M/M/rJjq89FMq4kQTgWeLwoRBHcEsD9inkmDNxoYgLKm5FeIhkghrk1rJhODOv7xIWmdVt1at3Z2X61d5HEVwCI5ABbjgAtTBLWiAJsDgETyDV/BmPVkv1rv1MWstWPnMPvgD6/MHedmWNQ==</latexit>

f ⇠ GP(m, k)

10

x could be just about 
anything, but in this 

tutorial, we’ll assume it’s 
a real vector



• Definition: “A Gaussian process is a collection of random 
variables, any finite number of which have a joint Gaussian 
distribution.” 
• E.g. the function         is a collection indexed by input  

• It is specified by its mean function and covariance function: 

• Mean function  
• Covariance function (a.k.a. kernel)

Gaussian processes

[Rasmussen and Williams 2006; a much much older idea!]
<latexit sha1_base64="M2YGsAgX/3dR1ej75Upo3ceB1J0=">AAAB9HicbVDLSsNAFL2pr1pfVZduBotQNyURqS6LblxWsA9oQ5lMJ+3QySTOTIol9DvcuFDErR/jzr9xkmahrQcGDufcyz1zvIgzpW372yqsrW9sbhW3Szu7e/sH5cOjtgpjSWiLhDyUXQ8rypmgLc00p91IUhx4nHa8yW3qd6ZUKhaKBz2LqBvgkWA+I1gbyfWr/QDrsecnT/PzQbli1+wMaJU4OalAjuag/NUfhiQOqNCEY6V6jh1pN8FSM8LpvNSPFY0wmeAR7RkqcECVm2Sh5+jMKEPkh9I8oVGm/t5IcKDULPDMZBpRLXup+J/Xi7V/7SZMRLGmgiwO+TFHOkRpA2jIJCWazwzBRDKTFZExlpho01PJlOAsf3mVtC9qTr1Wv7+sNG7yOopwAqdQBQeuoAF30IQWEHiEZ3iFN2tqvVjv1sditGDlO8fwB9bnD4/rkfw=</latexit>

f(x) <latexit sha1_base64="FGxh4OzYwn2DCpnjFMkcdRbsJBc=">AAAB8XicbVDLSgMxFL3js9ZX1aWbYBFclRmR6rLoxmUF+8C2lEx6pw3NZIYkI5ahf+HGhSJu/Rt3/o2ZdhbaeiBwOOdecu7xY8G1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZQohg0WiUi1fapRcIkNw43AdqyQhr7Alj++yfzWIyrNI3lvJjH2QjqUPOCMGis9dENqRn6QPk37pbJbcWcgy8TLSRly1Pulr+4gYkmI0jBBte54bmx6KVWGM4HTYjfRGFM2pkPsWCppiLqXzhJPyalVBiSIlH3SkJn6eyOlodaT0LeTWUK96GXif14nMcFVL+UyTgxKNv8oSAQxEcnOJwOukBkxsYQyxW1WwkZUUWZsSUVbgrd48jJpnle8aqV6d1GuXed1FOAYTuAMPLiEGtxCHRrAQMIzvMKbo50X5935mI+uOPnOEfyB8/kDANqRJw==</latexit>x

<latexit sha1_base64="i1M01hBIfswSRnmnwqwcSgOMUHg=">AAACEnicbVDLSsNAFJ3UV62vqEs3g0VoNyURqW6EogguK9gHpKFMppN26GQSZiZiCfkGN/6KGxeKuHXlzr9x0mZRWw8MnDnnXu69x4sYlcqyfozCyura+kZxs7S1vbO7Z+4ftGUYC0xaOGSh6HpIEkY5aSmqGOlGgqDAY6Tjja8zv/NAhKQhv1eTiLgBGnLqU4yUlvpmNaj0AqRGnp88plV4CWc/L7lJHX/ecvtm2apZU8BlYuekDHI0++Z3bxDiOCBcYYakdGwrUm6ChKKYkbTUiyWJEB6jIXE05Sgg0k2mJ6XwRCsD6IdCP67gVJ3vSFAg5STwdGW2o1z0MvE/z4mVf+EmlEexIhzPBvkxgyqEWT5wQAXBik00QVhQvSvEIyQQVjrFkg7BXjx5mbRPa3a9Vr87Kzeu8jiK4AgcgwqwwTlogFvQBC2AwRN4AW/g3Xg2Xo0P43NWWjDynkPwB8bXL6U4nX0=</latexit>

m(x) = E[f(x)]

<latexit sha1_base64="JL58p7hNSv+lt7czxxgewJj7QJQ=">AAACUXicbVHLSgMxFL0dX7X1UXXpJlikHdAyI1LdCEURXFawD2iHkkkzbWjmQZIRy9BfdKEr/8ONC8X0AfbhhcC555xLbk7ciDOpLOsjZaytb2xupbcz2Z3dvf3cwWFdhrEgtEZCHoqmiyXlLKA1xRSnzUhQ7LucNtzB3VhvPFMhWRg8qWFEHR/3AuYxgpWmOrn+oNj2seq7XvIyOvuDBRPdoGnrJvejVtGb85noHPnzvbkgF5b1gmk6nVzeKlmTQqvAnoE8zKrayb21uyGJfRoowrGULduKlJNgoRjhdJRpx5JGmAxwj7Y0DLBPpZNMEhmhU810kRcKfQKFJuz8RIJ9KYe+q53jLeWyNib/01qx8q6dhAVRrGhAphd5MUcqRON4UZcJShQfaoCJYHpXRPpYYKL0J2R0CPbyk1dB/aJkl0vlx8t85XYWRxqO4QSKYMMVVOABqlADAq/wCd/wk3pPfRlgGFOrkZrNHMFCGdlfOWCyPA==</latexit>

k(x,x0) = E[(f(x)�m(x))(f(x0)�m(x0))]

• A common default (e.g. in software) is   
• One very commonly used covariance function is the 

squared exponential or radial basis function (RBF)

<latexit sha1_base64="Kdtji+eh2iUylLTT0oGcGq11RwE=">AAAB+nicbVDLSgMxFL1TX7W+prp0EyxC3ZQZkepGKLpxWcE+oC0lk2ba0ExmSDJqGfspblwo4tYvceffmGlnoa0HAodz7uWeHC/iTGnH+bZyK6tr6xv5zcLW9s7unl3cb6owloQ2SMhD2fawopwJ2tBMc9qOJMWBx2nLG1+nfuueSsVCcacnEe0FeCiYzwjWRurbxaDcDbAeeX7yOD1Bl8jp2yWn4syAlombkRJkqPftr+4gJHFAhSYcK9VxnUj3Eiw1I5xOC91Y0QiTMR7SjqECB1T1kln0KTo2ygD5oTRPaDRTf28kOFBqEnhmMo2pFr1U/M/rxNq/6CVMRLGmgswP+TFHOkRpD2jAJCWaTwzBRDKTFZERlpho01bBlOAufnmZNE8rbrVSvT0r1a6yOvJwCEdQBhfOoQY3UIcGEHiAZ3iFN+vJerHerY/5aM7Kdg7gD6zPH8IGkwk=</latexit>

m(x) = 0

<latexit sha1_base64="fTqNKoG3l1kiIy/4elDlM12lFJY=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1iEClISkeqy6EKXFewDmlAm00k7dGYSZiZCCcWNv+LGhSJu/Qp3/o2TNgttPXDhcM693HtPEDOqtON8W4Wl5ZXVteJ6aWNza3vH3t1rqSiRmDRxxCLZCZAijArS1FQz0oklQTxgpB2MrjO//UCkopG41+OY+BwNBA0pRtpIPfsghJ6iHHoc6SFGLL1pTCr8FI5OenbZqTpTwEXi5qQMcjR69pfXj3DCidCYIaW6rhNrP0VSU8zIpOQlisQIj9CAdA0ViBPlp9MXJvDYKH0YRtKU0HCq/p5IEVdqzAPTmV2q5r1M/M/rJjq89FMq4kQTgWeLwoRBHcEsD9inkmDNxoYgLKm5FeIhkghrk1rJhODOv7xIWmdVt1at3Z2X61d5HEVwCI5ABbjgAtTBLWiAJsDgETyDV/BmPVkv1rv1MWstWPnMPvgD6/MHedmWNQ==</latexit>

f ⇠ GP(m, k)

10

x could be just about 
anything, but in this 

tutorial, we’ll assume it’s 
a real vector



• Definition: “A Gaussian process is a collection of random 
variables, any finite number of which have a joint Gaussian 
distribution.” 
• E.g. the function         is a collection indexed by input  

• It is specified by its mean function and covariance function: 

• Mean function  
• Covariance function (a.k.a. kernel)

Gaussian processes

[Rasmussen and Williams 2006; a much much older idea!]
<latexit sha1_base64="M2YGsAgX/3dR1ej75Upo3ceB1J0=">AAAB9HicbVDLSsNAFL2pr1pfVZduBotQNyURqS6LblxWsA9oQ5lMJ+3QySTOTIol9DvcuFDErR/jzr9xkmahrQcGDufcyz1zvIgzpW372yqsrW9sbhW3Szu7e/sH5cOjtgpjSWiLhDyUXQ8rypmgLc00p91IUhx4nHa8yW3qd6ZUKhaKBz2LqBvgkWA+I1gbyfWr/QDrsecnT/PzQbli1+wMaJU4OalAjuag/NUfhiQOqNCEY6V6jh1pN8FSM8LpvNSPFY0wmeAR7RkqcECVm2Sh5+jMKEPkh9I8oVGm/t5IcKDULPDMZBpRLXup+J/Xi7V/7SZMRLGmgiwO+TFHOkRpA2jIJCWazwzBRDKTFZExlpho01PJlOAsf3mVtC9qTr1Wv7+sNG7yOopwAqdQBQeuoAF30IQWEHiEZ3iFN2tqvVjv1sditGDlO8fwB9bnD4/rkfw=</latexit>

f(x) <latexit sha1_base64="FGxh4OzYwn2DCpnjFMkcdRbsJBc=">AAAB8XicbVDLSgMxFL3js9ZX1aWbYBFclRmR6rLoxmUF+8C2lEx6pw3NZIYkI5ahf+HGhSJu/Rt3/o2ZdhbaeiBwOOdecu7xY8G1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZQohg0WiUi1fapRcIkNw43AdqyQhr7Alj++yfzWIyrNI3lvJjH2QjqUPOCMGis9dENqRn6QPk37pbJbcWcgy8TLSRly1Pulr+4gYkmI0jBBte54bmx6KVWGM4HTYjfRGFM2pkPsWCppiLqXzhJPyalVBiSIlH3SkJn6eyOlodaT0LeTWUK96GXif14nMcFVL+UyTgxKNv8oSAQxEcnOJwOukBkxsYQyxW1WwkZUUWZsSUVbgrd48jJpnle8aqV6d1GuXed1FOAYTuAMPLiEGtxCHRrAQMIzvMKbo50X5935mI+uOPnOEfyB8/kDANqRJw==</latexit>x

<latexit sha1_base64="i1M01hBIfswSRnmnwqwcSgOMUHg=">AAACEnicbVDLSsNAFJ3UV62vqEs3g0VoNyURqW6EogguK9gHpKFMppN26GQSZiZiCfkGN/6KGxeKuHXlzr9x0mZRWw8MnDnnXu69x4sYlcqyfozCyura+kZxs7S1vbO7Z+4ftGUYC0xaOGSh6HpIEkY5aSmqGOlGgqDAY6Tjja8zv/NAhKQhv1eTiLgBGnLqU4yUlvpmNaj0AqRGnp88plV4CWc/L7lJHX/ecvtm2apZU8BlYuekDHI0++Z3bxDiOCBcYYakdGwrUm6ChKKYkbTUiyWJEB6jIXE05Sgg0k2mJ6XwRCsD6IdCP67gVJ3vSFAg5STwdGW2o1z0MvE/z4mVf+EmlEexIhzPBvkxgyqEWT5wQAXBik00QVhQvSvEIyQQVjrFkg7BXjx5mbRPa3a9Vr87Kzeu8jiK4AgcgwqwwTlogFvQBC2AwRN4AW/g3Xg2Xo0P43NWWjDynkPwB8bXL6U4nX0=</latexit>

m(x) = E[f(x)]

<latexit sha1_base64="JL58p7hNSv+lt7czxxgewJj7QJQ=">AAACUXicbVHLSgMxFL0dX7X1UXXpJlikHdAyI1LdCEURXFawD2iHkkkzbWjmQZIRy9BfdKEr/8ONC8X0AfbhhcC555xLbk7ciDOpLOsjZaytb2xupbcz2Z3dvf3cwWFdhrEgtEZCHoqmiyXlLKA1xRSnzUhQ7LucNtzB3VhvPFMhWRg8qWFEHR/3AuYxgpWmOrn+oNj2seq7XvIyOvuDBRPdoGnrJvejVtGb85noHPnzvbkgF5b1gmk6nVzeKlmTQqvAnoE8zKrayb21uyGJfRoowrGULduKlJNgoRjhdJRpx5JGmAxwj7Y0DLBPpZNMEhmhU810kRcKfQKFJuz8RIJ9KYe+q53jLeWyNib/01qx8q6dhAVRrGhAphd5MUcqRON4UZcJShQfaoCJYHpXRPpYYKL0J2R0CPbyk1dB/aJkl0vlx8t85XYWRxqO4QSKYMMVVOABqlADAq/wCd/wk3pPfRlgGFOrkZrNHMFCGdlfOWCyPA==</latexit>

k(x,x0) = E[(f(x)�m(x))(f(x0)�m(x0))]

• A common default (e.g. in software) is   
• One very commonly used covariance function is the 

squared exponential or radial basis function (RBF) 
• We’ll see a more general form later, but for now we’re 

using:

<latexit sha1_base64="Kdtji+eh2iUylLTT0oGcGq11RwE=">AAAB+nicbVDLSgMxFL1TX7W+prp0EyxC3ZQZkepGKLpxWcE+oC0lk2ba0ExmSDJqGfspblwo4tYvceffmGlnoa0HAodz7uWeHC/iTGnH+bZyK6tr6xv5zcLW9s7unl3cb6owloQ2SMhD2fawopwJ2tBMc9qOJMWBx2nLG1+nfuueSsVCcacnEe0FeCiYzwjWRurbxaDcDbAeeX7yOD1Bl8jp2yWn4syAlombkRJkqPftr+4gJHFAhSYcK9VxnUj3Eiw1I5xOC91Y0QiTMR7SjqECB1T1kln0KTo2ygD5oTRPaDRTf28kOFBqEnhmMo2pFr1U/M/rxNq/6CVMRLGmgswP+TFHOkRpD2jAJCWaTwzBRDKTFZERlpho01bBlOAufnmZNE8rbrVSvT0r1a6yOvJwCEdQBhfOoQY3UIcGEHiAZ3iFN+vJerHerY/5aM7Kdg7gD6zPH8IGkwk=</latexit>

m(x) = 0

<latexit sha1_base64="fTqNKoG3l1kiIy/4elDlM12lFJY=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1iEClISkeqy6EKXFewDmlAm00k7dGYSZiZCCcWNv+LGhSJu/Qp3/o2TNgttPXDhcM693HtPEDOqtON8W4Wl5ZXVteJ6aWNza3vH3t1rqSiRmDRxxCLZCZAijArS1FQz0oklQTxgpB2MrjO//UCkopG41+OY+BwNBA0pRtpIPfsghJ6iHHoc6SFGLL1pTCr8FI5OenbZqTpTwEXi5qQMcjR69pfXj3DCidCYIaW6rhNrP0VSU8zIpOQlisQIj9CAdA0ViBPlp9MXJvDYKH0YRtKU0HCq/p5IEVdqzAPTmV2q5r1M/M/rJjq89FMq4kQTgWeLwoRBHcEsD9inkmDNxoYgLKm5FeIhkghrk1rJhODOv7xIWmdVt1at3Z2X61d5HEVwCI5ABbjgAtTBLWiAJsDgETyDV/BmPVkv1rv1MWstWPnMPvgD6/MHedmWNQ==</latexit>

f ⇠ GP(m, k)

10

x could be just about 
anything, but in this 

tutorial, we’ll assume it’s 
a real vector

<latexit sha1_base64="Z3fGqqt23OHZrHVhImxNOZlkKt4="></latexit>

k(x,x0) = �2 exp(� 1
2kx� x0k2)



• Definition: “A Gaussian process is a collection of random 
variables, any finite number of which have a joint Gaussian 
distribution.” 
• E.g. the function         is a collection indexed by input  

• It is specified by its mean function and covariance function: 

• Mean function  
• Covariance function (a.k.a. kernel)

Gaussian processes

[Rasmussen and Williams 2006; a much much older idea!]
<latexit sha1_base64="M2YGsAgX/3dR1ej75Upo3ceB1J0=">AAAB9HicbVDLSsNAFL2pr1pfVZduBotQNyURqS6LblxWsA9oQ5lMJ+3QySTOTIol9DvcuFDErR/jzr9xkmahrQcGDufcyz1zvIgzpW372yqsrW9sbhW3Szu7e/sH5cOjtgpjSWiLhDyUXQ8rypmgLc00p91IUhx4nHa8yW3qd6ZUKhaKBz2LqBvgkWA+I1gbyfWr/QDrsecnT/PzQbli1+wMaJU4OalAjuag/NUfhiQOqNCEY6V6jh1pN8FSM8LpvNSPFY0wmeAR7RkqcECVm2Sh5+jMKEPkh9I8oVGm/t5IcKDULPDMZBpRLXup+J/Xi7V/7SZMRLGmgiwO+TFHOkRpA2jIJCWazwzBRDKTFZExlpho01PJlOAsf3mVtC9qTr1Wv7+sNG7yOopwAqdQBQeuoAF30IQWEHiEZ3iFN2tqvVjv1sditGDlO8fwB9bnD4/rkfw=</latexit>

f(x) <latexit sha1_base64="FGxh4OzYwn2DCpnjFMkcdRbsJBc=">AAAB8XicbVDLSgMxFL3js9ZX1aWbYBFclRmR6rLoxmUF+8C2lEx6pw3NZIYkI5ahf+HGhSJu/Rt3/o2ZdhbaeiBwOOdecu7xY8G1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZQohg0WiUi1fapRcIkNw43AdqyQhr7Alj++yfzWIyrNI3lvJjH2QjqUPOCMGis9dENqRn6QPk37pbJbcWcgy8TLSRly1Pulr+4gYkmI0jBBte54bmx6KVWGM4HTYjfRGFM2pkPsWCppiLqXzhJPyalVBiSIlH3SkJn6eyOlodaT0LeTWUK96GXif14nMcFVL+UyTgxKNv8oSAQxEcnOJwOukBkxsYQyxW1WwkZUUWZsSUVbgrd48jJpnle8aqV6d1GuXed1FOAYTuAMPLiEGtxCHRrAQMIzvMKbo50X5935mI+uOPnOEfyB8/kDANqRJw==</latexit>x

<latexit sha1_base64="i1M01hBIfswSRnmnwqwcSgOMUHg=">AAACEnicbVDLSsNAFJ3UV62vqEs3g0VoNyURqW6EogguK9gHpKFMppN26GQSZiZiCfkGN/6KGxeKuHXlzr9x0mZRWw8MnDnnXu69x4sYlcqyfozCyura+kZxs7S1vbO7Z+4ftGUYC0xaOGSh6HpIEkY5aSmqGOlGgqDAY6Tjja8zv/NAhKQhv1eTiLgBGnLqU4yUlvpmNaj0AqRGnp88plV4CWc/L7lJHX/ecvtm2apZU8BlYuekDHI0++Z3bxDiOCBcYYakdGwrUm6ChKKYkbTUiyWJEB6jIXE05Sgg0k2mJ6XwRCsD6IdCP67gVJ3vSFAg5STwdGW2o1z0MvE/z4mVf+EmlEexIhzPBvkxgyqEWT5wQAXBik00QVhQvSvEIyQQVjrFkg7BXjx5mbRPa3a9Vr87Kzeu8jiK4AgcgwqwwTlogFvQBC2AwRN4AW/g3Xg2Xo0P43NWWjDynkPwB8bXL6U4nX0=</latexit>

m(x) = E[f(x)]

<latexit sha1_base64="JL58p7hNSv+lt7czxxgewJj7QJQ=">AAACUXicbVHLSgMxFL0dX7X1UXXpJlikHdAyI1LdCEURXFawD2iHkkkzbWjmQZIRy9BfdKEr/8ONC8X0AfbhhcC555xLbk7ciDOpLOsjZaytb2xupbcz2Z3dvf3cwWFdhrEgtEZCHoqmiyXlLKA1xRSnzUhQ7LucNtzB3VhvPFMhWRg8qWFEHR/3AuYxgpWmOrn+oNj2seq7XvIyOvuDBRPdoGnrJvejVtGb85noHPnzvbkgF5b1gmk6nVzeKlmTQqvAnoE8zKrayb21uyGJfRoowrGULduKlJNgoRjhdJRpx5JGmAxwj7Y0DLBPpZNMEhmhU810kRcKfQKFJuz8RIJ9KYe+q53jLeWyNib/01qx8q6dhAVRrGhAphd5MUcqRON4UZcJShQfaoCJYHpXRPpYYKL0J2R0CPbyk1dB/aJkl0vlx8t85XYWRxqO4QSKYMMVVOABqlADAq/wCd/wk3pPfRlgGFOrkZrNHMFCGdlfOWCyPA==</latexit>

k(x,x0) = E[(f(x)�m(x))(f(x0)�m(x0))]

• A common default (e.g. in software) is   
• One very commonly used covariance function is the 

squared exponential or radial basis function (RBF) 
• We’ll see a more general form later, but for now we’re 

using:  
• For now, assume data is observed without noise

<latexit sha1_base64="Kdtji+eh2iUylLTT0oGcGq11RwE=">AAAB+nicbVDLSgMxFL1TX7W+prp0EyxC3ZQZkepGKLpxWcE+oC0lk2ba0ExmSDJqGfspblwo4tYvceffmGlnoa0HAodz7uWeHC/iTGnH+bZyK6tr6xv5zcLW9s7unl3cb6owloQ2SMhD2fawopwJ2tBMc9qOJMWBx2nLG1+nfuueSsVCcacnEe0FeCiYzwjWRurbxaDcDbAeeX7yOD1Bl8jp2yWn4syAlombkRJkqPftr+4gJHFAhSYcK9VxnUj3Eiw1I5xOC91Y0QiTMR7SjqECB1T1kln0KTo2ygD5oTRPaDRTf28kOFBqEnhmMo2pFr1U/M/rxNq/6CVMRLGmgswP+TFHOkRpD2jAJCWaTwzBRDKTFZERlpho01bBlOAufnmZNE8rbrVSvT0r1a6yOvJwCEdQBhfOoQY3UIcGEHiAZ3iFN+vJerHerY/5aM7Kdg7gD6zPH8IGkwk=</latexit>

m(x) = 0

<latexit sha1_base64="fTqNKoG3l1kiIy/4elDlM12lFJY=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1iEClISkeqy6EKXFewDmlAm00k7dGYSZiZCCcWNv+LGhSJu/Qp3/o2TNgttPXDhcM693HtPEDOqtON8W4Wl5ZXVteJ6aWNza3vH3t1rqSiRmDRxxCLZCZAijArS1FQz0oklQTxgpB2MrjO//UCkopG41+OY+BwNBA0pRtpIPfsghJ6iHHoc6SFGLL1pTCr8FI5OenbZqTpTwEXi5qQMcjR69pfXj3DCidCYIaW6rhNrP0VSU8zIpOQlisQIj9CAdA0ViBPlp9MXJvDYKH0YRtKU0HCq/p5IEVdqzAPTmV2q5r1M/M/rJjq89FMq4kQTgWeLwoRBHcEsD9inkmDNxoYgLKm5FeIhkghrk1rJhODOv7xIWmdVt1at3Z2X61d5HEVwCI5ABbjgAtTBLWiAJsDgETyDV/BmPVkv1rv1MWstWPnMPvgD6/MHedmWNQ==</latexit>

f ⇠ GP(m, k)

10

x could be just about 
anything, but in this 

tutorial, we’ll assume it’s 
a real vector

<latexit sha1_base64="Z3fGqqt23OHZrHVhImxNOZlkKt4="></latexit>

k(x,x0) = �2 exp(� 1
2kx� x0k2)



• Definition: “A Gaussian process is a collection of random 
variables, any finite number of which have a joint Gaussian 
distribution.” 
• E.g. the function         is a collection indexed by input  

• It is specified by its mean function and covariance function: 

• Mean function  
• Covariance function (a.k.a. kernel)

Gaussian processes

[Rasmussen and Williams 2006; a much much older idea!]
<latexit sha1_base64="M2YGsAgX/3dR1ej75Upo3ceB1J0=">AAAB9HicbVDLSsNAFL2pr1pfVZduBotQNyURqS6LblxWsA9oQ5lMJ+3QySTOTIol9DvcuFDErR/jzr9xkmahrQcGDufcyz1zvIgzpW372yqsrW9sbhW3Szu7e/sH5cOjtgpjSWiLhDyUXQ8rypmgLc00p91IUhx4nHa8yW3qd6ZUKhaKBz2LqBvgkWA+I1gbyfWr/QDrsecnT/PzQbli1+wMaJU4OalAjuag/NUfhiQOqNCEY6V6jh1pN8FSM8LpvNSPFY0wmeAR7RkqcECVm2Sh5+jMKEPkh9I8oVGm/t5IcKDULPDMZBpRLXup+J/Xi7V/7SZMRLGmgiwO+TFHOkRpA2jIJCWazwzBRDKTFZExlpho01PJlOAsf3mVtC9qTr1Wv7+sNG7yOopwAqdQBQeuoAF30IQWEHiEZ3iFN2tqvVjv1sditGDlO8fwB9bnD4/rkfw=</latexit>

f(x) <latexit sha1_base64="FGxh4OzYwn2DCpnjFMkcdRbsJBc=">AAAB8XicbVDLSgMxFL3js9ZX1aWbYBFclRmR6rLoxmUF+8C2lEx6pw3NZIYkI5ahf+HGhSJu/Rt3/o2ZdhbaeiBwOOdecu7xY8G1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZQohg0WiUi1fapRcIkNw43AdqyQhr7Alj++yfzWIyrNI3lvJjH2QjqUPOCMGis9dENqRn6QPk37pbJbcWcgy8TLSRly1Pulr+4gYkmI0jBBte54bmx6KVWGM4HTYjfRGFM2pkPsWCppiLqXzhJPyalVBiSIlH3SkJn6eyOlodaT0LeTWUK96GXif14nMcFVL+UyTgxKNv8oSAQxEcnOJwOukBkxsYQyxW1WwkZUUWZsSUVbgrd48jJpnle8aqV6d1GuXed1FOAYTuAMPLiEGtxCHRrAQMIzvMKbo50X5935mI+uOPnOEfyB8/kDANqRJw==</latexit>x

<latexit sha1_base64="i1M01hBIfswSRnmnwqwcSgOMUHg=">AAACEnicbVDLSsNAFJ3UV62vqEs3g0VoNyURqW6EogguK9gHpKFMppN26GQSZiZiCfkGN/6KGxeKuHXlzr9x0mZRWw8MnDnnXu69x4sYlcqyfozCyura+kZxs7S1vbO7Z+4ftGUYC0xaOGSh6HpIEkY5aSmqGOlGgqDAY6Tjja8zv/NAhKQhv1eTiLgBGnLqU4yUlvpmNaj0AqRGnp88plV4CWc/L7lJHX/ecvtm2apZU8BlYuekDHI0++Z3bxDiOCBcYYakdGwrUm6ChKKYkbTUiyWJEB6jIXE05Sgg0k2mJ6XwRCsD6IdCP67gVJ3vSFAg5STwdGW2o1z0MvE/z4mVf+EmlEexIhzPBvkxgyqEWT5wQAXBik00QVhQvSvEIyQQVjrFkg7BXjx5mbRPa3a9Vr87Kzeu8jiK4AgcgwqwwTlogFvQBC2AwRN4AW/g3Xg2Xo0P43NWWjDynkPwB8bXL6U4nX0=</latexit>

m(x) = E[f(x)]

<latexit sha1_base64="JL58p7hNSv+lt7czxxgewJj7QJQ=">AAACUXicbVHLSgMxFL0dX7X1UXXpJlikHdAyI1LdCEURXFawD2iHkkkzbWjmQZIRy9BfdKEr/8ONC8X0AfbhhcC555xLbk7ciDOpLOsjZaytb2xupbcz2Z3dvf3cwWFdhrEgtEZCHoqmiyXlLKA1xRSnzUhQ7LucNtzB3VhvPFMhWRg8qWFEHR/3AuYxgpWmOrn+oNj2seq7XvIyOvuDBRPdoGnrJvejVtGb85noHPnzvbkgF5b1gmk6nVzeKlmTQqvAnoE8zKrayb21uyGJfRoowrGULduKlJNgoRjhdJRpx5JGmAxwj7Y0DLBPpZNMEhmhU810kRcKfQKFJuz8RIJ9KYe+q53jLeWyNib/01qx8q6dhAVRrGhAphd5MUcqRON4UZcJShQfaoCJYHpXRPpYYKL0J2R0CPbyk1dB/aJkl0vlx8t85XYWRxqO4QSKYMMVVOABqlADAq/wCd/wk3pPfRlgGFOrkZrNHMFCGdlfOWCyPA==</latexit>

k(x,x0) = E[(f(x)�m(x))(f(x0)�m(x0))]

• A common default (e.g. in software) is   
• One very commonly used covariance function is the 

squared exponential or radial basis function (RBF) 
• We’ll see a more general form later, but for now we’re 

using:  
• For now, assume data is observed without noise [demo1,2]

<latexit sha1_base64="Kdtji+eh2iUylLTT0oGcGq11RwE=">AAAB+nicbVDLSgMxFL1TX7W+prp0EyxC3ZQZkepGKLpxWcE+oC0lk2ba0ExmSDJqGfspblwo4tYvceffmGlnoa0HAodz7uWeHC/iTGnH+bZyK6tr6xv5zcLW9s7unl3cb6owloQ2SMhD2fawopwJ2tBMc9qOJMWBx2nLG1+nfuueSsVCcacnEe0FeCiYzwjWRurbxaDcDbAeeX7yOD1Bl8jp2yWn4syAlombkRJkqPftr+4gJHFAhSYcK9VxnUj3Eiw1I5xOC91Y0QiTMR7SjqECB1T1kln0KTo2ygD5oTRPaDRTf28kOFBqEnhmMo2pFr1U/M/rxNq/6CVMRLGmgswP+TFHOkRpD2jAJCWaTwzBRDKTFZERlpho01bBlOAufnmZNE8rbrVSvT0r1a6yOvJwCEdQBhfOoQY3UIcGEHiAZ3iFN+vJerHerY/5aM7Kdg7gD6zPH8IGkwk=</latexit>

m(x) = 0

<latexit sha1_base64="fTqNKoG3l1kiIy/4elDlM12lFJY=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1iEClISkeqy6EKXFewDmlAm00k7dGYSZiZCCcWNv+LGhSJu/Qp3/o2TNgttPXDhcM693HtPEDOqtON8W4Wl5ZXVteJ6aWNza3vH3t1rqSiRmDRxxCLZCZAijArS1FQz0oklQTxgpB2MrjO//UCkopG41+OY+BwNBA0pRtpIPfsghJ6iHHoc6SFGLL1pTCr8FI5OenbZqTpTwEXi5qQMcjR69pfXj3DCidCYIaW6rhNrP0VSU8zIpOQlisQIj9CAdA0ViBPlp9MXJvDYKH0YRtKU0HCq/p5IEVdqzAPTmV2q5r1M/M/rJjq89FMq4kQTgWeLwoRBHcEsD9inkmDNxoYgLKm5FeIhkghrk1rJhODOv7xIWmdVt1at3Z2X61d5HEVwCI5ABbjgAtTBLWiAJsDgETyDV/BmPVkv1rv1MWstWPnMPvgD6/MHedmWNQ==</latexit>

f ⇠ GP(m, k)

10

x could be just about 
anything, but in this 

tutorial, we’ll assume it’s 
a real vector

<latexit sha1_base64="Z3fGqqt23OHZrHVhImxNOZlkKt4="></latexit>

k(x,x0) = �2 exp(� 1
2kx� x0k2)
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Note on “dimension” of the input

11

• Let’s be careful to separate 
two types of “dimension” 
• We’re using a superscript 

to denote (M or N) number 
of points in the space 

• We’ll use a subscript for 
the (D) different elements 
of a point’s vector

x
x x

x

<latexit sha1_base64="vtUhjvouiS6k76ttA9H6+OxdfEI=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOnLjQc=</latexit>x

<latexit sha1_base64="Wc+SuwGu1gWPWB5JAP5olpWFkag=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjRBKf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDyRL0IzqUPOSMGis1sn6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGH9CleFM4LTYSzUmlI3pELuWShqh9ifzQ6fk3CoDEsbKljRkrv6emNBI6ywKbGdEzUgvezPxP6+bmvDGn3CZpAYlWywKU0FMTGZfkwFXyIzILKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kD60+NCA==</latexit>y
M=4, D=1



Note on “dimension” of the input
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• Let’s be careful to separate 
two types of “dimension” 
• We’re using a superscript 

to denote (M or N) number 
of points in the space 

• We’ll use a subscript for 
the (D) different elements 
of a point’s vector

x
x x

x

<latexit sha1_base64="zEbmCYtQD5pvlxUAihWUpp0wg3U=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBDiJeyKRI9BLx4jmAckMcxOepMhs7PLzKwYlnyEFw+KePV7vPk3TpI9aGJBQ1HVTXeXHwuujet+Oyura+sbm7mt/PbO7t5+4eCwoaNEMayzSESq5VONgkusG24EtmKFNPQFNv3RzdRvPqLSPJL3ZhxjN6QDyQPOqLFS8+khLXlnk16h6JbdGcgy8TJShAy1XuGr049YEqI0TFCt254bm25KleFM4CTfSTTGlI3oANuWShqi7qazcyfk1Cp9EkTKljRkpv6eSGmo9Tj0bWdIzVAvelPxP6+dmOCqm3IZJwYlmy8KEkFMRKa/kz5XyIwYW0KZ4vZWwoZUUWZsQnkbgrf48jJpnJe9Srlyd1GsXmdx5OAYTqAEHlxCFW6hBnVgMIJneIU3J3ZenHfnY9664mQzR/AHzucPmnKPGw==</latexit>

x(1)

<latexit sha1_base64="NlwRDd4OehECqXSkaSPV/zoyMTA=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRahXsquSPVY9OKxgv2Adi3ZNNuGZrMhyQrL0h/hxYMiXv093vw3pu0etPXBwOO9GWbmBZIzbVz32ymsrW9sbhW3Szu7e/sH5cOjto4TRWiLxDxW3QBrypmgLcMMp12pKI4CTjvB5Hbmd56o0iwWDyaV1I/wSLCQEWys1Ekfs6p3Ph2UK27NnQOtEi8nFcjRHJS/+sOYJBEVhnCsdc9zpfEzrAwjnE5L/URTickEj2jPUoEjqv1sfu4UnVlliMJY2RIGzdXfExmOtE6jwHZG2Iz1sjcT//N6iQmv/YwJmRgqyGJRmHBkYjT7HQ2ZosTw1BJMFLO3IjLGChNjEyrZELzll1dJ+6Lm1Wv1+8tK4yaPowgncApV8OAKGnAHTWgBgQk8wyu8OdJ5cd6dj0VrwclnjuEPnM8fm/yPHA==</latexit>

y(1)

<latexit sha1_base64="vtUhjvouiS6k76ttA9H6+OxdfEI=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOnLjQc=</latexit>x

<latexit sha1_base64="Wc+SuwGu1gWPWB5JAP5olpWFkag=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjRBKf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDyRL0IzqUPOSMGis1sn6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGH9CleFM4LTYSzUmlI3pELuWShqh9ifzQ6fk3CoDEsbKljRkrv6emNBI6ywKbGdEzUgvezPxP6+bmvDGn3CZpAYlWywKU0FMTGZfkwFXyIzILKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kD60+NCA==</latexit>y
M=4, D=1



x

Note on “dimension” of the input

11

• Let’s be careful to separate 
two types of “dimension” 
• We’re using a superscript 

to denote (M or N) number 
of points in the space 

• We’ll use a subscript for 
the (D) different elements 
of a point’s vector

x
x x

x

<latexit sha1_base64="zEbmCYtQD5pvlxUAihWUpp0wg3U=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBDiJeyKRI9BLx4jmAckMcxOepMhs7PLzKwYlnyEFw+KePV7vPk3TpI9aGJBQ1HVTXeXHwuujet+Oyura+sbm7mt/PbO7t5+4eCwoaNEMayzSESq5VONgkusG24EtmKFNPQFNv3RzdRvPqLSPJL3ZhxjN6QDyQPOqLFS8+khLXlnk16h6JbdGcgy8TJShAy1XuGr049YEqI0TFCt254bm25KleFM4CTfSTTGlI3oANuWShqi7qazcyfk1Cp9EkTKljRkpv6eSGmo9Tj0bWdIzVAvelPxP6+dmOCqm3IZJwYlmy8KEkFMRKa/kz5XyIwYW0KZ4vZWwoZUUWZsQnkbgrf48jJpnJe9Srlyd1GsXmdx5OAYTqAEHlxCFW6hBnVgMIJneIU3J3ZenHfnY9664mQzR/AHzucPmnKPGw==</latexit>

x(1)

<latexit sha1_base64="NlwRDd4OehECqXSkaSPV/zoyMTA=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRahXsquSPVY9OKxgv2Adi3ZNNuGZrMhyQrL0h/hxYMiXv093vw3pu0etPXBwOO9GWbmBZIzbVz32ymsrW9sbhW3Szu7e/sH5cOjto4TRWiLxDxW3QBrypmgLcMMp12pKI4CTjvB5Hbmd56o0iwWDyaV1I/wSLCQEWys1Ekfs6p3Ph2UK27NnQOtEi8nFcjRHJS/+sOYJBEVhnCsdc9zpfEzrAwjnE5L/URTickEj2jPUoEjqv1sfu4UnVlliMJY2RIGzdXfExmOtE6jwHZG2Iz1sjcT//N6iQmv/YwJmRgqyGJRmHBkYjT7HQ2ZosTw1BJMFLO3IjLGChNjEyrZELzll1dJ+6Lm1Wv1+8tK4yaPowgncApV8OAKGnAHTWgBgQk8wyu8OdJ5cd6dj0VrwclnjuEPnM8fm/yPHA==</latexit>

y(1)

<latexit sha1_base64="P4GArwQ3oaXEfJT4toixLcIzE8A=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGi/YA2lM120y7dbMLuRCyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/qnn9Uplt+LOQJaJl5My5Kj3Sl/dfszSiCtkkhrT8dwE/YxqFEzySbGbGp5QNqID3rFU0YgbP5udOiGnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8MrPhEpS5IrNF4WpJBiT6d+kLzRnKMeWUKaFvZWwIdWUoU2naEPwFl9eJs3ziletVO8uyrXrPI4CHMMJnIEHl1CDW6hDAxgM4Ble4c2Rzovz7nzMW1ecfOYI/sD5/AEPQo2r</latexit>x1

<latexit sha1_base64="0qSiA+TXOQEOvRSqdJWQbG5jZ2U=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHaJQY9ELx4xyiOBDZkdemHC7OxmZtZICJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzcxvPaLSPJYPZpygH9GB5CFn1Fjp/qlX6RVLbtmdg6wSLyMlyFDvFb+6/ZilEUrDBNW647mJ8SdUGc4ETgvdVGNC2YgOsGOppBFqfzI/dUrOrNInYaxsSUPm6u+JCY20HkeB7YyoGeplbyb+53VSE175Ey6T1KBki0VhKoiJyexv0ucKmRFjSyhT3N5K2JAqyoxNp2BD8JZfXiXNStmrlqt3F6XadRZHHk7gFM7Bg0uowS3UoQEMBvAMr/DmCOfFeXc+Fq05J5s5hj9wPn8AEMaNrA==</latexit>x2

<latexit sha1_base64="Wc+SuwGu1gWPWB5JAP5olpWFkag=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjRBKf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDyRL0IzqUPOSMGis1sn6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGH9CleFM4LTYSzUmlI3pELuWShqh9ifzQ6fk3CoDEsbKljRkrv6emNBI6ywKbGdEzUgvezPxP6+bmvDGn3CZpAYlWywKU0FMTGZfkwFXyIzILKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kD60+NCA==</latexit>y
<latexit sha1_base64="vtUhjvouiS6k76ttA9H6+OxdfEI=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOnLjQc=</latexit>x

<latexit sha1_base64="Wc+SuwGu1gWPWB5JAP5olpWFkag=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjRBKf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDyRL0IzqUPOSMGis1sn6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGH9CleFM4LTYSzUmlI3pELuWShqh9ifzQ6fk3CoDEsbKljRkrv6emNBI6ywKbGdEzUgvezPxP6+bmvDGn3CZpAYlWywKU0FMTGZfkwFXyIzILKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kD60+NCA==</latexit>y
M=4, D=1

M=1, D=2
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x

<latexit sha1_base64="NlwRDd4OehECqXSkaSPV/zoyMTA=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRahXsquSPVY9OKxgv2Adi3ZNNuGZrMhyQrL0h/hxYMiXv093vw3pu0etPXBwOO9GWbmBZIzbVz32ymsrW9sbhW3Szu7e/sH5cOjto4TRWiLxDxW3QBrypmgLcMMp12pKI4CTjvB5Hbmd56o0iwWDyaV1I/wSLCQEWys1Ekfs6p3Ph2UK27NnQOtEi8nFcjRHJS/+sOYJBEVhnCsdc9zpfEzrAwjnE5L/URTickEj2jPUoEjqv1sfu4UnVlliMJY2RIGzdXfExmOtE6jwHZG2Iz1sjcT//N6iQmv/YwJmRgqyGJRmHBkYjT7HQ2ZosTw1BJMFLO3IjLGChNjEyrZELzll1dJ+6Lm1Wv1+8tK4yaPowgncApV8OAKGnAHTWgBgQk8wyu8OdJ5cd6dj0VrwclnjuEPnM8fm/yPHA==</latexit>

y(1)
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• Let’s be careful to separate 
two types of “dimension” 
• We’re using a superscript 

to denote (M or N) number 
of points in the space 

• We’ll use a subscript for 
the (D) different elements 
of a point’s vector

x
x x

x

<latexit sha1_base64="zEbmCYtQD5pvlxUAihWUpp0wg3U=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBDiJeyKRI9BLx4jmAckMcxOepMhs7PLzKwYlnyEFw+KePV7vPk3TpI9aGJBQ1HVTXeXHwuujet+Oyura+sbm7mt/PbO7t5+4eCwoaNEMayzSESq5VONgkusG24EtmKFNPQFNv3RzdRvPqLSPJL3ZhxjN6QDyQPOqLFS8+khLXlnk16h6JbdGcgy8TJShAy1XuGr049YEqI0TFCt254bm25KleFM4CTfSTTGlI3oANuWShqi7qazcyfk1Cp9EkTKljRkpv6eSGmo9Tj0bWdIzVAvelPxP6+dmOCqm3IZJwYlmy8KEkFMRKa/kz5XyIwYW0KZ4vZWwoZUUWZsQnkbgrf48jJpnJe9Srlyd1GsXmdx5OAYTqAEHlxCFW6hBnVgMIJneIU3J3ZenHfnY9664mQzR/AHzucPmnKPGw==</latexit>

x(1)

<latexit sha1_base64="NlwRDd4OehECqXSkaSPV/zoyMTA=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRahXsquSPVY9OKxgv2Adi3ZNNuGZrMhyQrL0h/hxYMiXv093vw3pu0etPXBwOO9GWbmBZIzbVz32ymsrW9sbhW3Szu7e/sH5cOjto4TRWiLxDxW3QBrypmgLcMMp12pKI4CTjvB5Hbmd56o0iwWDyaV1I/wSLCQEWys1Ekfs6p3Ph2UK27NnQOtEi8nFcjRHJS/+sOYJBEVhnCsdc9zpfEzrAwjnE5L/URTickEj2jPUoEjqv1sfu4UnVlliMJY2RIGzdXfExmOtE6jwHZG2Iz1sjcT//N6iQmv/YwJmRgqyGJRmHBkYjT7HQ2ZosTw1BJMFLO3IjLGChNjEyrZELzll1dJ+6Lm1Wv1+8tK4yaPowgncApV8OAKGnAHTWgBgQk8wyu8OdJ5cd6dj0VrwclnjuEPnM8fm/yPHA==</latexit>

y(1)

<latexit sha1_base64="2YZpp0uh+y+i0zoIDpHXRkp8DsA=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXsquSPVY9OKxgv2Qdi3ZNNuGJtklyYpl6a/w4kERr/4cb/4b03YP2vpg4PHeDDPzgpgzbVz328mtrK6tb+Q3C1vbO7t7xf2Dpo4SRWiDRDxS7QBrypmkDcMMp+1YUSwCTlvB6Hrqtx6p0iySd2YcU1/ggWQhI9hY6f7pIS17p5Oe1yuW3Io7A1omXkZKkKHeK351+xFJBJWGcKx1x3Nj46dYGUY4nRS6iaYxJiM8oB1LJRZU++ns4Ak6sUofhZGyJQ2aqb8nUiy0HovAdgpshnrRm4r/eZ3EhJd+ymScGCrJfFGYcGQiNP0e9ZmixPCxJZgoZm9FZIgVJsZmVLAheIsvL5PmWcWrVqq356XaVRZHHo7gGMrgwQXU4Abq0AACAp7hFd4c5bw4787HvDXnZDOH8AfO5w/Doo+/</latexit>

x(1)
1

<latexit sha1_base64="aUtt2JG2kB7W8jvnJPn3KC2wTNE=">AAAB8HicbVBNSwMxEJ31s9avqkcvwSLUS9ktUj0WvXisYD+kXUs2zbahSXZJsmJZ+iu8eFDEqz/Hm//GtN2Dtj4YeLw3w8y8IOZMG9f9dlZW19Y3NnNb+e2d3b39wsFhU0eJIrRBIh6pdoA15UzShmGG03asKBYBp61gdD31W49UaRbJOzOOqS/wQLKQEWysdP/0kJa8s0mv0isU3bI7A1omXkaKkKHeK3x1+xFJBJWGcKx1x3Nj46dYGUY4neS7iaYxJiM8oB1LJRZU++ns4Ak6tUofhZGyJQ2aqb8nUiy0HovAdgpshnrRm4r/eZ3EhJd+ymScGCrJfFGYcGQiNP0e9ZmixPCxJZgoZm9FZIgVJsZmlLcheIsvL5NmpexVy9Xb82LtKosjB8dwAiXw4AJqcAN1aAABAc/wCm+Ocl6cd+dj3rriZDNH8AfO5w/FJo/A</latexit>

x(1)
2

<latexit sha1_base64="P4GArwQ3oaXEfJT4toixLcIzE8A=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGi/YA2lM120y7dbMLuRCyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/qnn9Uplt+LOQJaJl5My5Kj3Sl/dfszSiCtkkhrT8dwE/YxqFEzySbGbGp5QNqID3rFU0YgbP5udOiGnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8MrPhEpS5IrNF4WpJBiT6d+kLzRnKMeWUKaFvZWwIdWUoU2naEPwFl9eJs3ziletVO8uyrXrPI4CHMMJnIEHl1CDW6hDAxgM4Ble4c2Rzovz7nzMW1ecfOYI/sD5/AEPQo2r</latexit>x1

<latexit sha1_base64="0qSiA+TXOQEOvRSqdJWQbG5jZ2U=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHaJQY9ELx4xyiOBDZkdemHC7OxmZtZICJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzcxvPaLSPJYPZpygH9GB5CFn1Fjp/qlX6RVLbtmdg6wSLyMlyFDvFb+6/ZilEUrDBNW647mJ8SdUGc4ETgvdVGNC2YgOsGOppBFqfzI/dUrOrNInYaxsSUPm6u+JCY20HkeB7YyoGeplbyb+53VSE175Ey6T1KBki0VhKoiJyexv0ucKmRFjSyhT3N5K2JAqyoxNp2BD8JZfXiXNStmrlqt3F6XadRZHHk7gFM7Bg0uowS3UoQEMBvAMr/DmCOfFeXc+Fq05J5s5hj9wPn8AEMaNrA==</latexit>x2

<latexit sha1_base64="Wc+SuwGu1gWPWB5JAP5olpWFkag=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjRBKf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDyRL0IzqUPOSMGis1sn6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGH9CleFM4LTYSzUmlI3pELuWShqh9ifzQ6fk3CoDEsbKljRkrv6emNBI6ywKbGdEzUgvezPxP6+bmvDGn3CZpAYlWywKU0FMTGZfkwFXyIzILKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kD60+NCA==</latexit>y
<latexit sha1_base64="vtUhjvouiS6k76ttA9H6+OxdfEI=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOnLjQc=</latexit>x

<latexit sha1_base64="Wc+SuwGu1gWPWB5JAP5olpWFkag=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjRBKf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDyRL0IzqUPOSMGis1sn6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGH9CleFM4LTYSzUmlI3pELuWShqh9ifzQ6fk3CoDEsbKljRkrv6emNBI6ywKbGdEzUgvezPxP6+bmvDGn3CZpAYlWywKU0FMTGZfkwFXyIzILKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kD60+NCA==</latexit>y
M=4, D=1

M=1, D=2
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x

<latexit sha1_base64="NlwRDd4OehECqXSkaSPV/zoyMTA=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRahXsquSPVY9OKxgv2Adi3ZNNuGZrMhyQrL0h/hxYMiXv093vw3pu0etPXBwOO9GWbmBZIzbVz32ymsrW9sbhW3Szu7e/sH5cOjto4TRWiLxDxW3QBrypmgLcMMp12pKI4CTjvB5Hbmd56o0iwWDyaV1I/wSLCQEWys1Ekfs6p3Ph2UK27NnQOtEi8nFcjRHJS/+sOYJBEVhnCsdc9zpfEzrAwjnE5L/URTickEj2jPUoEjqv1sfu4UnVlliMJY2RIGzdXfExmOtE6jwHZG2Iz1sjcT//N6iQmv/YwJmRgqyGJRmHBkYjT7HQ2ZosTw1BJMFLO3IjLGChNjEyrZELzll1dJ+6Lm1Wv1+8tK4yaPowgncApV8OAKGnAHTWgBgQk8wyu8OdJ5cd6dj0VrwclnjuEPnM8fm/yPHA==</latexit>

y(1)
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• Let’s be careful to separate 
two types of “dimension” 
• We’re using a superscript 

to denote (M or N) number 
of points in the space 

• We’ll use a subscript for 
the (D) different elements 
of a point’s vector

x
x x

x

<latexit sha1_base64="zEbmCYtQD5pvlxUAihWUpp0wg3U=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBDiJeyKRI9BLx4jmAckMcxOepMhs7PLzKwYlnyEFw+KePV7vPk3TpI9aGJBQ1HVTXeXHwuujet+Oyura+sbm7mt/PbO7t5+4eCwoaNEMayzSESq5VONgkusG24EtmKFNPQFNv3RzdRvPqLSPJL3ZhxjN6QDyQPOqLFS8+khLXlnk16h6JbdGcgy8TJShAy1XuGr049YEqI0TFCt254bm25KleFM4CTfSTTGlI3oANuWShqi7qazcyfk1Cp9EkTKljRkpv6eSGmo9Tj0bWdIzVAvelPxP6+dmOCqm3IZJwYlmy8KEkFMRKa/kz5XyIwYW0KZ4vZWwoZUUWZsQnkbgrf48jJpnJe9Srlyd1GsXmdx5OAYTqAEHlxCFW6hBnVgMIJneIU3J3ZenHfnY9664mQzR/AHzucPmnKPGw==</latexit>

x(1)

<latexit sha1_base64="NlwRDd4OehECqXSkaSPV/zoyMTA=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRahXsquSPVY9OKxgv2Adi3ZNNuGZrMhyQrL0h/hxYMiXv093vw3pu0etPXBwOO9GWbmBZIzbVz32ymsrW9sbhW3Szu7e/sH5cOjto4TRWiLxDxW3QBrypmgLcMMp12pKI4CTjvB5Hbmd56o0iwWDyaV1I/wSLCQEWys1Ekfs6p3Ph2UK27NnQOtEi8nFcjRHJS/+sOYJBEVhnCsdc9zpfEzrAwjnE5L/URTickEj2jPUoEjqv1sfu4UnVlliMJY2RIGzdXfExmOtE6jwHZG2Iz1sjcT//N6iQmv/YwJmRgqyGJRmHBkYjT7HQ2ZosTw1BJMFLO3IjLGChNjEyrZELzll1dJ+6Lm1Wv1+8tK4yaPowgncApV8OAKGnAHTWgBgQk8wyu8OdJ5cd6dj0VrwclnjuEPnM8fm/yPHA==</latexit>

y(1)

<latexit sha1_base64="2YZpp0uh+y+i0zoIDpHXRkp8DsA=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXsquSPVY9OKxgv2Qdi3ZNNuGJtklyYpl6a/w4kERr/4cb/4b03YP2vpg4PHeDDPzgpgzbVz328mtrK6tb+Q3C1vbO7t7xf2Dpo4SRWiDRDxS7QBrypmkDcMMp+1YUSwCTlvB6Hrqtx6p0iySd2YcU1/ggWQhI9hY6f7pIS17p5Oe1yuW3Io7A1omXkZKkKHeK351+xFJBJWGcKx1x3Nj46dYGUY4nRS6iaYxJiM8oB1LJRZU++ns4Ak6sUofhZGyJQ2aqb8nUiy0HovAdgpshnrRm4r/eZ3EhJd+ymScGCrJfFGYcGQiNP0e9ZmixPCxJZgoZm9FZIgVJsZmVLAheIsvL5PmWcWrVqq356XaVRZHHo7gGMrgwQXU4Abq0AACAp7hFd4c5bw4787HvDXnZDOH8AfO5w/Doo+/</latexit>

x(1)
1

<latexit sha1_base64="aUtt2JG2kB7W8jvnJPn3KC2wTNE=">AAAB8HicbVBNSwMxEJ31s9avqkcvwSLUS9ktUj0WvXisYD+kXUs2zbahSXZJsmJZ+iu8eFDEqz/Hm//GtN2Dtj4YeLw3w8y8IOZMG9f9dlZW19Y3NnNb+e2d3b39wsFhU0eJIrRBIh6pdoA15UzShmGG03asKBYBp61gdD31W49UaRbJOzOOqS/wQLKQEWysdP/0kJa8s0mv0isU3bI7A1omXkaKkKHeK3x1+xFJBJWGcKx1x3Nj46dYGUY4neS7iaYxJiM8oB1LJRZU++ns4Ak6tUofhZGyJQ2aqb8nUiy0HovAdgpshnrRm4r/eZ3EhJd+ymScGCrJfFGYcGQiNP0e9ZmixPCxJZgoZm9FZIgVJsZmlLcheIsvL5NmpexVy9Xb82LtKosjB8dwAiXw4AJqcAN1aAABAc/wCm+Ocl6cd+dj3rriZDNH8AfO5w/FJo/A</latexit>

x(1)
2

<latexit sha1_base64="P4GArwQ3oaXEfJT4toixLcIzE8A=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGi/YA2lM120y7dbMLuRCyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/qnn9Uplt+LOQJaJl5My5Kj3Sl/dfszSiCtkkhrT8dwE/YxqFEzySbGbGp5QNqID3rFU0YgbP5udOiGnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8MrPhEpS5IrNF4WpJBiT6d+kLzRnKMeWUKaFvZWwIdWUoU2naEPwFl9eJs3ziletVO8uyrXrPI4CHMMJnIEHl1CDW6hDAxgM4Ble4c2Rzovz7nzMW1ecfOYI/sD5/AEPQo2r</latexit>x1

<latexit sha1_base64="0qSiA+TXOQEOvRSqdJWQbG5jZ2U=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHaJQY9ELx4xyiOBDZkdemHC7OxmZtZICJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzcxvPaLSPJYPZpygH9GB5CFn1Fjp/qlX6RVLbtmdg6wSLyMlyFDvFb+6/ZilEUrDBNW647mJ8SdUGc4ETgvdVGNC2YgOsGOppBFqfzI/dUrOrNInYaxsSUPm6u+JCY20HkeB7YyoGeplbyb+53VSE175Ey6T1KBki0VhKoiJyexv0ucKmRFjSyhT3N5K2JAqyoxNp2BD8JZfXiXNStmrlqt3F6XadRZHHk7gFM7Bg0uowS3UoQEMBvAMr/DmCOfFeXc+Fq05J5s5hj9wPn8AEMaNrA==</latexit>x2

<latexit sha1_base64="Wc+SuwGu1gWPWB5JAP5olpWFkag=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjRBKf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDyRL0IzqUPOSMGis1sn6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGH9CleFM4LTYSzUmlI3pELuWShqh9ifzQ6fk3CoDEsbKljRkrv6emNBI6ywKbGdEzUgvezPxP6+bmvDGn3CZpAYlWywKU0FMTGZfkwFXyIzILKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kD60+NCA==</latexit>y
<latexit sha1_base64="vtUhjvouiS6k76ttA9H6+OxdfEI=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOnLjQc=</latexit>x

<latexit sha1_base64="Wc+SuwGu1gWPWB5JAP5olpWFkag=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjRBKf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDyRL0IzqUPOSMGis1sn6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGH9CleFM4LTYSzUmlI3pELuWShqh9ifzQ6fk3CoDEsbKljRkrv6emNBI6ywKbGdEzUgvezPxP6+bmvDGn3CZpAYlWywKU0FMTGZfkwFXyIzILKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kD60+NCA==</latexit>y

• Note: all of our real-life 
examples from the start had 
number of inputs D > 1

M=4, D=1

M=1, D=2
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x

<latexit sha1_base64="NlwRDd4OehECqXSkaSPV/zoyMTA=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRahXsquSPVY9OKxgv2Adi3ZNNuGZrMhyQrL0h/hxYMiXv093vw3pu0etPXBwOO9GWbmBZIzbVz32ymsrW9sbhW3Szu7e/sH5cOjto4TRWiLxDxW3QBrypmgLcMMp12pKI4CTjvB5Hbmd56o0iwWDyaV1I/wSLCQEWys1Ekfs6p3Ph2UK27NnQOtEi8nFcjRHJS/+sOYJBEVhnCsdc9zpfEzrAwjnE5L/URTickEj2jPUoEjqv1sfu4UnVlliMJY2RIGzdXfExmOtE6jwHZG2Iz1sjcT//N6iQmv/YwJmRgqyGJRmHBkYjT7HQ2ZosTw1BJMFLO3IjLGChNjEyrZELzll1dJ+6Lm1Wv1+8tK4yaPowgncApV8OAKGnAHTWgBgQk8wyu8OdJ5cd6dj0VrwclnjuEPnM8fm/yPHA==</latexit>

y(1)

Note on “dimension” of the input

11

• Let’s be careful to separate 
two types of “dimension” 
• We’re using a superscript 

to denote (M or N) number 
of points in the space 

• We’ll use a subscript for 
the (D) different elements 
of a point’s vector

x
x x

x

<latexit sha1_base64="zEbmCYtQD5pvlxUAihWUpp0wg3U=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBDiJeyKRI9BLx4jmAckMcxOepMhs7PLzKwYlnyEFw+KePV7vPk3TpI9aGJBQ1HVTXeXHwuujet+Oyura+sbm7mt/PbO7t5+4eCwoaNEMayzSESq5VONgkusG24EtmKFNPQFNv3RzdRvPqLSPJL3ZhxjN6QDyQPOqLFS8+khLXlnk16h6JbdGcgy8TJShAy1XuGr049YEqI0TFCt254bm25KleFM4CTfSTTGlI3oANuWShqi7qazcyfk1Cp9EkTKljRkpv6eSGmo9Tj0bWdIzVAvelPxP6+dmOCqm3IZJwYlmy8KEkFMRKa/kz5XyIwYW0KZ4vZWwoZUUWZsQnkbgrf48jJpnJe9Srlyd1GsXmdx5OAYTqAEHlxCFW6hBnVgMIJneIU3J3ZenHfnY9664mQzR/AHzucPmnKPGw==</latexit>

x(1)

<latexit sha1_base64="NlwRDd4OehECqXSkaSPV/zoyMTA=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRahXsquSPVY9OKxgv2Adi3ZNNuGZrMhyQrL0h/hxYMiXv093vw3pu0etPXBwOO9GWbmBZIzbVz32ymsrW9sbhW3Szu7e/sH5cOjto4TRWiLxDxW3QBrypmgLcMMp12pKI4CTjvB5Hbmd56o0iwWDyaV1I/wSLCQEWys1Ekfs6p3Ph2UK27NnQOtEi8nFcjRHJS/+sOYJBEVhnCsdc9zpfEzrAwjnE5L/URTickEj2jPUoEjqv1sfu4UnVlliMJY2RIGzdXfExmOtE6jwHZG2Iz1sjcT//N6iQmv/YwJmRgqyGJRmHBkYjT7HQ2ZosTw1BJMFLO3IjLGChNjEyrZELzll1dJ+6Lm1Wv1+8tK4yaPowgncApV8OAKGnAHTWgBgQk8wyu8OdJ5cd6dj0VrwclnjuEPnM8fm/yPHA==</latexit>

y(1)

<latexit sha1_base64="2YZpp0uh+y+i0zoIDpHXRkp8DsA=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXsquSPVY9OKxgv2Qdi3ZNNuGJtklyYpl6a/w4kERr/4cb/4b03YP2vpg4PHeDDPzgpgzbVz328mtrK6tb+Q3C1vbO7t7xf2Dpo4SRWiDRDxS7QBrypmkDcMMp+1YUSwCTlvB6Hrqtx6p0iySd2YcU1/ggWQhI9hY6f7pIS17p5Oe1yuW3Io7A1omXkZKkKHeK351+xFJBJWGcKx1x3Nj46dYGUY4nRS6iaYxJiM8oB1LJRZU++ns4Ak6sUofhZGyJQ2aqb8nUiy0HovAdgpshnrRm4r/eZ3EhJd+ymScGCrJfFGYcGQiNP0e9ZmixPCxJZgoZm9FZIgVJsZmVLAheIsvL5PmWcWrVqq356XaVRZHHo7gGMrgwQXU4Abq0AACAp7hFd4c5bw4787HvDXnZDOH8AfO5w/Doo+/</latexit>

x(1)
1

<latexit sha1_base64="aUtt2JG2kB7W8jvnJPn3KC2wTNE=">AAAB8HicbVBNSwMxEJ31s9avqkcvwSLUS9ktUj0WvXisYD+kXUs2zbahSXZJsmJZ+iu8eFDEqz/Hm//GtN2Dtj4YeLw3w8y8IOZMG9f9dlZW19Y3NnNb+e2d3b39wsFhU0eJIrRBIh6pdoA15UzShmGG03asKBYBp61gdD31W49UaRbJOzOOqS/wQLKQEWysdP/0kJa8s0mv0isU3bI7A1omXkaKkKHeK3x1+xFJBJWGcKx1x3Nj46dYGUY4neS7iaYxJiM8oB1LJRZU++ns4Ak6tUofhZGyJQ2aqb8nUiy0HovAdgpshnrRm4r/eZ3EhJd+ymScGCrJfFGYcGQiNP0e9ZmixPCxJZgoZm9FZIgVJsZmlLcheIsvL5NmpexVy9Xb82LtKosjB8dwAiXw4AJqcAN1aAABAc/wCm+Ocl6cd+dj3rriZDNH8AfO5w/FJo/A</latexit>

x(1)
2

<latexit sha1_base64="P4GArwQ3oaXEfJT4toixLcIzE8A=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGi/YA2lM120y7dbMLuRCyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/qnn9Uplt+LOQJaJl5My5Kj3Sl/dfszSiCtkkhrT8dwE/YxqFEzySbGbGp5QNqID3rFU0YgbP5udOiGnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8MrPhEpS5IrNF4WpJBiT6d+kLzRnKMeWUKaFvZWwIdWUoU2naEPwFl9eJs3ziletVO8uyrXrPI4CHMMJnIEHl1CDW6hDAxgM4Ble4c2Rzovz7nzMW1ecfOYI/sD5/AEPQo2r</latexit>x1

<latexit sha1_base64="0qSiA+TXOQEOvRSqdJWQbG5jZ2U=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHaJQY9ELx4xyiOBDZkdemHC7OxmZtZICJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzcxvPaLSPJYPZpygH9GB5CFn1Fjp/qlX6RVLbtmdg6wSLyMlyFDvFb+6/ZilEUrDBNW647mJ8SdUGc4ETgvdVGNC2YgOsGOppBFqfzI/dUrOrNInYaxsSUPm6u+JCY20HkeB7YyoGeplbyb+53VSE175Ey6T1KBki0VhKoiJyexv0ucKmRFjSyhT3N5K2JAqyoxNp2BD8JZfXiXNStmrlqt3F6XadRZHHk7gFM7Bg0uowS3UoQEMBvAMr/DmCOfFeXc+Fq05J5s5hj9wPn8AEMaNrA==</latexit>x2

<latexit sha1_base64="Wc+SuwGu1gWPWB5JAP5olpWFkag=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjRBKf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDyRL0IzqUPOSMGis1sn6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGH9CleFM4LTYSzUmlI3pELuWShqh9ifzQ6fk3CoDEsbKljRkrv6emNBI6ywKbGdEzUgvezPxP6+bmvDGn3CZpAYlWywKU0FMTGZfkwFXyIzILKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kD60+NCA==</latexit>y
<latexit sha1_base64="vtUhjvouiS6k76ttA9H6+OxdfEI=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOnLjQc=</latexit>x

<latexit sha1_base64="Wc+SuwGu1gWPWB5JAP5olpWFkag=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjRBKf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDyRL0IzqUPOSMGis1sn6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGH9CleFM4LTYSzUmlI3pELuWShqh9ifzQ6fk3CoDEsbKljRkrv6emNBI6ywKbGdEzUgvezPxP6+bmvDGn3CZpAYlWywKU0FMTGZfkwFXyIzILKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kD60+NCA==</latexit>y

• Note: all of our real-life 
examples from the start had 
number of inputs D > 1 

• D = 1 is much easier to 
visualize, but might not be 
representative

M=4, D=1

M=1, D=2
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A Bayesian approach
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A Bayesian approach
• p(unknowns | data)     p(data | unknowns) p(unknowns)<latexit sha1_base64="IfssuVaKVWgzBHwbK2y9I+0LCSU=">AAAB7nicbVDLSgNBEOyNrxhfUY9eFoPgKeyKRI9BLx4jmAckS5idzCZDZmeGmV4hhHyEFw+KePV7vPk3TpI9aLSgoajqprsr1oJbDIIvr7C2vrG5Vdwu7ezu7R+UD49aVmWGsiZVQplOTCwTXLImchSsow0jaSxYOx7fzv32IzOWK/mAE82ilAwlTzgl6KR2TxulUfXLlaAaLOD/JWFOKpCj0S9/9gaKZimTSAWxthsGGqMpMcipYLNSL7NMEzomQ9Z1VJKU2Wi6OHfmnzll4CfKuJLoL9SfE1OSWjtJY9eZEhzZVW8u/ud1M0yuoymXOkMm6XJRkgkflT//3R9wwyiKiSOEGu5u9emIGELRJVRyIYSrL/8lrYtqWKvW7i8r9Zs8jiKcwCmcQwhXUIc7aEATKIzhCV7g1dPes/fmvS9bC14+cwy/4H18A6Ztj8s=</latexit>/
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A Bayesian approach
• p(unknowns | data)     p(data | unknowns) p(unknowns)<latexit sha1_base64="IfssuVaKVWgzBHwbK2y9I+0LCSU=">AAAB7nicbVDLSgNBEOyNrxhfUY9eFoPgKeyKRI9BLx4jmAckS5idzCZDZmeGmV4hhHyEFw+KePV7vPk3TpI9aLSgoajqprsr1oJbDIIvr7C2vrG5Vdwu7ezu7R+UD49aVmWGsiZVQplOTCwTXLImchSsow0jaSxYOx7fzv32IzOWK/mAE82ilAwlTzgl6KR2TxulUfXLlaAaLOD/JWFOKpCj0S9/9gaKZimTSAWxthsGGqMpMcipYLNSL7NMEzomQ9Z1VJKU2Wi6OHfmnzll4CfKuJLoL9SfE1OSWjtJY9eZEhzZVW8u/ud1M0yuoymXOkMm6XJRkgkflT//3R9wwyiKiSOEGu5u9emIGELRJVRyIYSrL/8lrYtqWKvW7i8r9Zs8jiKcwCmcQwhXUIc7aEATKIzhCV7g1dPes/fmvS9bC14+cwy/4H18A6Ztj8s=</latexit>/

Given the data we’ve 
seen, what do we 
know about the 
underlying function? 

12



A Bayesian approach
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k(x(n), x(N+m))
A good 
habit to 
get into: 

check the

13

dimensions

X: NxD
X’: MxD



• Let X collect the N “training” data points (indexed 1 to N) 
• Let X’ collect the M “test” data points 

• Where we want to evaluate the function 
• Indexed N+1 to N+M 

• K(X,X’) is the NxM matrix with (n,m) entry  
• Then by our model

Inference about unknowns given data

<latexit sha1_base64="RWY1FThaRXpXqsUh/Zx7U2AXmJ4="></latexit>
f(X)
f(X 0)

�
⇠ N

✓
0,


K(X,X) K(X,X 0)
K(X 0, X) K(X 0, X 0)

�◆
Nx1
Mx1

(N+M)x(N+M)(N+M)x1

<latexit sha1_base64="sGTp1wPOXIFEm1T/EBeZA1hRZ0s=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5CRahRSmJSHVZdONKKtgHtLFMppN26MwkzEzEGoK/4saFIm79D3f+jZM2C209cLmHc+5l7hwvpEQq2/42cguLS8sr+dXC2vrG5pa5vdOUQSQQbqCABqLtQYkp4bihiKK4HQoMmUdxyxtdpn7rHgtJAn6rxiF2GRxw4hMElZZ65t6o9HAXl3g5OU779RErJ+WeWbQr9gTWPHEyUgQZ6j3zq9sPUMQwV4hCKTuOHSo3hkIRRHFS6EYShxCN4AB3NOWQYenGk+sT61ArfcsPhC6urIn6eyOGTMox8/Qkg2ooZ71U/M/rRMo/d2PCw0hhjqYP+RG1VGClUVh9IjBSdKwJRILoWy00hAIipQMr6BCc2S/Pk+ZJxalWqjenxdpFFkce7IMDUAIOOAM1cAXqoAEQeATP4BW8GU/Gi/FufExHc0a2swv+wPj8AXx8k/g=</latexit>

k(x(n), x(N+m))
A good 
habit to 
get into: 

check the

13

dimensions

X: NxD
X’: MxD



• Let X collect the N “training” data points (indexed 1 to N) 
• Let X’ collect the M “test” data points 

• Where we want to evaluate the function 
• Indexed N+1 to N+M 

• K(X,X’) is the NxM matrix with (n,m) entry  
• Then by our model

Inference about unknowns given data

<latexit sha1_base64="RWY1FThaRXpXqsUh/Zx7U2AXmJ4="></latexit>
f(X)
f(X 0)

�
⇠ N

✓
0,


K(X,X) K(X,X 0)
K(X 0, X) K(X 0, X 0)

�◆
Nx1
Mx1

(N+M)x(N+M)(N+M)x1
• The conditional satisfies                                        with

<latexit sha1_base64="sGTp1wPOXIFEm1T/EBeZA1hRZ0s=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5CRahRSmJSHVZdONKKtgHtLFMppN26MwkzEzEGoK/4saFIm79D3f+jZM2C209cLmHc+5l7hwvpEQq2/42cguLS8sr+dXC2vrG5pa5vdOUQSQQbqCABqLtQYkp4bihiKK4HQoMmUdxyxtdpn7rHgtJAn6rxiF2GRxw4hMElZZ65t6o9HAXl3g5OU779RErJ+WeWbQr9gTWPHEyUgQZ6j3zq9sPUMQwV4hCKTuOHSo3hkIRRHFS6EYShxCN4AB3NOWQYenGk+sT61ArfcsPhC6urIn6eyOGTMox8/Qkg2ooZ71U/M/rRMo/d2PCw0hhjqYP+RG1VGClUVh9IjBSdKwJRILoWy00hAIipQMr6BCc2S/Pk+ZJxalWqjenxdpFFkce7IMDUAIOOAM1cAXqoAEQeATP4BW8GU/Gi/FufExHc0a2swv+wPj8AXx8k/g=</latexit>

k(x(n), x(N+m))
A good 
habit to 
get into: 

check the
<latexit sha1_base64="Fm1SDXmTQpCRnXbya7p9NHaNvQg=">AAACDXicbVBNT8IwGO7wC/Fr6tFLIxogMWQzBj0SvXgymAgsYQvpSgcN7ba0nQmZ/AEv/hUvHjTGq3dv/hs74KDgkzZ98jzvm77v48eMSmVZ30ZuaXlldS2/XtjY3NreMXf3WjJKBCZNHLFIOD6ShNGQNBVVjDixIIj7jLT94VXmt++JkDQK79QoJh5H/ZAGFCOlpa55FJSdUgU+QP1WTqCjTwm6knLocqQGGLH0Ztw1i1bVmgAuEntGimCGRtf8cnsRTjgJFWZIyo5txcpLkVAUMzIuuIkkMcJD1CcdTUPEifTSyTZjeKyVHgwioW+o4ET93ZEiLuWI+7oyG1HOe5n4n9dJVHDhpTSME0VCPP0oSBhUEcyigT0qCFZspAnCgupZIR4ggbDSARZ0CPb8youkdVq1a9Xa7VmxfjmLIw8OwCEoAxucgzq4Bg3QBBg8gmfwCt6MJ+PFeDc+pqU5Y9azD/7A+PwByRiY7w==</latexit>

f(X 0)|f(X), X,X 0 ⇠ N

13

dimensions
?

X: NxD
X’: MxD



• Let X collect the N “training” data points (indexed 1 to N) 
• Let X’ collect the M “test” data points 

• Where we want to evaluate the function 
• Indexed N+1 to N+M 

• K(X,X’) is the NxM matrix with (n,m) entry  
• Then by our model

Inference about unknowns given data

<latexit sha1_base64="RWY1FThaRXpXqsUh/Zx7U2AXmJ4="></latexit>
f(X)
f(X 0)

�
⇠ N

✓
0,


K(X,X) K(X,X 0)
K(X 0, X) K(X 0, X 0)

�◆
Nx1
Mx1

(N+M)x(N+M)(N+M)x1
• The conditional satisfies                                        with

<latexit sha1_base64="sGTp1wPOXIFEm1T/EBeZA1hRZ0s=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5CRahRSmJSHVZdONKKtgHtLFMppN26MwkzEzEGoK/4saFIm79D3f+jZM2C209cLmHc+5l7hwvpEQq2/42cguLS8sr+dXC2vrG5pa5vdOUQSQQbqCABqLtQYkp4bihiKK4HQoMmUdxyxtdpn7rHgtJAn6rxiF2GRxw4hMElZZ65t6o9HAXl3g5OU779RErJ+WeWbQr9gTWPHEyUgQZ6j3zq9sPUMQwV4hCKTuOHSo3hkIRRHFS6EYShxCN4AB3NOWQYenGk+sT61ArfcsPhC6urIn6eyOGTMox8/Qkg2ooZ71U/M/rRMo/d2PCw0hhjqYP+RG1VGClUVh9IjBSdKwJRILoWy00hAIipQMr6BCc2S/Pk+ZJxalWqjenxdpFFkce7IMDUAIOOAM1cAXqoAEQeATP4BW8GU/Gi/FufExHc0a2swv+wPj8AXx8k/g=</latexit>

k(x(n), x(N+m))
A good 
habit to 
get into: 

check the
<latexit sha1_base64="Fm1SDXmTQpCRnXbya7p9NHaNvQg=">AAACDXicbVBNT8IwGO7wC/Fr6tFLIxogMWQzBj0SvXgymAgsYQvpSgcN7ba0nQmZ/AEv/hUvHjTGq3dv/hs74KDgkzZ98jzvm77v48eMSmVZ30ZuaXlldS2/XtjY3NreMXf3WjJKBCZNHLFIOD6ShNGQNBVVjDixIIj7jLT94VXmt++JkDQK79QoJh5H/ZAGFCOlpa55FJSdUgU+QP1WTqCjTwm6knLocqQGGLH0Ztw1i1bVmgAuEntGimCGRtf8cnsRTjgJFWZIyo5txcpLkVAUMzIuuIkkMcJD1CcdTUPEifTSyTZjeKyVHgwioW+o4ET93ZEiLuWI+7oyG1HOe5n4n9dJVHDhpTSME0VCPP0oSBhUEcyigT0qCFZspAnCgupZIR4ggbDSARZ0CPb8youkdVq1a9Xa7VmxfjmLIw8OwCEoAxucgzq4Bg3QBBg8gmfwCt6MJ+PFeDc+pqU5Y9azD/7A+PwByRiY7w==</latexit>

f(X 0)|f(X), X,X 0 ⇠ N

13

dimensions

X: NxD
X’: MxD



• Let X collect the N “training” data points (indexed 1 to N) 
• Let X’ collect the M “test” data points 

• Where we want to evaluate the function 
• Indexed N+1 to N+M 

• K(X,X’) is the NxM matrix with (n,m) entry  
• Then by our model

Inference about unknowns given data

<latexit sha1_base64="RWY1FThaRXpXqsUh/Zx7U2AXmJ4="></latexit>
f(X)
f(X 0)

�
⇠ N

✓
0,


K(X,X) K(X,X 0)
K(X 0, X) K(X 0, X 0)

�◆
Nx1
Mx1

(N+M)x(N+M)(N+M)x1
• The conditional satisfies                                        with 

• Mean:  
• Covariance: 

<latexit sha1_base64="PRY/j4uYKZ0rgp51dTOlkSISMds=">AAACAHicbVDLSgMxFL1TX7W+Rl24cBMsYgtaZkSqy6IbwU0F2w60tWTSTBuaeZBkhDLMxl9x40IRt36GO//GtJ2FVg8k93DOvST3uBFnUlnWl5FbWFxaXsmvFtbWNza3zO2dpgxjQWiDhDwUjosl5SygDcUUp04kKPZdTlvu6Gritx6okCwM7tQ4ol0fDwLmMYKVlnrm3k3JOTp2yrro+z45sVPklZxyzyxaFWsK9JfYGSlChnrP/Oz0QxL7NFCEYynbthWpboKFYoTTtNCJJY0wGeEBbWsaYJ/KbjJdIEWHWukjLxT6BApN1Z8TCfalHPuu7vSxGsp5byL+57Vj5V10ExZEsaIBmT3kxRypEE3SQH0mKFF8rAkmgum/IjLEAhOlMyvoEOz5lf+S5mnFrlaqt2fF2mUWRx724QBKYMM51OAa6tAAAik8wQu8Go/Gs/FmvM9ac0Y2swu/YHx8Ayl5k5Y=</latexit>

K(X 0, X)K(X,X)�1f(X)
<latexit sha1_base64="ogA8gsLqc24H9bsULk1qyoDnLxo=">AAACD3icbZBNS8NAEIY39avWr6hHL4tF24ItiUj1WPQieKlg20Aby2a7aZduPtjdCCX0H3jxr3jxoIhXr978N26aHLR1YJmHd2aYndcJGRXSML613NLyyupafr2wsbm1vaPv7rVFEHFMWjhgAbccJAijPmlJKhmxQk6Q5zDSccZXSb3zQLiggX8nJyGxPTT0qUsxkkrq68c3Zat0YpUqsApTrCRZpfu4ak5TLlX6etGoGbOAi2BmUARZNPv6V28Q4MgjvsQMCdE1jVDaMeKSYkamhV4kSIjwGA1JV6GPPCLseHbPFB4pZQDdgKvnSzhTf0/EyBNi4jmq00NyJOZrifhfrRtJ98KOqR9Gkvg4XeRGDMoAJubAAeUESzZRgDCn6q8QjxBHWCoLC8oEc/7kRWif1sx6rX57VmxcZnbkwQE4BGVggnPQANegCVoAg0fwDF7Bm/akvWjv2kfamtOymX3wJ7TPHxZ4lw8=</latexit>

K(X 0, X 0)�K(X 0, X)K(X,X)�1K(X,X 0)

<latexit sha1_base64="sGTp1wPOXIFEm1T/EBeZA1hRZ0s=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5CRahRSmJSHVZdONKKtgHtLFMppN26MwkzEzEGoK/4saFIm79D3f+jZM2C209cLmHc+5l7hwvpEQq2/42cguLS8sr+dXC2vrG5pa5vdOUQSQQbqCABqLtQYkp4bihiKK4HQoMmUdxyxtdpn7rHgtJAn6rxiF2GRxw4hMElZZ65t6o9HAXl3g5OU779RErJ+WeWbQr9gTWPHEyUgQZ6j3zq9sPUMQwV4hCKTuOHSo3hkIRRHFS6EYShxCN4AB3NOWQYenGk+sT61ArfcsPhC6urIn6eyOGTMox8/Qkg2ooZ71U/M/rRMo/d2PCw0hhjqYP+RG1VGClUVh9IjBSdKwJRILoWy00hAIipQMr6BCc2S/Pk+ZJxalWqjenxdpFFkce7IMDUAIOOAM1cAXqoAEQeATP4BW8GU/Gi/FufExHc0a2swv+wPj8AXx8k/g=</latexit>

k(x(n), x(N+m))
A good 
habit to 
get into: 

check the
<latexit sha1_base64="Fm1SDXmTQpCRnXbya7p9NHaNvQg=">AAACDXicbVBNT8IwGO7wC/Fr6tFLIxogMWQzBj0SvXgymAgsYQvpSgcN7ba0nQmZ/AEv/hUvHjTGq3dv/hs74KDgkzZ98jzvm77v48eMSmVZ30ZuaXlldS2/XtjY3NreMXf3WjJKBCZNHLFIOD6ShNGQNBVVjDixIIj7jLT94VXmt++JkDQK79QoJh5H/ZAGFCOlpa55FJSdUgU+QP1WTqCjTwm6knLocqQGGLH0Ztw1i1bVmgAuEntGimCGRtf8cnsRTjgJFWZIyo5txcpLkVAUMzIuuIkkMcJD1CcdTUPEifTSyTZjeKyVHgwioW+o4ET93ZEiLuWI+7oyG1HOe5n4n9dJVHDhpTSME0VCPP0oSBhUEcyigT0qCFZspAnCgupZIR4ggbDSARZ0CPb8youkdVq1a9Xa7VmxfjmLIw8OwCEoAxucgzq4Bg3QBBg8gmfwCt6MJ+PFeDc+pqU5Y9azD/7A+PwByRiY7w==</latexit>

f(X 0)|f(X), X,X 0 ⇠ N

13

dimensions

X: NxD
X’: MxD



• Let X collect the N “training” data points (indexed 1 to N) 
• Let X’ collect the M “test” data points 

• Where we want to evaluate the function 
• Indexed N+1 to N+M 

• K(X,X’) is the NxM matrix with (n,m) entry  
• Then by our model

Inference about unknowns given data

<latexit sha1_base64="RWY1FThaRXpXqsUh/Zx7U2AXmJ4="></latexit>
f(X)
f(X 0)

�
⇠ N

✓
0,


K(X,X) K(X,X 0)
K(X 0, X) K(X 0, X 0)

�◆
Nx1
Mx1

(N+M)x(N+M)(N+M)x1
• The conditional satisfies                                        with 

• Mean:  
• Covariance: 

<latexit sha1_base64="PRY/j4uYKZ0rgp51dTOlkSISMds=">AAACAHicbVDLSgMxFL1TX7W+Rl24cBMsYgtaZkSqy6IbwU0F2w60tWTSTBuaeZBkhDLMxl9x40IRt36GO//GtJ2FVg8k93DOvST3uBFnUlnWl5FbWFxaXsmvFtbWNza3zO2dpgxjQWiDhDwUjosl5SygDcUUp04kKPZdTlvu6Gritx6okCwM7tQ4ol0fDwLmMYKVlnrm3k3JOTp2yrro+z45sVPklZxyzyxaFWsK9JfYGSlChnrP/Oz0QxL7NFCEYynbthWpboKFYoTTtNCJJY0wGeEBbWsaYJ/KbjJdIEWHWukjLxT6BApN1Z8TCfalHPuu7vSxGsp5byL+57Vj5V10ExZEsaIBmT3kxRypEE3SQH0mKFF8rAkmgum/IjLEAhOlMyvoEOz5lf+S5mnFrlaqt2fF2mUWRx724QBKYMM51OAa6tAAAik8wQu8Go/Gs/FmvM9ac0Y2swu/YHx8Ayl5k5Y=</latexit>

K(X 0, X)K(X,X)�1f(X)
<latexit sha1_base64="ogA8gsLqc24H9bsULk1qyoDnLxo=">AAACD3icbZBNS8NAEIY39avWr6hHL4tF24ItiUj1WPQieKlg20Aby2a7aZduPtjdCCX0H3jxr3jxoIhXr978N26aHLR1YJmHd2aYndcJGRXSML613NLyyupafr2wsbm1vaPv7rVFEHFMWjhgAbccJAijPmlJKhmxQk6Q5zDSccZXSb3zQLiggX8nJyGxPTT0qUsxkkrq68c3Zat0YpUqsApTrCRZpfu4ak5TLlX6etGoGbOAi2BmUARZNPv6V28Q4MgjvsQMCdE1jVDaMeKSYkamhV4kSIjwGA1JV6GPPCLseHbPFB4pZQDdgKvnSzhTf0/EyBNi4jmq00NyJOZrifhfrRtJ98KOqR9Gkvg4XeRGDMoAJubAAeUESzZRgDCn6q8QjxBHWCoLC8oEc/7kRWif1sx6rX57VmxcZnbkwQE4BGVggnPQANegCVoAg0fwDF7Bm/akvWjv2kfamtOymX3wJ7TPHxZ4lw8=</latexit>

K(X 0, X 0)�K(X 0, X)K(X,X)�1K(X,X 0)

<latexit sha1_base64="sGTp1wPOXIFEm1T/EBeZA1hRZ0s=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5CRahRSmJSHVZdONKKtgHtLFMppN26MwkzEzEGoK/4saFIm79D3f+jZM2C209cLmHc+5l7hwvpEQq2/42cguLS8sr+dXC2vrG5pa5vdOUQSQQbqCABqLtQYkp4bihiKK4HQoMmUdxyxtdpn7rHgtJAn6rxiF2GRxw4hMElZZ65t6o9HAXl3g5OU779RErJ+WeWbQr9gTWPHEyUgQZ6j3zq9sPUMQwV4hCKTuOHSo3hkIRRHFS6EYShxCN4AB3NOWQYenGk+sT61ArfcsPhC6urIn6eyOGTMox8/Qkg2ooZ71U/M/rRMo/d2PCw0hhjqYP+RG1VGClUVh9IjBSdKwJRILoWy00hAIipQMr6BCc2S/Pk+ZJxalWqjenxdpFFkce7IMDUAIOOAM1cAXqoAEQeATP4BW8GU/Gi/FufExHc0a2swv+wPj8AXx8k/g=</latexit>

k(x(n), x(N+m))
A good 
habit to 
get into: 

check the
<latexit sha1_base64="Fm1SDXmTQpCRnXbya7p9NHaNvQg=">AAACDXicbVBNT8IwGO7wC/Fr6tFLIxogMWQzBj0SvXgymAgsYQvpSgcN7ba0nQmZ/AEv/hUvHjTGq3dv/hs74KDgkzZ98jzvm77v48eMSmVZ30ZuaXlldS2/XtjY3NreMXf3WjJKBCZNHLFIOD6ShNGQNBVVjDixIIj7jLT94VXmt++JkDQK79QoJh5H/ZAGFCOlpa55FJSdUgU+QP1WTqCjTwm6knLocqQGGLH0Ztw1i1bVmgAuEntGimCGRtf8cnsRTjgJFWZIyo5txcpLkVAUMzIuuIkkMcJD1CcdTUPEifTSyTZjeKyVHgwioW+o4ET93ZEiLuWI+7oyG1HOe5n4n9dJVHDhpTSME0VCPP0oSBhUEcyigT0qCFZspAnCgupZIR4ggbDSARZ0CPb8youkdVq1a9Xa7VmxfjmLIw8OwCEoAxucgzq4Bg3QBBg8gmfwCt6MJ+PFeDc+pqU5Y9azD/7A+PwByRiY7w==</latexit>

f(X 0)|f(X), X,X 0 ⇠ N

13

Whole mean: Mx1

dimensions

?

X: NxD
X’: MxD



• Let X collect the N “training” data points (indexed 1 to N) 
• Let X’ collect the M “test” data points 

• Where we want to evaluate the function 
• Indexed N+1 to N+M 

• K(X,X’) is the NxM matrix with (n,m) entry  
• Then by our model

Inference about unknowns given data

<latexit sha1_base64="RWY1FThaRXpXqsUh/Zx7U2AXmJ4="></latexit>
f(X)
f(X 0)

�
⇠ N

✓
0,


K(X,X) K(X,X 0)
K(X 0, X) K(X 0, X 0)

�◆
Nx1
Mx1

(N+M)x(N+M)(N+M)x1
• The conditional satisfies                                        with 

• Mean:  
• Covariance: 

<latexit sha1_base64="PRY/j4uYKZ0rgp51dTOlkSISMds=">AAACAHicbVDLSgMxFL1TX7W+Rl24cBMsYgtaZkSqy6IbwU0F2w60tWTSTBuaeZBkhDLMxl9x40IRt36GO//GtJ2FVg8k93DOvST3uBFnUlnWl5FbWFxaXsmvFtbWNza3zO2dpgxjQWiDhDwUjosl5SygDcUUp04kKPZdTlvu6Gritx6okCwM7tQ4ol0fDwLmMYKVlnrm3k3JOTp2yrro+z45sVPklZxyzyxaFWsK9JfYGSlChnrP/Oz0QxL7NFCEYynbthWpboKFYoTTtNCJJY0wGeEBbWsaYJ/KbjJdIEWHWukjLxT6BApN1Z8TCfalHPuu7vSxGsp5byL+57Vj5V10ExZEsaIBmT3kxRypEE3SQH0mKFF8rAkmgum/IjLEAhOlMyvoEOz5lf+S5mnFrlaqt2fF2mUWRx724QBKYMM51OAa6tAAAik8wQu8Go/Gs/FmvM9ac0Y2swu/YHx8Ayl5k5Y=</latexit>

K(X 0, X)K(X,X)�1f(X)
<latexit sha1_base64="ogA8gsLqc24H9bsULk1qyoDnLxo=">AAACD3icbZBNS8NAEIY39avWr6hHL4tF24ItiUj1WPQieKlg20Aby2a7aZduPtjdCCX0H3jxr3jxoIhXr978N26aHLR1YJmHd2aYndcJGRXSML613NLyyupafr2wsbm1vaPv7rVFEHFMWjhgAbccJAijPmlJKhmxQk6Q5zDSccZXSb3zQLiggX8nJyGxPTT0qUsxkkrq68c3Zat0YpUqsApTrCRZpfu4ak5TLlX6etGoGbOAi2BmUARZNPv6V28Q4MgjvsQMCdE1jVDaMeKSYkamhV4kSIjwGA1JV6GPPCLseHbPFB4pZQDdgKvnSzhTf0/EyBNi4jmq00NyJOZrifhfrRtJ98KOqR9Gkvg4XeRGDMoAJubAAeUESzZRgDCn6q8QjxBHWCoLC8oEc/7kRWif1sx6rX57VmxcZnbkwQE4BGVggnPQANegCVoAg0fwDF7Bm/akvWjv2kfamtOymX3wJ7TPHxZ4lw8=</latexit>
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• Let X collect the N “training” data points (indexed 1 to N) 
• Let X’ collect the M “test” data points 

• Where we want to evaluate the function 
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• Let X collect the N “training” data points (indexed 1 to N) 
• Let X’ collect the M “test” data points 

• Where we want to evaluate the function 
• Indexed N+1 to N+M 

• K(X,X’) is the NxM matrix with (n,m) entry  
• Then by our model
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• K(X,X’) is the NxM matrix with (n,m) entry  
• Then by our model

Inference about unknowns given data

<latexit sha1_base64="RWY1FThaRXpXqsUh/Zx7U2AXmJ4="></latexit>
f(X)
f(X 0)

�
⇠ N

✓
0,


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• The conditional satisfies                                        with 

• Mean:  
• Covariance: 

<latexit sha1_base64="PRY/j4uYKZ0rgp51dTOlkSISMds=">AAACAHicbVDLSgMxFL1TX7W+Rl24cBMsYgtaZkSqy6IbwU0F2w60tWTSTBuaeZBkhDLMxl9x40IRt36GO//GtJ2FVg8k93DOvST3uBFnUlnWl5FbWFxaXsmvFtbWNza3zO2dpgxjQWiDhDwUjosl5SygDcUUp04kKPZdTlvu6Gritx6okCwM7tQ4ol0fDwLmMYKVlnrm3k3JOTp2yrro+z45sVPklZxyzyxaFWsK9JfYGSlChnrP/Oz0QxL7NFCEYynbthWpboKFYoTTtNCJJY0wGeEBbWsaYJ/KbjJdIEWHWukjLxT6BApN1Z8TCfalHPuu7vSxGsp5byL+57Vj5V10ExZEsaIBmT3kxRypEE3SQH0mKFF8rAkmgum/IjLEAhOlMyvoEOz5lf+S5mnFrlaqt2fF2mUWRx724QBKYMM51OAa6tAAAik8wQu8Go/Gs/FmvM9ac0Y2swu/YHx8Ayl5k5Y=</latexit>
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<latexit sha1_base64="ogA8gsLqc24H9bsULk1qyoDnLxo=">AAACD3icbZBNS8NAEIY39avWr6hHL4tF24ItiUj1WPQieKlg20Aby2a7aZduPtjdCCX0H3jxr3jxoIhXr978N26aHLR1YJmHd2aYndcJGRXSML613NLyyupafr2wsbm1vaPv7rVFEHFMWjhgAbccJAijPmlJKhmxQk6Q5zDSccZXSb3zQLiggX8nJyGxPTT0qUsxkkrq68c3Zat0YpUqsApTrCRZpfu4ak5TLlX6etGoGbOAi2BmUARZNPv6V28Q4MgjvsQMCdE1jVDaMeKSYkamhV4kSIjwGA1JV6GPPCLseHbPFB4pZQDdgKvnSzhTf0/EyBNi4jmq00NyJOZrifhfrRtJ98KOqR9Gkvg4XeRGDMoAJubAAeUESzZRgDCn6q8QjxBHWCoLC8oEc/7kRWif1sx6rX57VmxcZnbkwQE4BGVggnPQANegCVoAg0fwDF7Bm/akvWjv2kfamtOymX3wJ7TPHxZ4lw8=</latexit>
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<latexit sha1_base64="sGTp1wPOXIFEm1T/EBeZA1hRZ0s=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5CRahRSmJSHVZdONKKtgHtLFMppN26MwkzEzEGoK/4saFIm79D3f+jZM2C209cLmHc+5l7hwvpEQq2/42cguLS8sr+dXC2vrG5pa5vdOUQSQQbqCABqLtQYkp4bihiKK4HQoMmUdxyxtdpn7rHgtJAn6rxiF2GRxw4hMElZZ65t6o9HAXl3g5OU779RErJ+WeWbQr9gTWPHEyUgQZ6j3zq9sPUMQwV4hCKTuOHSo3hkIRRHFS6EYShxCN4AB3NOWQYenGk+sT61ArfcsPhC6urIn6eyOGTMox8/Qkg2ooZ71U/M/rRMo/d2PCw0hhjqYP+RG1VGClUVh9IjBSdKwJRILoWy00hAIipQMr6BCc2S/Pk+ZJxalWqjenxdpFFkce7IMDUAIOOAM1cAXqoAEQeATP4BW8GU/Gi/FufExHc0a2swv+wPj8AXx8k/g=</latexit>
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k(x(n), x(N+m))
A good 
habit to 
get into: 

check the
<latexit sha1_base64="Fm1SDXmTQpCRnXbya7p9NHaNvQg=">AAACDXicbVBNT8IwGO7wC/Fr6tFLIxogMWQzBj0SvXgymAgsYQvpSgcN7ba0nQmZ/AEv/hUvHjTGq3dv/hs74KDgkzZ98jzvm77v48eMSmVZ30ZuaXlldS2/XtjY3NreMXf3WjJKBCZNHLFIOD6ShNGQNBVVjDixIIj7jLT94VXmt++JkDQK79QoJh5H/ZAGFCOlpa55FJSdUgU+QP1WTqCjTwm6knLocqQGGLH0Ztw1i1bVmgAuEntGimCGRtf8cnsRTjgJFWZIyo5txcpLkVAUMzIuuIkkMcJD1CcdTUPEifTSyTZjeKyVHgwioW+o4ET93ZEiLuWI+7oyG1HOe5n4n9dJVHDhpTSME0VCPP0oSBhUEcyigT0qCFZspAnCgupZIR4ggbDSARZ0CPb8youkdVq1a9Xa7VmxfjmLIw8OwCEoAxucgzq4Bg3QBBg8gmfwCt6MJ+PFeDc+pqU5Y9azD/7A+PwByRiY7w==</latexit>

f(X 0)|f(X), X,X 0 ⇠ N

13

MxN NxN Nx1
Whole mean: Mx1

dimensions

MxM MxN NxNMxM

X: NxD
X’: MxD



• Let X collect the N “training” data points (indexed 1 to N) 
• Let X’ collect the M “test” data points 

• Where we want to evaluate the function 
• Indexed N+1 to N+M 

• K(X,X’) is the NxM matrix with (n,m) entry  
• Then by our model

Inference about unknowns given data

<latexit sha1_base64="RWY1FThaRXpXqsUh/Zx7U2AXmJ4="></latexit>
f(X)
f(X 0)

�
⇠ N

✓
0,


K(X,X) K(X,X 0)
K(X 0, X) K(X 0, X 0)

�◆
Nx1
Mx1

(N+M)x(N+M)(N+M)x1
• The conditional satisfies                                        with 

• Mean:  
• Covariance: 

<latexit sha1_base64="PRY/j4uYKZ0rgp51dTOlkSISMds=">AAACAHicbVDLSgMxFL1TX7W+Rl24cBMsYgtaZkSqy6IbwU0F2w60tWTSTBuaeZBkhDLMxl9x40IRt36GO//GtJ2FVg8k93DOvST3uBFnUlnWl5FbWFxaXsmvFtbWNza3zO2dpgxjQWiDhDwUjosl5SygDcUUp04kKPZdTlvu6Gritx6okCwM7tQ4ol0fDwLmMYKVlnrm3k3JOTp2yrro+z45sVPklZxyzyxaFWsK9JfYGSlChnrP/Oz0QxL7NFCEYynbthWpboKFYoTTtNCJJY0wGeEBbWsaYJ/KbjJdIEWHWukjLxT6BApN1Z8TCfalHPuu7vSxGsp5byL+57Vj5V10ExZEsaIBmT3kxRypEE3SQH0mKFF8rAkmgum/IjLEAhOlMyvoEOz5lf+S5mnFrlaqt2fF2mUWRx724QBKYMM51OAa6tAAAik8wQu8Go/Gs/FmvM9ac0Y2swu/YHx8Ayl5k5Y=</latexit>

K(X 0, X)K(X,X)�1f(X)
<latexit sha1_base64="ogA8gsLqc24H9bsULk1qyoDnLxo=">AAACD3icbZBNS8NAEIY39avWr6hHL4tF24ItiUj1WPQieKlg20Aby2a7aZduPtjdCCX0H3jxr3jxoIhXr978N26aHLR1YJmHd2aYndcJGRXSML613NLyyupafr2wsbm1vaPv7rVFEHFMWjhgAbccJAijPmlJKhmxQk6Q5zDSccZXSb3zQLiggX8nJyGxPTT0qUsxkkrq68c3Zat0YpUqsApTrCRZpfu4ak5TLlX6etGoGbOAi2BmUARZNPv6V28Q4MgjvsQMCdE1jVDaMeKSYkamhV4kSIjwGA1JV6GPPCLseHbPFB4pZQDdgKvnSzhTf0/EyBNi4jmq00NyJOZrifhfrRtJ98KOqR9Gkvg4XeRGDMoAJubAAeUESzZRgDCn6q8QjxBHWCoLC8oEc/7kRWif1sx6rX57VmxcZnbkwQE4BGVggnPQANegCVoAg0fwDF7Bm/akvWjv2kfamtOymX3wJ7TPHxZ4lw8=</latexit>

K(X 0, X 0)�K(X 0, X)K(X,X)�1K(X,X 0)

<latexit sha1_base64="sGTp1wPOXIFEm1T/EBeZA1hRZ0s=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5CRahRSmJSHVZdONKKtgHtLFMppN26MwkzEzEGoK/4saFIm79D3f+jZM2C209cLmHc+5l7hwvpEQq2/42cguLS8sr+dXC2vrG5pa5vdOUQSQQbqCABqLtQYkp4bihiKK4HQoMmUdxyxtdpn7rHgtJAn6rxiF2GRxw4hMElZZ65t6o9HAXl3g5OU779RErJ+WeWbQr9gTWPHEyUgQZ6j3zq9sPUMQwV4hCKTuOHSo3hkIRRHFS6EYShxCN4AB3NOWQYenGk+sT61ArfcsPhC6urIn6eyOGTMox8/Qkg2ooZ71U/M/rRMo/d2PCw0hhjqYP+RG1VGClUVh9IjBSdKwJRILoWy00hAIipQMr6BCc2S/Pk+ZJxalWqjenxdpFFkce7IMDUAIOOAM1cAXqoAEQeATP4BW8GU/Gi/FufExHc0a2swv+wPj8AXx8k/g=</latexit>

k(x(n), x(N+m))
A good 
habit to 
get into: 

check the
<latexit sha1_base64="Fm1SDXmTQpCRnXbya7p9NHaNvQg=">AAACDXicbVBNT8IwGO7wC/Fr6tFLIxogMWQzBj0SvXgymAgsYQvpSgcN7ba0nQmZ/AEv/hUvHjTGq3dv/hs74KDgkzZ98jzvm77v48eMSmVZ30ZuaXlldS2/XtjY3NreMXf3WjJKBCZNHLFIOD6ShNGQNBVVjDixIIj7jLT94VXmt++JkDQK79QoJh5H/ZAGFCOlpa55FJSdUgU+QP1WTqCjTwm6knLocqQGGLH0Ztw1i1bVmgAuEntGimCGRtf8cnsRTjgJFWZIyo5txcpLkVAUMzIuuIkkMcJD1CcdTUPEifTSyTZjeKyVHgwioW+o4ET93ZEiLuWI+7oyG1HOe5n4n9dJVHDhpTSME0VCPP0oSBhUEcyigT0qCFZspAnCgupZIR4ggbDSARZ0CPb8youkdVq1a9Xa7VmxfjmLIw8OwCEoAxucgzq4Bg3QBBg8gmfwCt6MJ+PFeDc+pqU5Y9azD/7A+PwByRiY7w==</latexit>

f(X 0)|f(X), X,X 0 ⇠ N

13

MxN NxN Nx1
Whole mean: Mx1

dimensions

MxM MxN NxN NxMMxM

X: NxD
X’: MxD



• Let X collect the N “training” data points (indexed 1 to N) 
• Let X’ collect the M “test” data points 

• Where we want to evaluate the function 
• Indexed N+1 to N+M 

• K(X,X’) is the NxM matrix with (n,m) entry  
• Then by our model

Inference about unknowns given data

<latexit sha1_base64="RWY1FThaRXpXqsUh/Zx7U2AXmJ4="></latexit>
f(X)
f(X 0)

�
⇠ N

✓
0,


K(X,X) K(X,X 0)
K(X 0, X) K(X 0, X 0)

�◆
Nx1
Mx1

(N+M)x(N+M)(N+M)x1
• The conditional satisfies                                        with 

• Mean:  
• Covariance: 

<latexit sha1_base64="PRY/j4uYKZ0rgp51dTOlkSISMds=">AAACAHicbVDLSgMxFL1TX7W+Rl24cBMsYgtaZkSqy6IbwU0F2w60tWTSTBuaeZBkhDLMxl9x40IRt36GO//GtJ2FVg8k93DOvST3uBFnUlnWl5FbWFxaXsmvFtbWNza3zO2dpgxjQWiDhDwUjosl5SygDcUUp04kKPZdTlvu6Gritx6okCwM7tQ4ol0fDwLmMYKVlnrm3k3JOTp2yrro+z45sVPklZxyzyxaFWsK9JfYGSlChnrP/Oz0QxL7NFCEYynbthWpboKFYoTTtNCJJY0wGeEBbWsaYJ/KbjJdIEWHWukjLxT6BApN1Z8TCfalHPuu7vSxGsp5byL+57Vj5V10ExZEsaIBmT3kxRypEE3SQH0mKFF8rAkmgum/IjLEAhOlMyvoEOz5lf+S5mnFrlaqt2fF2mUWRx724QBKYMM51OAa6tAAAik8wQu8Go/Gs/FmvM9ac0Y2swu/YHx8Ayl5k5Y=</latexit>

K(X 0, X)K(X,X)�1f(X)
<latexit sha1_base64="ogA8gsLqc24H9bsULk1qyoDnLxo=">AAACD3icbZBNS8NAEIY39avWr6hHL4tF24ItiUj1WPQieKlg20Aby2a7aZduPtjdCCX0H3jxr3jxoIhXr978N26aHLR1YJmHd2aYndcJGRXSML613NLyyupafr2wsbm1vaPv7rVFEHFMWjhgAbccJAijPmlJKhmxQk6Q5zDSccZXSb3zQLiggX8nJyGxPTT0qUsxkkrq68c3Zat0YpUqsApTrCRZpfu4ak5TLlX6etGoGbOAi2BmUARZNPv6V28Q4MgjvsQMCdE1jVDaMeKSYkamhV4kSIjwGA1JV6GPPCLseHbPFB4pZQDdgKvnSzhTf0/EyBNi4jmq00NyJOZrifhfrRtJ98KOqR9Gkvg4XeRGDMoAJubAAeUESzZRgDCn6q8QjxBHWCoLC8oEc/7kRWif1sx6rX57VmxcZnbkwQE4BGVggnPQANegCVoAg0fwDF7Bm/akvWjv2kfamtOymX3wJ7TPHxZ4lw8=</latexit>

K(X 0, X 0)�K(X 0, X)K(X,X)�1K(X,X 0)

<latexit sha1_base64="sGTp1wPOXIFEm1T/EBeZA1hRZ0s=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5CRahRSmJSHVZdONKKtgHtLFMppN26MwkzEzEGoK/4saFIm79D3f+jZM2C209cLmHc+5l7hwvpEQq2/42cguLS8sr+dXC2vrG5pa5vdOUQSQQbqCABqLtQYkp4bihiKK4HQoMmUdxyxtdpn7rHgtJAn6rxiF2GRxw4hMElZZ65t6o9HAXl3g5OU779RErJ+WeWbQr9gTWPHEyUgQZ6j3zq9sPUMQwV4hCKTuOHSo3hkIRRHFS6EYShxCN4AB3NOWQYenGk+sT61ArfcsPhC6urIn6eyOGTMox8/Qkg2ooZ71U/M/rRMo/d2PCw0hhjqYP+RG1VGClUVh9IjBSdKwJRILoWy00hAIipQMr6BCc2S/Pk+ZJxalWqjenxdpFFkce7IMDUAIOOAM1cAXqoAEQeATP4BW8GU/Gi/FufExHc0a2swv+wPj8AXx8k/g=</latexit>

k(x(n), x(N+m))
A good 
habit to 
get into: 

check the
<latexit sha1_base64="Fm1SDXmTQpCRnXbya7p9NHaNvQg=">AAACDXicbVBNT8IwGO7wC/Fr6tFLIxogMWQzBj0SvXgymAgsYQvpSgcN7ba0nQmZ/AEv/hUvHjTGq3dv/hs74KDgkzZ98jzvm77v48eMSmVZ30ZuaXlldS2/XtjY3NreMXf3WjJKBCZNHLFIOD6ShNGQNBVVjDixIIj7jLT94VXmt++JkDQK79QoJh5H/ZAGFCOlpa55FJSdUgU+QP1WTqCjTwm6knLocqQGGLH0Ztw1i1bVmgAuEntGimCGRtf8cnsRTjgJFWZIyo5txcpLkVAUMzIuuIkkMcJD1CcdTUPEifTSyTZjeKyVHgwioW+o4ET93ZEiLuWI+7oyG1HOe5n4n9dJVHDhpTSME0VCPP0oSBhUEcyigT0qCFZspAnCgupZIR4ggbDSARZ0CPb8youkdVq1a9Xa7VmxfjmLIw8OwCEoAxucgzq4Bg3QBBg8gmfwCt6MJ+PFeDc+pqU5Y9azD/7A+PwByRiY7w==</latexit>

f(X 0)|f(X), X,X 0 ⇠ N

13

MxN NxN Nx1
Whole mean: Mx1

dimensions

MxM MxN NxN NxMMxM
• We’ll infer f(X’) given our simulated data; recall we’re using 

<latexit sha1_base64="wQGBnGbdRU7ChlkkUHgv9ATbz9A="></latexit>

k(x, x0) = �2 exp(� 1
2 (x� x0)2),� = 1

X: NxD
X’: MxD



• Let X collect the N “training” data points (indexed 1 to N) 
• Let X’ collect the M “test” data points 

• Where we want to evaluate the function 
• Indexed N+1 to N+M 

• K(X,X’) is the NxM matrix with (n,m) entry  
• Then by our model

Inference about unknowns given data

<latexit sha1_base64="RWY1FThaRXpXqsUh/Zx7U2AXmJ4="></latexit>
f(X)
f(X 0)

�
⇠ N

✓
0,


K(X,X) K(X,X 0)
K(X 0, X) K(X 0, X 0)

�◆
Nx1
Mx1

(N+M)x(N+M)(N+M)x1
• The conditional satisfies                                        with 

• Mean:  
• Covariance: 

<latexit sha1_base64="PRY/j4uYKZ0rgp51dTOlkSISMds=">AAACAHicbVDLSgMxFL1TX7W+Rl24cBMsYgtaZkSqy6IbwU0F2w60tWTSTBuaeZBkhDLMxl9x40IRt36GO//GtJ2FVg8k93DOvST3uBFnUlnWl5FbWFxaXsmvFtbWNza3zO2dpgxjQWiDhDwUjosl5SygDcUUp04kKPZdTlvu6Gritx6okCwM7tQ4ol0fDwLmMYKVlnrm3k3JOTp2yrro+z45sVPklZxyzyxaFWsK9JfYGSlChnrP/Oz0QxL7NFCEYynbthWpboKFYoTTtNCJJY0wGeEBbWsaYJ/KbjJdIEWHWukjLxT6BApN1Z8TCfalHPuu7vSxGsp5byL+57Vj5V10ExZEsaIBmT3kxRypEE3SQH0mKFF8rAkmgum/IjLEAhOlMyvoEOz5lf+S5mnFrlaqt2fF2mUWRx724QBKYMM51OAa6tAAAik8wQu8Go/Gs/FmvM9ac0Y2swu/YHx8Ayl5k5Y=</latexit>

K(X 0, X)K(X,X)�1f(X)
<latexit sha1_base64="ogA8gsLqc24H9bsULk1qyoDnLxo=">AAACD3icbZBNS8NAEIY39avWr6hHL4tF24ItiUj1WPQieKlg20Aby2a7aZduPtjdCCX0H3jxr3jxoIhXr978N26aHLR1YJmHd2aYndcJGRXSML613NLyyupafr2wsbm1vaPv7rVFEHFMWjhgAbccJAijPmlJKhmxQk6Q5zDSccZXSb3zQLiggX8nJyGxPTT0qUsxkkrq68c3Zat0YpUqsApTrCRZpfu4ak5TLlX6etGoGbOAi2BmUARZNPv6V28Q4MgjvsQMCdE1jVDaMeKSYkamhV4kSIjwGA1JV6GPPCLseHbPFB4pZQDdgKvnSzhTf0/EyBNi4jmq00NyJOZrifhfrRtJ98KOqR9Gkvg4XeRGDMoAJubAAeUESzZRgDCn6q8QjxBHWCoLC8oEc/7kRWif1sx6rX57VmxcZnbkwQE4BGVggnPQANegCVoAg0fwDF7Bm/akvWjv2kfamtOymX3wJ7TPHxZ4lw8=</latexit>

K(X 0, X 0)�K(X 0, X)K(X,X)�1K(X,X 0)

<latexit sha1_base64="sGTp1wPOXIFEm1T/EBeZA1hRZ0s=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5CRahRSmJSHVZdONKKtgHtLFMppN26MwkzEzEGoK/4saFIm79D3f+jZM2C209cLmHc+5l7hwvpEQq2/42cguLS8sr+dXC2vrG5pa5vdOUQSQQbqCABqLtQYkp4bihiKK4HQoMmUdxyxtdpn7rHgtJAn6rxiF2GRxw4hMElZZ65t6o9HAXl3g5OU779RErJ+WeWbQr9gTWPHEyUgQZ6j3zq9sPUMQwV4hCKTuOHSo3hkIRRHFS6EYShxCN4AB3NOWQYenGk+sT61ArfcsPhC6urIn6eyOGTMox8/Qkg2ooZ71U/M/rRMo/d2PCw0hhjqYP+RG1VGClUVh9IjBSdKwJRILoWy00hAIipQMr6BCc2S/Pk+ZJxalWqjenxdpFFkce7IMDUAIOOAM1cAXqoAEQeATP4BW8GU/Gi/FufExHc0a2swv+wPj8AXx8k/g=</latexit>

k(x(n), x(N+m))
A good 
habit to 
get into: 

check the
<latexit sha1_base64="Fm1SDXmTQpCRnXbya7p9NHaNvQg=">AAACDXicbVBNT8IwGO7wC/Fr6tFLIxogMWQzBj0SvXgymAgsYQvpSgcN7ba0nQmZ/AEv/hUvHjTGq3dv/hs74KDgkzZ98jzvm77v48eMSmVZ30ZuaXlldS2/XtjY3NreMXf3WjJKBCZNHLFIOD6ShNGQNBVVjDixIIj7jLT94VXmt++JkDQK79QoJh5H/ZAGFCOlpa55FJSdUgU+QP1WTqCjTwm6knLocqQGGLH0Ztw1i1bVmgAuEntGimCGRtf8cnsRTjgJFWZIyo5txcpLkVAUMzIuuIkkMcJD1CcdTUPEifTSyTZjeKyVHgwioW+o4ET93ZEiLuWI+7oyG1HOe5n4n9dJVHDhpTSME0VCPP0oSBhUEcyigT0qCFZspAnCgupZIR4ggbDSARZ0CPb8youkdVq1a9Xa7VmxfjmLIw8OwCEoAxucgzq4Bg3QBBg8gmfwCt6MJ+PFeDc+pqU5Y9azD/7A+PwByRiY7w==</latexit>

f(X 0)|f(X), X,X 0 ⇠ N

13

MxN NxN Nx1
Whole mean: Mx1

dimensions

MxM MxN NxN NxMMxM
• We’ll infer f(X’) given our simulated data; recall we’re using 

<latexit sha1_base64="wQGBnGbdRU7ChlkkUHgv9ATbz9A="></latexit>

k(x, x0) = �2 exp(� 1
2 (x� x0)2),� = 1

X: NxD
X’: MxD

[demo1,2]



Closer look at the uncertainty interval
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Closer look at the uncertainty interval
x data 

f(x) best guess 
f(x) 95% interval
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Closer look at the uncertainty interval
• Under GP,                            

at a point x’ is marginally 
Gaussian

<latexit sha1_base64="mnassKNpjtUNdYoML5l74RFIJOM=">AAAB/HicbVBNT8JAEN36ifhV5ehlIzFAQkhrDHokevGIiUATaMh22cKG7bbZ3Rqain/FiweN8eoP8ea/cYEeFHzJJC/vzWRmnhcxKpVlfRtr6xubW9u5nfzu3v7BoXl03JZhLDBp4ZCFwvGQJIxy0lJUMeJEgqDAY6TjjW9mfueBCElDfq+SiLgBGnLqU4yUlvpmwS9PShX4CP2yU6lCpwonpb5ZtGrWHHCV2BkpggzNvvnVG4Q4DghXmCEpu7YVKTdFQlHMyDTfiyWJEB6jIelqylFApJvOj5/CM60MoB8KXVzBufp7IkWBlEng6c4AqZFc9mbif143Vv6Vm1IexYpwvFjkxwyqEM6SgAMqCFYs0QRhQfWtEI+QQFjpvPI6BHv55VXSPq/Z9Vr97qLYuM7iyIETcArKwAaXoAFuQRO0AAYJeAav4M14Ml6Md+Nj0bpmZDMF8AfG5w+M3pIk</latexit>
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x data 

f(x) best guess 
f(x) 95% interval

y

x

14



Closer look at the uncertainty interval
• Under GP,                            

at a point x’ is marginally 
Gaussian

<latexit sha1_base64="mnassKNpjtUNdYoML5l74RFIJOM=">AAAB/HicbVBNT8JAEN36ifhV5ehlIzFAQkhrDHokevGIiUATaMh22cKG7bbZ3Rqain/FiweN8eoP8ea/cYEeFHzJJC/vzWRmnhcxKpVlfRtr6xubW9u5nfzu3v7BoXl03JZhLDBp4ZCFwvGQJIxy0lJUMeJEgqDAY6TjjW9mfueBCElDfq+SiLgBGnLqU4yUlvpmwS9PShX4CP2yU6lCpwonpb5ZtGrWHHCV2BkpggzNvvnVG4Q4DghXmCEpu7YVKTdFQlHMyDTfiyWJEB6jIelqylFApJvOj5/CM60MoB8KXVzBufp7IkWBlEng6c4AqZFc9mbif143Vv6Vm1IexYpwvFjkxwyqEM6SgAMqCFYs0QRhQfWtEI+QQFjpvPI6BHv55VXSPq/Z9Vr97qLYuM7iyIETcArKwAaXoAFuQRO0AAYJeAav4M14Ml6Md+Nj0bpmZDMF8AfG5w+M3pIk</latexit>

f(x0)|f(X), X, x0
x data 

f(x) best guess 
f(x) 95% interval

y

xx’

14



Closer look at the uncertainty interval
• Under GP,                            

at a point x’ is marginally 
Gaussian 

• The green line at point x’ is 
the mean of that Gaussian

<latexit sha1_base64="mnassKNpjtUNdYoML5l74RFIJOM=">AAAB/HicbVBNT8JAEN36ifhV5ehlIzFAQkhrDHokevGIiUATaMh22cKG7bbZ3Rqain/FiweN8eoP8ea/cYEeFHzJJC/vzWRmnhcxKpVlfRtr6xubW9u5nfzu3v7BoXl03JZhLDBp4ZCFwvGQJIxy0lJUMeJEgqDAY6TjjW9mfueBCElDfq+SiLgBGnLqU4yUlvpmwS9PShX4CP2yU6lCpwonpb5ZtGrWHHCV2BkpggzNvvnVG4Q4DghXmCEpu7YVKTdFQlHMyDTfiyWJEB6jIelqylFApJvOj5/CM60MoB8KXVzBufp7IkWBlEng6c4AqZFc9mbif143Vv6Vm1IexYpwvFjkxwyqEM6SgAMqCFYs0QRhQfWtEI+QQFjpvPI6BHv55VXSPq/Z9Vr97qLYuM7iyIETcArKwAaXoAFuQRO0AAYJeAav4M14Ml6Md+Nj0bpmZDMF8AfG5w+M3pIk</latexit>

f(x0)|f(X), X, x0
x data 

f(x) best guess 
f(x) 95% interval

y

xx’

14



Closer look at the uncertainty interval
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• So far we’ve been assuming that we observed f(x) directly 
• But often the actual observation y has additional noise: 

• We observe                            and want to learn the latent f 
• The y’s are multivariate-Gaussian-distributed 

• Note: the sum of independent Gaussians is a Gaussian 
with means summed and covariances summed 

• So the mean of        is               and 

Observation noise

<latexit sha1_base64="Mi4j3r3ewl1A9d3nmYkKvxijxiQ=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRahXsquSPVY9OKxgv2Adi3ZNNuGZrMhyQrL0h/hxYMiXv093vw3pu0etPXBwOO9GWbmBZIzbVz32ymsrW9sbhW3Szu7e/sH5cOjto4TRWiLxDxW3QBrypmgLcMMp12pKI4CTjvB5Hbmd56o0iwWDyaV1I/wSLCQEWys1Ekfs6o4nw7KFbfmzoFWiZeTCuRoDspf/WFMkogKQzjWuue50vgZVoYRTqelfqKpxGSCR7RnqcAR1X42P3eKzqwyRGGsbAmD5urviQxHWqdRYDsjbMZ62ZuJ/3m9xITXfsaETAwVZLEoTDgyMZr9joZMUWJ4agkmitlbERljhYmxCZVsCN7yy6ukfVHz6rX6/WWlcZPHUYQTOIUqeHAFDbiDJrSAwASe4RXeHOm8OO/Ox6K14OQzx/AHzucP+OqPWQ==</latexit>

y(n)

<latexit sha1_base64="QzLeCqFSJJtpdIuqUfb9sLXwnUU="></latexit>

f ⇠ GP(m, k), y(n) ⇠ f(x(n)) + ✏(n), ✏(n)
iid⇠ N (0, ⌧2)

<latexit sha1_base64="sO1Bu19CHXTtC/K2+WI7yuYVl3g=">AAAB/HicbVDLSgMxFM3UV62v0S7dBIvQbsqMSHVZdOOygn1AO5ZMmmlDk8yQZMQyjL/ixoUibv0Qd/6NmXYW2nogcDjnXu7J8SNGlXacb6uwtr6xuVXcLu3s7u0f2IdHHRXGEpM2Dlkoez5ShFFB2ppqRnqRJIj7jHT96XXmdx+IVDQUd3oWEY+jsaABxUgbaWiXeXXAkZ74QfKY3idVUUtrQ7vi1J054Cpxc1IBOVpD+2swCnHMidCYIaX6rhNpL0FSU8xIWhrEikQIT9GY9A0ViBPlJfPwKTw1yggGoTRPaDhXf28kiCs1476ZzIKqZS8T//P6sQ4uvYSKKNZE4MWhIGZQhzBrAo6oJFizmSEIS2qyQjxBEmFt+iqZEtzlL6+SzlndbdQbt+eV5lVeRxEcgxNQBS64AE1wA1qgDTCYgWfwCt6sJ+vFerc+FqMFK98pgz+wPn8APXeUhQ==</latexit>

m(x(n))

[demo1]

<latexit sha1_base64="tsc8LxJoS9f1LLx44TvTZCL5Syw=">AAACEHicbZDLSsNAFIYnXmu9RV26GSxiC1ISkepGKLpxJRXsBZq0TKaTduhkEmYmYgl5BDe+ihsXirh16c63cdJ2oa0/DHz85xzmnN+LGJXKsr6NhcWl5ZXV3Fp+fWNza9vc2W3IMBaY1HHIQtHykCSMclJXVDHSigRBgcdI0xteZfXmPRGShvxOjSLiBqjPqU8xUtrqmkdOUnQCpAaenzyknaTIS+kxHE2g5KTdhF/YaeemaxassjUWnAd7CgUwVa1rfjm9EMcB4QozJGXbtiLlJkgoihlJ804sSYTwEPVJWyNHAZFuMj4ohYfa6UE/FPpxBcfu74kEBVKOAk93ZrvL2Vpm/ldrx8o/dxPKo1gRjicf+TGDKoRZOrBHBcGKjTQgLKjeFeIBEggrnWFeh2DPnjwPjZOyXSlXbk8L1ctpHDmwDw5AEdjgDFTBNaiBOsDgETyDV/BmPBkvxrvxMWldMKYze+CPjM8fjJicSQ==</latexit>

{(x(n), y(n))}Nn=1
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• So far we’ve been assuming that we observed f(x) directly 
• But often the actual observation y has additional noise: 

• We observe                            and want to learn the latent f 
• The y’s are multivariate-Gaussian-distributed 

• Note: the sum of independent Gaussians is a Gaussian 
with means summed and covariances summed 

• So the mean of        is               and 

Observation noise
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y(n)

<latexit sha1_base64="QzLeCqFSJJtpdIuqUfb9sLXwnUU="></latexit>

f ⇠ GP(m, k), y(n) ⇠ f(x(n)) + ✏(n), ✏(n)
iid⇠ N (0, ⌧2)

<latexit sha1_base64="sO1Bu19CHXTtC/K2+WI7yuYVl3g=">AAAB/HicbVDLSgMxFM3UV62v0S7dBIvQbsqMSHVZdOOygn1AO5ZMmmlDk8yQZMQyjL/ixoUibv0Qd/6NmXYW2nogcDjnXu7J8SNGlXacb6uwtr6xuVXcLu3s7u0f2IdHHRXGEpM2Dlkoez5ShFFB2ppqRnqRJIj7jHT96XXmdx+IVDQUd3oWEY+jsaABxUgbaWiXeXXAkZ74QfKY3idVUUtrQ7vi1J054Cpxc1IBOVpD+2swCnHMidCYIaX6rhNpL0FSU8xIWhrEikQIT9GY9A0ViBPlJfPwKTw1yggGoTRPaDhXf28kiCs1476ZzIKqZS8T//P6sQ4uvYSKKNZE4MWhIGZQhzBrAo6oJFizmSEIS2qyQjxBEmFt+iqZEtzlL6+SzlndbdQbt+eV5lVeRxEcgxNQBS64AE1wA1qgDTCYgWfwCt6sJ+vFerc+FqMFK98pgz+wPn8APXeUhQ==</latexit>

m(x(n))

[demo1]

<latexit sha1_base64="tsc8LxJoS9f1LLx44TvTZCL5Syw=">AAACEHicbZDLSsNAFIYnXmu9RV26GSxiC1ISkepGKLpxJRXsBZq0TKaTduhkEmYmYgl5BDe+ihsXirh16c63cdJ2oa0/DHz85xzmnN+LGJXKsr6NhcWl5ZXV3Fp+fWNza9vc2W3IMBaY1HHIQtHykCSMclJXVDHSigRBgcdI0xteZfXmPRGShvxOjSLiBqjPqU8xUtrqmkdOUnQCpAaenzyknaTIS+kxHE2g5KTdhF/YaeemaxassjUWnAd7CgUwVa1rfjm9EMcB4QozJGXbtiLlJkgoihlJ804sSYTwEPVJWyNHAZFuMj4ohYfa6UE/FPpxBcfu74kEBVKOAk93ZrvL2Vpm/ldrx8o/dxPKo1gRjicf+TGDKoRZOrBHBcGKjTQgLKjeFeIBEggrnWFeh2DPnjwPjZOyXSlXbk8L1ctpHDmwDw5AEdjgDFTBNaiBOsDgETyDV/BmPBkvxrvxMWldMKYze+CPjM8fjJicSQ==</latexit>

{(x(n), y(n))}Nn=1
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• So far we’ve been assuming that we observed f(x) directly 
• But often the actual observation y has additional noise: 

• We observe                            and want to learn the latent f 
• The y’s are multivariate-Gaussian-distributed 

• Note: the sum of independent Gaussians is a Gaussian 
with means summed and covariances summed 

• So the mean of        is               and 

Observation noise

<latexit sha1_base64="Mi4j3r3ewl1A9d3nmYkKvxijxiQ=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRahXsquSPVY9OKxgv2Adi3ZNNuGZrMhyQrL0h/hxYMiXv093vw3pu0etPXBwOO9GWbmBZIzbVz32ymsrW9sbhW3Szu7e/sH5cOjto4TRWiLxDxW3QBrypmgLcMMp12pKI4CTjvB5Hbmd56o0iwWDyaV1I/wSLCQEWys1Ekfs6o4nw7KFbfmzoFWiZeTCuRoDspf/WFMkogKQzjWuue50vgZVoYRTqelfqKpxGSCR7RnqcAR1X42P3eKzqwyRGGsbAmD5urviQxHWqdRYDsjbMZ62ZuJ/3m9xITXfsaETAwVZLEoTDgyMZr9joZMUWJ4agkmitlbERljhYmxCZVsCN7yy6ukfVHz6rX6/WWlcZPHUYQTOIUqeHAFDbiDJrSAwASe4RXeHOm8OO/Ox6K14OQzx/AHzucP+OqPWQ==</latexit>

y(n)

<latexit sha1_base64="QzLeCqFSJJtpdIuqUfb9sLXwnUU="></latexit>

f ⇠ GP(m, k), y(n) ⇠ f(x(n)) + ✏(n), ✏(n)
iid⇠ N (0, ⌧2)

<latexit sha1_base64="sO1Bu19CHXTtC/K2+WI7yuYVl3g=">AAAB/HicbVDLSgMxFM3UV62v0S7dBIvQbsqMSHVZdOOygn1AO5ZMmmlDk8yQZMQyjL/ixoUibv0Qd/6NmXYW2nogcDjnXu7J8SNGlXacb6uwtr6xuVXcLu3s7u0f2IdHHRXGEpM2Dlkoez5ShFFB2ppqRnqRJIj7jHT96XXmdx+IVDQUd3oWEY+jsaABxUgbaWiXeXXAkZ74QfKY3idVUUtrQ7vi1J054Cpxc1IBOVpD+2swCnHMidCYIaX6rhNpL0FSU8xIWhrEikQIT9GY9A0ViBPlJfPwKTw1yggGoTRPaDhXf28kiCs1476ZzIKqZS8T//P6sQ4uvYSKKNZE4MWhIGZQhzBrAo6oJFizmSEIS2qyQjxBEmFt+iqZEtzlL6+SzlndbdQbt+eV5lVeRxEcgxNQBS64AE1wA1qgDTCYgWfwCt6sJ+vFerc+FqMFK98pgz+wPn8APXeUhQ==</latexit>

m(x(n))
<latexit sha1_base64="Q9RUCLUCuOmwzieB77tbCLnTbRc="></latexit>

Cov(y(n), y(n
0)) = k(x(n),x(n0)) + ⌧21{n = n0}

[demo1]

<latexit sha1_base64="tsc8LxJoS9f1LLx44TvTZCL5Syw=">AAACEHicbZDLSsNAFIYnXmu9RV26GSxiC1ISkepGKLpxJRXsBZq0TKaTduhkEmYmYgl5BDe+ihsXirh16c63cdJ2oa0/DHz85xzmnN+LGJXKsr6NhcWl5ZXV3Fp+fWNza9vc2W3IMBaY1HHIQtHykCSMclJXVDHSigRBgcdI0xteZfXmPRGShvxOjSLiBqjPqU8xUtrqmkdOUnQCpAaenzyknaTIS+kxHE2g5KTdhF/YaeemaxassjUWnAd7CgUwVa1rfjm9EMcB4QozJGXbtiLlJkgoihlJ804sSYTwEPVJWyNHAZFuMj4ohYfa6UE/FPpxBcfu74kEBVKOAk93ZrvL2Vpm/ldrx8o/dxPKo1gRjicf+TGDKoRZOrBHBcGKjTQgLKjeFeIBEggrnWFeh2DPnjwPjZOyXSlXbk8L1ctpHDmwDw5AEdjgDFTBNaiBOsDgETyDV/BmPBkvxrvxMWldMKYze+CPjM8fjJicSQ==</latexit>

{(x(n), y(n))}Nn=1
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• So far we’ve been assuming that we observed f(x) directly 
• But often the actual observation y has additional noise: 

• We observe                            and want to learn the latent f 
• The y’s are multivariate-Gaussian-distributed 

• Note: the sum of independent Gaussians is a Gaussian 
with means summed and covariances summed 

• So the mean of        is               and 

Observation noise

<latexit sha1_base64="Mi4j3r3ewl1A9d3nmYkKvxijxiQ=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRahXsquSPVY9OKxgv2Adi3ZNNuGZrMhyQrL0h/hxYMiXv093vw3pu0etPXBwOO9GWbmBZIzbVz32ymsrW9sbhW3Szu7e/sH5cOjto4TRWiLxDxW3QBrypmgLcMMp12pKI4CTjvB5Hbmd56o0iwWDyaV1I/wSLCQEWys1Ekfs6o4nw7KFbfmzoFWiZeTCuRoDspf/WFMkogKQzjWuue50vgZVoYRTqelfqKpxGSCR7RnqcAR1X42P3eKzqwyRGGsbAmD5urviQxHWqdRYDsjbMZ62ZuJ/3m9xITXfsaETAwVZLEoTDgyMZr9joZMUWJ4agkmitlbERljhYmxCZVsCN7yy6ukfVHz6rX6/WWlcZPHUYQTOIUqeHAFDbiDJrSAwASe4RXeHOm8OO/Ox6K14OQzx/AHzucP+OqPWQ==</latexit>

y(n)

<latexit sha1_base64="QzLeCqFSJJtpdIuqUfb9sLXwnUU="></latexit>

f ⇠ GP(m, k), y(n) ⇠ f(x(n)) + ✏(n), ✏(n)
iid⇠ N (0, ⌧2)

<latexit sha1_base64="sO1Bu19CHXTtC/K2+WI7yuYVl3g=">AAAB/HicbVDLSgMxFM3UV62v0S7dBIvQbsqMSHVZdOOygn1AO5ZMmmlDk8yQZMQyjL/ixoUibv0Qd/6NmXYW2nogcDjnXu7J8SNGlXacb6uwtr6xuVXcLu3s7u0f2IdHHRXGEpM2Dlkoez5ShFFB2ppqRnqRJIj7jHT96XXmdx+IVDQUd3oWEY+jsaABxUgbaWiXeXXAkZ74QfKY3idVUUtrQ7vi1J054Cpxc1IBOVpD+2swCnHMidCYIaX6rhNpL0FSU8xIWhrEikQIT9GY9A0ViBPlJfPwKTw1yggGoTRPaDhXf28kiCs1476ZzIKqZS8T//P6sQ4uvYSKKNZE4MWhIGZQhzBrAo6oJFizmSEIS2qyQjxBEmFt+iqZEtzlL6+SzlndbdQbt+eV5lVeRxEcgxNQBS64AE1wA1qgDTCYgWfwCt6sJ+vFerc+FqMFK98pgz+wPn8APXeUhQ==</latexit>

m(x(n))
<latexit sha1_base64="Q9RUCLUCuOmwzieB77tbCLnTbRc="></latexit>

Cov(y(n), y(n
0)) = k(x(n),x(n0)) + ⌧21{n = n0}

[demo1]

<latexit sha1_base64="tsc8LxJoS9f1LLx44TvTZCL5Syw=">AAACEHicbZDLSsNAFIYnXmu9RV26GSxiC1ISkepGKLpxJRXsBZq0TKaTduhkEmYmYgl5BDe+ihsXirh16c63cdJ2oa0/DHz85xzmnN+LGJXKsr6NhcWl5ZXV3Fp+fWNza9vc2W3IMBaY1HHIQtHykCSMclJXVDHSigRBgcdI0xteZfXmPRGShvxOjSLiBqjPqU8xUtrqmkdOUnQCpAaenzyknaTIS+kxHE2g5KTdhF/YaeemaxassjUWnAd7CgUwVa1rfjm9EMcB4QozJGXbtiLlJkgoihlJ804sSYTwEPVJWyNHAZFuMj4ohYfa6UE/FPpxBcfu74kEBVKOAk93ZrvL2Vpm/ldrx8o/dxPKo1gRjicf+TGDKoRZOrBHBcGKjTQgLKjeFeIBEggrnWFeh2DPnjwPjZOyXSlXbk8L1ctpHDmwDw5AEdjgDFTBNaiBOsDgETyDV/BmPBkvxrvxMWldMKYze+CPjM8fjJicSQ==</latexit>

{(x(n), y(n))}Nn=1
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• So far we’ve been assuming that we observed f(x) directly 
• But often the actual observation y has additional noise: 

• We observe                            and want to learn the latent f 
• The y’s are multivariate-Gaussian-distributed 

• Note: the sum of independent Gaussians is a Gaussian 
with means summed and covariances summed 

• So the mean of        is               and 

Observation noise

<latexit sha1_base64="Mi4j3r3ewl1A9d3nmYkKvxijxiQ=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRahXsquSPVY9OKxgv2Adi3ZNNuGZrMhyQrL0h/hxYMiXv093vw3pu0etPXBwOO9GWbmBZIzbVz32ymsrW9sbhW3Szu7e/sH5cOjto4TRWiLxDxW3QBrypmgLcMMp12pKI4CTjvB5Hbmd56o0iwWDyaV1I/wSLCQEWys1Ekfs6o4nw7KFbfmzoFWiZeTCuRoDspf/WFMkogKQzjWuue50vgZVoYRTqelfqKpxGSCR7RnqcAR1X42P3eKzqwyRGGsbAmD5urviQxHWqdRYDsjbMZ62ZuJ/3m9xITXfsaETAwVZLEoTDgyMZr9joZMUWJ4agkmitlbERljhYmxCZVsCN7yy6ukfVHz6rX6/WWlcZPHUYQTOIUqeHAFDbiDJrSAwASe4RXeHOm8OO/Ox6K14OQzx/AHzucP+OqPWQ==</latexit>

y(n)

<latexit sha1_base64="QzLeCqFSJJtpdIuqUfb9sLXwnUU="></latexit>

f ⇠ GP(m, k), y(n) ⇠ f(x(n)) + ✏(n), ✏(n)
iid⇠ N (0, ⌧2)

<latexit sha1_base64="sO1Bu19CHXTtC/K2+WI7yuYVl3g=">AAAB/HicbVDLSgMxFM3UV62v0S7dBIvQbsqMSHVZdOOygn1AO5ZMmmlDk8yQZMQyjL/ixoUibv0Qd/6NmXYW2nogcDjnXu7J8SNGlXacb6uwtr6xuVXcLu3s7u0f2IdHHRXGEpM2Dlkoez5ShFFB2ppqRnqRJIj7jHT96XXmdx+IVDQUd3oWEY+jsaABxUgbaWiXeXXAkZ74QfKY3idVUUtrQ7vi1J054Cpxc1IBOVpD+2swCnHMidCYIaX6rhNpL0FSU8xIWhrEikQIT9GY9A0ViBPlJfPwKTw1yggGoTRPaDhXf28kiCs1476ZzIKqZS8T//P6sQ4uvYSKKNZE4MWhIGZQhzBrAo6oJFizmSEIS2qyQjxBEmFt+iqZEtzlL6+SzlndbdQbt+eV5lVeRxEcgxNQBS64AE1wA1qgDTCYgWfwCt6sJ+vFerc+FqMFK98pgz+wPn8APXeUhQ==</latexit>

m(x(n)) Why compare 
indices, not x’s?

<latexit sha1_base64="Q9RUCLUCuOmwzieB77tbCLnTbRc="></latexit>

Cov(y(n), y(n
0)) = k(x(n),x(n0)) + ⌧21{n = n0}

[demo1]

<latexit sha1_base64="tsc8LxJoS9f1LLx44TvTZCL5Syw=">AAACEHicbZDLSsNAFIYnXmu9RV26GSxiC1ISkepGKLpxJRXsBZq0TKaTduhkEmYmYgl5BDe+ihsXirh16c63cdJ2oa0/DHz85xzmnN+LGJXKsr6NhcWl5ZXV3Fp+fWNza9vc2W3IMBaY1HHIQtHykCSMclJXVDHSigRBgcdI0xteZfXmPRGShvxOjSLiBqjPqU8xUtrqmkdOUnQCpAaenzyknaTIS+kxHE2g5KTdhF/YaeemaxassjUWnAd7CgUwVa1rfjm9EMcB4QozJGXbtiLlJkgoihlJ804sSYTwEPVJWyNHAZFuMj4ohYfa6UE/FPpxBcfu74kEBVKOAk93ZrvL2Vpm/ldrx8o/dxPKo1gRjicf+TGDKoRZOrBHBcGKjTQgLKjeFeIBEggrnWFeh2DPnjwPjZOyXSlXbk8L1ctpHDmwDw5AEdjgDFTBNaiBOsDgETyDV/BmPBkvxrvxMWldMKYze+CPjM8fjJicSQ==</latexit>

{(x(n), y(n))}Nn=1
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• So far we’ve been assuming that we observed f(x) directly 
• But often the actual observation y has additional noise: 

• We observe                            and want to learn the latent f 
• The y’s are multivariate-Gaussian-distributed 

• Note: the sum of independent Gaussians is a Gaussian 
with means summed and covariances summed 

• So the mean of        is               and 

Observation noise

<latexit sha1_base64="Mi4j3r3ewl1A9d3nmYkKvxijxiQ=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRahXsquSPVY9OKxgv2Adi3ZNNuGZrMhyQrL0h/hxYMiXv093vw3pu0etPXBwOO9GWbmBZIzbVz32ymsrW9sbhW3Szu7e/sH5cOjto4TRWiLxDxW3QBrypmgLcMMp12pKI4CTjvB5Hbmd56o0iwWDyaV1I/wSLCQEWys1Ekfs6o4nw7KFbfmzoFWiZeTCuRoDspf/WFMkogKQzjWuue50vgZVoYRTqelfqKpxGSCR7RnqcAR1X42P3eKzqwyRGGsbAmD5urviQxHWqdRYDsjbMZ62ZuJ/3m9xITXfsaETAwVZLEoTDgyMZr9joZMUWJ4agkmitlbERljhYmxCZVsCN7yy6ukfVHz6rX6/WWlcZPHUYQTOIUqeHAFDbiDJrSAwASe4RXeHOm8OO/Ox6K14OQzx/AHzucP+OqPWQ==</latexit>

y(n)

<latexit sha1_base64="QzLeCqFSJJtpdIuqUfb9sLXwnUU="></latexit>

f ⇠ GP(m, k), y(n) ⇠ f(x(n)) + ✏(n), ✏(n)
iid⇠ N (0, ⌧2)

<latexit sha1_base64="sO1Bu19CHXTtC/K2+WI7yuYVl3g=">AAAB/HicbVDLSgMxFM3UV62v0S7dBIvQbsqMSHVZdOOygn1AO5ZMmmlDk8yQZMQyjL/ixoUibv0Qd/6NmXYW2nogcDjnXu7J8SNGlXacb6uwtr6xuVXcLu3s7u0f2IdHHRXGEpM2Dlkoez5ShFFB2ppqRnqRJIj7jHT96XXmdx+IVDQUd3oWEY+jsaABxUgbaWiXeXXAkZ74QfKY3idVUUtrQ7vi1J054Cpxc1IBOVpD+2swCnHMidCYIaX6rhNpL0FSU8xIWhrEikQIT9GY9A0ViBPlJfPwKTw1yggGoTRPaDhXf28kiCs1476ZzIKqZS8T//P6sQ4uvYSKKNZE4MWhIGZQhzBrAo6oJFizmSEIS2qyQjxBEmFt+iqZEtzlL6+SzlndbdQbt+eV5lVeRxEcgxNQBS64AE1wA1qgDTCYgWfwCt6sJ+vFerc+FqMFK98pgz+wPn8APXeUhQ==</latexit>
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f ⇠ GP(m, k), y(n) ⇠ f(x(n)) + ✏(n), ✏(n)
iid⇠ N (0, ⌧2)
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m(x(n)) Why compare 
indices, not x’s?

<latexit sha1_base64="RWY1FThaRXpXqsUh/Zx7U2AXmJ4="></latexit>
f(X)
f(X 0)

�
⇠ N

✓
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
K(X,X) K(X,X 0)
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�
⇠ N

✓
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• Now:

<latexit sha1_base64="Q9RUCLUCuOmwzieB77tbCLnTbRc="></latexit>

Cov(y(n), y(n
0)) = k(x(n),x(n0)) + ⌧21{n = n0}
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What if we put y 
here instead?



• So far we’ve been assuming that we observed f(x) directly 
• But often the actual observation y has additional noise: 

• We observe                            and want to learn the latent f 
• The y’s are multivariate-Gaussian-distributed 

• Note: the sum of independent Gaussians is a Gaussian 
with means summed and covariances summed 

• So the mean of        is               and 

Observation noise
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Observation noise
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Can you state a non-trivial lower bound 
on the marginal variance of a test y(m)?
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Even when observations are 
“perfect,” use a (very small) 

nugget for numerical reasons

Can you state a non-trivial lower bound 
on the marginal variance of a test y(m)?
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Are there other uncertainties that 
aren’t being quantified here?18



Some other sources of uncertainty
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data 
• Compare to interpolation: estimation/prediction within the 

observed data 
• When using GPs with a squared exponential kernel: 

• Data points that are more than a handful of length scales 
from other data points will revert to prior behavior 

• Note: extrapolation isn’t a special issue unique to GPs. It’s a 
fundamentally hard problem for all data analysis methods 
• To extrapolate, you need to make assumptions 

• When you have domain knowledge of a system, you 
might be able to use it to extrapolate 

• When you’re letting a machine learning method use its 
defaults, it’s making assumptions. Do you know what 
those assumptions are?
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• We ran out of time! Here are some high-level summary 
points beyond what we discussed together: 
• Running time for GP regression can be an issue with a 

large number of training data points 
• In particular, the matrix inverse can be expensive 
• There are incredibly many papers about fast 

approximations to the exact Gaussian process 
• Each approximation has pros and cons 

• Bayesian optimization inherits many of the pros and cons of 
Gaussian processes for regression 
• Exercise: once you learn about Bayesian optimization, 

think about how the pros and cons we discussed together 
might translate there

Some high points of what got cut for time



Roadmap
• A Bayesian approach 
• What is a Gaussian process? 

• Popular version using a squared exponential kernel 
• Gaussian process inference 

• Prediction & uncertainty quantification 
• What are the limits? What can go wrong? 
• Bayesian optimization

• Goals: 
• Learn the mechanism behind standard GPs to 

identify benefits and pitfalls 
• Learn the skills to be responsible users of standard 

GPs (transferable to other ML/AI methods)



• Can use arbitrary models in ML/AI/Stats if you can evaluate. 
• But popular validation methods assume iid data. A spatial 

solution: Burt, Shen, and Broderick. Consistent Validation for 
Predictive Methods in Spatial Settings. AISTATS 2025. 

• Calibrated uncertainties in certain spatial settings: Burt*, 
Berlinghieri*, Bates, and Broderick. Smooth Sailing: Lipschitz-
Driven Uncertainty Quantification for Spatial Association. 
arXiv:2502.06067. 

• GPs + fluid dynamics: Berlinghieri, Trippe, Burt, Giordano, 
Srinivasan, Özgökmen, Xia, and Broderick. Gaussian 
processes at the Helm(holtz): A more fluid model for ocean 
currents. ICML 2023. 

• Some checks for meaningful science: Broderick, Gelman, 
Meager, Smith, Zheng. Toward a taxonomy of trust for 
probabilistic machine learning, Science Advances 2023.

Some of our recent related work



• Rasmussen and Williams 2006. Gaussian Processes for 
Machine Learning. gaussianprocess.org/gpml/ Chs 1,2,4,5 

• Gramacy 2020. Surrogates: Gaussian process modeling, 
design and optimization for the applied sciences.      
bookdown.org/rbg/surrogates/ 

• Frazier 2018. A Tutorial on Bayesian Optimization.         
arxiv.org/abs/1807.02811 

• Garnett 2023. Bayesian Optimization. bayesoptbook.com/ 
• Software options include: 

• scikit-learn, GPy, GPflow, GPyTorch 
• My setup for this tutorial: pip install X 

• X = jupyterlab, notebook, numpy, matplotlib, scikit-learn

Resources http://www.tamarabroderick.com/tutorials.html


