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• A Bayesian approach 
• What is a Gaussian process (GP)? 

• A particularly popular version in practice 
• Gaussian process inference 

• Prediction & uncertainty quantification 
• Using GPs to optimize a function (Bayesian optimization) 
• What are the limits? What can go wrong?

• Goals: 
• Learn the mechanism behind standard GPs to 

identify benefits and pitfalls 
• Learn the skills to be responsible users of standard 

GPs (transferable to other artificial intelligence/
machine learning methods)
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<latexit sha1_base64="6Rlhi3XZAoX2n16puTZGSipBow8=">AAACG3icbVDLSsNAFJ3UV62vqEs3g0XagJakSHUjFEVwWcE+IA1lMp20QycPZibSEvofbvwVNy4UcSW48G+ctFlo9cAw5557L/fe40aMCmmaX1puaXlldS2/XtjY3Nre0Xf3WiKMOSZNHLKQd1wkCKMBaUoqGelEnCDfZaTtjq7SfPuecEHD4E5OIuL4aBBQj2IkldTTq6Py+HhcMuAF7PpIDl03uZ7aZa88NuAJ9NVnpEEpi0qG4fT0olkxZ4B/iZWRIsjQ6Okf3X6IY58EEjMkhG2ZkXQSxCXFjEwL3ViQCOERGhBb0QD5RDjJ7LYpPFJKH3ohVy+QcKb+7EiQL8TEd1Vlur9YzKXifzk7lt65k9AgiiUJ8HyQFzMoQ5gaBfuUEyzZRBGEOVW7QjxEHGGp7CwoE6zFk/+SVrVi1Sq129Ni/TKzIw8OwCEoAwucgTq4AQ3QBBg8gCfwAl61R+1Ze9Pe56U5LevZB7+gfX4DH6GceQ==</latexit>

k(x, x0) = E[(f(x)�m(x))(f(x0)�m(x0))]

9



• Definition: “A Gaussian process is a collection of random 
variables, any finite number of which have a joint Gaussian 
distribution.” 
• E.g. the function         is a collection indexed by input  

• It is specified by its mean function and covariance function: 

• Mean function  
• Covariance function (a.k.a. kernel)

Gaussian processes

[Rasmussen and Williams 2006; a much much older idea!]

• A common default (e.g. in software) is 

<latexit sha1_base64="fTqNKoG3l1kiIy/4elDlM12lFJY=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1iEClISkeqy6EKXFewDmlAm00k7dGYSZiZCCcWNv+LGhSJu/Qp3/o2TNgttPXDhcM693HtPEDOqtON8W4Wl5ZXVteJ6aWNza3vH3t1rqSiRmDRxxCLZCZAijArS1FQz0oklQTxgpB2MrjO//UCkopG41+OY+BwNBA0pRtpIPfsghJ6iHHoc6SFGLL1pTCr8FI5OenbZqTpTwEXi5qQMcjR69pfXj3DCidCYIaW6rhNrP0VSU8zIpOQlisQIj9CAdA0ViBPlp9MXJvDYKH0YRtKU0HCq/p5IEVdqzAPTmV2q5r1M/M/rJjq89FMq4kQTgWeLwoRBHcEsD9inkmDNxoYgLKm5FeIhkghrk1rJhODOv7xIWmdVt1at3Z2X61d5HEVwCI5ABbjgAtTBLWiAJsDgETyDV/BmPVkv1rv1MWstWPnMPvgD6/MHedmWNQ==</latexit>

f ⇠ GP(m, k) x could be just about 
anything, but here we’ll 
assume it’s a real vector

<latexit sha1_base64="Rin3VQQXDyCChoYtAbauwi+y9B8=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquSPVY9OKxgv2AdinZNNuGJtklyYpl6V/w4kERr/4hb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbR0litAWiXikugHWlDNJW4YZTruxolgEnHaCyW3mdx6p0iySD2YaU1/gkWQhI9hkUlh9Oh+UK27NnQOtEi8nFcjRHJS/+sOIJIJKQzjWuue5sfFTrAwjnM5K/UTTGJMJHtGepRILqv10fusMnVlliMJI2ZIGzdXfEykWWk9FYDsFNmO97GXif14vMeG1nzIZJ4ZKslgUJhyZCGWPoyFTlBg+tQQTxeytiIyxwsTYeEo2BG/55VXSvqh59Vr9/rLSuMnjKMIJnEIVPLiCBtxBE1pAYAzP8ApvjnBenHfnY9FacPKZY/gD5/MHb/GN3A==</latexit>

f(x) <latexit sha1_base64="vtUhjvouiS6k76ttA9H6+OxdfEI=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOnLjQc=</latexit>x

<latexit sha1_base64="4TmUamIkLEqfKJOkha9Bh0+IQJo=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaLUDclEaluhKIILivYB6ShTKaTdujMJMxMxBKy8VfcuFDErZ/hzr9x2mahrQcuHM65l3vvCWJGlXacb6uwtLyyulZcL21sbm3v2Lt7LRUlEpMmjlgkOwFShFFBmppqRjqxJIgHjLSD0fXEbz8QqWgk7vU4Jj5HA0FDipE2Us8+4JXHE3gJuxzpYRCkN5kXGsXv2WWn6kwBF4mbkzLI0ejZX91+hBNOhMYMKeW5Tqz9FElNMSNZqZsoEiM8QgPiGSoQJ8pPpw9k8NgofRhG0pTQcKr+nkgRV2rMA9M5uVPNexPxP89LdHjhp1TEiSYCzxaFCYM6gpM0YJ9KgjUbG4KwpOZWiIdIIqxNZiUTgjv/8iJpnVbdWrV2d1auX+VxFMEhOAIV4IJzUAe3oAGaAIMMPINX8GY9WS/Wu/Uxay1Y+cw++APr8we7T5U9</latexit>

m(x) = E[f(x)]

<latexit sha1_base64="6Rlhi3XZAoX2n16puTZGSipBow8=">AAACG3icbVDLSsNAFJ3UV62vqEs3g0XagJakSHUjFEVwWcE+IA1lMp20QycPZibSEvofbvwVNy4UcSW48G+ctFlo9cAw5557L/fe40aMCmmaX1puaXlldS2/XtjY3Nre0Xf3WiKMOSZNHLKQd1wkCKMBaUoqGelEnCDfZaTtjq7SfPuecEHD4E5OIuL4aBBQj2IkldTTq6Py+HhcMuAF7PpIDl03uZ7aZa88NuAJ9NVnpEEpi0qG4fT0olkxZ4B/iZWRIsjQ6Okf3X6IY58EEjMkhG2ZkXQSxCXFjEwL3ViQCOERGhBb0QD5RDjJ7LYpPFJKH3ohVy+QcKb+7EiQL8TEd1Vlur9YzKXifzk7lt65k9AgiiUJ8HyQFzMoQ5gaBfuUEyzZRBGEOVW7QjxEHGGp7CwoE6zFk/+SVrVi1Sq129Ni/TKzIw8OwCEoAwucgTq4AQ3QBBg8gCfwAl61R+1Ze9Pe56U5LevZB7+gfX4DH6GceQ==</latexit>

k(x, x0) = E[(f(x)�m(x))(f(x0)�m(x0))]
<latexit sha1_base64="tcs9U2BCa4y9Shm3spJSLwhM5TE=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRahXsquSPUiFL14rGA/oF1KNs22oUl2TbJiWfonvHhQxKt/x5v/xrTdg7Y+GHi8N8PMvCDmTBvX/XZyK6tr6xv5zcLW9s7uXnH/oKmjRBHaIBGPVDvAmnImacMww2k7VhSLgNNWMLqZ+q1HqjSL5L0Zx9QXeCBZyAg2VmqL8tMpukJur1hyK+4MaJl4GSlBhnqv+NXtRyQRVBrCsdYdz42Nn2JlGOF0UugmmsaYjPCAdiyVWFDtp7N7J+jEKn0URsqWNGim/p5IsdB6LALbKbAZ6kVvKv7ndRITXvopk3FiqCTzRWHCkYnQ9HnUZ4oSw8eWYKKYvRWRIVaYGBtRwYbgLb68TJpnFa9aqd6dl2rXWRx5OIJjKIMHF1CDW6hDAwhweIZXeHMenBfn3fmYt+acbOYQ/sD5/AEaeo64</latexit>

m(x) = 0
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• Definition: “A Gaussian process is a collection of random 
variables, any finite number of which have a joint Gaussian 
distribution.” 
• E.g. the function         is a collection indexed by input  

• It is specified by its mean function and covariance function: 

• Mean function  
• Covariance function (a.k.a. kernel)

Gaussian processes

[Rasmussen and Williams 2006; a much much older idea!]

• A common default (e.g. in software) is   
• One very commonly used covariance function is the 

squared exponential or radial basis function (RBF)

<latexit sha1_base64="fTqNKoG3l1kiIy/4elDlM12lFJY=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1iEClISkeqy6EKXFewDmlAm00k7dGYSZiZCCcWNv+LGhSJu/Qp3/o2TNgttPXDhcM693HtPEDOqtON8W4Wl5ZXVteJ6aWNza3vH3t1rqSiRmDRxxCLZCZAijArS1FQz0oklQTxgpB2MrjO//UCkopG41+OY+BwNBA0pRtpIPfsghJ6iHHoc6SFGLL1pTCr8FI5OenbZqTpTwEXi5qQMcjR69pfXj3DCidCYIaW6rhNrP0VSU8zIpOQlisQIj9CAdA0ViBPlp9MXJvDYKH0YRtKU0HCq/p5IEVdqzAPTmV2q5r1M/M/rJjq89FMq4kQTgWeLwoRBHcEsD9inkmDNxoYgLKm5FeIhkghrk1rJhODOv7xIWmdVt1at3Z2X61d5HEVwCI5ABbjgAtTBLWiAJsDgETyDV/BmPVkv1rv1MWstWPnMPvgD6/MHedmWNQ==</latexit>

f ⇠ GP(m, k) x could be just about 
anything, but here we’ll 
assume it’s a real vector

<latexit sha1_base64="Rin3VQQXDyCChoYtAbauwi+y9B8=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquSPVY9OKxgv2AdinZNNuGJtklyYpl6V/w4kERr/4hb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbR0litAWiXikugHWlDNJW4YZTruxolgEnHaCyW3mdx6p0iySD2YaU1/gkWQhI9hkUlh9Oh+UK27NnQOtEi8nFcjRHJS/+sOIJIJKQzjWuue5sfFTrAwjnM5K/UTTGJMJHtGepRILqv10fusMnVlliMJI2ZIGzdXfEykWWk9FYDsFNmO97GXif14vMeG1nzIZJ4ZKslgUJhyZCGWPoyFTlBg+tQQTxeytiIyxwsTYeEo2BG/55VXSvqh59Vr9/rLSuMnjKMIJnEIVPLiCBtxBE1pAYAzP8ApvjnBenHfnY9FacPKZY/gD5/MHb/GN3A==</latexit>

f(x) <latexit sha1_base64="vtUhjvouiS6k76ttA9H6+OxdfEI=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOnLjQc=</latexit>x

<latexit sha1_base64="4TmUamIkLEqfKJOkha9Bh0+IQJo=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaLUDclEaluhKIILivYB6ShTKaTdujMJMxMxBKy8VfcuFDErZ/hzr9x2mahrQcuHM65l3vvCWJGlXacb6uwtLyyulZcL21sbm3v2Lt7LRUlEpMmjlgkOwFShFFBmppqRjqxJIgHjLSD0fXEbz8QqWgk7vU4Jj5HA0FDipE2Us8+4JXHE3gJuxzpYRCkN5kXGsXv2WWn6kwBF4mbkzLI0ejZX91+hBNOhMYMKeW5Tqz9FElNMSNZqZsoEiM8QgPiGSoQJ8pPpw9k8NgofRhG0pTQcKr+nkgRV2rMA9M5uVPNexPxP89LdHjhp1TEiSYCzxaFCYM6gpM0YJ9KgjUbG4KwpOZWiIdIIqxNZiUTgjv/8iJpnVbdWrV2d1auX+VxFMEhOAIV4IJzUAe3oAGaAIMMPINX8GY9WS/Wu/Uxay1Y+cw++APr8we7T5U9</latexit>

m(x) = E[f(x)]

<latexit sha1_base64="6Rlhi3XZAoX2n16puTZGSipBow8=">AAACG3icbVDLSsNAFJ3UV62vqEs3g0XagJakSHUjFEVwWcE+IA1lMp20QycPZibSEvofbvwVNy4UcSW48G+ctFlo9cAw5557L/fe40aMCmmaX1puaXlldS2/XtjY3Nre0Xf3WiKMOSZNHLKQd1wkCKMBaUoqGelEnCDfZaTtjq7SfPuecEHD4E5OIuL4aBBQj2IkldTTq6Py+HhcMuAF7PpIDl03uZ7aZa88NuAJ9NVnpEEpi0qG4fT0olkxZ4B/iZWRIsjQ6Okf3X6IY58EEjMkhG2ZkXQSxCXFjEwL3ViQCOERGhBb0QD5RDjJ7LYpPFJKH3ohVy+QcKb+7EiQL8TEd1Vlur9YzKXifzk7lt65k9AgiiUJ8HyQFzMoQ5gaBfuUEyzZRBGEOVW7QjxEHGGp7CwoE6zFk/+SVrVi1Sq129Ni/TKzIw8OwCEoAwucgTq4AQ3QBBg8gCfwAl61R+1Ze9Pe56U5LevZB7+gfX4DH6GceQ==</latexit>

k(x, x0) = E[(f(x)�m(x))(f(x0)�m(x0))]
<latexit sha1_base64="tcs9U2BCa4y9Shm3spJSLwhM5TE=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRahXsquSPUiFL14rGA/oF1KNs22oUl2TbJiWfonvHhQxKt/x5v/xrTdg7Y+GHi8N8PMvCDmTBvX/XZyK6tr6xv5zcLW9s7uXnH/oKmjRBHaIBGPVDvAmnImacMww2k7VhSLgNNWMLqZ+q1HqjSL5L0Zx9QXeCBZyAg2VmqL8tMpukJur1hyK+4MaJl4GSlBhnqv+NXtRyQRVBrCsdYdz42Nn2JlGOF0UugmmsaYjPCAdiyVWFDtp7N7J+jEKn0URsqWNGim/p5IsdB6LALbKbAZ6kVvKv7ndRITXvopk3FiqCTzRWHCkYnQ9HnUZ4oSw8eWYKKYvRWRIVaYGBtRwYbgLb68TJpnFa9aqd6dl2rXWRx5OIJjKIMHF1CDW6hDAwhweIZXeHMenBfn3fmYt+acbOYQ/sD5/AEaeo64</latexit>

m(x) = 0
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• Definition: “A Gaussian process is a collection of random 
variables, any finite number of which have a joint Gaussian 
distribution.” 
• E.g. the function         is a collection indexed by input  

• It is specified by its mean function and covariance function: 

• Mean function  
• Covariance function (a.k.a. kernel)

Gaussian processes

[Rasmussen and Williams 2006; a much much older idea!]

• A common default (e.g. in software) is   
• One very commonly used covariance function is the 

squared exponential or radial basis function (RBF) 
• We’ll see a more general form later, but for now we’re 

using:

<latexit sha1_base64="fTqNKoG3l1kiIy/4elDlM12lFJY=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1iEClISkeqy6EKXFewDmlAm00k7dGYSZiZCCcWNv+LGhSJu/Qp3/o2TNgttPXDhcM693HtPEDOqtON8W4Wl5ZXVteJ6aWNza3vH3t1rqSiRmDRxxCLZCZAijArS1FQz0oklQTxgpB2MrjO//UCkopG41+OY+BwNBA0pRtpIPfsghJ6iHHoc6SFGLL1pTCr8FI5OenbZqTpTwEXi5qQMcjR69pfXj3DCidCYIaW6rhNrP0VSU8zIpOQlisQIj9CAdA0ViBPlp9MXJvDYKH0YRtKU0HCq/p5IEVdqzAPTmV2q5r1M/M/rJjq89FMq4kQTgWeLwoRBHcEsD9inkmDNxoYgLKm5FeIhkghrk1rJhODOv7xIWmdVt1at3Z2X61d5HEVwCI5ABbjgAtTBLWiAJsDgETyDV/BmPVkv1rv1MWstWPnMPvgD6/MHedmWNQ==</latexit>

f ⇠ GP(m, k) x could be just about 
anything, but here we’ll 
assume it’s a real vector

<latexit sha1_base64="Rin3VQQXDyCChoYtAbauwi+y9B8=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquSPVY9OKxgv2AdinZNNuGJtklyYpl6V/w4kERr/4hb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbR0litAWiXikugHWlDNJW4YZTruxolgEnHaCyW3mdx6p0iySD2YaU1/gkWQhI9hkUlh9Oh+UK27NnQOtEi8nFcjRHJS/+sOIJIJKQzjWuue5sfFTrAwjnM5K/UTTGJMJHtGepRILqv10fusMnVlliMJI2ZIGzdXfEykWWk9FYDsFNmO97GXif14vMeG1nzIZJ4ZKslgUJhyZCGWPoyFTlBg+tQQTxeytiIyxwsTYeEo2BG/55VXSvqh59Vr9/rLSuMnjKMIJnEIVPLiCBtxBE1pAYAzP8ApvjnBenHfnY9FacPKZY/gD5/MHb/GN3A==</latexit>

f(x) <latexit sha1_base64="vtUhjvouiS6k76ttA9H6+OxdfEI=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOnLjQc=</latexit>x

<latexit sha1_base64="4TmUamIkLEqfKJOkha9Bh0+IQJo=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaLUDclEaluhKIILivYB6ShTKaTdujMJMxMxBKy8VfcuFDErZ/hzr9x2mahrQcuHM65l3vvCWJGlXacb6uwtLyyulZcL21sbm3v2Lt7LRUlEpMmjlgkOwFShFFBmppqRjqxJIgHjLSD0fXEbz8QqWgk7vU4Jj5HA0FDipE2Us8+4JXHE3gJuxzpYRCkN5kXGsXv2WWn6kwBF4mbkzLI0ejZX91+hBNOhMYMKeW5Tqz9FElNMSNZqZsoEiM8QgPiGSoQJ8pPpw9k8NgofRhG0pTQcKr+nkgRV2rMA9M5uVPNexPxP89LdHjhp1TEiSYCzxaFCYM6gpM0YJ9KgjUbG4KwpOZWiIdIIqxNZiUTgjv/8iJpnVbdWrV2d1auX+VxFMEhOAIV4IJzUAe3oAGaAIMMPINX8GY9WS/Wu/Uxay1Y+cw++APr8we7T5U9</latexit>

m(x) = E[f(x)]

<latexit sha1_base64="6Rlhi3XZAoX2n16puTZGSipBow8=">AAACG3icbVDLSsNAFJ3UV62vqEs3g0XagJakSHUjFEVwWcE+IA1lMp20QycPZibSEvofbvwVNy4UcSW48G+ctFlo9cAw5557L/fe40aMCmmaX1puaXlldS2/XtjY3Nre0Xf3WiKMOSZNHLKQd1wkCKMBaUoqGelEnCDfZaTtjq7SfPuecEHD4E5OIuL4aBBQj2IkldTTq6Py+HhcMuAF7PpIDl03uZ7aZa88NuAJ9NVnpEEpi0qG4fT0olkxZ4B/iZWRIsjQ6Okf3X6IY58EEjMkhG2ZkXQSxCXFjEwL3ViQCOERGhBb0QD5RDjJ7LYpPFJKH3ohVy+QcKb+7EiQL8TEd1Vlur9YzKXifzk7lt65k9AgiiUJ8HyQFzMoQ5gaBfuUEyzZRBGEOVW7QjxEHGGp7CwoE6zFk/+SVrVi1Sq129Ni/TKzIw8OwCEoAwucgTq4AQ3QBBg8gCfwAl61R+1Ze9Pe56U5LevZB7+gfX4DH6GceQ==</latexit>

k(x, x0) = E[(f(x)�m(x))(f(x0)�m(x0))]
<latexit sha1_base64="tcs9U2BCa4y9Shm3spJSLwhM5TE=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRahXsquSPUiFL14rGA/oF1KNs22oUl2TbJiWfonvHhQxKt/x5v/xrTdg7Y+GHi8N8PMvCDmTBvX/XZyK6tr6xv5zcLW9s7uXnH/oKmjRBHaIBGPVDvAmnImacMww2k7VhSLgNNWMLqZ+q1HqjSL5L0Zx9QXeCBZyAg2VmqL8tMpukJur1hyK+4MaJl4GSlBhnqv+NXtRyQRVBrCsdYdz42Nn2JlGOF0UugmmsaYjPCAdiyVWFDtp7N7J+jEKn0URsqWNGim/p5IsdB6LALbKbAZ6kVvKv7ndRITXvopk3FiqCTzRWHCkYnQ9HnUZ4oSw8eWYKKYvRWRIVaYGBtRwYbgLb68TJpnFa9aqd6dl2rXWRx5OIJjKIMHF1CDW6hDAwhweIZXeHMenBfn3fmYt+acbOYQ/sD5/AEaeo64</latexit>

m(x) = 0

9

<latexit sha1_base64="TF0Va1VXflBPCTa+ntthJAPGUTo="></latexit>

k(x, x0) = �2 exp(� 1
2kx� x0k2),� = 1



• Definition: “A Gaussian process is a collection of random 
variables, any finite number of which have a joint Gaussian 
distribution.” 
• E.g. the function         is a collection indexed by input  

• It is specified by its mean function and covariance function: 

• Mean function  
• Covariance function (a.k.a. kernel)

Gaussian processes

[Rasmussen and Williams 2006; a much much older idea!]

• A common default (e.g. in software) is   
• One very commonly used covariance function is the 

squared exponential or radial basis function (RBF) 
• We’ll see a more general form later, but for now we’re 

using:  
• For now, assume data is observed without noise [demo1,2]

<latexit sha1_base64="fTqNKoG3l1kiIy/4elDlM12lFJY=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1iEClISkeqy6EKXFewDmlAm00k7dGYSZiZCCcWNv+LGhSJu/Qp3/o2TNgttPXDhcM693HtPEDOqtON8W4Wl5ZXVteJ6aWNza3vH3t1rqSiRmDRxxCLZCZAijArS1FQz0oklQTxgpB2MrjO//UCkopG41+OY+BwNBA0pRtpIPfsghJ6iHHoc6SFGLL1pTCr8FI5OenbZqTpTwEXi5qQMcjR69pfXj3DCidCYIaW6rhNrP0VSU8zIpOQlisQIj9CAdA0ViBPlp9MXJvDYKH0YRtKU0HCq/p5IEVdqzAPTmV2q5r1M/M/rJjq89FMq4kQTgWeLwoRBHcEsD9inkmDNxoYgLKm5FeIhkghrk1rJhODOv7xIWmdVt1at3Z2X61d5HEVwCI5ABbjgAtTBLWiAJsDgETyDV/BmPVkv1rv1MWstWPnMPvgD6/MHedmWNQ==</latexit>

f ⇠ GP(m, k) x could be just about 
anything, but here we’ll 
assume it’s a real vector

<latexit sha1_base64="Rin3VQQXDyCChoYtAbauwi+y9B8=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquSPVY9OKxgv2AdinZNNuGJtklyYpl6V/w4kERr/4hb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbR0litAWiXikugHWlDNJW4YZTruxolgEnHaCyW3mdx6p0iySD2YaU1/gkWQhI9hkUlh9Oh+UK27NnQOtEi8nFcjRHJS/+sOIJIJKQzjWuue5sfFTrAwjnM5K/UTTGJMJHtGepRILqv10fusMnVlliMJI2ZIGzdXfEykWWk9FYDsFNmO97GXif14vMeG1nzIZJ4ZKslgUJhyZCGWPoyFTlBg+tQQTxeytiIyxwsTYeEo2BG/55VXSvqh59Vr9/rLSuMnjKMIJnEIVPLiCBtxBE1pAYAzP8ApvjnBenHfnY9FacPKZY/gD5/MHb/GN3A==</latexit>

f(x) <latexit sha1_base64="vtUhjvouiS6k76ttA9H6+OxdfEI=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOnLjQc=</latexit>x

<latexit sha1_base64="4TmUamIkLEqfKJOkha9Bh0+IQJo=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaLUDclEaluhKIILivYB6ShTKaTdujMJMxMxBKy8VfcuFDErZ/hzr9x2mahrQcuHM65l3vvCWJGlXacb6uwtLyyulZcL21sbm3v2Lt7LRUlEpMmjlgkOwFShFFBmppqRjqxJIgHjLSD0fXEbz8QqWgk7vU4Jj5HA0FDipE2Us8+4JXHE3gJuxzpYRCkN5kXGsXv2WWn6kwBF4mbkzLI0ejZX91+hBNOhMYMKeW5Tqz9FElNMSNZqZsoEiM8QgPiGSoQJ8pPpw9k8NgofRhG0pTQcKr+nkgRV2rMA9M5uVPNexPxP89LdHjhp1TEiSYCzxaFCYM6gpM0YJ9KgjUbG4KwpOZWiIdIIqxNZiUTgjv/8iJpnVbdWrV2d1auX+VxFMEhOAIV4IJzUAe3oAGaAIMMPINX8GY9WS/Wu/Uxay1Y+cw++APr8we7T5U9</latexit>

m(x) = E[f(x)]

<latexit sha1_base64="6Rlhi3XZAoX2n16puTZGSipBow8=">AAACG3icbVDLSsNAFJ3UV62vqEs3g0XagJakSHUjFEVwWcE+IA1lMp20QycPZibSEvofbvwVNy4UcSW48G+ctFlo9cAw5557L/fe40aMCmmaX1puaXlldS2/XtjY3Nre0Xf3WiKMOSZNHLKQd1wkCKMBaUoqGelEnCDfZaTtjq7SfPuecEHD4E5OIuL4aBBQj2IkldTTq6Py+HhcMuAF7PpIDl03uZ7aZa88NuAJ9NVnpEEpi0qG4fT0olkxZ4B/iZWRIsjQ6Okf3X6IY58EEjMkhG2ZkXQSxCXFjEwL3ViQCOERGhBb0QD5RDjJ7LYpPFJKH3ohVy+QcKb+7EiQL8TEd1Vlur9YzKXifzk7lt65k9AgiiUJ8HyQFzMoQ5gaBfuUEyzZRBGEOVW7QjxEHGGp7CwoE6zFk/+SVrVi1Sq129Ni/TKzIw8OwCEoAwucgTq4AQ3QBBg8gCfwAl61R+1Ze9Pe56U5LevZB7+gfX4DH6GceQ==</latexit>

k(x, x0) = E[(f(x)�m(x))(f(x0)�m(x0))]
<latexit sha1_base64="tcs9U2BCa4y9Shm3spJSLwhM5TE=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRahXsquSPUiFL14rGA/oF1KNs22oUl2TbJiWfonvHhQxKt/x5v/xrTdg7Y+GHi8N8PMvCDmTBvX/XZyK6tr6xv5zcLW9s7uXnH/oKmjRBHaIBGPVDvAmnImacMww2k7VhSLgNNWMLqZ+q1HqjSL5L0Zx9QXeCBZyAg2VmqL8tMpukJur1hyK+4MaJl4GSlBhnqv+NXtRyQRVBrCsdYdz42Nn2JlGOF0UugmmsaYjPCAdiyVWFDtp7N7J+jEKn0URsqWNGim/p5IsdB6LALbKbAZ6kVvKv7ndRITXvopk3FiqCTzRWHCkYnQ9HnUZ4oSw8eWYKKYvRWRIVaYGBtRwYbgLb68TJpnFa9aqd6dl2rXWRx5OIJjKIMHF1CDW6hDAwhweIZXeHMenBfn3fmYt+acbOYQ/sD5/AEaeo64</latexit>

m(x) = 0

9

<latexit sha1_base64="TF0Va1VXflBPCTa+ntthJAPGUTo="></latexit>

k(x, x0) = �2 exp(� 1
2kx� x0k2),� = 1
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Note on “dimension” of the input
• Let’s be careful to separate 

two types of “dimension” 
• We’re using a superscript 

to denote (M or N) number 
of points in the space 

• We’ll use a subscript for 
the (D) different elements 
of a point’s vector

x
x x

x

<latexit sha1_base64="vtUhjvouiS6k76ttA9H6+OxdfEI=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOnLjQc=</latexit>x

<latexit sha1_base64="Wc+SuwGu1gWPWB5JAP5olpWFkag=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjRBKf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDyRL0IzqUPOSMGis1sn6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGH9CleFM4LTYSzUmlI3pELuWShqh9ifzQ6fk3CoDEsbKljRkrv6emNBI6ywKbGdEzUgvezPxP6+bmvDGn3CZpAYlWywKU0FMTGZfkwFXyIzILKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kD60+NCA==</latexit>y

10
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Note on “dimension” of the input
• Let’s be careful to separate 

two types of “dimension” 
• We’re using a superscript 

to denote (M or N) number 
of points in the space 

• We’ll use a subscript for 
the (D) different elements 
of a point’s vector

x
x x

x

<latexit sha1_base64="zEbmCYtQD5pvlxUAihWUpp0wg3U=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBDiJeyKRI9BLx4jmAckMcxOepMhs7PLzKwYlnyEFw+KePV7vPk3TpI9aGJBQ1HVTXeXHwuujet+Oyura+sbm7mt/PbO7t5+4eCwoaNEMayzSESq5VONgkusG24EtmKFNPQFNv3RzdRvPqLSPJL3ZhxjN6QDyQPOqLFS8+khLXlnk16h6JbdGcgy8TJShAy1XuGr049YEqI0TFCt254bm25KleFM4CTfSTTGlI3oANuWShqi7qazcyfk1Cp9EkTKljRkpv6eSGmo9Tj0bWdIzVAvelPxP6+dmOCqm3IZJwYlmy8KEkFMRKa/kz5XyIwYW0KZ4vZWwoZUUWZsQnkbgrf48jJpnJe9Srlyd1GsXmdx5OAYTqAEHlxCFW6hBnVgMIJneIU3J3ZenHfnY9664mQzR/AHzucPmnKPGw==</latexit>

x(1)

<latexit sha1_base64="NlwRDd4OehECqXSkaSPV/zoyMTA=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRahXsquSPVY9OKxgv2Adi3ZNNuGZrMhyQrL0h/hxYMiXv093vw3pu0etPXBwOO9GWbmBZIzbVz32ymsrW9sbhW3Szu7e/sH5cOjto4TRWiLxDxW3QBrypmgLcMMp12pKI4CTjvB5Hbmd56o0iwWDyaV1I/wSLCQEWys1Ekfs6p3Ph2UK27NnQOtEi8nFcjRHJS/+sOYJBEVhnCsdc9zpfEzrAwjnE5L/URTickEj2jPUoEjqv1sfu4UnVlliMJY2RIGzdXfExmOtE6jwHZG2Iz1sjcT//N6iQmv/YwJmRgqyGJRmHBkYjT7HQ2ZosTw1BJMFLO3IjLGChNjEyrZELzll1dJ+6Lm1Wv1+8tK4yaPowgncApV8OAKGnAHTWgBgQk8wyu8OdJ5cd6dj0VrwclnjuEPnM8fm/yPHA==</latexit>

y(1)

<latexit sha1_base64="vtUhjvouiS6k76ttA9H6+OxdfEI=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOnLjQc=</latexit>x

<latexit sha1_base64="Wc+SuwGu1gWPWB5JAP5olpWFkag=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjRBKf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDyRL0IzqUPOSMGis1sn6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGH9CleFM4LTYSzUmlI3pELuWShqh9ifzQ6fk3CoDEsbKljRkrv6emNBI6ywKbGdEzUgvezPxP6+bmvDGn3CZpAYlWywKU0FMTGZfkwFXyIzILKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kD60+NCA==</latexit>y
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• Let’s be careful to separate 
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• We’re using a superscript 

to denote (M or N) number 
of points in the space 

• We’ll use a subscript for 
the (D) different elements 
of a point’s vector

x
x x

x

<latexit sha1_base64="zEbmCYtQD5pvlxUAihWUpp0wg3U=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBDiJeyKRI9BLx4jmAckMcxOepMhs7PLzKwYlnyEFw+KePV7vPk3TpI9aGJBQ1HVTXeXHwuujet+Oyura+sbm7mt/PbO7t5+4eCwoaNEMayzSESq5VONgkusG24EtmKFNPQFNv3RzdRvPqLSPJL3ZhxjN6QDyQPOqLFS8+khLXlnk16h6JbdGcgy8TJShAy1XuGr049YEqI0TFCt254bm25KleFM4CTfSTTGlI3oANuWShqi7qazcyfk1Cp9EkTKljRkpv6eSGmo9Tj0bWdIzVAvelPxP6+dmOCqm3IZJwYlmy8KEkFMRKa/kz5XyIwYW0KZ4vZWwoZUUWZsQnkbgrf48jJpnJe9Srlyd1GsXmdx5OAYTqAEHlxCFW6hBnVgMIJneIU3J3ZenHfnY9664mQzR/AHzucPmnKPGw==</latexit>

x(1)

<latexit sha1_base64="NlwRDd4OehECqXSkaSPV/zoyMTA=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRahXsquSPVY9OKxgv2Adi3ZNNuGZrMhyQrL0h/hxYMiXv093vw3pu0etPXBwOO9GWbmBZIzbVz32ymsrW9sbhW3Szu7e/sH5cOjto4TRWiLxDxW3QBrypmgLcMMp12pKI4CTjvB5Hbmd56o0iwWDyaV1I/wSLCQEWys1Ekfs6p3Ph2UK27NnQOtEi8nFcjRHJS/+sOYJBEVhnCsdc9zpfEzrAwjnE5L/URTickEj2jPUoEjqv1sfu4UnVlliMJY2RIGzdXfExmOtE6jwHZG2Iz1sjcT//N6iQmv/YwJmRgqyGJRmHBkYjT7HQ2ZosTw1BJMFLO3IjLGChNjEyrZELzll1dJ+6Lm1Wv1+8tK4yaPowgncApV8OAKGnAHTWgBgQk8wyu8OdJ5cd6dj0VrwclnjuEPnM8fm/yPHA==</latexit>

y(1)

<latexit sha1_base64="P4GArwQ3oaXEfJT4toixLcIzE8A=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGi/YA2lM120y7dbMLuRCyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/qnn9Uplt+LOQJaJl5My5Kj3Sl/dfszSiCtkkhrT8dwE/YxqFEzySbGbGp5QNqID3rFU0YgbP5udOiGnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8MrPhEpS5IrNF4WpJBiT6d+kLzRnKMeWUKaFvZWwIdWUoU2naEPwFl9eJs3ziletVO8uyrXrPI4CHMMJnIEHl1CDW6hDAxgM4Ble4c2Rzovz7nzMW1ecfOYI/sD5/AEPQo2r</latexit>x1

<latexit sha1_base64="0qSiA+TXOQEOvRSqdJWQbG5jZ2U=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHaJQY9ELx4xyiOBDZkdemHC7OxmZtZICJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzcxvPaLSPJYPZpygH9GB5CFn1Fjp/qlX6RVLbtmdg6wSLyMlyFDvFb+6/ZilEUrDBNW647mJ8SdUGc4ETgvdVGNC2YgOsGOppBFqfzI/dUrOrNInYaxsSUPm6u+JCY20HkeB7YyoGeplbyb+53VSE175Ey6T1KBki0VhKoiJyexv0ucKmRFjSyhT3N5K2JAqyoxNp2BD8JZfXiXNStmrlqt3F6XadRZHHk7gFM7Bg0uowS3UoQEMBvAMr/DmCOfFeXc+Fq05J5s5hj9wPn8AEMaNrA==</latexit>x2

<latexit sha1_base64="Wc+SuwGu1gWPWB5JAP5olpWFkag=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjRBKf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDyRL0IzqUPOSMGis1sn6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGH9CleFM4LTYSzUmlI3pELuWShqh9ifzQ6fk3CoDEsbKljRkrv6emNBI6ywKbGdEzUgvezPxP6+bmvDGn3CZpAYlWywKU0FMTGZfkwFXyIzILKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kD60+NCA==</latexit>y
<latexit sha1_base64="vtUhjvouiS6k76ttA9H6+OxdfEI=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOnLjQc=</latexit>x

<latexit sha1_base64="Wc+SuwGu1gWPWB5JAP5olpWFkag=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjRBKf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDyRL0IzqUPOSMGis1sn6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGH9CleFM4LTYSzUmlI3pELuWShqh9ifzQ6fk3CoDEsbKljRkrv6emNBI6ywKbGdEzUgvezPxP6+bmvDGn3CZpAYlWywKU0FMTGZfkwFXyIzILKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kD60+NCA==</latexit>y
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x

Note on “dimension” of the input
• Let’s be careful to separate 

two types of “dimension” 
• We’re using a superscript 

to denote (M or N) number 
of points in the space 

• We’ll use a subscript for 
the (D) different elements 
of a point’s vector

x
x x

x

<latexit sha1_base64="zEbmCYtQD5pvlxUAihWUpp0wg3U=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBDiJeyKRI9BLx4jmAckMcxOepMhs7PLzKwYlnyEFw+KePV7vPk3TpI9aGJBQ1HVTXeXHwuujet+Oyura+sbm7mt/PbO7t5+4eCwoaNEMayzSESq5VONgkusG24EtmKFNPQFNv3RzdRvPqLSPJL3ZhxjN6QDyQPOqLFS8+khLXlnk16h6JbdGcgy8TJShAy1XuGr049YEqI0TFCt254bm25KleFM4CTfSTTGlI3oANuWShqi7qazcyfk1Cp9EkTKljRkpv6eSGmo9Tj0bWdIzVAvelPxP6+dmOCqm3IZJwYlmy8KEkFMRKa/kz5XyIwYW0KZ4vZWwoZUUWZsQnkbgrf48jJpnJe9Srlyd1GsXmdx5OAYTqAEHlxCFW6hBnVgMIJneIU3J3ZenHfnY9664mQzR/AHzucPmnKPGw==</latexit>

x(1)

<latexit sha1_base64="NlwRDd4OehECqXSkaSPV/zoyMTA=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRahXsquSPVY9OKxgv2Adi3ZNNuGZrMhyQrL0h/hxYMiXv093vw3pu0etPXBwOO9GWbmBZIzbVz32ymsrW9sbhW3Szu7e/sH5cOjto4TRWiLxDxW3QBrypmgLcMMp12pKI4CTjvB5Hbmd56o0iwWDyaV1I/wSLCQEWys1Ekfs6p3Ph2UK27NnQOtEi8nFcjRHJS/+sOYJBEVhnCsdc9zpfEzrAwjnE5L/URTickEj2jPUoEjqv1sfu4UnVlliMJY2RIGzdXfExmOtE6jwHZG2Iz1sjcT//N6iQmv/YwJmRgqyGJRmHBkYjT7HQ2ZosTw1BJMFLO3IjLGChNjEyrZELzll1dJ+6Lm1Wv1+8tK4yaPowgncApV8OAKGnAHTWgBgQk8wyu8OdJ5cd6dj0VrwclnjuEPnM8fm/yPHA==</latexit>

y(1)

<latexit sha1_base64="P4GArwQ3oaXEfJT4toixLcIzE8A=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGi/YA2lM120y7dbMLuRCyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/qnn9Uplt+LOQJaJl5My5Kj3Sl/dfszSiCtkkhrT8dwE/YxqFEzySbGbGp5QNqID3rFU0YgbP5udOiGnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8MrPhEpS5IrNF4WpJBiT6d+kLzRnKMeWUKaFvZWwIdWUoU2naEPwFl9eJs3ziletVO8uyrXrPI4CHMMJnIEHl1CDW6hDAxgM4Ble4c2Rzovz7nzMW1ecfOYI/sD5/AEPQo2r</latexit>x1

<latexit sha1_base64="0qSiA+TXOQEOvRSqdJWQbG5jZ2U=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHaJQY9ELx4xyiOBDZkdemHC7OxmZtZICJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzcxvPaLSPJYPZpygH9GB5CFn1Fjp/qlX6RVLbtmdg6wSLyMlyFDvFb+6/ZilEUrDBNW647mJ8SdUGc4ETgvdVGNC2YgOsGOppBFqfzI/dUrOrNInYaxsSUPm6u+JCY20HkeB7YyoGeplbyb+53VSE175Ey6T1KBki0VhKoiJyexv0ucKmRFjSyhT3N5K2JAqyoxNp2BD8JZfXiXNStmrlqt3F6XadRZHHk7gFM7Bg0uowS3UoQEMBvAMr/DmCOfFeXc+Fq05J5s5hj9wPn8AEMaNrA==</latexit>x2

<latexit sha1_base64="Wc+SuwGu1gWPWB5JAP5olpWFkag=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjRBKf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDyRL0IzqUPOSMGis1sn6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGH9CleFM4LTYSzUmlI3pELuWShqh9ifzQ6fk3CoDEsbKljRkrv6emNBI6ywKbGdEzUgvezPxP6+bmvDGn3CZpAYlWywKU0FMTGZfkwFXyIzILKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kD60+NCA==</latexit>y
<latexit sha1_base64="vtUhjvouiS6k76ttA9H6+OxdfEI=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOnLjQc=</latexit>x

<latexit sha1_base64="Wc+SuwGu1gWPWB5JAP5olpWFkag=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjRBKf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDyRL0IzqUPOSMGis1sn6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGH9CleFM4LTYSzUmlI3pELuWShqh9ifzQ6fk3CoDEsbKljRkrv6emNBI6ywKbGdEzUgvezPxP6+bmvDGn3CZpAYlWywKU0FMTGZfkwFXyIzILKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kD60+NCA==</latexit>y
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x

<latexit sha1_base64="NlwRDd4OehECqXSkaSPV/zoyMTA=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRahXsquSPVY9OKxgv2Adi3ZNNuGZrMhyQrL0h/hxYMiXv093vw3pu0etPXBwOO9GWbmBZIzbVz32ymsrW9sbhW3Szu7e/sH5cOjto4TRWiLxDxW3QBrypmgLcMMp12pKI4CTjvB5Hbmd56o0iwWDyaV1I/wSLCQEWys1Ekfs6p3Ph2UK27NnQOtEi8nFcjRHJS/+sOYJBEVhnCsdc9zpfEzrAwjnE5L/URTickEj2jPUoEjqv1sfu4UnVlliMJY2RIGzdXfExmOtE6jwHZG2Iz1sjcT//N6iQmv/YwJmRgqyGJRmHBkYjT7HQ2ZosTw1BJMFLO3IjLGChNjEyrZELzll1dJ+6Lm1Wv1+8tK4yaPowgncApV8OAKGnAHTWgBgQk8wyu8OdJ5cd6dj0VrwclnjuEPnM8fm/yPHA==</latexit>

y(1)

Note on “dimension” of the input
• Let’s be careful to separate 

two types of “dimension” 
• We’re using a superscript 

to denote (M or N) number 
of points in the space 

• We’ll use a subscript for 
the (D) different elements 
of a point’s vector

x
x x

x

<latexit sha1_base64="zEbmCYtQD5pvlxUAihWUpp0wg3U=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBDiJeyKRI9BLx4jmAckMcxOepMhs7PLzKwYlnyEFw+KePV7vPk3TpI9aGJBQ1HVTXeXHwuujet+Oyura+sbm7mt/PbO7t5+4eCwoaNEMayzSESq5VONgkusG24EtmKFNPQFNv3RzdRvPqLSPJL3ZhxjN6QDyQPOqLFS8+khLXlnk16h6JbdGcgy8TJShAy1XuGr049YEqI0TFCt254bm25KleFM4CTfSTTGlI3oANuWShqi7qazcyfk1Cp9EkTKljRkpv6eSGmo9Tj0bWdIzVAvelPxP6+dmOCqm3IZJwYlmy8KEkFMRKa/kz5XyIwYW0KZ4vZWwoZUUWZsQnkbgrf48jJpnJe9Srlyd1GsXmdx5OAYTqAEHlxCFW6hBnVgMIJneIU3J3ZenHfnY9664mQzR/AHzucPmnKPGw==</latexit>

x(1)

<latexit sha1_base64="NlwRDd4OehECqXSkaSPV/zoyMTA=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRahXsquSPVY9OKxgv2Adi3ZNNuGZrMhyQrL0h/hxYMiXv093vw3pu0etPXBwOO9GWbmBZIzbVz32ymsrW9sbhW3Szu7e/sH5cOjto4TRWiLxDxW3QBrypmgLcMMp12pKI4CTjvB5Hbmd56o0iwWDyaV1I/wSLCQEWys1Ekfs6p3Ph2UK27NnQOtEi8nFcjRHJS/+sOYJBEVhnCsdc9zpfEzrAwjnE5L/URTickEj2jPUoEjqv1sfu4UnVlliMJY2RIGzdXfExmOtE6jwHZG2Iz1sjcT//N6iQmv/YwJmRgqyGJRmHBkYjT7HQ2ZosTw1BJMFLO3IjLGChNjEyrZELzll1dJ+6Lm1Wv1+8tK4yaPowgncApV8OAKGnAHTWgBgQk8wyu8OdJ5cd6dj0VrwclnjuEPnM8fm/yPHA==</latexit>

y(1)

<latexit sha1_base64="2YZpp0uh+y+i0zoIDpHXRkp8DsA=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXsquSPVY9OKxgv2Qdi3ZNNuGJtklyYpl6a/w4kERr/4cb/4b03YP2vpg4PHeDDPzgpgzbVz328mtrK6tb+Q3C1vbO7t7xf2Dpo4SRWiDRDxS7QBrypmkDcMMp+1YUSwCTlvB6Hrqtx6p0iySd2YcU1/ggWQhI9hY6f7pIS17p5Oe1yuW3Io7A1omXkZKkKHeK351+xFJBJWGcKx1x3Nj46dYGUY4nRS6iaYxJiM8oB1LJRZU++ns4Ak6sUofhZGyJQ2aqb8nUiy0HovAdgpshnrRm4r/eZ3EhJd+ymScGCrJfFGYcGQiNP0e9ZmixPCxJZgoZm9FZIgVJsZmVLAheIsvL5PmWcWrVqq356XaVRZHHo7gGMrgwQXU4Abq0AACAp7hFd4c5bw4787HvDXnZDOH8AfO5w/Doo+/</latexit>

x(1)
1

<latexit sha1_base64="aUtt2JG2kB7W8jvnJPn3KC2wTNE=">AAAB8HicbVBNSwMxEJ31s9avqkcvwSLUS9ktUj0WvXisYD+kXUs2zbahSXZJsmJZ+iu8eFDEqz/Hm//GtN2Dtj4YeLw3w8y8IOZMG9f9dlZW19Y3NnNb+e2d3b39wsFhU0eJIrRBIh6pdoA15UzShmGG03asKBYBp61gdD31W49UaRbJOzOOqS/wQLKQEWysdP/0kJa8s0mv0isU3bI7A1omXkaKkKHeK3x1+xFJBJWGcKx1x3Nj46dYGUY4neS7iaYxJiM8oB1LJRZU++ns4Ak6tUofhZGyJQ2aqb8nUiy0HovAdgpshnrRm4r/eZ3EhJd+ymScGCrJfFGYcGQiNP0e9ZmixPCxJZgoZm9FZIgVJsZmlLcheIsvL5NmpexVy9Xb82LtKosjB8dwAiXw4AJqcAN1aAABAc/wCm+Ocl6cd+dj3rriZDNH8AfO5w/FJo/A</latexit>

x(1)
2

<latexit sha1_base64="P4GArwQ3oaXEfJT4toixLcIzE8A=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGi/YA2lM120y7dbMLuRCyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/qnn9Uplt+LOQJaJl5My5Kj3Sl/dfszSiCtkkhrT8dwE/YxqFEzySbGbGp5QNqID3rFU0YgbP5udOiGnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8MrPhEpS5IrNF4WpJBiT6d+kLzRnKMeWUKaFvZWwIdWUoU2naEPwFl9eJs3ziletVO8uyrXrPI4CHMMJnIEHl1CDW6hDAxgM4Ble4c2Rzovz7nzMW1ecfOYI/sD5/AEPQo2r</latexit>x1

<latexit sha1_base64="0qSiA+TXOQEOvRSqdJWQbG5jZ2U=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHaJQY9ELx4xyiOBDZkdemHC7OxmZtZICJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzcxvPaLSPJYPZpygH9GB5CFn1Fjp/qlX6RVLbtmdg6wSLyMlyFDvFb+6/ZilEUrDBNW647mJ8SdUGc4ETgvdVGNC2YgOsGOppBFqfzI/dUrOrNInYaxsSUPm6u+JCY20HkeB7YyoGeplbyb+53VSE175Ey6T1KBki0VhKoiJyexv0ucKmRFjSyhT3N5K2JAqyoxNp2BD8JZfXiXNStmrlqt3F6XadRZHHk7gFM7Bg0uowS3UoQEMBvAMr/DmCOfFeXc+Fq05J5s5hj9wPn8AEMaNrA==</latexit>x2

<latexit sha1_base64="Wc+SuwGu1gWPWB5JAP5olpWFkag=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjRBKf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDyRL0IzqUPOSMGis1sn6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGH9CleFM4LTYSzUmlI3pELuWShqh9ifzQ6fk3CoDEsbKljRkrv6emNBI6ywKbGdEzUgvezPxP6+bmvDGn3CZpAYlWywKU0FMTGZfkwFXyIzILKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kD60+NCA==</latexit>y
<latexit sha1_base64="vtUhjvouiS6k76ttA9H6+OxdfEI=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOnLjQc=</latexit>x

<latexit sha1_base64="Wc+SuwGu1gWPWB5JAP5olpWFkag=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjRBKf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDyRL0IzqUPOSMGis1sn6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGH9CleFM4LTYSzUmlI3pELuWShqh9ifzQ6fk3CoDEsbKljRkrv6emNBI6ywKbGdEzUgvezPxP6+bmvDGn3CZpAYlWywKU0FMTGZfkwFXyIzILKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kD60+NCA==</latexit>y
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x

<latexit sha1_base64="NlwRDd4OehECqXSkaSPV/zoyMTA=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRahXsquSPVY9OKxgv2Adi3ZNNuGZrMhyQrL0h/hxYMiXv093vw3pu0etPXBwOO9GWbmBZIzbVz32ymsrW9sbhW3Szu7e/sH5cOjto4TRWiLxDxW3QBrypmgLcMMp12pKI4CTjvB5Hbmd56o0iwWDyaV1I/wSLCQEWys1Ekfs6p3Ph2UK27NnQOtEi8nFcjRHJS/+sOYJBEVhnCsdc9zpfEzrAwjnE5L/URTickEj2jPUoEjqv1sfu4UnVlliMJY2RIGzdXfExmOtE6jwHZG2Iz1sjcT//N6iQmv/YwJmRgqyGJRmHBkYjT7HQ2ZosTw1BJMFLO3IjLGChNjEyrZELzll1dJ+6Lm1Wv1+8tK4yaPowgncApV8OAKGnAHTWgBgQk8wyu8OdJ5cd6dj0VrwclnjuEPnM8fm/yPHA==</latexit>

y(1)

Note on “dimension” of the input
• Let’s be careful to separate 

two types of “dimension” 
• We’re using a superscript 

to denote (M or N) number 
of points in the space 

• We’ll use a subscript for 
the (D) different elements 
of a point’s vector

x
x x

x

<latexit sha1_base64="zEbmCYtQD5pvlxUAihWUpp0wg3U=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBDiJeyKRI9BLx4jmAckMcxOepMhs7PLzKwYlnyEFw+KePV7vPk3TpI9aGJBQ1HVTXeXHwuujet+Oyura+sbm7mt/PbO7t5+4eCwoaNEMayzSESq5VONgkusG24EtmKFNPQFNv3RzdRvPqLSPJL3ZhxjN6QDyQPOqLFS8+khLXlnk16h6JbdGcgy8TJShAy1XuGr049YEqI0TFCt254bm25KleFM4CTfSTTGlI3oANuWShqi7qazcyfk1Cp9EkTKljRkpv6eSGmo9Tj0bWdIzVAvelPxP6+dmOCqm3IZJwYlmy8KEkFMRKa/kz5XyIwYW0KZ4vZWwoZUUWZsQnkbgrf48jJpnJe9Srlyd1GsXmdx5OAYTqAEHlxCFW6hBnVgMIJneIU3J3ZenHfnY9664mQzR/AHzucPmnKPGw==</latexit>

x(1)

<latexit sha1_base64="NlwRDd4OehECqXSkaSPV/zoyMTA=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRahXsquSPVY9OKxgv2Adi3ZNNuGZrMhyQrL0h/hxYMiXv093vw3pu0etPXBwOO9GWbmBZIzbVz32ymsrW9sbhW3Szu7e/sH5cOjto4TRWiLxDxW3QBrypmgLcMMp12pKI4CTjvB5Hbmd56o0iwWDyaV1I/wSLCQEWys1Ekfs6p3Ph2UK27NnQOtEi8nFcjRHJS/+sOYJBEVhnCsdc9zpfEzrAwjnE5L/URTickEj2jPUoEjqv1sfu4UnVlliMJY2RIGzdXfExmOtE6jwHZG2Iz1sjcT//N6iQmv/YwJmRgqyGJRmHBkYjT7HQ2ZosTw1BJMFLO3IjLGChNjEyrZELzll1dJ+6Lm1Wv1+8tK4yaPowgncApV8OAKGnAHTWgBgQk8wyu8OdJ5cd6dj0VrwclnjuEPnM8fm/yPHA==</latexit>

y(1)

<latexit sha1_base64="2YZpp0uh+y+i0zoIDpHXRkp8DsA=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXsquSPVY9OKxgv2Qdi3ZNNuGJtklyYpl6a/w4kERr/4cb/4b03YP2vpg4PHeDDPzgpgzbVz328mtrK6tb+Q3C1vbO7t7xf2Dpo4SRWiDRDxS7QBrypmkDcMMp+1YUSwCTlvB6Hrqtx6p0iySd2YcU1/ggWQhI9hY6f7pIS17p5Oe1yuW3Io7A1omXkZKkKHeK351+xFJBJWGcKx1x3Nj46dYGUY4nRS6iaYxJiM8oB1LJRZU++ns4Ak6sUofhZGyJQ2aqb8nUiy0HovAdgpshnrRm4r/eZ3EhJd+ymScGCrJfFGYcGQiNP0e9ZmixPCxJZgoZm9FZIgVJsZmVLAheIsvL5PmWcWrVqq356XaVRZHHo7gGMrgwQXU4Abq0AACAp7hFd4c5bw4787HvDXnZDOH8AfO5w/Doo+/</latexit>

x(1)
1

<latexit sha1_base64="aUtt2JG2kB7W8jvnJPn3KC2wTNE=">AAAB8HicbVBNSwMxEJ31s9avqkcvwSLUS9ktUj0WvXisYD+kXUs2zbahSXZJsmJZ+iu8eFDEqz/Hm//GtN2Dtj4YeLw3w8y8IOZMG9f9dlZW19Y3NnNb+e2d3b39wsFhU0eJIrRBIh6pdoA15UzShmGG03asKBYBp61gdD31W49UaRbJOzOOqS/wQLKQEWysdP/0kJa8s0mv0isU3bI7A1omXkaKkKHeK3x1+xFJBJWGcKx1x3Nj46dYGUY4neS7iaYxJiM8oB1LJRZU++ns4Ak6tUofhZGyJQ2aqb8nUiy0HovAdgpshnrRm4r/eZ3EhJd+ymScGCrJfFGYcGQiNP0e9ZmixPCxJZgoZm9FZIgVJsZmlLcheIsvL5NmpexVy9Xb82LtKosjB8dwAiXw4AJqcAN1aAABAc/wCm+Ocl6cd+dj3rriZDNH8AfO5w/FJo/A</latexit>

x(1)
2

<latexit sha1_base64="P4GArwQ3oaXEfJT4toixLcIzE8A=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGi/YA2lM120y7dbMLuRCyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/qnn9Uplt+LOQJaJl5My5Kj3Sl/dfszSiCtkkhrT8dwE/YxqFEzySbGbGp5QNqID3rFU0YgbP5udOiGnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8MrPhEpS5IrNF4WpJBiT6d+kLzRnKMeWUKaFvZWwIdWUoU2naEPwFl9eJs3ziletVO8uyrXrPI4CHMMJnIEHl1CDW6hDAxgM4Ble4c2Rzovz7nzMW1ecfOYI/sD5/AEPQo2r</latexit>x1

<latexit sha1_base64="0qSiA+TXOQEOvRSqdJWQbG5jZ2U=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHaJQY9ELx4xyiOBDZkdemHC7OxmZtZICJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzcxvPaLSPJYPZpygH9GB5CFn1Fjp/qlX6RVLbtmdg6wSLyMlyFDvFb+6/ZilEUrDBNW647mJ8SdUGc4ETgvdVGNC2YgOsGOppBFqfzI/dUrOrNInYaxsSUPm6u+JCY20HkeB7YyoGeplbyb+53VSE175Ey6T1KBki0VhKoiJyexv0ucKmRFjSyhT3N5K2JAqyoxNp2BD8JZfXiXNStmrlqt3F6XadRZHHk7gFM7Bg0uowS3UoQEMBvAMr/DmCOfFeXc+Fq05J5s5hj9wPn8AEMaNrA==</latexit>x2

<latexit sha1_base64="Wc+SuwGu1gWPWB5JAP5olpWFkag=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjRBKf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDyRL0IzqUPOSMGis1sn6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGH9CleFM4LTYSzUmlI3pELuWShqh9ifzQ6fk3CoDEsbKljRkrv6emNBI6ywKbGdEzUgvezPxP6+bmvDGn3CZpAYlWywKU0FMTGZfkwFXyIzILKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kD60+NCA==</latexit>y
<latexit sha1_base64="vtUhjvouiS6k76ttA9H6+OxdfEI=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOnLjQc=</latexit>x

<latexit sha1_base64="Wc+SuwGu1gWPWB5JAP5olpWFkag=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjRBKf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDyRL0IzqUPOSMGis1sn6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGH9CleFM4LTYSzUmlI3pELuWShqh9ifzQ6fk3CoDEsbKljRkrv6emNBI6ywKbGdEzUgvezPxP6+bmvDGn3CZpAYlWywKU0FMTGZfkwFXyIzILKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kD60+NCA==</latexit>y

• Note: all of our real-life 
examples from the start had 
number of inputs D > 1[R
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N=4, D=1

N=1, D=2



x

<latexit sha1_base64="NlwRDd4OehECqXSkaSPV/zoyMTA=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRahXsquSPVY9OKxgv2Adi3ZNNuGZrMhyQrL0h/hxYMiXv093vw3pu0etPXBwOO9GWbmBZIzbVz32ymsrW9sbhW3Szu7e/sH5cOjto4TRWiLxDxW3QBrypmgLcMMp12pKI4CTjvB5Hbmd56o0iwWDyaV1I/wSLCQEWys1Ekfs6p3Ph2UK27NnQOtEi8nFcjRHJS/+sOYJBEVhnCsdc9zpfEzrAwjnE5L/URTickEj2jPUoEjqv1sfu4UnVlliMJY2RIGzdXfExmOtE6jwHZG2Iz1sjcT//N6iQmv/YwJmRgqyGJRmHBkYjT7HQ2ZosTw1BJMFLO3IjLGChNjEyrZELzll1dJ+6Lm1Wv1+8tK4yaPowgncApV8OAKGnAHTWgBgQk8wyu8OdJ5cd6dj0VrwclnjuEPnM8fm/yPHA==</latexit>

y(1)

Note on “dimension” of the input
• Let’s be careful to separate 

two types of “dimension” 
• We’re using a superscript 

to denote (M or N) number 
of points in the space 

• We’ll use a subscript for 
the (D) different elements 
of a point’s vector

x
x x

x

<latexit sha1_base64="zEbmCYtQD5pvlxUAihWUpp0wg3U=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBDiJeyKRI9BLx4jmAckMcxOepMhs7PLzKwYlnyEFw+KePV7vPk3TpI9aGJBQ1HVTXeXHwuujet+Oyura+sbm7mt/PbO7t5+4eCwoaNEMayzSESq5VONgkusG24EtmKFNPQFNv3RzdRvPqLSPJL3ZhxjN6QDyQPOqLFS8+khLXlnk16h6JbdGcgy8TJShAy1XuGr049YEqI0TFCt254bm25KleFM4CTfSTTGlI3oANuWShqi7qazcyfk1Cp9EkTKljRkpv6eSGmo9Tj0bWdIzVAvelPxP6+dmOCqm3IZJwYlmy8KEkFMRKa/kz5XyIwYW0KZ4vZWwoZUUWZsQnkbgrf48jJpnJe9Srlyd1GsXmdx5OAYTqAEHlxCFW6hBnVgMIJneIU3J3ZenHfnY9664mQzR/AHzucPmnKPGw==</latexit>

x(1)

<latexit sha1_base64="NlwRDd4OehECqXSkaSPV/zoyMTA=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRahXsquSPVY9OKxgv2Adi3ZNNuGZrMhyQrL0h/hxYMiXv093vw3pu0etPXBwOO9GWbmBZIzbVz32ymsrW9sbhW3Szu7e/sH5cOjto4TRWiLxDxW3QBrypmgLcMMp12pKI4CTjvB5Hbmd56o0iwWDyaV1I/wSLCQEWys1Ekfs6p3Ph2UK27NnQOtEi8nFcjRHJS/+sOYJBEVhnCsdc9zpfEzrAwjnE5L/URTickEj2jPUoEjqv1sfu4UnVlliMJY2RIGzdXfExmOtE6jwHZG2Iz1sjcT//N6iQmv/YwJmRgqyGJRmHBkYjT7HQ2ZosTw1BJMFLO3IjLGChNjEyrZELzll1dJ+6Lm1Wv1+8tK4yaPowgncApV8OAKGnAHTWgBgQk8wyu8OdJ5cd6dj0VrwclnjuEPnM8fm/yPHA==</latexit>

y(1)

<latexit sha1_base64="2YZpp0uh+y+i0zoIDpHXRkp8DsA=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXsquSPVY9OKxgv2Qdi3ZNNuGJtklyYpl6a/w4kERr/4cb/4b03YP2vpg4PHeDDPzgpgzbVz328mtrK6tb+Q3C1vbO7t7xf2Dpo4SRWiDRDxS7QBrypmkDcMMp+1YUSwCTlvB6Hrqtx6p0iySd2YcU1/ggWQhI9hY6f7pIS17p5Oe1yuW3Io7A1omXkZKkKHeK351+xFJBJWGcKx1x3Nj46dYGUY4nRS6iaYxJiM8oB1LJRZU++ns4Ak6sUofhZGyJQ2aqb8nUiy0HovAdgpshnrRm4r/eZ3EhJd+ymScGCrJfFGYcGQiNP0e9ZmixPCxJZgoZm9FZIgVJsZmVLAheIsvL5PmWcWrVqq356XaVRZHHo7gGMrgwQXU4Abq0AACAp7hFd4c5bw4787HvDXnZDOH8AfO5w/Doo+/</latexit>

x(1)
1

<latexit sha1_base64="aUtt2JG2kB7W8jvnJPn3KC2wTNE=">AAAB8HicbVBNSwMxEJ31s9avqkcvwSLUS9ktUj0WvXisYD+kXUs2zbahSXZJsmJZ+iu8eFDEqz/Hm//GtN2Dtj4YeLw3w8y8IOZMG9f9dlZW19Y3NnNb+e2d3b39wsFhU0eJIrRBIh6pdoA15UzShmGG03asKBYBp61gdD31W49UaRbJOzOOqS/wQLKQEWysdP/0kJa8s0mv0isU3bI7A1omXkaKkKHeK3x1+xFJBJWGcKx1x3Nj46dYGUY4neS7iaYxJiM8oB1LJRZU++ns4Ak6tUofhZGyJQ2aqb8nUiy0HovAdgpshnrRm4r/eZ3EhJd+ymScGCrJfFGYcGQiNP0e9ZmixPCxJZgoZm9FZIgVJsZmlLcheIsvL5NmpexVy9Xb82LtKosjB8dwAiXw4AJqcAN1aAABAc/wCm+Ocl6cd+dj3rriZDNH8AfO5w/FJo/A</latexit>

x(1)
2

<latexit sha1_base64="P4GArwQ3oaXEfJT4toixLcIzE8A=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGi/YA2lM120y7dbMLuRCyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/qnn9Uplt+LOQJaJl5My5Kj3Sl/dfszSiCtkkhrT8dwE/YxqFEzySbGbGp5QNqID3rFU0YgbP5udOiGnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8MrPhEpS5IrNF4WpJBiT6d+kLzRnKMeWUKaFvZWwIdWUoU2naEPwFl9eJs3ziletVO8uyrXrPI4CHMMJnIEHl1CDW6hDAxgM4Ble4c2Rzovz7nzMW1ecfOYI/sD5/AEPQo2r</latexit>x1

<latexit sha1_base64="0qSiA+TXOQEOvRSqdJWQbG5jZ2U=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHaJQY9ELx4xyiOBDZkdemHC7OxmZtZICJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzcxvPaLSPJYPZpygH9GB5CFn1Fjp/qlX6RVLbtmdg6wSLyMlyFDvFb+6/ZilEUrDBNW647mJ8SdUGc4ETgvdVGNC2YgOsGOppBFqfzI/dUrOrNInYaxsSUPm6u+JCY20HkeB7YyoGeplbyb+53VSE175Ey6T1KBki0VhKoiJyexv0ucKmRFjSyhT3N5K2JAqyoxNp2BD8JZfXiXNStmrlqt3F6XadRZHHk7gFM7Bg0uowS3UoQEMBvAMr/DmCOfFeXc+Fq05J5s5hj9wPn8AEMaNrA==</latexit>x2

<latexit sha1_base64="Wc+SuwGu1gWPWB5JAP5olpWFkag=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjRBKf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDyRL0IzqUPOSMGis1sn6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGH9CleFM4LTYSzUmlI3pELuWShqh9ifzQ6fk3CoDEsbKljRkrv6emNBI6ywKbGdEzUgvezPxP6+bmvDGn3CZpAYlWywKU0FMTGZfkwFXyIzILKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kD60+NCA==</latexit>y
<latexit sha1_base64="vtUhjvouiS6k76ttA9H6+OxdfEI=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOnLjQc=</latexit>x

<latexit sha1_base64="Wc+SuwGu1gWPWB5JAP5olpWFkag=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjRBKf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDyRL0IzqUPOSMGis1sn6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGH9CleFM4LTYSzUmlI3pELuWShqh9ifzQ6fk3CoDEsbKljRkrv6emNBI6ywKbGdEzUgvezPxP6+bmvDGn3CZpAYlWywKU0FMTGZfkwFXyIzILKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kD60+NCA==</latexit>y

• Note: all of our real-life 
examples from the start had 
number of inputs D > 1 

• D = 1 is much easier to 
visualize, but might not be 
representative

N=4, D=1

N=1, D=2
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A Bayesian approach



A Bayesian approach
• p(unknowns | data)     p(data | unknowns) p(unknowns)<latexit sha1_base64="IfssuVaKVWgzBHwbK2y9I+0LCSU=">AAAB7nicbVDLSgNBEOyNrxhfUY9eFoPgKeyKRI9BLx4jmAckS5idzCZDZmeGmV4hhHyEFw+KePV7vPk3TpI9aLSgoajqprsr1oJbDIIvr7C2vrG5Vdwu7ezu7R+UD49aVmWGsiZVQplOTCwTXLImchSsow0jaSxYOx7fzv32IzOWK/mAE82ilAwlTzgl6KR2TxulUfXLlaAaLOD/JWFOKpCj0S9/9gaKZimTSAWxthsGGqMpMcipYLNSL7NMEzomQ9Z1VJKU2Wi6OHfmnzll4CfKuJLoL9SfE1OSWjtJY9eZEhzZVW8u/ud1M0yuoymXOkMm6XJRkgkflT//3R9wwyiKiSOEGu5u9emIGELRJVRyIYSrL/8lrYtqWKvW7i8r9Zs8jiKcwCmcQwhXUIc7aEATKIzhCV7g1dPes/fmvS9bC14+cwy/4H18A6Ztj8s=</latexit>/



A Bayesian approach
• p(unknowns | data)     p(data | unknowns) p(unknowns)<latexit sha1_base64="IfssuVaKVWgzBHwbK2y9I+0LCSU=">AAAB7nicbVDLSgNBEOyNrxhfUY9eFoPgKeyKRI9BLx4jmAckS5idzCZDZmeGmV4hhHyEFw+KePV7vPk3TpI9aLSgoajqprsr1oJbDIIvr7C2vrG5Vdwu7ezu7R+UD49aVmWGsiZVQplOTCwTXLImchSsow0jaSxYOx7fzv32IzOWK/mAE82ilAwlTzgl6KR2TxulUfXLlaAaLOD/JWFOKpCj0S9/9gaKZimTSAWxthsGGqMpMcipYLNSL7NMEzomQ9Z1VJKU2Wi6OHfmnzll4CfKuJLoL9SfE1OSWjtJY9eZEhzZVW8u/ud1M0yuoymXOkMm6XJRkgkflT//3R9wwyiKiSOEGu5u9emIGELRJVRyIYSrL/8lrYtqWKvW7i8r9Zs8jiKcwCmcQwhXUIc7aEATKIzhCV7g1dPes/fmvS9bC14+cwy/4H18A6Ztj8s=</latexit>/

Given the data we’ve 
seen, what do we 
know about the 
underlying function? 



A Bayesian approach
• p(unknowns | data)     p(data | unknowns) p(unknowns)<latexit sha1_base64="IfssuVaKVWgzBHwbK2y9I+0LCSU=">AAAB7nicbVDLSgNBEOyNrxhfUY9eFoPgKeyKRI9BLx4jmAckS5idzCZDZmeGmV4hhHyEFw+KePV7vPk3TpI9aLSgoajqprsr1oJbDIIvr7C2vrG5Vdwu7ezu7R+UD49aVmWGsiZVQplOTCwTXLImchSsow0jaSxYOx7fzv32IzOWK/mAE82ilAwlTzgl6KR2TxulUfXLlaAaLOD/JWFOKpCj0S9/9gaKZimTSAWxthsGGqMpMcipYLNSL7NMEzomQ9Z1VJKU2Wi6OHfmnzll4CfKuJLoL9SfE1OSWjtJY9eZEhzZVW8u/ud1M0yuoymXOkMm6XJRkgkflT//3R9wwyiKiSOEGu5u9emIGELRJVRyIYSrL/8lrYtqWKvW7i8r9Zs8jiKcwCmcQwhXUIc7aEATKIzhCV7g1dPes/fmvS9bC14+cwy/4H18A6Ztj8s=</latexit>/

Given the data we’ve 
seen, what do we 
know about the 
underlying function? 

x data 
f(x) best guess 
f(x) 95% interval

x

y



A Bayesian approach
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• What if we happened to measure our data on a different 
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Closer look at the uncertainty interval
• Under GP,                            

at a point x’ is marginally 
Gaussian 

• The green line at point x’ is 
the mean of that Gaussian
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Closer look at the uncertainty interval
• Under GP,                            

at a point x’ is marginally 
Gaussian 

• The green line at point x’ is 
the mean of that Gaussian 

• The green interval at that 
point: mean +/- 2 std devs
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Closer look at the uncertainty interval
• Under GP,                            

at a point x’ is marginally 
Gaussian 

• The green line at point x’ is 
the mean of that Gaussian 

• The green interval at that 
point: mean +/- 2 std devs

• Draw random f conditional 
on the training data
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Closer look at the uncertainty interval
• Under GP,                            

at a point x’ is marginally 
Gaussian 

• The green line at point x’ is 
the mean of that Gaussian 

• The green interval at that 
point: mean +/- 2 std devs

• Draw random f conditional 
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Closer look at the uncertainty interval
• Under GP,                            

at a point x’ is marginally 
Gaussian 

• The green line at point x’ is 
the mean of that Gaussian 

• The green interval at that 
point: mean +/- 2 std devs
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on the training data
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Closer look at the uncertainty interval
• Under GP,                            

at a point x’ is marginally 
Gaussian 

• The green line at point x’ is 
the mean of that Gaussian 

• The green interval at that 
point: mean +/- 2 std devs

• Draw random f conditional 
on the training data 

• Probability the draw is in the 
interval at x’ is ~95%
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Closer look at the uncertainty interval
• Under GP,                            

at a point x’ is marginally 
Gaussian 

• The green line at point x’ is 
the mean of that Gaussian 

• The green interval at that 
point: mean +/- 2 std devs

• Draw random f conditional 
on the training data 

• Probability the draw is in the 
interval at x’ is ~95%
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Closer look at the uncertainty interval
• Under GP,                            

at a point x’ is marginally 
Gaussian 

• The green line at point x’ is 
the mean of that Gaussian 

• The green interval at that 
point: mean +/- 2 std devs

• Draw random f conditional 
on the training data 

• Probability the draw is in the 
interval at x’ is ~95%
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• Probability that all points on f fall within the green interval 

across the whole plot will generally not be ~95%14 ?



• Under GP,                            
at a point x’ is marginally 
Gaussian 

• The green line at point x’ is 
the mean of that Gaussian 

• The green interval at that 
point: mean +/- 2 std devs

• Draw random f conditional 
on the training data 

• Probability the draw is in the 
interval at x’ is ~95%
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 • Under GP,                            
at a point x’ is marginally 
Gaussian 

• The green line at point x’ is 
the mean of that Gaussian 

• The green interval at that 
point: mean +/- 2 std devs

• Draw random f conditional 
on the training data 

• Probability the draw is in the 
interval at x’ is ~95%
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• So far we’ve been assuming that we observed f(x) directly 
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• So far we’ve been assuming that we observed f(x) directly 
• But often the actual observation y has additional noise:

Observation noise
<latexit sha1_base64="QzLeCqFSJJtpdIuqUfb9sLXwnUU="></latexit>

f ⇠ GP(m, k), y(n) ⇠ f(x(n)) + ✏(n), ✏(n)
iid⇠ N (0, ⌧2)
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• So far we’ve been assuming that we observed f(x) directly 
• But often the actual observation y has additional noise: 

• We observe                            and want to learn the latent f

Observation noise
<latexit sha1_base64="QzLeCqFSJJtpdIuqUfb9sLXwnUU="></latexit>

f ⇠ GP(m, k), y(n) ⇠ f(x(n)) + ✏(n), ✏(n)
iid⇠ N (0, ⌧2)
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{(x(n), y(n))}Nn=1
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• So far we’ve been assuming that we observed f(x) directly 
• But often the actual observation y has additional noise: 

• We observe                            and want to learn the latent f

Observation noise
<latexit sha1_base64="QzLeCqFSJJtpdIuqUfb9sLXwnUU="></latexit>

f ⇠ GP(m, k), y(n) ⇠ f(x(n)) + ✏(n), ✏(n)
iid⇠ N (0, ⌧2)

[demo1]
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• So far we’ve been assuming that we observed f(x) directly 
• But often the actual observation y has additional noise: 

• We observe                            and want to learn the latent f 
• The y’s are multivariate-Gaussian-distributed

Observation noise
<latexit sha1_base64="QzLeCqFSJJtpdIuqUfb9sLXwnUU="></latexit>

f ⇠ GP(m, k), y(n) ⇠ f(x(n)) + ✏(n), ✏(n)
iid⇠ N (0, ⌧2)

[demo1]
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{(x(n), y(n))}Nn=1
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• So far we’ve been assuming that we observed f(x) directly 
• But often the actual observation y has additional noise: 

• We observe                            and want to learn the latent f 
• The y’s are multivariate-Gaussian-distributed 

• Note: the sum of independent Gaussians is a Gaussian 
with means summed and covariances summed

Observation noise
<latexit sha1_base64="QzLeCqFSJJtpdIuqUfb9sLXwnUU="></latexit>

f ⇠ GP(m, k), y(n) ⇠ f(x(n)) + ✏(n), ✏(n)
iid⇠ N (0, ⌧2)

[demo1]
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• So far we’ve been assuming that we observed f(x) directly 
• But often the actual observation y has additional noise: 

• We observe                            and want to learn the latent f 
• The y’s are multivariate-Gaussian-distributed 

• Note: the sum of independent Gaussians is a Gaussian 
with means summed and covariances summed 

• So the mean of        is               and 

Observation noise
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• So far we’ve been assuming that we observed f(x) directly 
• But often the actual observation y has additional noise: 

• We observe                            and want to learn the latent f 
• The y’s are multivariate-Gaussian-distributed 

• Note: the sum of independent Gaussians is a Gaussian 
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• But often the actual observation y has additional noise: 
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Even when observations are 
“perfect,” use a (very small) 

nugget for numerical reasons

Can you state a non-trivial lower bound 
on the marginal variance of a test y(m)?15
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Bayesian optimization
• We have some sparsely observed points on a function 
• We would like to minimize that function 

• We are willing to gather more data, but evaluating the 
function is expensive 

BayesOpt idea: Model the unknown function with a GP 
• Use the means and uncertainties to decide where to 

evaluate the function next

to maximize, just 
choose the negative of 

the original function

• First have to decide 
how to trade off 
exploration and 
exploitation  
• One option is 

“expected 
improvement” (EI)

[adapted slightly from Adams 2014 slides]16

E.g. max deep learning performance; max lift for booster
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Roadmap
• A Bayesian approach 
• What is a Gaussian process (GP)? 

• A particularly popular version in practice 
• Gaussian process inference 

• Prediction & uncertainty quantification 
• Using GPs to optimize a function (Bayesian optimization) 
• What are the limits? What can go wrong?

• Goals: 
• Learn the mechanism behind standard GPs to 

identify benefits and pitfalls 
• Learn the skills to be responsible users of standard 

GPs (transferable to other artificial intelligence/
machine learning methods)
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observed data 
• When using GPs with a squared exponential kernel: 

• Data points that are more than a handful of length scales 
from other data points will revert to prior behavior 

• Note: extrapolation isn’t a special issue unique to GPs. It’s a 
fundamentally hard problem for all data analysis methods 
• To extrapolate, you need to make assumptions 

• When you have domain knowledge of a system, you 
might be able to use it to extrapolate 

• When you’re letting a machine learning method use its 
defaults, it’s making assumptions. Do you know what 
those assumptions are?

Extrapolation

[demo1,2]
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• There’s no way we could possibly cover every topic related 
to Gaussian processes, Bayesian optimization, or 
regression! 

• Here are some high-level summary points beyond what we 
discussed together: 
• In high dimensions, all points are “far” from all other 

points. And recall that the GP reverts to the prior when 
inputs are “far” from other inputs. 

• Running time for GP regression can be an issue with a 
large number of training data points 
• In particular, the matrix inverse can be expensive 
• There are incredibly many papers about fast 

approximations to the exact Gaussian process 
• Each approximation has pros and cons 

• A lot of the challenges we discussed are general for 
regression, not specific to Gaussian processes

Some highlights of what got cut for time

22



Roadmap
• A Bayesian approach 
• What is a Gaussian process (GP)? 

• A particularly popular version in practice 
• Gaussian process inference 

• Prediction & uncertainty quantification 
• Using GPs to optimize a function (Bayesian optimization) 
• What are the limits? What can go wrong?

• Goals: 
• Learn the mechanism behind standard GPs to 

identify benefits and pitfalls 
• Learn the skills to be responsible users of standard 

GPs (transferable to other artificial intelligence/
machine learning methods)



• Rasmussen and Williams 2006. Gaussian Processes for 
Machine Learning. gaussianprocess.org/gpml/ Chs 1,2,4,5 

• Gramacy 2020. Surrogates: Gaussian process modeling, 
design and optimization for the applied sciences.      
bookdown.org/rbg/surrogates/ 

• Frazier 2018. A Tutorial on Bayesian Optimization.         
arxiv.org/abs/1807.02811 

• Garnett 2023. Bayesian Optimization. bayesoptbook.com/ 
• Software options include: 

• scikit-learn, GPy, GPflow, GPyTorch 
• My setup for this tutorial: pip install X 

• X = jupyterlab, notebook, numpy, matplotlib, scikit-learn

Resources http://www.tamarabroderick.com/tutorials.html


